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A NOTE ON BADLY APPROXIMABLE LINEAR FORMS
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Abstract

In this paper we investigate the analogue of the classical badly approximable setup in which the distance
to the nearest integer ‖ · ‖ is replaced by the sup norm | · |. In the case of one linear form we prove that
the hybrid badly approximable set is of full Hausdorff dimension.
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1. Introduction

Let X = (xi j ) ∈ Imn
:= (0, 1]mn be an m × n matrix. Let

q1 x1i + q2 x2i + · · · + qm xmi (1≤ i ≤ n)

be a system of n linear forms in m variables. The system will be written more concisely
as qX . The classical result of Dirichlet [3] states that for any point X ∈ Imn , there exist
infinitely many integer points q ∈ Zm such that

‖qX‖ := max
1≤i≤n

‖q1 x1i + q2 x2i + · · · + qm xmi ‖< |q|
−m/n, (1.1)

where |q| denotes the supremum norm; that is, |q| :=max{|q1 |, |q2 |, . . . , |qm |}, and
‖ · ‖ denotes the distance to the nearest integer in Zn. The right-hand side of (1.1)
may be sharpened by a constant c(m, n) but the best permissible values for c(m, n)
are unknown except for m = n = 1. A point X ∈ Imn is said to be badly approximable
if the right-hand side of (1.1) cannot be improved by an arbitrary positive constant.
Denote the set of all such points as Bad(m, n); that is, X ∈ Bad(m, n) if there exists a
constant C(X) > 0 such that

‖qX‖> C(X)|q|−m/n
∀q ∈ Zm

\ {0}.

The set Bad(1, 1) is the standard set of badly approximable numbers and
corresponds to those irrationals with bounded continued fraction expansion.
A consequence of a fundamental theorem of Khintchine in the theory of Diophantine
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approximation is that Bad(1, 1) is of zero Lebesgue measure. Nevertheless, a classical
result of Jarník [7] states that Bad(1, 1) is a large set in the sense that it has
maximal dimension. More precisely, dim Bad(1, 1)= 1 where dim A denotes the
Hausdorff dimension of the set A—see [5] for the definition of Hausdorff dimension.
In higher dimensions, the Khintchine–Groshev theorem [8] implies that Bad(m, n)
is of mn-dimensional Lebesgue measure zero and a result of Schmidt [9] states that
dim Bad(m, n)= mn.

In this note we investigate the hybrid of Bad(m, n) in which the distance to
the nearest integer ‖ · ‖ is replaced by the sup norm | · |. The corresponding well-
approximable theory has been well developed over the years and the hybrid well-
approximable sets naturally appear in operator theory and KAM theory—see [2, 4].

A consequence of the Dirichlet type theorem established by Dickinson in [1] is the
following statement.

LEMMA (Dickinson). For each X ∈ Imn there exist infinitely many nonzero integer
vectors q ∈ Zm such that

|qX |< m|q|−m/n+1.

In view of this lemma, it is natural to consider the following badly approximable set.
Let Bad∗(m, n) denote the set of X ∈ Imn for which there exists a constant C(X) > 0
such that

|qX |> C(X)|q|−m/n+1
∀q ∈ Zm

\ {0}. (1.2)

REMARK 1.1. In the case where m = n, it is easily seen that

Im2
\ {X ∈ Im2

: det X = 0} = Bad∗(m, m).

Now
|{X ∈ Im2

: det X = 0}|m2 = 0

where | · |k denotes k-dimensional Lebesgue measure. Hence, it follows that

|Bad∗(m, m)|m2 = 1

and so dim Bad∗(m, m)= m2. The upshot of this is that in the case m = n the
corresponding badly approximable set is of full dimension.

In the case where m > n, the Khintchine–Groshev type theorem recently established
in [6] implies that the mn-dimensional Lebesgue measure of Bad∗(m, n) is zero;
that is,

|Bad∗(m, n)|mn = 0.

Naturally, one would expect that the following analogue of Schmidt’s theorem is true.

CONJECTURE. For m > n, dim Bad∗(m, n)= mn.

In this note we establish the conjecture for one linear form (n = 1) in m variables.

THEOREM 1.2. For m ≥ 1,

dim Bad∗(m, 1)= m.
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2. Proof of Theorem 1.2

In view of the above remark, we can assume without loss of generality that m ≥ 2.
Next, since Bad∗(m, 1)⊆ Im , we immediately have that

dim Bad∗(m, 1)≤ m.

Thus the proof of Theorem 1.2 follows on obtaining the complementary lower bound
estimate. For this we shall make use of the following result.

LEMMA 2.1. Let S be a subset of Ik and let

3 := {(x, x S) : x ∈ I}.

If dim S = k, then dim3= k + 1.

PROOF OF LEMMA 2.1 Trivially,3⊆ Ik+1 and so it follows that dim3≤ k + 1. For
the reverse inequality, suppose that dim3= h < k + 1. Then given any ε > 0 and
δ > 0 such that h < k + 1− δ < k + 1, there exists a covering C of 3 by (k + 1)-
dimensional hypercubes such that∑

C∈C
|C |k+1−δ < ε.

For any fixed x ∈ I the set A := {x} × x S can be covered by the collection

C(x) := {({x} × Ik) ∩ C : C ∈ C}

of k-dimensional hypercubes. Let

λC (x)=

{
1 if ({x} × Ik) ∩ C 6= ∅

0 if ({x} × Ik) ∩ C = ∅,

so that ∫ 1

0
λC (x) dx = |C |

and ∑
C∈C(x)

|C |k−δ =
∑
C∈C

λC (x)|C |
k−δ.

Then ∫ 1

0

∑
C∈C(x)

|C |k−δ dx =
∑
C∈C

(∫ 1

0
λC (x) dx

)
|C |k−δ

=

∑
C∈C
|C |k+1−δ

< ε.

Hence C(x) is a cover for A such that∑
C∈C(x)

|C |k−δ < ε.
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In particular, C(1) is a cover for S and thus dim S ≤ k − δ < k. This contradicts our
hypothesis that dim S = k. Hence, h ≥ k + 1 as required. 2

With reference to Lemma 2.1, with k = m − 1 and S := Bad(m − 1, 1), we show
that 3 is contained in the set Bad∗(m, 1).

For each x ∈ Bad(m − 1, 1) there exists some constant c(x) > 0 such that

|q1 + q2x2 + · · · + qm xm |> c(x)|q∗|−(m−1)
∀(q1, q∗) ∈ Zm

\ {0}

where q∗ := (q2, . . . , qm). Multiplying by x1 ∈ I, we get that

|q1x1 + q2x1x2 + · · · + qm x1xm |> x1c(x)|q∗|−(m−1)
∀(q1, q∗) ∈ Zm

\ {0}. (2.1)

Now let q := (q1, . . . , qm). Then |q| = |q∗| if |q1| ≤ |q∗| and |q∗|−(m−1) >

|q|−(m−1) if |q1|> |q∗|. This, together with (2.1), implies that

|q1x1 + q2x1x2 + · · · + qm x1xm |> c(x, x1)|q|−(m−1)
∀q ∈ Zm

\ {0},

where c(x, x1) := x1c(x) > 0. The upshot of this is that

3⊆ Bad∗(m, 1).

Lemma 2.1 implies that dim Bad∗(m, 1)≥ m and thereby completes the proof of
Theorem 1.2.

3. A final comment

In the case where m < n, although the right-hand side of the inequality appearing
in (1.2) is an increasing function as |q| →∞, we cannot rule out the possibility that
|qX | grows faster than O(|q|−m/n+1) for some X . However, we suspect that this is
rare and it is reasonable to expect that

dim Bad∗(m, n)= 0.

We hope to pursue this and the conjecture in the near future.
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