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Abstract

Multiwavelets possess some nice features that uniwavelets do not. A consequence of this
is that multiwavelets provide interesting applications in signal processing as well as in
other fields. As is well known, there are perfect construction formulas for the orthogonal
uniwavelet. However, a good formula with a similar structure for multiwavelets does not
exist. In particular, there are no effective methods for the construction of multiwavelets with
a dilation factor a (@ > 2, a € Z). In this paper, a procedure for constructing compactly
supported orthonormal multiscaling functions is first given. Based on the constructed
multiscaling functions, we then propose a method of constructing multiwavelets, which is
similar to that for constructing uniwavelets. In addition, a fast numerical algorithm for
computing multiwavelets is given. Compared with traditional approaches, the algorithm is
not only faster, but also computationally more efficient. In particular, the function values of
several points are obtained simultaneously by using our algorithm once. Finally, we give
three examples illustrating how to use our method to construct multiwavelets.

1. Introduction

In recent years, multiscaling functions and multiwavelets have been studied exten-
sively. Goodman, Lee and Tang [11] established a characterisation of multiscaling
functions and corresponding multiwavelets. Chui and Wang [3] introduced semi-
orthogonal spline multiwavelets. Examples of cubic and quintic finite elements and
their corresponding multiwavelets were studied by Strang and Strela [16]. In [2], Chui
and Lian introduced a scheme for constructing symmetric and antisymmetric com-
pactly supported orthogonal multiscaling functions and multiwavelets. Geronimo,
Hardin and Massopust [10] used fractal interpolation to construct orthogonal multi-
scaling functions, and their corresponding multiwavelets were given in [7]. In [8],
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Donovan, Geronimo and Hardin showed that there exist compactly supported or-
thogonal polynomial spline multiscaling functions with arbitrarily high regularity.
Interpolation multiscaling functions and multiwavelets were investigated in [19] and
in [14]. For the bivanate setting, one easy way to get a multiscaling function is to use
the tensor product of two univariate multiscaling functions. Although this method is
simple, the bivariate tensor product multiscaling function has r x r components if the
bivariate multiscaling function has r components and this hence increases complexity
in applications. The most interesting research on multiscaling functions and multi-
wavelets is therefore that dealing with the construction of nonseparable multiscaling
functions and multiwavelets. Tymczak et al. [18] gave a method of construction for
nonseparable orthogonal multiscaling functions and multiwavelets. At present, the
study of multiwavelets is still of considerable interest to many researchers (see, for
example, [1, 9, 12]).

As is well known, Daubechies [4] obtained perfect constructing formulas for the
uniwavelet. Since multiwavelets are vector-valued functions, the construction of
multiwavelets is more difficult than that of uniwavelets. Multiwavelets can possess
simultaneously many desirable properties, such as being compactly supported, or-
thonormality, interpolating, and very importantly, symmetry or antisymmetry. How-
ever, for the uniwavelet, some of these properties are impossible or incompatible.
From this respect, applications of multiwavelets are more extensive than those of uni-
wavelets. Therefore, finding good construction approaches for multiwavelets is very
significant both in theory and in applications. Donovan, Geronimo and Hardin [7]
discussed the above problem by using fractal interpolation functions, but their con-
struction procedure is very complicated. The main objective of this paper is to give

" a way of constructing compactly supported multiscaling functions and the associated
multiwavelets.

The paper is organised as follows. In Section 2, we briefly recall the concept
of multiresolution analysis of multiplicity . In Section 3, we give a constructing
procedure for compactly supported orthogonal multiscale functions and multiwavelets.
In Section 4, based on the construction algorithm given in Section 3, some examples of
constructing multiwavelets are given. In Section 5, based on multiresolution analysis
and matrix theory, we give a fast numerical algorithm for computing multiwavelets.

2. Multiresolution analysis with multiplicity »

Multiwavelets are associated with multiresolution analysis of multiplicity r, that
is, multiwavelets can be constructed by multiresolution analysis with multiplicity r.
Let

°(X)= (¢19 ¢2’---1¢r)T’ ¢lv ¢21'-'1¢r eLZ(R)v
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satisfy the following two-scale matrix equation:

M
d(x) =) Pdlax — k), @1

k=0

where M is a positive integer and some r x r matrices { P} are called the two-scale
matrix sequence. Here ®(x) is called a multiscaling function with dilation a, a > 2,
a € Z, and multiplicity r.

Applying the Fourier transformation to (2.1), we obtain

é(w) = P2)®(w/a), 22)
where z = ¢~*/¢_and
1 M
Py ==Y Pt 23)
a k=0

We note that P (z) is referred to as the two-scale matrix symbol of the two-scale matrix
sequence { P} of ®. '
Define a sequence of subspace V; C L*(R),

V; =clospgypeju:1<€<r keZ), jeZ, 2.4)

here and afterwards; for f, € L?, we will use the notation f,; ; = a//*f,(a’ x — k).
As usual, ®(x) in (2.1) generates a multiresolution analysis {V;};cz of L%(R), if
{V;}jcz defined in (2.4) satisfies the nestedness condition --- C Vo C V, C V,---.
Let W;,j € Z, denote the orthogonal complementary subspace of V; in V;,, and
let the vector-valued function ¥ (x) = (Y, ¥2, ..., Y)Y € L2, 2= 1,2, ...,
(a — 1)r, constitute a Riesz basis for W;, that is,

Wj = ClOSLI(R)(III[:jlk 1l<e< (a— Dr, ke Z), _] €Z. (25)

From condition (2.5), it is clear that ¥, (x), ¥2(x), ..., Y—-1)-(x) are in Wy C V.
Hence there exists a sequence of matrices { Qi }iez such that

M
¥(x) = Z 0:®(ax — k). (2.6)
k=0

From the two-scale relation (2.6), we obtain \il(w) = Q(z)é(w /a), where Q(z) =
(1/a) Yily Qez".

For column vector functions A and I" with elements in LZ(R), define

(A, T) = f AL x)T dx.
R
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We call ®(x) = (¢1, 92, .- -, ¢,)7 an orthogonal multiscaling function if
(®(), ®(-—n))=bp,l,, neZ

Here ¥(x) = (Y1, ¥2, - - -, Yia—yr) " will be said to be the orthogonal multiwavelets
associated with multiscaling functions & if W(x) satisfy the following equations:

(d’(), \I’( - n)) = (\I’()’ ¢( - n)) = Orx(a—l)n
(‘I’()v ‘I’( - n)) = 60,n1(a—l)rv ne Zv

where O,xs-1)- and I(,_;), denote the zero matrix and identity matrix, respectively.

LEMMA 2.1. Let n = (m, 02, ..., n,)7, where ny, 2, ..., n, € L% Then {n,(x —
k) : 1 <€ <r k € Z} is a family of orthogonal functions if and only if

> iw + 2km)i(w + 2km)* = 1, Q.7
keZ

Here and throughout, the asterisk denotes complex conjugation of the transpose.

PROOF. Let n be a family of orthogonal functions. For every n € Z, we have

1 oo .
Saals = (1), NG = 1) = 2= f A w)H(w)* ™ dw

2k+1)m

=Y 5 / A(w)A(w)*e™ dw
” .

k=—00 2’(7!

1 [ .
[Z A(w + 2km)H(w + 2k7r)‘:| €™ dw,

21t Jo kez

which implies (2.7) holds. The converse is obvious.

LEMMA 2.2. Let ®(x) be a multiscaling function satisfying (2.1) and P (z) defined
in (2.3) be a two-scale matrix symbol. Then
(i) ®(x) is compactly supported, with supp ®(x) C [0, M/(a — 1)],
(ii) P(1) has eigenvalue 1, and [ P(1)]" converges as n — 00, and
(iii) the vector u = ®(0) is an eigenvector corresponding to the eigenvalue 1 of
P(1).

PROOF. Similar to the case of a = 2 (see [15]), (i) can be proved. Next, we prove
(ii) and (iii).

It is clear from (2.2) that P(1) has eigenvalue 1 with eigenvector u = <i>(0). Soin
order to prove (ii) and (iii), it is sufficient to prove that [ P(1)]" converges as n — 00.
This is, however, obvious, since it follows from (2.2) that 4 = lim,_,«{[P(1)]‘u},
which implies that [ P(1)]" must converge as n — 0.
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LEMMA 2.3. Let ® be a multiscaling function satisfying (2.1). If both Py, Py are
not nilpotent, then supp ® = [0, M /(a — 1)].

The case of a = 2 in Lemma 2.3 has been thoroughly studied by Massopust, Ruch
and Van Fleet [13]. By means of an idea of these aforementioned authors, Lemma 2.3
can be proved for a > 3.

3. Construction of orthonormal multiwavelets

THEOREM 3.1. Let ®(x) be the orthogonal multiscaling functions defined in (2.1),
P(z) be the two -scale matrix symbol defined in (2.3)and w;, j = 1,2, ..., a be roots
of the equation z° — 1 = 0. Then

Y PPz =1, lzl=1 (3.1)

j=1
Equation (3.1) is equivalent to the following equation:

M

Z PPl = abiol,, Iz| =1 (3.2
i=0

Further, suppose ¥ = (Y1, V2, - .., Ya-1y,)" are the orthogonal multiwavelets asso-
ciated with ® and Q(z) is a two-scale matrix symbol. Then

Y P@2)Qw;2)* =0 and (3.3)
j=1
> 02 Q;2)" = Iy (3.4)
ji=1

Equations (3.3) and (3.4) are equivalent to the following equations, respectively:
M M
Z Pi Q;’-.f.ak =0 and Z Qi Q;r.f.ak = aao.kl(a-l)h
i=0 i=0
PROOF. By Lemma 2.1, we have 3, |® (@ + 27¢8)[? = I,, for all . Hence

I, = Z |®(aw + 21 €)?

L

= D IP(eT ) 2§ (w + 2km)P?

t=ak
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+ Y |P(emier ¥ $(w + 2kn + 21 /@)’ + - -

t=ak+1

+ ) |P(eni @R II@ D) 2§ (0 + 2k + 27 /(a — 1))

t=ak+a—1

= [P(e)* ) |®(w + 2km)?
k
+ | P(e7i /M) 2 Z |‘i>(w+ 2km + 2zz/a)|2 +.--
k
+ | P(em @ /@D 23 | § (e + 2kt + 2 /(a — D)’
k
= |P(e-iw)|2 + |P(e_2"/ae_"“’)|2 +...4 lp(e—Z(a—l)n/ae—iw)Iz’
which implies (3.1) holds. Similarly, applying the Poisson formula

Z S+ 270V (w+278) =0
4

for all w, (3.3) and (3.4) can be proven.

We assume that the functions in ¢ are (r — 1)-times differentiable. Analogous
to Hermite cardinal spline interpolation, ®(x) = (¢, ¢3, ..., ¢,)T with common
support is said to be an interpolation, if it satisfies the following condition:

SUD(k + ko) = ¢Y " (k)bioe;, 1<j <rkeZ,

. 3.5
¢! (ko) # 0, 1<j<m 33)

where ko denotes some integer inside the support of ¢;,1 < j < r,and e¢; = (1,0,
0T, e;=(0,1,...,007,...,e,=(0,...,0, DT,

THEOREM 3.2. Let ®(x) be a multiscaling function with dilation a and multiplicity
r as in (2.1) and satisfy (3.5) for some positive integer ko, 1 < ky < [M/(a — 1)].
Then

Poksro = 8koPryy k€ Z, (3.6)

with
P, = diag(1, l/a, ..., 1/a"™"). 3.7
PROOF. Taking the (j — 1)th derivative of (2.1) and applying the interpolation

condition (3.5), we have Pyiej = (1/a"")8;0e;, 1 < j < r, which implies (3.6)
and (3.7).
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THEOREM 3.3. Let ®(x) = (¢, @3, . . ., ¢,)T be a multiscaling function with dila-
tion a as in (2.1) and let P(z) be a two-scale matrix symbol. If supp¢; = [h;, g
1<i<r,then

(i) @21 are symmetric and ¢,; antisymmetric for all j in the following sense:
$:ix) = (1) "¢k + g —x), 1 <i<r (3.8)
if and only if the entries P;; of the matrix P(z) satisfy
Pij(z) = ()M ohre-tirad p .7y, 1 <i,j<r (3.9)

(i) For any preassigned integer r|, 1 < ry<r, the scaling functions ¢y, $a, ..., ¢,,
are symmetric and the remainder ones ¢,, .., . .., §, are antisymmetric in the sense

¢i(x)=¢i(hi+gi_x)s i=1127"-’r|a
¢i(x)=—¢i(hi+gi—x)v i=r17rl+lv---)r1

if and only if the entries P;; of the matrix P(z) satisfy

Pttt P (7),  1<ij<norn+lsij<n
Pi'j — _za(h.»+g.-)—(h,+gj)p‘_'j (Z), 1<i<n and r +1 Ej <r;

orn+l<i<rand 1<j <mn.

@) If ath; + g) — (hj + gj) < O or is not an integer for 1 < i,j < r, then
Pi_j =0.

PROOF. If ¢y, ¢, ..., ¢, satisfy (3.8), then

®(x) = ($1(x), $2x), ..., $,(x))7

= Sr(¢l(hl + &1 —X), ¢2(h2 + 82 —X), reey ¢r(hr + 8 _x))T’
where

S, = diag(l, ~1, ..., (—1)"'_). (3.10)
Hence, by (3.10), we have fori,j =0,1,...,aands =1,2,...,a—1

d @) = 5.0, (") (w),
D,(Z) = diag(zhﬁ-m, Zh2+82’ L. "zh,+g,).

Successively using (2.2), we obtain

P@)®w/a) = $.D,z*)P(2)D,3)S, ¥ (w/a).
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Since {¢¢(x — k) : 1 <€ < r, k € Z} is aRiesz basis of Vj,

P@2) = 5,0, PRD, @S,
or equivalently,
S,P(2)S, = D,(z")P(2)D,(2),

which implies (3.9) holds. This completes the proof of Theorem 3.3.

COROLLARY 3.4. If supp¢; = supp¢, = --- = supp¢, = [0, M/(a — 1)), then
¢2j -1 are symmetric and ¢,; antisymmetric for all j if and only if Py = S, Py_; S,

In fact, since supp¢; = [0, M/(a — 1)}, a(h; + &) — (h; + g;) = M, we obtain
P(z) = z¥ S, P(@) S, by (3.9). Hence Corollary 3.4 holds.

As we know, for a multiscaling function ®(x), if supp ®(x) = [0, M], then
supp ®'(x) = [0, [M/a]], where

&' (x) = [®T(ax), ®T(ax - 1), ..., ®T(ax — a+ D]".

Hence, without loss of generality, we only investigate the construction of multiwavelets
with a + 1 coefficients, that is, ®7(x) satisfies the following equation:

d(x) =) Pd(ax — k). (3.11)

k=0

LEMMA 3.5. Let B be an n x n positive definite matrix. Then there exist 2"
. symmetric matrices A which are distinct such that A = B.

PROOF. Let Ay, A5, ..., A, be n eigenvalues of B. Since B is a positive definite
matrix, A; > 0, i = 1,2,...,n. There exists an orthogonal matrix U, such that
B = U*diag(Ay, Az, ..., A,) U. Itis clear that

A= U*diag(:tﬁ,i Az,...,:i:\/):)U

satisfies the matrix equation A2 = B and that A is symmetric. Obviously, the number
of the above A is 2".

In the application of multiwavelets, certain special properties are desirable, such as
interpolating. In the two-scale matrix sequence { Py}, associated with multiwavelets
with these properties, there must exist some P;, 0 < i < a, such that the matrix
(al — P;PT)~'P,PT is a positive definite matrix. In fact, by Theorem 3.2, if ®(x)
is an orthogonal interpolatory multiscaling function, then there exists some posi-
tive integer ko such that P, = diag(l, 1/a, ..., 1/a"™"). Itis clear that the matrix
(al — P, PD)™' P, P is a positive definite matrix.
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LEMMA 3.6. Let ®(x) be the orthogonal compactly supported multiscaling function
with dilation a and multiplicity r satisfying (3.11). Assume that there exists some P,
0 < i < a, such that the matrix H defined in the following equation is a positive
definite matrix:

H?* = (al, - P,PT)'P,P]. (3.12)

LetH (s =1,2,...,a—1) be (a — 1) distinct symmetric matrices satisfying (3.12).
Define

HSP'p j '; N
© j JEL 0 as=12. a1 (13

O-HTR =i
Then
Py(g¥)T =0, (3.14)
Po(g)T + Pi(g")T + -+ + Pu(g®)T =0, (3.15)
@@ENH" =0, ¢s=12,...,a—1, (3.16)
@@ + @@+ + @0 =al,. (3.17)

PROOF. For convenience, let i = 1. Equations (3.14) and (3.16) can be proven
using (3.3).
For (3.15) and (3.17), we have from (3.3) that

> PUg™)" = PPy H, — PP (H") +--- + P,P]H,

t=0 =[PP} + P,P] +---+ P,PT1H, — P P[ (H,)™
= [al, — P,P[]H, — P,P] (H,)™
= ((al, — PP[)(H,)* = P P[)(H)™' =0,

> 4P @) = H, PPy H, + (H) ' PP (H) ™" + -+ H,P,PT H,
=0 = HJ[PPf + P,P] +---+ P,PT]H, + (H,)"' P, P] (H,)™
= H,[al, — P,P)H, + (H,)"'P,PT(H,)™"
= (H,)"'[(H,)*(al, — PyP)(H,)* — P,P[](H,)™
= (H)"'[(H,)*PP] + P P]1(H,)™
= (H)™'[(H,)* + L1P Pl (H,)™
= H,[P,P| + (H,)*P, P{)(H,)™
= Hal,(H,)™' = al,.

This completes the proof of Lemma 3.6.
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In the setting of Lemma 3.6, we can generate a — 1 sequences {q,f:)}, 5 =
1,2,...,a — 1. We construct the following functions in terms of these sequences:

V) =) g ®@ax -k, s=12,...,a—1 (3.18)

k=0

On the premise of no change in the vector function ®(x), applying Gram-Schmidt

orthonormalisation to the vectors of a functions ®(x), ¥,(x), s = 1,2,...,a—1,
and generating a — 1 new functions ¥,(x),s =1, 2, ..., a — 1, we can conclude that
there must exist a — 1 sequences {Q{},s = 1,2, ..., a — 1, such that
V)= OP®@x -k, s=1,2,...,a-1 (3.19)
k=0

Hence we have the following theorem.

THEOREM 3.7. In the setting of Lemma 3.6, let W,(x), s = 1,2,...,a — 1 be
defined as in (3.19). Define W (x) = [¥,(x)7, ¥o(x)7, ..., W,_,(x)7]7. Then ¥(x) is
a compactly supported orthogonal multiwavelet with dilation a associated with ®(x),
and satisfies the following two-scale matrix equation:

W) =S[00, ..., (2] B(ax — k). (3.20)
k=0
COROLLARY 3.8. In the setting of Lemma 3.6,

(i) If the dilation factor a = 2, then yri(x) defined in (3.18) is a compactly
supported orthogonal multiwavelet with dilation 2 associated with ®(x).

(ii) Ifthe dilation factor a = 3, and ¥,(x) = Z:=o OV®(ax —k),s = 1,2, then
W(x) = [V, x)T, ¥, (x)T)7 is a compactly supported orthogonal multiwavelet with
dilation 3 associated with ®(x), and satisfies (3.20) in which

n m
O =49,

: 1 2 k=0,1,2,3. (3.21)
O=5 {qﬁ” - q,‘,”(Qf.”)TQS’] :
h=0

4. Example

We will illustrate by a specific example how to construct orthogonal multiwavelets
based on our method.
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EXAMPLE 1 (Construction of orthogonal multiwavelets). Let ®(x) = (¢, )7,
supp ®(x) = [0, 2], be 3-coefficient orthogonal multiscaling functions satisfying
the following equations [17]:

P(x) = P (2x) + PP(2x — 1) + P,P(2x — 2),

where

p_ [0 @+¥D/a]  , _[3/4 1/4] p_[@=VD)/4 0]
o @-vn/al” T |18 3740 T @+ VT4 0]

Suppose i = 1. Using (3.12) and (3.13) in Corollary 3.8, we obtain
o[+ VD14 q - ﬁ)/14] 00— [0 3/4

T la-vD/14 G+ VD/4)’ °= o 1/4]
o, [~@+VD/a —@-~ ﬁ>/4] 0, = [1/4 0

'l = VDA —@+vD/a)T P [3/4 o)

From Corollary 3.8, ¥(x) = ELO Q1 ®(2x — k) are orthogonal multiwavelets asso-
ciated with ®(x).

ExAMPLE 2 (Trivial example — construction of an orthogonal uniwavelet). Let ¢3D
be a Daubechies scaling function [5], that s,

1 3
+‘/_¢3 D(2xy 4 f¢3 D2x — 1)

3-— 1-
+ f¢3 22x - 2) + f¢3 2(2x —3).

¢7(x) =

Since ¢ (x) is a 4-coefficient orthogonal scaling function, using Lemma 2.2, and
letting ®(x) = (¢ (2x), ¢ (2x — 1))7, then

®(x) = [(1 + 0ﬁ)/&t 3+ 8/3)/4] ®(2x)

N [(3 - V3)/4 (1-+/3)/4

(1+v3)4 G+ ﬁ)/4] $@x -1

0 0
* [(3 - VA4 - ﬁ)/4] P& =2

is an orthogonal multiscaling function with multiplicity 2. Using Corollary 3.8, we
obtain

Yoy = | Y2 _[(ﬁ —1/a G-V3/4l[ ¢P(4x)
T P@x -1 0 0 #P(4x — 1)
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+ [—(3 +v3)/4  (1+/3)/4 ] [¢3”(4x - 2>]
—(/3-1)/4 —(3 ~/3)/4] | $P4x — 3)

[ 0 } P (4x — 4)]
3+ V3)/4 -(1+f)/4 P(@dx ~5)]°
Hence

3-1
f D(ZX)+ f¢3 P(2x — 1)

3 1
+4f¢3(2x 24 +f

¥y (x) =

¢3(2x ~3).

EXAMPLE 3. (Construction of orthogonal multiwavelets with dilation 3 and mul-
tiplicity 3). Let ®(x) = (¢y, @2, ¢3)7 satisfy ®(x) = Py®Bx) + P,®Bx — 1) +
P,®(3x — 2). By Lemma 2.2, supp ®(x) C [0, 1]. Suppose both ¢, and ¢; are
symmetric and ¢, is antisymmetric. Then ®(x) satisfies the interpolation condition
(3.5) with kg = 1. Then in view of (3.6) and (3.7), we obtain

1 0 o0
Pp=]01/3 0
0 0 1/9

Let Py = [x;;]},_,- Since Px = S3Py_Ss, we have Py = S;PS; and P; = P,
Applying (3.2), we obtain

V272 V272 0 V2/2 =272 0
Po=|-1/2 J7/6 1 and Po=1| 172 /6 -1
0 0 11/9 0 0 11/9
Taking i = 1 and using (3.12), we obtain
1/2 o 0
0
o 1/242
Hence
v2/2 0 V272 0 0
H=| 0 26/26 and Hy=| 0 26/26 0
0 0 f 2/22 0 0 —v2/22
Using (3.13), we have '
i 30 -v2 0 0
Gl R
0o o0 ¥ 0o o -z
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[ 1 1 [ 1 1
s =3 0 5 = 0
n _ ﬁ Ji82 /26 2 _ _E J182 V26
92 =2 T 6 |° G = 5 156 6 |°
o o0 ¥ o o -%Z
L. -
-2 0 0 L1 9
2 2)
a’=] 0 —F o0 al=]g R -
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Finally, we obtain orthogonal multiwavelets by (3.20) and (3.21).

5. A fast algorithm for computing multiwavelets

In this section, by means of the idea of Daubechies and Lagarias [6], we present
a fast numerical algorithm for computing the function value of multiwavelets at an
arbitrary point. For generality, we assume that the scale factor of the multiscaling

function is an integer a, a > 2.
Let ®(x) = (¢1, ¢2, . .., )7 be multiscaling functions which satisfy the following

equation:
M
d(x) =) Pcdb(ax — k). (5.1)
k=0
Let m = [M/(a — 1)]. Define a vector-valued function A € R™~"", by
A=[®71),®"),...,dT(m - D]
= [¢1(1), $2(1), ..., ¢,(1), 61 (2), $2(2), ..., . (2), ...,
1(m — 1), po(m — 1),...,¢,(m — D]".
Taking (5.1) into account, we have
A= MA, (5.2)

where M is an (m — 1)r x (m — 1)r matrix defined by (M);; = P,_;, i,j =
1,2,...,m — 1. Hence, under the normalisation condition 3__, S"r—' ¢, (k) = 1,
(5.2) has a unique solution.

Define a vector-valued function H(x) € R™, x € [0, 1] by

H(x) = [¢l(x)’ ¢2(-x)v ey ¢,(x), ¢](X + 1)1 ¢2(x + 1)7 “eey
Sx+1),. ... 0x+m -1, px+m=1),...,¢,(x+m-D]".
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FIGURE 1. The function & (x) and its corresponding orthogonal multiwavelets W (x): (a) ¢ (x), (b) ¢2(x),
() ¥1(x) and (d) Y2 (x).
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FIGURE 2. The function ®(x) and its corresponding orthogonal multiwavelets W(x) from Example 1:
() $1(x), (b) 2(x), (c) Y1 (x) and (d) Y2 (x).
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[15) _ A fast algorithm for constructing orthogonal multiwavelets
Obviously, we have
’ Y ATT
H@©)=1[0,0,...,0,A"]".
Define rm x rm matrices Ty, Ty, ..., T, by
(T‘l)i‘j = Pai—j—(a-l)+ty e - 09 11 R 1; ly] = la 2a e, m.
For every x € [0, 1], we have, from (5.1),

H((x +¢)/a)=TH(x), ¢=0,1,...,a—1.

For any x € [0, 1], its a-adic fractional expression is

X
x=) dia?, die{0,1,...,a-1}.
j=1

199

(5.3

54

(5.5)

Define the shift operator T on x by tx = Y7, d;a~/*'. It follows from (5.5) that

H(x) = Ty H(zx).

(5.6)

Letx = 0.dyd; . ..d,. Repeat using (5.6), then we have H(x) = T, T, - - - T, H(0).

According to the above discussion, we can obtain the following algorithm:

(1) By (5.4), construct rm x rm matrices Ty, Ty, ... Tp_;.

(2) Forevery x € [0, m], there must exist an integer k such that x € [k, k + 1). Let

s = x — k. Since s € [0, 1], s can be approximated by 37" dja™ .
(3) Compute H = T, T, - - - T, H(0), where H(0) is defined in (5.3).

(4) The components of the vector H, Apiq1, Rrev2, - - ., Briyr, are the approximate

values of ¢;(x), $.(x), ..., ¢,(x), respectively.

REMARK. The first r components of the vector H, hy, ..., h,, are the approximate
values of ¢,(s), ..., ¢,(s), respectively; the second r components of the vector H,
Aryrs ..., hyy,, are the approximate values of ¢, (1 + s), ... , ¢,.(1 + ), respectively;
the final r components of the vector H, h¢—2)41, - . . + Bm-2)-+r, are the approximate
values of ¢;(m — 1 +5), ..., ¢, (m — 1 + 5), respectively, that is, the function values

of several points are obtained simultaneously using the algorithm once.

Let ®(x) = (¢1(x), ¢2(x))7, supp ®(x) = [0, 3], be an orthogonal multiscaling

function satisfying the following equations [2]:

P(x) = PP (2x) + PP (2x — 1) + P, (2x — 2) + P3d(2x — 3),
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where -
10-3/10  546-2/13 30+34/10 5/6-2/15
Po=|s895m sivim |° P =| _sinss 15— |
40 40 40 40
30+3/10  __ 54/6-2/15 10-3+/10 __5/6-2J15
P=1 s s sowm |0 P = _ngg3Jﬁ 543410
40 40 40 40

The corresponding orthogonal multiwavelets satisfy the following equations:
V(x)= QP (2x) + PP2x — 1) + P,®(2x — 2) + PP (2x - 3),

where

5v/6-24/15 _ 10-34/10 _ 5/6-2J/15  30+3/10
Q=| 8m seam|w D= 95 smevEs |
40 40 40

40

__5/6-2J15  __ 30+3/10 5v/6-2/15  10-3J/10
Q= s%m smavm | D= sivm seaE |
40 40 40 40

Using our algorithm, we draw the graphs of the above scaling functions and wavelets,
as seen in Figure 1 and the graphs of the scaling functions and wavelets of Example 1
as seen in Figure 2, respectively.
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