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1. Introduction. Tricomi [2] has shown that if ^ e Z , p i ( - o o , oo), i= 1,2, where
1 < Pi < oo, (pi)~l + (P2)~1 < 1 > a n d if H denotes the Hilbert transformation, that is

f(i){t-x)-ldt (1)
co

where the symbol (P) denotes that the integral is taken in the Cauchy principal value sense,
then

H(<t>lH<p2 + 4>2H<t>l)={H<pi){H<p2)-<t>l<t>2. (2)

When one first looks at (2), one would naturally think of using the Fourier transformation
to prove it, making use of the well-known formulas for the Fourier transform of Hf and for the
Fourier transform of a product. However, difficulties with a proof along this line soon
become apparent, for the condition (p1)~

1+(p2)~
1 < 1, which is needed for the left hand side

of (2) to exist, implies that at least one pt is larger than two, and consequently the corre-
sponding 4>i may not have a Fourier transform. Indeed Tricomi's proof used the theory of
/fp-spaces in the upper half-plane as outlined in [1, §5.12].

In this paper we shall show that a proof of (2) in which the Fourier transformation plays
the crucial role can be given. This seems worthwhile both from considerations of simplicity,
and since the proof of the principal theorem in [1, §5.12, Theorem 103], that Tricomi used is
only given incompletely there.

In §2 we shall define some notations and prove some preliminary lemmas, while in §3 we
give our proof of (2).

2. Notations and preliminary lemmas. We shall denote the Fourier transformation by
J^thatisif/eZ^-oo, oo),then

= (In)-"2 T eixtf(t)dt. (3)
J —CO

It is well known that 2F can be extended to Lp(— oo, oo) for 1 £ p ^ 2, as a bounded operator
from Lp to Lp. where now and henceforth

- I ; (4)

indeed on L 2 ( - oo, oo) & is unitary. The image of/under OF, the Fourier transform, will be
denoted by/.
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If $! and <j>2 are locally integrable on (—oo, oo), their convolution, <j>1*<j>2, is defined,
for all x for which the integral exists, by

4>i*4>i(x) = (2*)~1/2 r tfi(*-0#2(0 dt. (5)
J -oo

One relation between the Fourier transformation and convolution is given by the follow-
ing lemma.

LEMMA A. #"#, eL2(-co, °°)> » = 1» 2, then

Proof. The result is equivalent to [1, Theorem 65].
As noted earlier, we shall be using the formula for the Fourier transform of Hf. We state

this as a lemma.

LEMMA B. IffeL2(— oo, oo), then

(#/)*(*) = - i s g n x / ( x ) .

Proof. This is proved in the course of the proofs of [1, Theorems 90 and 91].
Formula (2) involves the product of functions from different Lp spaces. Concerning such

products we have the following lemma.

LEMMA C. Suppose that <£,e.Lpi(-oo, oo), i = 1, 2, where (p1)~
1+(p2)~

1 ^ 1, and let
P'1 = (Pi^+fa)'1- Then 4>^2 eLp(-oo, co),and

Proof. An easy application of Holder's inequality.
One final lemma will be rather basic in our argument.

LEMMA D. Suppose that f eL^—ao, oo), f2 eL2(—<x>, oo) and $± = / 2 a.e. Then
ft =f2a.e.

Proof. From [1, Theorem 14], the integral (2^)~1/2 }?„ e~ixyh(y)dy is (C, 1) summable
to/i a.e., and from [1, Theorem 59], the integral (2n)~1/2 }?„ e~ixyf2(y)dy is (C, 1) summable
to/2 a.e. But since/t = / 2 a.e., the two integrals are the same, and hence/j = f2 a.e.

3. Tricomi's Theorem. We can now prove the main result.

THEOREM. 7/"0,eI,pl(-oo, oo), where 1 < pt < oo, (Pi)~1+(p2)~
1 < 1, then (2) holds.
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Proof. Suppose first that fa and <p2 are continuous functions with compact support, and
call the right hand side of ( 2 ) / and the left hand side/2 . We shall show t h a t / and/2 satisfy
the hypotheses of Lemma D.

Since $j sL2, and His a. bounded operator from Lp to Lp for 1 < p < oo [1, Theorem
101], H(j)ieL2, and hence by Lemma C, ^H<j>l)(H<j>2) and 4>i$2

 G A » s o t h a t / eL^. Since
(/>! is bounded, </>1-ff</>2 is in L2, as is fyiHfy^ > a n d t n u s since H is a bounded operator from L2

toZ-2 > a n d since/2 = H(faH4>2 + (j>2Hfa), we have/2 e £ 2 •
But from Lemmas A and B,

J - o

Now if x > 0,

while if x < 0,

sgn(x—t)sgn t+l = •
o,*
2,0

0,/

sgn (x-1) sgn t +1 = J 2, x

0, t

<

<

>

<

<

>

0

t < x

X

X

t<0.

0
Hence, for almost all x,

Also, from Lemma B, for almost all x,

/2(x) = -i sgn x ((^

But since <f> f and ^ f e Z 2 , from Lemma A,

/2(x) = -i sgn x (fo

) A (x).

= -isgnx^)-1'2 T (^(x-0(H^)
J - o o

f°°
= - ( 2 T I ) " 1 / 2 sgn x <j>i{x-t)<j)2(t) (sgn t+sgn ( x -

J —oo

https://doi.org/10.1017/S0017089500002500 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089500002500


ON TRICOMI'S RELATION FOR THE HILBERT TRANSFORMATION 55

r o, t < o
sgn 7+sgn {x-i) = \ 2, 0 < t < x ,

[ 0, t > x
whileifx<0

0, t < x

sgn /+sgn(x-/) = •

0, t > 0
Hence

-2,x<t<0.

= -(2/«)1 ' 2sgn;c

J
= - (2/TT)1/2 sgn x f ^ x ( x - «)&(0 ^ = /i(x) a.e.

Jo

Thus by Lemma D , / ! = f2 a.e., and (2) is true if 4>i and (j>2 are continuous functions with
compact support.

Now each side of (2) represents a bounded linear transformation from LPI, i = 1, 2, to
JLp. For if the norm of the Hilbert transformation on L, is denoted by Mr, then from Lemma C,
since/; > 1

^ Mp(\\<j>1H<l>2\\p+

and

Suppose then that >̂! e Lpi, while <j>2 is continuous with compact support. Then there
is a sequence $1>B of continuous functions with compact support which converge
in Lp, to 4>i. Denoting limits in Lp by ^Cp, we have

so that (2) is true if fa eLpi, and <j>2 is continuous with compact support.
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Finally, if <j>teLpi, i — 1,2, where(Pi)~1+(p2)~1 < 1» then there is a sequence <f>2>n of
continuous functions with compact support converging in Lpj to (f>2. Hence

and our result is proved.
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