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Introduction

Among all non-self-adjoint operators, the shift has a special place in ques-
tions relating to invariant subspaces. It is therefore natural to attempt to use this
fact to study other operators related in some way to the shift. Examples of this
procedure are available in the work of Freeman [3] and Lim [5] where pertur-
bations of the shift are studied.

In this paper, some modest contributions are made to the invariant subspace
problem for certain classes of operators.

Let H be a separable Hilbert space with orthonormal basis {ek}f. Then write
S to denote the shift operator S: ek-*ek+lt k = 1,2,••• . Since S is an isometry,
we know that S*S = /.

Now let T be a bounded linear operator. We wish to stats conditions suffi-
cient to ensure that T is intransitive, i.e. that T has a non-trivial closed invariant
subspace. For this purpose, it is no loss of generality to assume that | T | < 1.

Consider the mapping denned in H as follows:

x^ Z ( T * - 1 * , ^ .
* = i

It is easy to verify that this map is well denned and gives a bounded linear operator
on H. Let HT denote the range of this operator. In view of the theorem
which follows, it is useful to investigate whether HT is invariant under T. If this
were the case, a simple calculation shows that this implies that, for each x e H,
there must exist x in H such that the following conditions are satisfied:

{Tk-Ix,ei)= ZCT'- 'x .eJCre, ,^) k = 1,2,3,- .
P = I
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Since it seems highly unlikely that such a condition would be satisfied, it is rea-
sonable to conclude that in general HT is not invariant under T.

THEOREM. / / HT is not dense, then T has a non-trivial closed invariant
subspace.

PROOF. Write P to denote the projection x -» (x, ex) eL so that clearly
S*P = 0. Define an operator <$T by the equation

<Dr = Z SkPTk.
k = 0

The series obviously converges in the uniform operator topology; in fact, $ r is
compact since P is one-dimensional. Moreover, it is easy to verify that

(1) S*S>r = 0>r T

so that the range of <tr is invariant under S* (briefly, "*-invariant"). Now we
observe that the range of <Dr is exactly HT. With our assumption that HT is not
dense, we will show the existence of a ""-invariant subspace Ho of HT such that
(0) i=- Ho ^ HT. To do this, we will work in analytic terms. Let D denote the open
unit disc in the complex plane and let H2 denote the usual Hardy class on D.
Then, since HT is not dense, Hj is a closed non-trivial subspace of H2 which is
invariant under S. Hence, as Beurling showed, [1], H? = OH2 for some inner
function 8. Let z0 be any zero of 6. Define Ho = (S* — z o ) / / r ; obviously Ho is
*-invariant and (0) ^ H0^HT. To show that the inclusion Ho c HT is proper, it
suffices to show that H£ # HQ. Let v be an element of H2 such that v(z0) # 0
and take h(z) = 6(z)v(z)l (z — z0). Then heH2 and, if w0 € Ho, we have

(h, w0) = le{z^z>), (S* - zo)w ) for some weHT

= (0(z)y(z), w(z)) = 0 since

Hence /i e #o- B u t /) ̂  Hr for otherwise, we would have h = 6h' for some //'
This would imply

z-z0

i.e.

Z - Zo

But —^— cannot be a function in / / 2 . Hence Hj # //Q SO that Ho has ths re-
z — z0

quired properties.
Finally, consider equation (1). Evidently, the kernel of <J>r is invariant under

T so we need only consider the case where the kernel of O r is (0). Let./? = <I>f lH0.
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We will show tha t / / is nondense and invariant under T. Firstly, ifH were dense,
then every x in H could be written

x = lim Of1 hn for some sequence {hn} <= Ho.

But then
<Drx = lim hn

i.e. HT c ff0

contrary to the known properties of Ho. Finally H is T-invariant, for if
x e Of ' / /0 , then Orx = h0 for some h0 e Ho. Hence OrTx = S*OTx = S*h0 e H0

i.e. TxeH. Thus the closure of H is non-trivial closed invariant subspace for T.

REMARK. A bounded linear operator with trivial kernel and dense range has
been called a "quasi-affinity" [6]. If A and B are bounded linear operators on H
and there exists a quasi-affinity Q such that QA = BQ, then A is said to be a
"quasi-affine" transformation of B. Theorem 1, therefore, implies that either T
has a non-trivial closed invariant subspace or T is a quasi-affine transformation of
S*. Sz-Nagy and Foias [6] have proved a stronger result: if T* has a cyclic vector,
then T is a quasi-affine transformation of S*. However, in their case, the operator
which implements the transformation is difficult to express in terms of the given
Hilbert space.

COROLLARY. HT is non-dense if and only if, for some non zero {at}o in I2, we

have Zjj°=o <** T^e^ = 0.

PROOF. A vector y = Z * a*-! ek is orthogonal to HT if

00

I (T*"1 x.e^an-! = 0 for all x in H
I

i.e. (x, Zfifc-i T*k~iei) = 0 for all x in H
i

i.e. S UikT*k et = 0.
o

REMARKS, (i) The role of et in the above corollary is obviously incidental.
If x is any unit vector in the kernel of X<$° akT*k for some {at} in I2 \{0}, then we
can choose the orthonormal basis with x as its first vector.

(ii) Recall that H°° consists of functions analytic and bounded on D. Let
u e H00. Then we can write a Taylor series for u

u(A) = i: ukx
k

0

and since Hx c H2, we know that Z Q |"n|2 < °o. Now recall the important class
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Co defined by Sz-Nagy and Foias [7] : Co consists of those completely non-
unitary contractions T for which there exists a non-zero u in Hx such
that u(T) = 0. If T is a strict contraction (i.e. \\T\\ < 1) then it is possible to
define u(T) as 1l™ukT

k<. In view of these considerations, we see that if T is a
strict contraction in Co, then HT is non-dense and so T has a non-trivial closed
invariant subspace. Again, this is a known result but the methods used here are
simple and explicit and, of course, the condition expressed in the corollary above
is much weaker than the condition u(T) = 0.

(iii) Gohberg and Krein [4] p. 316 have defined a sequence of vectors
{gk} to be w-linearly independent if X atkgk = 0 is not possible for
0 < £ l a t p l ^ l ^ oo. It is evident that if {T*kei}o is w-linearly independent
then the condition of the corollary above fails.
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