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1. Introduction. Tricomi [2] has shown that if ¢,eL,(—o0, ), i=1,2, where
1 <p,<,(p) '+(p2)"" <1, and if H denotes the Hilbert transformation, that is

() = 7B [ g0 1)

where the symbol (P) denotes that the integral is taken in the Cauchy principal value sense,
then

H(¢,Hpy+ ¢ Ho,) = (Ho,) (Hp,)— 1 ,. (2)

When one first looks at (2), one would naturally think of using the Fourier transformation
to proveit, making use of the well-known formulas for the Fourier transform of Hf and for the
Fourier transform of a product. However, difficulties with a proof along this line soon
become apparent, for the condition (p;) ™' +(p,)™* < 1, which is needed for the left hand side
of (2) to exist, implies that at least one p, is larger than two, and consequently the corre-
sponding ¢; may not have a Fourier transform. Indeed Tricomi’s proof used the theory of
H,-spaces in the upper half-plane as outlined in[1, §5.12].

In this paper we shall show that a proof of (2) in which the Fourier transformation plays
the crucial role can be given. This seems worthwhile both from considerations of simplicity,
and since the proof of the principal theorem in [1, §5.12, Theorem 103], that Tricomi used is
only given incompletely there.

In §2 we shall define some notations and prove some preliminary lemmas, while in §3 we
give our proof of (2).

2. Notations and preliminary lemmas. We shall denote the Fourier transformation by
F ;thatisif fe L,(— oo, o), then

(Ff)(x) = (2n)~1/2 j w e*f(1) dt. (3)

It is well known that & can be extended to L,(— o0, o) for 1 < p < 2, as a bounded operator
from L, to L,. where now and henceforth

pl+(p) =1, @)

indeed on L,(— o0, c0) & is unitary. The image of f under &, the Fourier transform, will be
denoted by f.
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If ¢, and ¢, are locally integrable on (— <o, ), their convolution, ¢,*¢,, is defined,
for all x for which the integral exists, by

bivdals) = @[ 0u(s- () ©

One relation between the Fourier transformation and convolution is given by the follow-
ing lemma.

LeMMa A. If ¢,eLy(—0, ), i=1,2, then
($192)" = $1%d,.
Proof. The result is equivalent to [1, Theorem 65].

As noted earlier, we shall be using the formula for the Fourier transform of Hf. We state
this as a lemma.

LemMA B. IffeL,(—c0, ), then
(Hf)~ (x). = —1sgn xf(x).
Proof. This is proved in the course of the proofs of [1, Theorems 90 and 91].

Formula (2) involves the product of functions from different L, spaces. Concerning such
products we have the following lemma.

LeMMA C. Suppose that ¢,€ L,(—o0, 0), i = 1,2, where (p;)" +(p,)"* £ 1, and let
P
7t =(p) "+ (p,)"t. Then ¢ ¢, L(— 0, ), and

191820, = [#1]o62]5.:

Proof. An easy application of Holder’s inequality.
One final lemma will be rather basic in our argument.

LemMa D.  Suppose that f, € L(— o0, ), f; € Ly(~00, ) and f, = f, a.e. Then
f.l =f2 a.e,

Proof. From [1, Theorem 14], the integral (2r)~1/2 {* ™ ™,(y)dy is (C, 1) summable

to f; a.e., and from [1, Theorem 59], the integral (2n)~Y/2 [* ™ *f,(y)dy is (C, 1) summable
to f, a.e. Butsincef, = f, a.e., the two integrals are the same, and hence f; = £, a.e.

3. Tricomi’s Theorem. We can now prove the main result.

THEOREM. If ¢,€ L,(— 00, ), where 1 < p; < o0, ()™ +(p2)™ < 1, then (2) holds.
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Proof. Suppose first that ¢, and ¢, are continuous functions with compact support, and
call the right hand side of (2) f; and the left hand side f,. We shall show that f; and f, satisfy
the hypotheses of Lemma D.

Since ¢, € L,, and H is a bounded operator from L, to L, for 1 < p < o [1, Theorem
101], H$; € L,, and hence by Lemma C, (H¢,)(H¢,) and ¢, ¢, € L,, so that f; e L. Since
¢, is bounded, ¢, H¢, is in L,, as is ¢, H¢,, and thus since H is a bounded operator from L,
toL,,andsincef, = H(¢,Hp,+ ¢, Ho,), wehavef, e L,.

But from Lemmas A and B,

filx) = (Hp ) * +(H,) * (x)—$1*$2(x)
= @ [ ()" (e )E0:) (0 Bix= ()

- -

¢1(x—1)d(1)(sgn (x—t)sgn t+1) dt.

Nowifx > 0,
(0,1 <0

sgn (x—t)sgnz+1

A

20<t<x |,

10, t>x
while if x < 0,
(0, t < x

sgn (x—1)sgnz+1

A

2,x<t<0,
10, ¢t>0

Hence, for almost all x,

1) =~ 5 di(x—10)$,() dt, x>0
' [2¢(x—1)(t)dt, x <0
= —(2/n)"? sgn xr é.(x—1),(1) dt.
[}
Also, from Lemma B, for almost all x,
fz(x) = —isgnx (¢1H¢2+¢2H¢1) " (x)
But since ¢; and H¢, € L, , from Lemma A,

fz(x) —isgnx (9‘51*(H¢z) " (x)+(H¢1),A *‘52(3‘))
= —isgnx(2m)~!/? J‘:’ (Po(x—1)(Hez) " (£)+(He,) * (x—1)P,(f) dt

—(27)~"? sgn x Jf é1(x—1),(1) (sgn t+sgn (x—1)) dt
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Butifx > 0,
0,t<0
sgnt+sgn(x—t)= {2,0<t<x ,

0,t>x
whileif x < 0

0,1 <x
sgnr+sgn(x—1)= 3 =2, x <t <0.

0,t>0
Hence

[ di(x—0ds(r) dt, x>0
—[2 ¢, (x—0)pa(t)dt, x <0

= —(2/n)'/ sgn xJ: $i(x—1)d () dt = fi(x) a.e.

fz(")

—(2/m)"/* sgn x {

Thus by Lemma D, f; = f; a.e., and (2) is true if ¢, and ¢, are continuous functions with
compact support.

Now each side of (2) represents a bounded linear transformation from L,,, i = 1, 2, to

L,. Forifthe norm of the Hilbert transformation on L, is denoted by M, then from Lemma C,
sincep > 1

IIH(¢1H¢2+¢2H¢1)";) = Mp"¢1H¢2+¢2H¢1"p
< M(|6:Ho:ll+ [ 62Hul) < My((|64llp. | H:llp, + | H [l 62]15.)
= Mp(Mm+Mpz)“¢1“m“¢2“pz

and

(H1)(He2)—d102], < (Ho:)(HE2)|,+ 6192,
< |Hésllp [ Hbz2llp, + 119154 ]| 02 2
= (Mpopz+1)"¢1"p1”¢2"pz'

Suppose then that ¢, e L, , while ¢, is continuous with compact support. Then there
is a sequence ¢,, of continuous functions with compact support which converge
inL, to ¢,. DenotinglimitsinL,by £ ,, we have

H(¢:Hp,+¢,Ho,) = L H(, Ho,+d,Hp, )
=2 p((H¢1,n)(H ¢2)—(¢1,n)(¢2)) = (H¢1)(H¢z)—(¢1)(¢z)’

so that (2) is true if ¢, e L,,, and ¢, is continuous with compact support.
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Finally, if ¢,€ L, i = 1,2, where (p;)™*+(p,)™* < 1, then there is a sequence ¢, , of
continuous functions with compact support converginginL,, to ¢,. Hence

H($pHoo+¢:Ho1) = L H(b1Hbs 0+ (92,)(H1))
=2 p((H ¢1)(H¢2,n)—(¢1)(¢2.n)) =(H ¢1)(H¢2)—¢1¢z»

and our result is proved.
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