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( r e c e i v e d A p r i l 5 , 1968) 

If G and H a r e two g r o u p s s u c h t h a t t h e i r i n t e g r a l g r o u p r i n g s 
Z ( G ) and Z ( H ) a r e i s o m o r p h i c , d o e s i t f o l l o w t h a t G and H a r e 
i s o m o r p h i c ? T h i s i s t h e i s o m o r p h i s m p r o b l e m and a n a f f i r m a t i v e 
a n s w e r i s o b t a i n e d i n c a s e G i s a s u b g r o u p of t h e g r o u p of o r d e r 
p r e s e r v i n g p e r m u t a t i o n s of a t o t a l l y o r d e r e d s e t . 

F o r a n y t o t a l l y o r d e r e d s e t A , d e f i n e O r p A to b e t h e g r o u p 
of a l l f u n c t i o n s f : A -*• A s u c h t h a t f i s o n e - t o - o n e , o n t o and t h e 
i n e q u a l i t y x < y (x, y e A ) i m p l i e s t h a t xf < yf . F o l l o w i n g P . H a l l 
( L e c t u r e n o t e s , C a m b r i d g e 1966) w e d e n o t e b y 0* t h e c l a s s of a l l 
g r o u p s t h a t c a n b e e m b e d d e d a s s u b g r o u p s of O r p A , f o r s o m e t o t a l l y 
o r d e r e d s e t A . T h u s e v e r y l a t t i c e o r d e r e d g r o u p i s a n 0* g r o u p 
( H o l l a n d [ 2 ] ) . A n a l t e r n a t i v e d e f i n i t i o n of t h e c l a s s 0* i s g i v e n b y : 
G e 0* if and o n l y if G c a n b e t o t a l l y o r d e r e d s o t h a t f o r a n y 
a , b , c € G, a < b i m p l i e s t h a t a c < b e ( C o n r a d [ l ] ) . O u r m a i n r e s u l t 
i s : 

T H E O R E M . Jf_ Z ( G ) y Z ( H ) and_ G e 0* , t h e n G y H . 

We r e m a r k t h a t t h e r i n g Z i s u s e d o n l y f o r c o n v e n i e n c e . T h e 
T h e o r e m h o l d s if Z i s r e p l a c e d b y a n y r i n g R w i t h i d e n t i t y , w i t h o u t 
z e r o - d i v i s o r s and w h o s e g r o u p of u n i t s i s a t o r s i o n g r o u p . 

P r o o f s : 

L E M M A . K G e 0* and x i s a u n i t of Z (G) , t h e n x = + g f o r 
s o m e g € G . A l s o Z ( G ) h a s no z e r o d i v i s o r s . 

P r o o f . L e t y b e t h e m u l t i p l i c a t i v e i n v e r s e of x , and c h o o s e a n 
n m 

o r d e r i n g ' < ' of G a s a b o v e . W r i t e x = 2 a.g. , y = 2 (3.h. w i t h 
i = l i = l 

g < g < . . . < g , h < h < . . . < h , and a l l a , 6 . d i f f e r e n t f r o m 0 . 
* 1 *2 K n 1 2 m ' i Mj 
L e t s and t b e s u c h t h a t g h i s t h e l e a s t e l e m e n t of {g h , g t h , . . . , g . 

1 s 1 1 1 2 1 
and g h i s t h e g r e a t e s t e l e m e n t of {g h t , g h . . . . , g h } . It f o l l o w s 

n t n 1 n 2 n m 
t h a t g h < g . h . f o r a i l ( i , j) + ( 1 , s ) and g . h . < g h f o r a i l ( i , j ) ^ ( n , t ) . 

1 s î j i j n t 
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Thus 

n m 
S S a. (3. (g.h.) + 1 

i=l j=l X J * J 

un le s s n = m = 1 , and hence x = o- g, with a, - + 1 . A s i m i l a r 
1 1 1 -

a r g u m e n t shows that Z(G) has no z e r o d i v i s o r s . 

Proof of the T h e o r e m : We f i r s t show that H G 0* . Since 
Z(G) ^ Z(H) , the group U_ of uni t s of Z(G) is i s o m o r p h i c to U , 

= G H 
the group of uni ts of Z(H) . Thus H is i s o m o r p h i c to a subgroup of 
U _ . H is t o r s i o n - f r e e for if h e H is of o r d e r k > 1 , then 

k- 1 
( h - 1 ) ( 1 + h + . . . +h ) = 0 , and this i m p l i e s that Z(H) and hence 
Z(G) has z e r o - d i v i s o r s . C l e a r l y U is the d i r e c t p r o d u c t Z X G 

G 2 

w h e r e Z is the cyc l ic group of o r d e r two. It follows that H is 

i s o m o r p h i c to a subgroup of G and so H G 0* . 

Thus the only uni ts of Z(H) a r e + h , h G H and U = Z X H 
H 2 

and it follows that G ~ H . 
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