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QUANTUM DOUBLE FINITE GROUP ALGEBRAS
AND THEIR REPRESENTATIONS

M.D. GouLp

The quantum double construction is applied to the group algebra of a finite group.
Such algebras are shown to be semi-simple and a complete theory of characters
is developed. The irreducible matrix representations are classified and applied
to the explicit construction of R-matrices: this affords solutions to the Yang-
Baxter equation associated with certain induced representations of a finite group.
These results are applied in the second paper of the series to construct unitary
representations of the Braid group and corresponding link polynomials.

1. INTRODUCTION

Recently, there has been renewed interest in the study of Hopf algebras because
of their role in obtaining solutions to the Yang-Baxter equation, which arises in areas
such as integrable lattice models [3], the quantum inverse scattering method [2, 12]
and the theory of knots and links [1, 18, 19, 20]. In particular, it is the so-called quasi-
triangular Hopf algebras as defined by Drinfeld [6] that have received most attention
since they admit a canonical element known as the universal (that is, representation-
independent) R-matrix which automatically provides a solution to the Yang-Baxter
equation.

The representation theory of such algebras plays an indispensable role in applica-
tions: in particular a representation of the Braid group, and corresponding link poly-
nomial, can be obtained corresponding to each finite dimensional irreducible represen-
tation of a quasi-triangular Hopf algebra. Important examples of quasi-triangular Hopf
algebras are afforded by quantum groups [6, 11] which are obtained by deforming the
universal enveloping algebra of a simple Lie algebra through the introduction of a non-
zero deformation parameter gq. The representation theory and applications of quantum
groups have been extensively investigated recently [6, 7, 8, 11]. However other families
of quasi-triangular Hopf algebras have received comparitively little attention although
they may be just as important both in physical applications and from the mathematical
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276 M.D. Gould [2]

view point of affording new examples of non-commutative and non-cocommutative Hopf
algebras.

Through the quantum double construction of Drinfeld [6, 9] one may construct
(under certain mild conditions) a quasi-triangular Hopf algebra from any Hopf algebra
and its dual. In this series of two papers we are concerned with the important special
case of quantum double algebras, denoted D(G), arising from the group algebra of a
finite group G. Below all such algebras are shown to be semi-simple and their character
theory is developed along traditional lines [5, 10]. The latter plays an important role
in decomposing tensor product representations and is indispensable for obtaining link
polynomials, as will be seen in the second paper of the series.

As well all irreducible D(G)-modules are classified. In fact it is shown that rep-
resentations of a finite group G, induced from an irreducible representation of the
centraliser subgroup of an element g € G, gives rise to an irreducible module of the
quantum double: moreover all irreducible D(G)-modules are obtained in this way. The
corresponding matrix representations are determined and applied to obtain an explicit
formula for the R-matrix in any irreducible representation.

These results will be applied, in the second paper of the series, to obtain new
representations of the Braid group and corresponding link polynomials. Representations
of the Braid group constructed in this way are always unitary, unlike those arising from
quantum groups. It appears therefore that quantum double group algebras are to play
an important role in obtaining unitary representations of the Braid group.

The paper is set up as follows. In Section 2 we outline Drinfeld’s quantum double
construction. The special case arising from a finite group algebra is investigated in
detail in Section 3. In Section 4 an orthogonality relation for matrix elements is derived
and applied in Section 5 to develop a complete theory of characters. In Section 6 all
irreducible D(G)-modules are classified and these results are applied in Section 7 to the
explicit construction of R-matrices.

2. QUASI-TRIANGULAR HOPF ALGEBRAS AND THE DOUBLE CONSTRUCTION

Let A be a Hopf algebra with identity 1 € A, co-unit ¢: A — C, coproduct
A: A — AQ® A and bijective antipode S: 4 — A. Following the notation of Sweedler
[16] we write

(1) Ala) =) aM@a?, acA.
()
More generally we define

Ni=A, Np=|AQRI®....Q0I |Apn_1, n22
—_————

n—1
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(3] Quantum double group algebras 277

with I: A — A the identity map, and write
(2) Ap(a) = Z ad@a?........ ® ol"ty),
(a)

With this notation the counit and antipode properties are expressible

a= Z a(l)e(a(z)) — Z e(a(l)) o
(a) (a)

e(a) = Z a(l)s(a(z)) - z S(a(l))a(z)
(a)

(e)

respectively. Recall [16] that S determines an algebra anti-automorphism §: 4 — 4.
Let T: AQ A > A® A be the twist map defined by

T(e®b) =bQ®a, Va, b € A.

Then A also constitutes a Hopf algebra under the opposite coproduct AT = T'- A with
antipode S~! and counit €. In the case that AT = A we call A cocommutative: recall
[16] that if A is commutative or cocommutative then §2 = I, the identity map on A.

Following Drinfeld [6] we have the following;:

DEFINITION 2.1: A Hopf algebra A is called quasi-triangular if there exists an
invertible element

R=) ai®bhc 404

1

satisfying AT(a)R=RA(a), Va€A
and (A®I)R = Ri2Rys, (I® A)R= RisR»
where Ry; = Za.-@b,-@l, Ris = Za;@l@b; et cetera

A direct consequence of this definition is that the canonical element R, called the
universal R-matrix, satisfies the Yang-Baxter equation

(3) Ri2R13Rys = RasRis Ry

in A® A® A. Thus corresponding to each irreducible A-module V, we obtain a
solution to the Yang-Baxter equation on V ® V ® V', of importance in the theory of
exactly solvable models in statistical mechanics (3] and knot theory [1, 18, 19, 20]. It
is important to note that in order to obtain non-trivial R-matrices, it is necessary that
A be non-commutative and non-cocommutative.
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A large class of such algebras is afforded by the quantum double construction
of Drinfeld [6, 9] whereby a quasi-triangular Hopf algebra is manufactured from any
Hopf algebra A and its dual A*. Hence we now say something about the dual of
a Hopf algebra and the double construction. Throughout, given a vector space V,
(, ):V*®V > C denotes the natural bilinear form defined by

(f,v) =f(v), VfeV* veV.
We assume that
A® = {a* € A* | kera® contains a cofinite two sided ideal of A}
is dense in A*; that is, the subspace A® satisfies [16)
(4)" ={aca|(t'a) =0, %" € 4°} = (0)

in which case A is called a proper algebra: note that every finite dimensional Hopf

algebra is proper since, in such a case, A* = A°. Following Sweedler [16] we have

THEOREM 2.1. A° becomes a Hopf algebra with multiplication m®, unit u°,
coproduct A%, antipode S° and counit € defined respectively by

0 *

m =A uw=¢* , AN =m*

A’ ® A° A° A°

(4)

s =5 e%(a*) = {a*,1), Va*e€A°

A’
where m: A® A — A is the multiplication map on A and m*, A*, ¢*, S* are the
natural dual maps of m, A\, €, S respectively.

We note that the identity element of A° is given by the counit € of A. It is crucial
to the double construction that we take the opposite Hopf algebra structure on A?,

with coproduct Ay = (AO)T and antipode Sy = (So)_1 given explicitly by
(5) {Do(a), b® c) = (a*, cb)
(So(a*), b) = (a*, S7*(b)), Va* € A*, b,cc A

respectively, while the multiplication, unit and counit remain the same. For uniformity

of notation we set

0 0
uo=u°, Mog=mM, €E)=¢€.

Then A @ A%, A° ® A inherit Hopf algebra structures from those of A and A°
in a natural way: for example the coproducts A, A' on A ® A°, A° ® A are defined
respectively by

A=I@r@I)A®N,), A'=(Ier1@I)(L®A)
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where 7: A® A° — A° ® A is the twist isomorphism defined by
(a®b*)=0"®a, Vac A, b€ A*

and where, for ease of notation, I denotes the identity map on both A and A°.

The quantum double construction affords a method of imbedding A and A° in
a quasi-triangular Hopf algebra, denoted D(A), which is vector space isomorphic to
A ® A’ but with a different algebra structure. Explicitly we let D(A4) be the vector
space spanned by all free products

ab*, e€ A b A

which becomes an algebra by defining all products b*a, a € A, b* € A*, according to
the rule
b*a = p(b* ®a)

where p: A° ® A — D(A) is defined to be the composite map

(trel@’)(sogf@")a’ (I@’@tr)
A"® A » A4 A®A°—»A®A°—»D(A)

Here tr: A°® A — C is defined by
tr(a* @ b) = (a*, b)
and AQ A® — D(A) is the natural bijection, a®b* — ab*. In the notation of equation
(2) we have explicitly, [9]
(6) ta= 3 (56, D) (), o).
(a),(b*)
With this construction D(A) becomes a Hopf algebra under the naturally inherited

coproduct A, counit € and antipode S given respectively by [6, 9]

D(ab*) = A(a)do(b*) = Y o) @ @@
(a),(b*)
&(ab”) = e(a)eo(b”) = €(a)(b*, 1)
S(ab*) = u(So(b*) ® S(a)) = So(b*)S(a), Vae€ A, b* € 4.

Moreover if {a:} denotes a basis for A° with corresponding dual basis {a,} for A
defined by

(al, @) = by,
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then it is easily checked [9] that

(7) R=)_a,®a] € D(A) ® D(A)
has inverse R = (? ® I)R

and satisfies the conditions of Definition 2.1. Thus we arrive at [6, 9]

THEOREM 2.2. D(A) with canonical element R constitutes a quasi-triangular
Hopf-algebra called the quantum double of A.

We remark that here and below we regard A and A° as naturally imbedded in
D(A) by identifying 1-a* and b-¢ with a*, b respectively, for all a* € A*, b€ 4.

Important examples of such quantum double algebras are afforded by quantum
groups [6, 7, 11] which have been extensively studied recently. Below we apply the
double construction to the case A is the group algebra of a finite group which, in turn,
we use to construct some link polynomials. We shall need the following generalisation
of Maschke’s theorem due to Sweedler [16]:

THEOREM 2.3. A finite dimensional Hopf algebra A is semi-simple (as an alge-
bra) if and only if there exists a left integral z € A, where z € A is called a left integral
provided £(z) # 0 and

az = g(a)z, Va € A.

We conclude with some general remarks about the representation theory of a Hopf
algebra A. First we note that the counit € itself gives rise to a representation of 4,
herein referred to as the identity representation. If V., W are A-modules then obviously
V ® W becomes an A-module under the action determined by the coproduct A.

Given any finite dimensional A-module V', V* becomes an A-module, called the
dual of V', with the definition [14]

(8) (af,v) = (f, S(a)v), Va€A,veV,feV"

If W is another finite dimensional A-module then Hom (V, W), the space of linear
maps of V to W, becomes an A-module with the definition [14]

aof = Za(l)f S(a(z)), Va€ A, f € Hom(V, W),
(a)

where we have adopted the notation of equation (1). With these constructions we have
(14]:
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7 Quantum double group algebras 281

LEMMA 2.1. The mapping ¢: V* @ W — Hom (V, W), defined by
f(f®w)(v)=(fav)w) VieEV,weW,veV

determines an A-module isomorphism.

DEFINITION 2.2: Given any A-module V, we call v € V an invariant if

av = ¢(a)v, Ya € A.

If A admits a left integral z € A, then clearly z determines an invariant if we
regard A as a module under the left regular representation. If V, W are A-modules
then the invariants of Hom (V, W) are precisely the A-module homomorphisms [14].
We thus arrive at the following version of Schur’s lemma:

LEMMA 2.2. Let V, W be finite dimensional irreducible A-modules. Then the
space of A-invariants of Hom (V, W) has dimension 1 when V and W are isomorphic
and otherwise it is trivial.

3. QUANTUM DOUBLE GROUP ALGEBRAS

Let A be the group algebra of a finite group G over the complex field C. Then A
becomes a co-commutative Hopf algebra with coproduct, antipode and counit respec-
tively defined by

A(g)=g®g, S(g)=g7', €(g)=1, Vge@G

which we extend linearly to all of A in an obvious way: throughout 1 denotes the
identity element of G and A.

Recall {5, 10] that given any irreducible 4-module Vj, of dimension d), we have
the group character defined by

X, (9) = trma(g), Vge G

where 75 denotes the representation afforded by Vi . Then the operators

(9) E, = |G| Zx; (79

g€G

form a basis for the centre C of A and give rise to an orthogonal set of idempotents
adding up to the identity:

E\E, = 65,E,, Y Ex=1
A
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where the sum on A is over all non-isomorphic irreducible A-modules.
From the Hopf algebra viewpoint, the counit € corresponds to the character x, of
the identity representation, herein denoted x,. The corresponding central idempotent

1
(10) Ebzng

gEG

constitutes a left integral in A from which it follows (Theorem 2.3) that A is a semi-
simple algebra. Explicitly the decomposition of A into simple two-sided ideals is given
by
A=@P4r, A\=ErA=AE,
A

Moreover Ay is the direct sum of d) copies of the irreducible (left) A-module V3 so
that
dim A4, = &%

and hence

IG1=)_d
A

where |G| = dim A is the order of the group G.

We now turn our attention to the dual space A* = A° which has a basis of elements
g*, g € G, defined by

(9%, h) = (g, h).

Then A* inherits the structure of a Hopf algebra from that of A: explicitly, from
equation (4), A* becomes an algebra with product

(12) o'h = 3 (5" @ b*, AGR)E*
kEG

=Y (g*, k)(h*, k)k* = 8(g, B)h*,  Vg,h€G
keG

so that A* is simply the algebra generated by |G| orthogonal idempotents. In particular
A* is a commutative algebra, as expected (since A is cocommutative).

To complete the Hopf algebra structure on A*, the coproduct Ay, antipode Sp
and counit €y are given, from equation (5), respectively by

Do(g") =) (h7'g) 0k =) ko (sh7'),

(12) heG heG
So(9”) = (9_1): eo(9*) = 8(9,1), Vgeaq.
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As noted previously, the identity on A* is given by the counit € on 4 which is express-

ible
€= z g°.

g€G

From equation (12) we have
Do(e)=e®e, So(e) =€, eole)=1
In view of equations (11, 12) 1*, 1 the identity element of G, satisfies
g9"1" = 8(g,1)1" = eo(g*)1%, Vge @G

and thus qualifies as a left integral in A*. It follows immediately from Theorem 2.3
that:
THEOREM 3.1. A* is a semi-simple algebra.

Since A* is commutative we thus obtain

COROLLARY. Every finite dimensional A*-module is a direct sum of irreducible
one-dimensional modules.

REMARK. It is worth noting that with the above structure A is a quasi-triangular Hopf
algebra with trivial canonical element R =1® 1. However A* is not quasi-triangular
unless G is an abelian group: in that case R = £ ® £ is the canonical element of A*.

Following the double construction, the quantum double of the group algebra A,
herein denoted D(G), is the |G|*-dimensional algebra spanned by all free products

gh*, 9, h€G
where, according to equation (6), the products h*g are to be computed as follows:
h*g =g(g7"hg)".
Equivalently, D(G) may be regarded as spanned by all free products h*g, h, g € G,
where gh* is computed according to

gh* = (ghg™')"g.

Then, from Theorem 2.2, D(G) gives rise to a quasi-triangular Hopf algebra with
coproduct A, antipode S and counit £ given respectively by

D(gh*) = B(g)Do(h") =Y g(k7'h)" ® gk
k€eG

(13) S(gh*) = So(h*)S(g) = (h*) g7 = g} (gh™'g7Y)"
E(gh’) = e(9)eo(h®) = 6(h, 1), Vg,h€G.
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The corresponding canonical element R is given, from equation (7), by

(14) R=) g¢®g",
9€G

which can be shown directly to satisfy the Yang-Baxter equation (3).
As before we here regard A and A* as subalgebras of D(G) by identifying g- ¢
and 1-g* with g, g* respectively, for all g € G. We note that the antipode S satisfies

(15) 5 =1,

I the identity map on D(G), and that the identity element of D(G) is given by 1- ¢
which we identify with 1 € G.

Now let Vi be a (finite dimensional) irreducible D(G)-module of dimension d[A]
and let w, be the representation of D(G) afforded by Vj . Then it follows immediately
that the matrix

Ry =) m(g)®malg")
g€G

satisfies the Yang-Baxter equation (3) on V) ® V4 ® V4. Thus in order to obtain in-
teresting new solutions of the Yang-Baxter equation and, in turn, to construct link
polynomials, it is necessary to determine explicitly the irreducible matrix representa-
tions of D(G), which we investigate below.

We note here that
(16) z=E1"'=1'E,
with E, as in equation (10), satisfies £(z) = 1 and
zh*g = h*g -z = €(h*g)=, Vg, heG
so that, by linearity,
17 za = az = ¢(a)z, Va € D(G).

Thus z constitutes a left integral in D(G) from which it follows, in view of Theorem
(2.3), that

THEOREM 3.2. D(G) is a semi-simple algebra.
This result implies that D(G) is a direct sum of simple two-sided ideals

(18) D(G) = P D(G),
A
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where D(G), is the direct sum of d[A] copies of the irreducible (left) D(G)-module V)

and the sum on A is over all non-isomorphic irreducible D(G)-modules. In particular

dim D(G), = d[A]?
so that
(19) |G|* = dim D(G) = ) _ d[A]*.
A

It is worth noting, from equation (17), that the left integral z spans a one-
dimensional simple two sided ideal of D(G) which must therefore occur in tke de-
composition (18). The two-sided ideal D(G)z = Cz also gives rise, as we have seen,
to an irreducible (left) D(G)-module whose corresponding representation is simply the
identity representation. In view of equation (17), = satisfies

22 =Ez)z=2
and thus z determines a central primitive idempotent which projects onto the iden-

tity representation. Thus, following Definition 2.2, given any finite dimensional D(G)-
module V|, zV is the subspace of invariants of V'; namely.

2V ={veVjav=%a)v, Vae D(G)}.

REMARK. The left integral z is of independent interest for constructing representations
of the Temperley-Lieb algebra [17] and hence for obtaining R-matrices with a spectral
parameter. In fact given any irreducible self-dual D(G)-module V = V), we have the
canonical generator

T= d[A]Z(z) €eEndVQ®V
where
1

(20) &) =g

S () 9o h.

g,h€eG

Then T gives rise to a representation of the Temperley-Lieb algebra on V®¥ according
to
T:=1®...... RIRTRI®...... ®I, 1<i< N
i—1 N—-i-1
where I denotes the identity map on V. It can be shown that indeed the T satisfy
the following defining relations of the Temperley-Lieb algebra [17]

T:2=/QT:
Tl Ti = T
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where, for the case at hand, Q = d[A]?. It is then possible to construct from T an
R-matrix R(u), u aspectral parameter, which satisfies the parameter-dependent Yang-
Baxter equation of interest in exactly solvable models in statistical mechanics [4].

4. MATRIX ELEMENTS AND UNITARY MODULES

We call a finite dimensional D(G)-module V unitary if V can be equipped with
an inner product ( , ) such that for all g,h€ G

(gh*v, w) = (v, h*g"'w), Vv,we V.

Equivalently, if 7 is the representation of D(G) afforded by V', then V is called unitary
if it can be equipped with an inner product such that

n(h*g) = W(g-lh‘)f

where t denotes Hermitian conjugate. We have

LEMMA 4.1. Every finite dimensional D(G)-module is equivalent to a unitary

one.

PrOOF: Let ( , ) be any inner product on a finite dimensional D(G)-module V.
Then it is easily seen that ( , ), on V defined by

(v, w)y, = Z (h*gv, h*gw), Vo,weV
9,h€G

determines an inner product with the required properties. 1|

We may therefore assume, without loss of generality, that all finite-dimensional
D(G@)-modules are unitary. It follows, from standard arguments, that every such mod-
ule is an orthogonal direct sum of irreducible submodules. In particular every finite
dimensional D(G)-module is completely reducible: this affords an alternative direct
proof of Theorem 3.2.

Throughout we let {v}} be a fixed orthonormal basis for the irreducible D(G)-
module V. Since V, is assumed unitary, we have in this basis

ma(h*g);; = [a(g~1h*)l

where the over-bar denotes complex conjugation. From equation (8), the dual space
Vi also gives rise to an irreducible D(G)-module, herein denoted Vj+. We let {v2"}
be the basis for Va» = V¢ dual to {v}} so that

(02", v}) = §;;.
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Then it is easily seen that {v2"} defines an inner product on V4« with respect to which
this basis is orthonormal and Vj« is unitary. The corresponding matrix representation
in this basis is given by

mas(a);; = ma (F(a))ji

(21) mas(a) =m(S(a)’, Vae D(G)

where ¢t denotes matrix transposition.

We now demonstrate that the above matrix elements satisfy certain orthogonality
relations. From Lemma 2.1 the D(G)-modules V{ ® V, and Hom (Vj, V,) are isomor-
phic. On the other hand Lemma 2.2 implies that the space of invariants of Hom (Va, V,.)
is (0) for A # p in which case the identity module cannot occur in V' ® V,,; that is,

(22) INC o ®v; =0, Vi, 7, when p # A.

In the case u = A we have:

LEMMA 4.2. Theidentity module occurs exactly once in Vi @V, and is spanned

A_§ A* A
voo= 1)" ®v".

i

by the vector

PROOF: Lemma 2.2 implies that the space of invariants of Hom (Vj, V4) is one
dimensional so that the identity module occurs exactly once in V; ® V4. With v* as
above we have, in the notation of equation (1)

avt = ZZ(a)(v?. ® v:‘)
=3 Y e () ma (o) 28" @0l Vae D(G)

“lek (“)

Using equation (21) we thus obtain

*) avh = z A (Z a(z)f(a(l)) v;-“ Qvh.

Ik (“) kj

On the other hand from the antipode property and equation (15) we have

za(z)g(am) =3% (a(l)g(,,(z)))
(a) (a)
= 5(¢(a)) = (a).
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Substituting into equation (*) we arrive at
av? = g(a)vt, Va € D(G)

which is sufficient to prove the result. d

In the notation above, we note that the vectors

A* A : .
vy ®vj, i£]

vAT @l —vh/d[A), 1<i<dA]

1

are orthogonal to the vector v of Lemma 4.2 so that

— . b5
A A_ % A
(23) Alz)v] Qv = d[A]v .

Using the explicit form for A(z), as determined by equation (20), together with equa-
tions (22, 23) above, we obtain the following orthogonality relation
THEOREM 4.1.
|G

D w97 h*)mul(hg),; = @\l]&mﬁiﬁu-
g,h€CG

ProoF: Equations (22, 23) immediately imply the orthogonality relation

—1\* . G
> mas[(B71) gluimu(hg)y; = J[_AI]&\#&J'&H-
g’hGG
The result is then seen to follow from equation (21). 1

Theorem 4.1 is clearly a generalisation of a well known [10] orthogonality relation
for the matrix elements of a finite group. We now apply this result to the characters of

D(G).

5. CHARACTERS

Following the usual definition for finite groups, we may now define the character
X, » corresponding to the irreducible D(G) module Vj, by

X, (a) = tr wp(a), Va € D(G)

where m, is the representation afforded by V. If Ad denotes the adjoint representation
[14] of D(G) defined by

Adaob=Y" a<1>b§(a(2)), Va,b € D(G)
(a)
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then it is easily verified that
X4 (Ada o b) =g(a)x, (b), Va,b € D(G).

Now setting 1+ = k, Il = j in Theorem 4.1 and summing we obtain the following
result, herein referred to as the first orthogonality relation for characters:

THEOREM 5.1.

2 Xa (g_lh‘)x”(h*g) = |G| 6Au-
g,he€G

REMARKS. Our definition of character and Theorem 5.1 are a particular case of a far
more general theory due to Larson [13]. In the language of [13], equation (15) is
equivalent to the statement that D(G) is an involutary Hopf algebra. Below we extend
the theory of characters for the special case of the algebras D(G).

If we set 1 = k in Theorem 4.1 and sum, we obtain

1y . Gl
D xa (@7 ) mu(h*g); = s biibau
9,h€G ’ d[A]
from which we deduce that the operator
d[A 1paype
(24) E\ =% Z x, (971h%)h*g

g,h€qG

is a projection operator onto irreducible modules V) . Moreover the first orthogonality
relation guarantees that these projections are orthogonal:

E\E, = 65,E,.

Thus the E, constitute the central primitive idempotents of the algebra D(G)
which therefore form a basis for the centre C of D(G) and yield the following resolution

of the identity:
1= E E,.
A

The simple two-sided ideals occurring in the decomposition (18) are then given explicitly
by
D(G), = ExD(G) = D(G)Ex.

These results imply the following important property of the characters x4 :
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LEMMA 5.1.
x,(g7'h*) =0, unless ¢ and h commute.

PROOF: Since Ej belongs to the centre of D(G) we have

- G|
lh* h* | htE

1G]
= 7A)

Z Xa (g—lk*)k*ghz

k,9€EG

Y x,(97'h%) (ghe™!) g
ride

——=FEh*

Equating coeflicients of ¢ we arrive at

X, (g7 R = x, (97'h*) (ghg™?)", Vh € G.

Since the h* form an orthogonal set of idempotents, we must have x, (g_lh*) =0,

-1

unless h = ghg™! as required. 0

We are now in a position to determine a second orthogonality relation for charac-

ters. It is convenient to introduce the set
(25) Q={gh*|9,heG with gh=hg}
the linear span of which, denoted Qc¢, is the centraliser of A* in D(G); that is,
Qc ={a € D(G) | h*a = ah*, Vhe G}.
We note that @ is stable under the adjoint action of G; namely
9Q9™' = Q.

It follows that we may partition @ into G-conjugacy classes, herein denoted
Q1,Q2y-----. , @n. We observe that gh* € Q if and only if g~ 1h* € Q. If gh* € Q;
we denote by Q; the conjugacy class of g7'h*: note that |Q;| = IQ;l . Throughout we
let ¢; € Q; be a fixed conjugacy class representative.

Associated with each conjugacy class @}; we have the central element

=Y a

a€Q;
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By construction, o; centralises G and thus belongs to the centre C of D(G). Clearly
the o; are linearly independent; we claim they form a basis for C. To see this suppose

c= 2 a(g,h)gh* € C, a(g,h)€C.
9,h€G

Since h*c = ch*, for all h € G, we have
a(g, k) =0, unless g and h commute.

Hence ¢ is a linear combination of elements from @, so we may write

N
(26) c= Z a(a)e = Z Z afa)a, afa)€ C.

a€Q i=1a€Q;

Also, since ¢ € C, we must have, for all g € G

N
(26) c=g7lcg=) > afa)g'ag

i=1 a€Q;
N

= Z Z a(gag")a.
i=1a€Q;

Comparing coefficients of a in equations (26, 26') it follows that
a(a) = a(gag™), Vg € G.

Thus a takes a constant value, a; say, on a given conjugacy class Q; so that

N N
c= E a; E a= E a;o;
i i=1

=1 a€Q;

which is sufficient to prove the result.

On the other hand the centre C of D(G) is spanned by the central idempotents Ex
which are in 1 —1 correspondence with the non-isomorphic irreducible D(G)-modules.
We thus arrive at

THEOREM 5.2. The number of non-isomorphic irreducible D(G)-modules equals
the number of G-equivalence classes of Q.

With the above notation the orthogonality relation of Theorem 5.1 may be ex-

pressed, in view of Lemma 5.1, as

N
3 1Qil X, (2:)%,.(0:) = |G 6,

=1
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where we have used the fact that x, takes the same value on all elements of a conjugacy
class Q;. It follows that the N x N matrix (N = number of conjugacy classes of Q =
number of irreducible D(G)-modules)

@il \*7?
Uiy = | =— 5
satisfies UtgU =1, the identity matrix

where g is the symmetric matrix
gij = b3

satisfying g2 = I. We must therefore have U~! = U'g, from which we deduce UU* = g,

We thus arrive at the second orthogonality relation for characters:

or

THEOREM 5.3.
|G|
Y xa (@)%, (45) = 655
rolll “(’) Qi

In this way we obtain a complete theory of characters for the quantum double alge-
bras D(G), parallelling the well known theory [5, 10] of finite group characters. As for
the case of finite groups, characters are very useful for decomposing finite-dimensional
representations. In particular the problem of decomposing tensor product modules is
of importance for obtaining link polynomials, as will be seen in the second paper of the
series. Since D(G) is semi-simple, given any two irreducible D(G)-modules Vi, V,, we
have the decomposition

VweV,=PmW

where the sum is over all irreducible D(G)-modules V,, with m, the multiplicity of V,
in the tensor product module. Using standard arguments we arrive at

LEMMA 5.2.

ﬁ D> % (g7 )x, [(k71R) gl (k*g)-
g,h,kEG

m, =
Proor: We clearly have

1 —_
m, = d—[V—]tTVAQV“ [A(E,,)] .

https://doi.org/10.1017/50004972700015707 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700015707

[19] Quantum double group algebras 293

On the other hand using equation (24) together with the action of the coproduct A,
as given in equation (13), we may write

8(E) =2 T () () g0k

I | g.h,kEG

from which the result follows. 1]

We now turn to the problem of explicitly constructing matrix representations and
classifying all irreducible D(G)-modules.

6. CLASSIFICATION OF IRREDUCIBLE D(G)-MODULES

We recall that G may be partitioned into conjugacy classes

o )es
k=1

with C; = {1} the conjugacy class of the identity 1 € G. It is worth noting that the
set @ of equation (25) may be written

Q=J z(rp

hEG
where Z(h)={g € G| gh = hg}

is the centraliser subgroup of 2 € G. We note that

9Z(h)g~' = Z(ghg™")
and if h € Cy, then [5]
(27) |Z(h)| = |G|/ Ckl .

Throughout we let gi € Cx (1 < k < n) be a fixed conjugacy class representative
and write Z, = Z(gx) for the centraliser subgroup of gi: we denote the group algebra
of Zy by Ai. For s € C; we choose a fixed 7, € G such that

-1 .
8 = Te9kT,

for simplicity when s = g, we take 7, = 1. Some of the properties of the 7, are listed

below.
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LEMMA 6.1.

G G= U 72 (disjoint union).
aeck
(ii) Given g € G, s € Cy, there exists t € Ci unique with the property

Tt_lch € Zk;
explicitly t =gsg™!.

ProorF: (i) Since, from equation (27),

ITeZk| = |Zk| = |G|/ |Cil|
it suffices to show that
T2 N1 2, =0, s#t

where ) is the empty set. Suppose therefore that there exists h, h' € Z; such that

rh=1,h e nZy N1, 2.

Then i =hh7 e Zy
so that T, = T,"lngk(r,“ln)_l = gk
which implies t=T1,07, = s.

This is sufficient to prove (i).
As to (ii), given g € G, s € Ci there exists, from part(i), a unique ¢ € C; with the

property
gTs € T2y or 'rt'lg-r, € Z.

It remains to show that ¢t = gsg~!. To this end write

h=1"'g1, € Zi.
Then g.'ag_1 = g(T, gk 1',_1)9_1

=nhgh it =g =t

as required. 0

In dealing with irreducible representations of D(G) a fundamental role is played
by the representations of G induced from those of the centraliser subgroups Z;. Hence
let V* denote an irreducible Ax-module. Then we have the corresponding induced

A-module [5]

(28) Via=A®a4, VI
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which is spanned by vectors
(29) v(s)=1,Q®mv, veVE seC

so that dim Vi o = |Ck|.dim V¥, on which the action of G is given by

(7 ®@v) =71 ® (T;;_lgr,)v

or

(30) gv(s) = (T_l_lg‘r, v) (gsg_l).

939

Using Lemma 6.1 it is easily checked that this gives rise to a consistent A-module
structure as required.

The induced module (28) admits a vector space direct sum decomposition

Vk,a = @ Vk,a(s)

AECk

where

Vial(3) = {v(s) | v € V}.
This latter space gives rise to an irreducible module over (the group algebra of ) Z(s) =
7,2x7,!: in the case s = gi, so that Z(s) = Zi, this module is isomorphic to V.
It is worth noting, from equation (30), that gV «(s), ¢ € G, determines a non-zero
Z (gs g_l)-submodule of Vi,a (gs g_l) from which it follows, in view of irreducibility,
that

(31) 9Vka(s) = Vialgsg™).
We now turn Vi into a D(G)-module by setting
(30") h*v(s) = 8(h, s)v(s), VheG.

With the definition of equations(30, 30') it is easily seen that V} o in fact becomes a
D(G)-module. Throughout we denote the dimension of this module by d[k a]: clearly,
by construction

(32) d[k,a] = |Ck| d5

where d* = dim V*. With the action of equation (30'), we note that

acts as the identity on Vi o; that is, ciw = w, for all w € Vi ,. We are now in a
position to prove
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THEOREM 6.1. Vi, is an irreducible D(G)-module.

PROOF: Let w # 0 be an arbitrary vector in Vi o: we show that the (left) D(G)-
module D(G)w generated by w must equal Vio. Since cjw = w there must exist
s € Cx such that s*w # 0. Then we may write

0 # s™w = v(s)

where v(s) is a non-zero vector in Vi o(s). Since the latter is an irreducible module
over the group algebra A(s) of Z(s) we must have

Vial(s) = A(s)o(s) C D(G)w.
Also from equation (31) we have, for all g € G

9Vea(s) = Vial(gs9™?) S D(G)w
from which it follows that

Via = @ Vi,a(8) € D(G)w
3€C,

and hence D(G)w = V; . Since 0 # w € Vi o was chosen arbitrarily, Vi o must be an
irreducible D(G)-module. 0

Below we shall show that every irreducible D{G)-module is of the above form. We
first need (notation as above).

THEOREM 6.2. The irreducible D(G)-modules Vi o, Vi,g are isomorphic if and
only if k = and the A-modules V., V;, are isomorphic.

PROOF: Suppose we have a D(G)-module isomorphism

£ Vg — Vig.
Then for 0 # v(s) € Viols), s €Cy
we have 0 # €(v(s)) = &(s™v(s))

= s"¢(v(s)) € Vip

which can only occur if s € C; in which case £ = £. We then have

(0) # €[Vi,a(s)] € Vioa(s)

and, in particular, when s = g;

(0)#¢(10Vy) C1eVy.
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Then ¢ gives rise to an Ax-module homomorphism, and hence isomorphism, & : VX —
Vﬁk , defined by

E18v)=186(v), VeV,
This shows that if Vi o = Vi g then k =1 and the Ax-modules V:, Vﬁ" are isomorphic.

Conversely suppose we have an Aj-module isomorphism &: V. — Vp". Then &
extends to a D(G)-module isomorphism €: Vi o — Vi g given by )

£(v(s)) = (&(v))(s),

which is sufficient to prove the result. 0

We are now in a position to show that the Vi o exhaust all irreducible D(G)-
modules as k runs through the conjugacy classes of G and a through the non-
isomorphic irreducible Aj-modules.

THEOREM 6.3. Everyirreducible D(G)-module is isomorphic to one of the Vi o .

PRrRoO¥F: Using a simple counting argument we have, in the notation of equation

(32),
*) NS dk, o =Y Gl (@)’
k a k a

where the sum on k is over the conjugacy classes of G and the sum on a is over the
non-isomorphic irreducible Ax-modules. Since Zj is a finite group we have, in view of
equation (27),

3 (@) = 1Zel = 1G1/ [kl

o

Substituting into equation (*) we arrive at

SN dik, o) = 1613 (Gl
k o k
=G*.

By comparison with equation (19), it follows that the Vi . must exhaust all irreducible
D(G)-modules. 0

7. REPRESENTATIONS AND R-MATRICES

Here we clarify the construction of the previous section by explicitly determining
the irreducible matrix representations of D(G): throughout we adopt the notation
of Section 6. We let m; o be the representation of D(G) afforded by Vi . and we
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let {v;} be a fixed orthonormal basis for the irreducible Ax-module VF with 7% the
representation of A, afforded by V. In view of equation (29) the vectors

(33) v(s); = 7, Q@ vi, s€C

form a basis for the irreducible D(G)-module Vi q.
According to equations (30, 30') the action of D(G) in the basis (33) is given by

g™ v(s); = é(g, s)v(s);

_ Vgedq
gv(s); = 7} [Tg,;_lgn] v(gsg7?);
ji

where here and below the summation convention over repeated indices is assumed. We

thereby arrive at the following construction for the matrix representation o in the

basis (33):
Tk,a(9%)j1,is = 6(g, 8)8(¢, 5)6j:
Tha(9)jeis = (8, g5 )7k (7 gm) 5,
so that
(34) Tral(9h)juim = 6(h, 8)6(t, g g™ )ma(r g ma)

for 1 <1,j <dE, s,t € Ci. It is easily checked that if we take the basis (33) to be
orthonormal; that is,

(v(5):s v(t);) = 8(s, )85

thus defining an inner product on Vi, then the above representation is unitary, pro-
vided =% is assumed unitary for Zj, in agreement with Lemma 4.1.

It follows from equation (34) that the irreducible matrix representations of D(G)
can be determined from those of the centraliser subgroups Z; together with a knowledge

of the conjugacy classes Cr. In particular we note that miq when restricted to G C
k

D(G), coincides with the representation of G induced from .
As to the corresponding characters, herein denoted X&,o, we have directly from

equation (34) that

(354) Xke(gs*) =0, s¢Cy
otherwise
(355) Xk,e(95") = 8(s, 9597 )x5(r, 97.)

where x% denotes the character of the Ax-module V¥. Thus the characters of the
irreducible D(G)-modules may be determined explicitly from those of the centraliser
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subgroups Z;. We note from equation (35;) that X, (gs*) vanishes unless g and s
commute, in agreement with Lemma 5.1.

In the special case that a = ¢35, corresponding to be identity representation of Z;,
the matrix representation (34) reduces to

(36) Wk,to(gh*)ta = 6(h) 5)6(t1 gsg—l)a
3, t € Cx, and the corresponding module Vj ,, has dimension
dlk, vo] = |Ck]-

In this case the character is given simply by

5(.9, gsg_l), s€C

0, otherwise.

(37) Xkyo(g8™) = {

Given a fixed, but arbitrary, irreducible D(G)-module V = Vi ,, we have seen
from Section 2 that the R-matrix

(384) R = z Tk,a(9) ® mk,a(g”)

9€G

= Z 7rk,o:(3) ® Wk,a(st)

3€C;,
satisfies the Yang-Baxter equation (3) on V® V ® V and has inverse
(385) R != E Thk,a (s_l) ® wk,a(s*)

8€C;,

as may be verified directly. We are now in a position to determine the R-matrices (38)
explicitly. We work in the orthonormal basis (33) and we let E;; (1 <i,j<dE st e Ck)
denote the corresponding elementary matrix with a 1 in the (is, jt) position and zeros

elsewhere.

In terms of elementary matrices we have the expansions

Tra(9”) = Z Ef, geG

Tralg) = Z 772 (Tgtg—lg"'t) EJ e

teC,

-1

which follows directly from equation (34). Substituting into equations (38) we arrive at

_ k¢ _—1 jata~?! 1s
R= Z "a(T.t.—l“’Tf),-.-Eit ® E;,
8,1€Cy

R = Z wz( -lt. Tg) E" "®E'.
8,tEC;

(39)
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Under the assumption that ;. is unitary, note that R~ = R'; that is, R is a unitary
matrix.

In the special case that a = ¢o, corresponding to the identity representation of Z;,
equations (39) reduce simply to the [C|* X |Cx|* matrices given by

R= ) EM oE:
2,1ECE

Ri= Y ET“oE:
8,t€CE

(40)

which enables families of R-matrices to be constructed corresponding to each conjugacy
class of any finite group. It may be checked directly that the R-matrices (39, 40) indeed
satisfy the Yang-Baxter equation (3) as required.

In the next paper of the series we shall consider some explicit examples of the R-
matrices (39, 40) and use these to construct unitary representations of the Braid group
and correpsonding link polynomials.

NOTE Added in Preparation.

After completion of this paper, independent research of Lusztig [15] was brought
to my attention. This reference in particular develops the character and representation
theory of quantum double group algebras, along somewhat different lines.
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