
MAPS WHICH INDUCE THE ZERO MAP ON 
HOMOTOPY 

C. S. HOO 

1. Introduction. In this paper, all spaces will have the homotopy type 
of simply connected CW-complexes, and will have base points which are 
preserved by maps and homotopies. We denote by [X, Y] the set of homo
topy classes of maps from X to F, and by N[X, Y] the subset of those homotopy 
classes [f] which induce the zero homomorphism on homotopy, that is, 
ff TTi(X) —»7T*(F) is the zero homomorphism for each i. We wish to find 
conditions which would imply that such a map is necessarily null-homotopic. 
We express our conditions in terms of Postnikov systems and Moore-Post-
nikov decompositions of certain fibre spaces. 

In (3), D. W. Kahn obtained a condition for N[X, Y] to be zero. This 
paper represents an attempt to improve this result. We prove below a result 
(Theorem 2) which implies Kahn's result. This work was done while the 
author was a Fellow of the Summer Research Institute of the Canadian 
Mathematical Congress in 1966. 

2. Suppose that F is a simply connected space and 12 F is the loop space 
of F. Let 12 F—» PY' —» F be the path space fibration over F. Then a Moore-
Postnikov decomposition of this fibre space (see (4; 5)) gives a sequence of 
fibre spaces and commutative diagrams: 

K(Ti-1(Y),i-2) 

y 
(2.1) . . . -> Yt -> F,_x - > . . . -> F3 -> F2 = F 

î S 
PY 

In case TT*_I(F) = 0, we can clearly identify Yt and F*_i. In general, we 
shall do this and omit the unnecessary terms in this sequence. A Postnikov 
system for F provides a sequence of fibre spaces and commutative diagrams: 

K{<Kt{Y),i) 
S 

(2.2) . . . -> F -» Y'~l - > . . . -» F2 

gi \ / gi-i 
Y 
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760 C. S. HOO 

such that the map gt induces an isomorphism on homotopy groups in dimen
sions < i . 

In diagram (2.1), let us denote the composite map Yt —» . . . —» F by 
qt. This is a fibre map and the fibre space Yt —> F is induced from the fibre 
space PYl~x —> Yl~x by the map gt-i. Thus the fibre of qt is S2Fi_1, and Yt 

is (i — 1)-connected and qt induces isomorphisms on homotopy in dimen
sions > i . Let bi £ H*{Yu ITi(Y)) be the fundamental class of Yt. L e t / be 
a map from a space X to F*. If X is a CW-complex, then/*<5i is the obstruc
tion to lifting the map / to Yi+i. 

We recall that the fibration 

K(Ti-1(Y),i-2)î*Yi2>Yi-1 

is principal (see (4)), that is, there is an action 

»:K(ic1r.l(Y),i-2) XYt->Yt 

of the fibre on the total space with the following property: for classes u, 
v 6 [X, Yt], p#(u) = p#(v) if and only if there exists a class 

co G [X,K(Tt-1(Y),i-2)] 

with 

v~»(a>Xu)A: Yi-^YiX Yt -> tf (ir,_i ( F), i - 2) X F, A F,. 

Moreover, if h and /2 are the usual inclusions 

X(x,_!(F) , * - 2) C X ^ i - i C F ) , * - 2) X F„ 

F i C i f ( ^ - i ( F ) , * - 2 ) X F„ 

respectively, then /z/i ~ j and ^2 — identity. 

3. In this section, X will have the homotopy type of a finite-dimensional 
complex. For any space F, we wish to consider N[X, F]. Suppose that 
0 < n(l) < n(2) < . . . are the dimensions in which F has non-zero homo
topy groups, and let wt = 7rn(i)(F). 

Then we have a Moore-Postnikov decomposition of the fibre space 
£ 2 F ^ P F - > F a s follows: 

Kiw^nii- 1) - 1) 
fn(i) / 

(3.1) . . . -> FB(1) - ^ ^ F B ( ^ D - > . . . - > Fn(1) = F. 

P F 

We have an analogous result for the fibration Q.X —» P X —» X. Combining 
various terms we have the diagram 
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• • • —» A „ ( t ) > A w ( j _ i ) —> . . . —> A w ( i ) » A . 

W e note, of course, t h a t ^ ( ^ is the composition 

Xn(i) —> Xw(i)_i —»...—> Xw(i_i)+i —* Xn(i_i). 

Le t gn(i) = pn{\) . . . A*(z): Xn(i) —> X . 
Suppose we have a m a p / : X —> F. Le t / i = fpn(i)

: ^ d ) ~^ F„ (1). Let 
8n(i) G Hn(i)(Yn(i), n) be the fundamental class. Suppose for some i > 1 we 
have defined / y : Xw0-) —> Yn(j) for all j < i such t ha t p'nU)fj-fj-iPn(j) for 
such j . Now consider the function fi-ipnu)'- Xn(i) —* Fn ( i_i). Since the ob
struct ion to lifting fi-ipnd) to Fw(i) lies in Hn^-l){Xn{i), T^D = 0, we see 
t h a t there exists a m a p / * : JSfn(0 —> Yn(i) such t h a t p'nmfi^ft-ipnU)- T h u s 
we have the elementary 

PROPOSITION 1. A map f:X—>Y induces maps f\: Xn^) —» F n ( î ) / o r mcA i 

such that j \ = fpn(i) and pf
nu)fi ^ft-i pnUh 

Let Fna-i) be the fibre of pn(i): Xn(i) —>À^(z-_i). T h e homotopy sequence 
of this fibration shows t h a t Fnu-i) is (n(i — 1) — 2)-connected and 

v^Fnti-!)) = 0 if j < nii - 1) - 1 or j > n(i) - 1, 

6: 7Ti+i(A^(,-_i)) ^7 r^ (F n ( i _ i ) ) if n(i - 1) - 1 <j < n(i) — 1, 

where d is the homotopy boundary . Le t 

5'B«_i) 6 #*<*-" (*„«_» , ^ ( î . _ 1 } ( X ) ) , 

a 'w ( i - i)- i G H^-v-^F^u, *•»«_„ (X) ) , 

an ( <-i)-i G H^-^{K{T^ n(i - 1) - 1) ; ir«_i) 

be the fundamental classes. Then T ^ ' ^ - D - I ) = 5'n(i_i) and 

T ( « W ( Ï - I ) _ I ) = 5w(<_i), 

where r s tands for the transgression. Suppose / : X —> F is a map . Then we 
have induced maps /*: -Xrw(o —> F n ( i ) . We observe t h a t 

(A | Fn(i-i)) f. 7Tn(i_i)_i(-Fw( i_i)) —» 7Ti_i 

and 

fi-lf ^ ( ï - l ) ( i ( î - l ) ) ~~̂  TTw(f-l) (Fw(i_i)) 

are identifiable with 

/ # • 7 r r c ( * - l ) P 0 —> 7 r w ( ï _ l ) ( F ) = TTf-i. 

Each of the above homomorphisms induces a coefficient homomorphism which 
we shall denote b y / * c (see (2) ) . Then we have 

PROPOSITION 2. /*cô'„(i_i) = / * < - i $n«-i) /o r eaci i. 
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Proof. For simplicity, let us denote 7rw( i_i)(Z), pnU), pf
nu), ft\ Fna-i) by 

ir'i-iy pu p'u ku respectively. Le t <5 denote the coboundary in the cohomology 
sequence of a pair. T h e n we have the following diagram of commuta t ive 
squares: 

H71 % (Fn(i-i)', 7r'i_l) ~^Hn % (Xn(i), Fnd-i)] ft'i-l) 

fc 

. s j c — 1 

Pi Tjn(i-l) / y . t \ 
>-t± \An(i-l)j 7T i-i) 

fc 

8 fc 

k*i 

* - l 
* H (-X-»(<-!)! T I - I ) 

Hn^,-\K{^t^, n{i - 1) - 1) ; r ^ ) ^Hn(l'%Yn{t), X ( x , _ 1 ( 

ft f i 

n ( « - 1) - 1) ; x t - i ) > H - ( - I , ( y , (
,
t _ i ) ; n-i) 

Pf-' 
W e have 

/* c ô '„«-D = /* c T(a ' „o_ i )_ i ) = / * c ^ * r 1 5 ( a ,
w ( i _ i ) _ i ) 

= ^ r ^ c ô ^ c i - D - i ) = £ V ^ ( < * ' ^ - i ) - i ) . 

Now «^( i -D- i can be represented by a m a p 

a ' : Fn( i_i) - > i £ ( 7 r V i , w(i - 1) - 1). 

T h e homomorphism / # : 7r„(*_i)(-X") —-> TT^I induces the coefficient homo-
morphism 

Le t fc: K(Tnti-D(X), n(i — 1) — 1) ->i£(7r*_i, n(i — 1) — 1) be a m a p 
which i n d u c e s / # on the (w(i — 1) — l ) s t homotopy group. T h e n /* c (a w ( f _ l ) _i) 
can be represented by the m a p / c â ' . Hence as an element of Hom(7r'i_i, 7TÏ_I), 
i t is the m a p 

Also, the element/*i(aw( j_i)_i) can be represented by the m a p 

^ ( , _ D ^Kiirt-u n(i - 1) - 1) -^K(T^19 nil - 1) - 1). 

Hence i t corresponds to the homomorphism 

7 r n ( i _ l ) _ l C F n ( i _ i ) ) — » 7Tj_l -rT> 7Ti_i. 

https://doi.org/10.4153/CJM-1968-076-7 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1968-076-7


ZERO MAPS 763 

Thus we have 
f*c(<x'n(.i-l)-l) = / * < ( a » ( * - l ) - l ) . 

Hence 
/V.(*-i) = p*r1«/*c(«,»(f-i)-i) = ^r^ifeci-i)-!) 

= />*r1/*iô(a»(i-i)-i) = /*i-i£*r1$(on<<-i)-i) 

= jf**-i r(aw( z-_i)_i) = /**_ i ôw(j_i). 

Remark 1. Thus we see that if [/] £ iV [X, F], we have t h a t / * ^ * ) = 0 
for each i > 1. 

Remark 2. We now state a simple result which we shall be using repeatedly. 
Consider the principal fibration F —>• E —» £ . Let ju: F X £ —» £ be the action 
of the fibre. Suppose / : X —> E is a map and co: X —» F is a map such that 
co c^O. Then it is easily seen that/c^/x(co X/ )A: X-^XXX->FXE-^E; 
for example, see (4). 

THEOREM 1. [f] G N[X, Y] if and only if each ft lifts to a map ht: Xnii^D 
-» Ynii) such that hipMi) ~ / * , p'v{i) ft, ~ / , _ i . 

Proof. Suppose there exist such maps ft*. Now 

fjf 7Tk(Xn(j)) —* TTh(Yn(j)) 

coincides with ff wk(X) —>7rA;(F) for k > n(j). Since YnU) is (n(j) — 1) 
connected, the result follows easily. 

Conversely, suppose [f] G N[X, F]. The obstruction to l i f t ing/^i to Fw(i) 
is f*i-i ôn(i-i). By Remark 1 following Proposition 2, it follows that this is 
zero. Thus we can find maps ht: Xn^-D —> Ynii) such that p'na) ht c^f^x. I t 
remains to show that/* ~ hi pna). Consider the maps/*, hi pn(t)'. Xnu) —> Yr(<i). 
Now p'n(i)fi^fi-ipn(i)^Pn(i)hipnU). Since £'B(i): Yn{i) —» Fn(i_D is a 
principal fibration, there exists a map co: Xw(i) —> i£(7r*_i, w(i — 1) — 1) such 
that ft ~ fi(<a X ft* A*(*))A, where A is the diagonal map of Xnçt). Now co o^ 0 
since Xn(^ is (w(^) — l)-connected. Hence /x(co X hipna))A ~ hipn(<i). This 
completes the proof. 

Now let qn(t) = pn(i) . . . Pn{i)'> XnU) -^ X. This is a fibration which is 
induced from the path space fibration iïX^-1 -> P X ^ " 1 -> X ^ " 1 by the 
map gn(i)-i- X —» Xw(*)_1. Thus we have a diagram 

n(i) FA. 

Qn(i) I 

x > r(°-1 

We can convert the map gna)-i into a fibration. I t is easily seen that when 
we do this, the fibre is precisely Xn^)\ for example, see (5). Thus we can 
consider 

y °.n(i) v gn(i)-l y« ( i ) - l 
An(i) > A » A 
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as a fibration. We then obtain an exact sequence: 

0 ^ ^ ( « ( r ' » - 1 , *.,) g *<*>-\ Hnii){X, wt) -^^U Hnii)(Xnii), T 4 ) -»•. 

Hence Hn^(Xn^~\ *•«) = 0 if and only if 

q\(i): H*W(X, *,) -» Hn^(XnUh *t) 

is a monomorphism. Thus we obtain a result which is equivalent to Kahn's 
result. 

PROPOSITION 3. If X has the homotopy type of a finite-dimensional complex 
and 

q*nU): H»^(X, Tt)-* H"^(XnUh *t) 

is a monomorphism for each i = 1, 2, . . . , then N[X, Y] = 0. 

Remark. This result could also be proved directly by using our results 
above. 

Now we recall that in (4), Thomas defined two sequences of cohomology 
operations depending on F. They are described as follows. In a Postnikov 
decomposition of F: 

K(iri9n(i)) 

> Yn^ > yft(*—i) > 

let kna) be the ith ^-invariant of F, that is, 

kn(i): Yn^-*K(Ti+1, n(i + 1) + 1). 
Let 

^n(i) = —kn(i)oln(i):K(Ti,n(i))->K(Ti+1,n(i+l) + l). 

This gives a sequence of cohomology operations defined for i > 1. Let 

$n(o-i = o-^»«): K{TTU n(i) — 1) ->X(7r i+i , w(i + 1)), 

where a is the suspension of cohomology operations. Then, in (4), it is shown 
that $n(o-i = j'*n(H-i)$n(M-i) and image of $n(i_D_i C kernel of SFn(0 for each 
i > 1. Finally, we observe that since SE^) is the first ^-invariant for the 
space Fn ( i ) , we have ^«(«(^(o) = 0. 

We shall also need the following result, which we quote from Thomas (4). 

PROPOSITION 4. Let g be a map from a CWr-complex X into Yn(i) (i > 2). 
The map p'na) g lifts to Yn(i+1) if and only if 

g*ônii) e image $w(*-i)-i C Hn^{X, irt). 

We now recall that, in (2), Kahn showed that a map f:X—>Y induces 
maps/w ( i ) _ 1 : Xw(*)_1 —» Yn{i)~l which, when combined with our constructions, 
give a diagram of homotopy commutative squares: 
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Xn(i) Y (ni) 

<Zn(0 <Ln{i) 

X 

gn(i)-l gn(i)-l 

X n(i)-l :Mi)-l 

f 

This leads to a commutative diagram 

0->Hnii)(Ynii)-\ TJ-1 

0-^Hn(i\Xn(i)-1,ri) 

• n ( i ) - l 

« ( 0 - 1 , Tjn(.i) H*™(Y, Tt) 

f* 

g 7 1 ( 0 - 1 tf^cr.^-F 5 n(i) 

where each row is exact; for example, see (1). For i > 1, we have the fol
lowing commutative square: 

n(i)-_l^ r j n ( z - l ) - l > r î - 1 ) - 1 ( I , 7T,_!)-> 0 

$ w ( i - l ) - l 

Thus 
g*n(*)- l ir^ix,^)-

Then, for each i > 1, we put 

T^CO/V V \ _ [ker ^ ( Q ] Q g^n^-iH71 % (Xn l , 7rQ 
-* \A> ï ) — ^ Tjn(i-l)-l/yr _ \ » 

^ « ( « - D - l - " (.A, TTi-l) 

where [ker ^rna)] is the least subgroup of HHi)(X, 7rt) which contains the 
kernel of ¥ s ( 0 : fl*<*>(*, TT<) ->tfw(<+1)+1(^, *<+i). 

Put r»ci)(X, F) = [ker ¥,<„] C\ £nil)-JP™{X*™-\ TTX). 

Clearly, if Hn^(Xn^~\ wt) = 0, then 7 ^ ( X , F) = 0. Our result is: 

THEOREM 2. If X has the homotopy type of a finite-dimensional complex and 
Tn^(X, Y) = Ofor all i > 1, then N[X, Y] = 0. 

Proof. Suppose [f] 6 N[X, F]. We need to show t h a t / lifts to each Yn{i). 
The obstruction to lifting/ to Fw(2) is/*<5w(i). Now 

P*n(ï)f*àn(ï) = / * A(l) = 0. 
The fibration 

Xn> ( i ) X-
Pn(l) g n ( l ) - l 

X' w(l ) - l 
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gives an exact sequence 

0 -+iT ( 1 )(r* ( 1 )~\ in) g*W(1)~1> HW(1)(X, iri) J ^ > H"(1)(Zn(1), Tri) -> . 

Hence/*ô„(i) = g*n<i)-i(a) for a unique a 6 Hn^ (Xn^~\ in). Now 

*»<1)/*5»(1) = / * * » ( » «»<1) = 0 . 

Thus 
fôn(1) e [ker ¥n(1)] H £*n(1)_! Hnil)(X

n^~\ iri) 

= ^ « ( Z , F) 

= 0 by hypothesis. 

Thus we can find a map l2: X —> Fw(2) such that £'„(2) Z2 ̂ / . Now 

P'n{2) h ff»(2) ^/ffn(2) ^ / l £»(2) ^ P'n(2) f2-

Hence there exists a map co: Xw(2) —» i£(7ri, w(l) — 1) such that Z2 <Zn(2) ^ 
M(W X /2) A, where A is the diagonal map Xw(2) -» Xn(2) X Xn(2). Since co ~*0, 
it follows that Z2 qn(2) —ft- Suppose / lifts to a map lt\ X —> Yn(i) for i > 2 
with q'nd) It ~ / and Z* qna) c^ft. We need to show t h a t / lifts to Yn(i+1). Now 
put M = Z**5„u). We have g*H(o(/0 = g*»<o Z*i 5w(<) = jf*<5w(o = 0. The 
fibration 

Sn(0 gn(i)-l 

gives an exact sequence 

0 _> ̂ ( X ^ " 1 , ir«) g*n(i)S Hnii)(X, Vi) -£m> Hn(i)(Xniih Vi) - > . 

Hence we have /x = g*»(i)-i(*0 for a unique class z> € Hn^ (Xw(*)-1, 7r*). Also, 

Thus M G [ker ¥ n ( 0 ] Pi g*B(0-i Hn^(Xn^~\ Vi). By hypothesis, 

r«(0 (X, F) = 0. 

Hence l*iônu) = M G im ^W(*—D_I. By Proposition 5, it follows that 
£'n(*) Z* lifts to Fw(i+i), that is, there exists a map Zi+i: X —-> Yna+i) with 
£ 'n(0 P'n(i+D h+l — P'nii) h> T h u s #'»(*+1) li+\ ^ P*n{2) . . . £'n(i) P'v{i+1) U+l — 

q'nd) h ^ / . Now 

£'«(*) P'nU+D ^+1 2»»(<+D — P n(i) U qn(i+l) 

— p'nti) U qn(i) Pnii+1) 

— P'nU)fiPn(i+l) 

— £'«(*) P'n(i+\) f i+1-
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This means t h a t there exists a map coi: Xn(î+1) —> K^^i, n(i — 1) — 1) with 

p'nd+i) h+iqnu+i) ^ M ( C O I X p'nu+i) fi+i)&, where A is the diagonal m a p 

Xnu+» ->Xn(i+D X Xn(i+1). Since coi ^ 0, we have 

P'n(i+1) h+1 Çn(i+1) — P'n(i+l)fi+l-

Again, this means t h a t there exists a m a p co2: Xn(i+i) —•» K(iriy n(i) — 1) with 
Zi+i gn«+i) ~ M(CO2 X / i+ i ) A, where A is the diagonal m a p -X"„«+i) —> -2f»(i+i) X 
-X"W(i+i). Since co2 ^ 0, i t follows t h a t 

Th is completes the induction and the proof. 

Now, following (4), we shall define a sequence of non-negative integers 
Tn(i) as follows. Suppose t h a t 7T* is a cyclic group, and l e t / : Sn(i) —» F represent 
a generator. Define rW(o to be the least positive integer such t h a t 

where 5 , generates the cyclic group H^iS71^, TT,). If / * f P ^ F , T<) = 0, or 
if iTi is no t cyclic, pu t rW(o = 0. Denote by r*n(<) the cohomology operation 
given by mult iplying each cohomology class by the integer rW(<). W e shall 
consider this operat ion only in dimension n(i) and with coefficients in rt. 
Define, for each i > 1, 

Rn(i)(X Y) = kerr*rc(*> H [kerVn(i)] 
ker T*„«) O im $„(<_i)_i ' 

where 

¥ n ( 0 : #*«>(* , ir<) -> W+»+HX, 7 r m ) , 

* n « - i ) - i : IPW-^X, **-!)-+H*v>(X, *<). 

If * = 1, p u t 2P<»(* , F) = [ker *w ( 1 )] H ^ w ( 1 ) _ i Hn^(Xn^~\ Vl). Then we 
have 

T H E O R E M 3. Let X be a space having the homotopy type of a finite-dimen
sional CW-complex. If Rn^(X, Y) = 0 for all i > 1 and 

T*n(0: Hn^{Xn^~\ Tt) -> Hn^(Xn^~\ in) 

is zero for all i > 2, ^ew -A^X, F] = 0. 

Proof. Since 2?»<1>CX', F) = 0 = Tn^(Xy F ) , we have, as in the proof of 
Theorem 2, t h a t there exists a m a p l2: X —» Fw(2) with £'W(2) h—f and 
/2 gw(2) c ^ / 2 . Suppose t h a t for some i > 2, we have a m a p /*: X —-> Fn( i) with 
q^^li^f and liqn(i) c^f{. We need to show t h a t / lifts to Fw ( f f i ) . P u t 
M = /*«$»«). Then g*„«)(/i) = ff*n(o **« 5»«) =/*<5„(o = 0. T h e fibration 

-X"»(o * ^ • -X" 
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gives an exact sequence 

0 ^HnU)(Xn(t)-\ T ( ) — > iT"(0(X, Tt) — > Hnii\Xnu), *i) - • 
& n ( 0 - l Q n{i) 

Hence we have that M = g*„<i)-iM, where ? G Hn^(Xn^~\ Tt). Also 

^ » ( ( ) ( M ) = ^ n ( 0 Pi&nti) = l*i ^n(i) àn(i) = 0 . 

Thus JU G ker ^,(*). Further, 

Since v £ H71^ (X^"1, ir t), the hypotheses of the theorem imply that 
T*»CO(M) = O.Thus/x 6 [ker ^ B ( 0 ] n ker T*n(0. By hypothesis, iP^CX, F ) = 0 . 
Hence /z 6 im <£w(z_i)_i. I t follows from Proposition 4 that we can find a map 
Zi+r. X —> Fno+i) with £ 'n ( 0 p'n(i+i) li+i~p'nii) lt. The proof is completed by 
reproducing the last part of the proof of Theorem 2. 
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