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( received June 12, 1968) 

Let A and B be spaces having the homotopy type of countable 
C W - c o m p l e x e s . Then we p rove the following t h e o r e m s . 

THEOREM 1. If conil(A X B) < 1, then for each in teger n > l , 

the inc lus ion j : 2 A V S B-*2 A X S B is a homotopy equ iva lence . 

This r e s u l t is obtained as a c o r o l l a r y of T h e o r e m 2 . 

THEOREM 2 . Jf conil(A X B) < 1, then for al l spaces X and a l l 
e l emen t s a oi_ [SA, X] and p oi [SB , X], the genera l i zed Whitehead 
p roduc t [a, (3] = 0. 

In c a s e A = B, we obtain a m u c h s t r o n g e r r e s u l t . 

THEOREM 3 . If conil(A X A) < 1, then S A is c o n t r a c t i b l e . 
F u r t h e r , if TT.(A) is abel ian, then A is c o n t r a c t i b l e . 

' — 1 • 

We wil l work in the ca t ego ry of spaces with b a s e point and having 
the homotopy type of countable C W - c o m p l e x e s . Al l m a p s and 
homotopies a r e to r e s p e c t b a s e p o i n t s . F o r s impl ic i ty , we sha l l 
f requent ly u s e the s a m e symbol for a m a p and i ts homotopy c l a s s . Given 
s p a c e s X and Y, we denote the se t of homotopy c l a s s e s of m a p s f r o m 
X to Y by [X, Y ] , We have an i s o m o r p h i s m T : [ S X , Y]-*[X, p Y ] 
w h e r e S is the suspens ion functor and Q is the loop functor . 

1. We r e c a l l some cons t ruc t ions we need . Let A, B, X be 
s p a c e s . In [1], Arkowitz defined a genera l i zed Whitehead p roduc t 
[ , ] : [2A, X] X [SB, X]-*[2(A A B), X] w h e r e A A B i s the s m a s h 
p r o d u c t . Let X be an H - s p a c e . Then in [2], he defined a genera l i zed 
Samelson produc t < , > : [A, X] X [B, X]-*[A A B, X] , These homotopy 
ope ra t i ons a r e r e l a t ed in the following way. Let A, B, X be spaces 
and let a be an e l emen t of [2 A, X ] , (3 an e l emen t of [SB , X] , Then 

T [a, p ] = < T (a), T ( p ) > . 

This r e s e a r c h was suppor ted by NRC Grant A-3026 . 

Canad Math . Bu l l . vo l . 12, no . 1, 1969 

75 

https://doi.org/10.4153/CMB-1969-008-7 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1969-008-7


We a l so need the Hopf c o n s t r u c t i o n ( see [7], [8]) . We br ie f ly 
r e c a l l t h i s . Let f : A X B-*X be a m a p . Then the Hopf c o n s t r u c t i o n 
gives a m a p J(f) : S(A A B ) - * 2 X . This is the unique e l emen t sa t is fying 
the r e l a t i o n Èf = J(f) 2 q + 2 (f j p ) + 2(f j p ) w h e r e q : A X B - * A A B , 

is the p ro jec t ion , j : A v B - > A X B is the inc lus ion and p : A X B -*• A V B, 

p : A X B - > A V B a r e defined by p (a, b) = (a, *) , p (a, b) = (* , b ) . Then 

the Hopf cons t ruc t i on gives a function J : [A X B, X]-> [Z (A A B ), 2 X ] , 
Even if X is an H - s p a c e , J is in g e n e r a l not a h o m o m o r p h i s m . We 
sha l l s ee below that it is if conil(A X B) < 1. 

2 . We now s t a t e our r e s u l t s . 

LEMMA 1. Suppose (X, cj>) i s an H - s p a c e , Jf c o n i l ( A X B ) < 1 
then J : [A X B, X] -* [2 (A A B) , S X ] is a h o m o m o r p h i s m . 

Proof . Let f, g : A X B -*• X be m a p s . We need to show that 
J(f + g) = J(f) + J(g) . By the def ini t ion of J we have 
2 f = J(f) 2 q + S ( f j p 1 ) + S ( f j p 2 ) and S g = J ( g ) 2 q + S ( g j p ^ + Z ( g j P 2 ) . 

Since conilfA X B) < 1, by [8], we have that S : [A X B, X]-* [2(A X B), Z X ] 
is a m o n o m o r p h i s m of abe l i an g r o u p s . Hence we now have 
S(f + g ) = {J(f) + J(g)} S q + I { ( f + g ) j P l } + 2{(£ + g ) j p 2 } . But J ( f + g ) 

is the unique e l emen t sa t i s fying th is r e l a t i o n . Hence J(f + g) = J(f) + J(g) . 

Now let (X, 4> , ^L) be a G - s p a c e with m u l t i p l i c a t i o n 6 and homotopy 
i n v e r s e \i . Le t c : X X X-*- X be the b a s i c c o m m u t a t o r ( see [3] for 
def in i t ions) . Let f : A - * X , g : B - * X be m a p s . Then we have the i r 
gene ra l i z ed S a m e l s o n p r o d u c t (ifg) : A A B - * X and hence 
2 ( f , g ) : 2 ( A A B ) " » 2 X . By the defini t ion of the p roduc t , we have 
2 ( f , g) Xq = S{c(f X g)} . On the o the r hand, we have the m a p 
c(f X g) : A X B — X and hence the Hopf -cons t ruc t ion J f c ( f X g ) } : 2 (A AB)-*2X. 

LEMMA 2 . 2<f, g> = J{c( f Xg)} for a l l m a p s f : A - * X , g : B -> X 
w h e r e (X , $ , u) i s a G - s p a c e and c : X X X-* X is the b a s i c c o m m u t a t o r . 

P roof . The defini t ion of J g ives the r e l a t i o n 

£ { c ( f x g ) } = J{c(f X g)} S q + 2 { c ( f X g) j ? i } + S { c ( f X g)j p 2 ) . 

Now c(f X g) j = cj(f V g) ~ * s ince c is the c o m m u t a t o r . Hence 
J{c(f X g)} Zq = 2 { c ( f X g)} . Since we a l so have E <f, g) Z q = S{c(f x g)} 

and (2q) is a m o n o m o r p h i s m , the r e s u l t fo l lows . 

LEMMA 3 . Let_ (X, <j> , u) be a G - s p a c e and let f : A - X , g : B -* X 
be m a p s . If conil(A X B) < 1, then <f, g> = 0 . 
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Proof . We have 2 <f, g> = J { c ( f X g)} = J(fir1 + g ^ - fr^ - g i r ) 

whe re TT : A X B -** A , TT̂  : A X B - * B a r e the p r o j e c t i o n s . Since 
1 2 

conil(AX B) < 1, J is a h o m o m o r p h i s m . Since 2 q : 2 (A XB)->2 (A A B) 

i s an H ' - m a p and (2 q) is a m o n o m o r p h i s m , it is eas i ly checked that 
c o n i l ( A A B ) £ c o n i l ( A X B ) . Thus the image of J is an abei ian group 
and hence 2 (i, g) = 0. We now have <f, g> = 0 s ince S is a m o n o 
m o r p h i s m . This p roves the l e m m a . 

We now p rove the t h e o r e m s announced above. We begin with 
T h e o r e m 2. 

Proof of T h e o r e m 2. We a s s u m e conil(A X B) <_ 1. Let X be 
any space and cons ide r the genera l ized Whitehead produc t [a, (3] whe re 
a € [2A, X], (3 € [ S B , X ] , . The re l a t ion between the Whitehead p roduc t 
and the Same l son p roduc t gives r[a, (3] = \ 'T (or) , T (p) ) . Now 
T (a) e [A , ft X] , T ((3) e [B , ft X] and ft X is a G- s p a c e . Hence by 
L e m m a 3 we have {r(a), T ( (3 )^ = 0. Since T is an i s o m o r p h i s m , we 
have [a, (3] = 0. 

Proof of T h e o r e m 1. We proceed by induction on n . Consider the 
c a s e n = l . Let i : 2 A - * 2 A V 2 B , i : 2 B - * 2 A V 2 B be the inc lus ion 

1 2 
m a p s . Applying T h e o r e m 2, the hypothesis of T h e o r e m 1 impl ies that 
[i , i ] = 0 . It follows then f rom P r o p o s i t i o n 5 .2 of [ l ] that the inc lus ion 

j : 2 A V 2 B - * 2 A X Z B is a homotopy-equ iva lence . Clear ly 2 A V 2 B 
has an obvious suspens ion s t r u c t u r e . Hence coni l (2A X 2 B ) < 1. The 
proof is completed by induction on n . 

Proof of T h e o r e m 3 . In c a s e A = B , we have that if conil(A X A)<_ 1, 
then 2 A X 2 A has the homotopy type of a su spens ion . Hence 
c a t ( 2 A X 2 A ) < c 1 where we have no rma l i sed ca t ego ry . We now apply 
T h e o r e m 1.1 of [5] and conclude that 2 A is con t r ac t i b l e . If TT (A) is 

abe i ian this now impl i e s that A itself is c o n t r a c t i b l e . This p r o v e s 
T h e o r e m 3 . 

R e m a r k 1. We can apply the above r e s u l t s to va r ious e x a m p l e s . 
Thus, let TT be a n o n - t r i v i a l abe i ian g roup . Then while it is pos s ib l e 
for conil K(TT , n) <: 1 , we a lways have conil K(TT + TT , n) _> 2 . We 

i i . . . _m _,n /«rn _n. 
can a lso show that for s p h e r e s S , S , we have conil (S X S ) = 2. 

R e m a r k 2 . Since the gene ra l i s ed Whitehead product , the gene ra l i s ed 
Samelson produc t and the Hopf cons t ruc t ion can all be dual i sed , m a n y of 
the above r e s u l t s can be dua l i sed . We leave it to the r e a d e r to check 
which r e s u l t s can be dua l i sed . 
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