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EISENSTEIN SERIES FOR REDUCTIVE GROUPS
OVER GLOBAL FUNCTION FIELDS 1.

The Cusp Form Case
L. E. MORRIS

Introduction. Let G be the Lie group SL(2, R) and TI' a discrete
subgroup of arithmetic type. The homogeneous space T'\G can be
equipped with an invariant measure so that there is a Hilbert space of
square integrable functions, denoted L?(T\G), on which G acts by right
translations. If T\G is compact then this Hilbert space breaks up into
a countable direct sum of irreducible representations of G, each occurring
with finite multiplicity. Quite often however T'\G is not compact, but of
finite volume; in this case L2(T\G) splits into a discrete spectrum L,?,
which behaves as if T\G were compact, and a continuous spectrum L2,
which is described by the so called theory of Eisenstein series. These are
generalized eigenfunctions of the Casimir operator of G, which are para-
metrized by a right half plane in G, and assuch are analytic functions on
this half-plane; in the course of describing the continuous spectrum L2
however, one analytically continues them to meromorphic functions over
all of G, and shows them to satisfy functional equations. A key role in
this is played by the so called constant term of the Eisenstein series which
is an intertwining operator that can also be analytically continued over C,
and also satisfies its own functional equation. Such a theory was first
developed by Selberg in order to extend his trace formula to the case
where T'\G has finite volume; his ideas and methods were decisive for
the later development of the subject.

More generally, let G be a connected reductive algebraic group defined
over a global field F, and write A for the associated ring of adeles of F.
In recent years there has been considerable interest in the representation
of G(A) by right translations on L2(G(F)\G(A)) and closely related
spaces, inspired by what is now called Langlands’ philosophy. Roughly
speaking the working hypothesis of this philosophy is that there is a
correspondence between irreducible representations of G(A) occurring in
L*(G(F)\G(A)) and irreducible representations of the Galois group of
‘““the”” algebraic closure of F. It is not our purpose here to describe the
questions raised by this philosophy, or to provide evidence for it, which is
considerable, but merely to point out that one of the most powerful known
ways to attack these problems is by means of the trace formula, which is
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still evolving, and that, just as above, there is a continuous spectrum
which must first be dealt with in some manner.

In case F is a number field, this problem was attacked and solved by
Langlands some fourteen years ago, by adapting the ideas of Selberg, and
using ideas of his own; for a description of the results we refer the reader
to [13], appendix II. The aim of this paper and its sequel is to describe
the continuous spectrum in case F is a global field of characteristic p > 0,
i.e., a function field in one variable with a finite field of constants. The
methods are similar in spirit to those of Selberg and Langlands; in par-
ticular, considerable use is made of the spectral theory of bounded self-
adjoint operators. The argument is an inductive one and will be described
in the next paper; the purpose of this paper is to start the induction, and
it corresponds to § 1-6 of Langlands’ notes [13], i.e., to Eisenstein series
arising from cusp forms.

We now briefly describe the contents of this paper. Let G, A, F be
as before; although in fact we do not work with L? = L2(G(F)\G(A))
we shall pretend that we do for the discussion that follows. Chapter I
contains a summary of results from root systems and reduction theory
together with some applications; we remark in passing that the reduction
of Section 4 is due entirely to Harder [8], [9] (but cf. also [14]).

The object which parametrizes Eisenstein series coming from a given
parabolic P = NM is a complex analytic manifold D,,(£). This is defined
in Chapter 2, Section 1, along with some associated vector bundles and
function spaces. In § 2 §-series (as Godement calls them), and Eisenstein
series arising from cusp forms are defined, and their convergence proper-
ties examined. Next, in § 3 the constant term of such Eisenstein series
is studied, and a formula for the inner product of two 6-series is given,
which involves this constant term. Such a formula is crucial for later
developments, and it also provides a decomposition of L? into a direct
sum of spaces of 6-series (2.3.4). The last part of § 3 is concerned with
estimates for the constant term, and approximation arguments which are
employed extensively in Chapter 3. Finally in § 4 we study to what extent
the various constant terms of a reasonable function on G(F)\G(A) deter-
mine that function, and deduce miscellaneous related results. The basic
observation here is also due to Harder ([10], Lemma 1.6.7) and should
be compared with the corresponding situation in the number field case.

Initially, Eisenstein series are parametrized on an open subset of D, (£),
and as such are analytic functions. Similarly their constant terms repre-
sent matrix valued analytic functions on the same open subset of Dy (£).
Chapter 3 is the heart of the paper: in it we analytically continue Eisen-
stein series E(g, ®, z) arising from cusp forms ® associated to maximal
parabolic subgroups (z € CG* = D,,(§) in this case), and show that they
satisfy the requisite functional equations. At the same time we prove
similar results for the constant term M(z) of E(g, ®, 2z); indeed the
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method consists in first proving the results for M(z) then passing to
E(g, ®, z) via 2.4. To begin, we construct a bounded self-adjoint oper-
ator A4, and relate its spectrum to the analytic behaviour of the operator
valued function M(z) via the inner product formula for 6-series; this
permits analytic continuation outside the unit circle except for two
“whiskers’” of finite length which protrude from z = + 1. In § 2 truncated
Eisenstein series are discussed; they permit one to continue M(z) over
the unit circle by a reflection principle. It remains to deal with the
whiskers, and the points z = 4 1, 0.

To deal with these one makes more use of spectral theory. First, by
using Stone’s formula, which relates the resolvent of a self-adjoint oper-
ator to the resolution of the identity, one shows that M (z) can be analyti-
cally continued along the whiskers (except for z = 4 1), and has at
worst a finite number of simple poles there (in fact the simple poles cor-
respond closely to isolated points in the spectrum of 4). For the points
gz = + 1, one makes essential use of Stone’s formula, and then brute
force to deduce that M (z) is analytic at z = 4 1; more precisely one
studies the behaviour of the eigenvalues of the unitary operator M (z) for
|z = 1 as z — + 1. This involves a careful study of the inner product
formula for truncated Eisenstein series and elementary analysis; some-
day when the theory of Hecke operators is better understood it will be
possible to deal with z = 4 1 in a less circuitous fashion. At this stage of
the argument it is easy to deal with M (z) as z — 0; in fact as a bonus one
obtains that M (z) and E(g, ¥, z) are rational functions (3.5) of z.

Finally in Chapter 4 we show how the results in Chapter 3 imply
similar results for Eisenstein series and their constant terms arising from
cusp forms associated to non-maximal parabolics. This method is that of
Langlands [13]; while it is not the only method available, it is certainly
the quickest.

It will be clear to anyone who glances at them, that this paper owes a
great deal to Langlands’ manuscript [13], and Harder’s paper [10], and
it is a pleasure to acknowledge my debt. I would also like to thank
Dr. S. J. Patterson for reading an earlier version of Chapter 3, and the
referee for many helpful comments. In a less mathematical vein, I thank
Professors Coates and Deligne for their help as well.

1. Preliminaries from Root Systems and Reduction Theory.

0. Some notation and conventions. Throughout this paper F will
stand for a function field in one variable with finite field of constants F,
and A will denote the associated ring of adeles.

0.1. If G is defined over F with Lie algebra & then ad : G — Aut (§)
is the algebraic morphism defined by conjugation; in terms of points
ad (g)x = gxg~'. We define Ad : G — Aut G in the same way. Suppose 4
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is an F-algebra and f is a function of some kind on G(4). Then Ad gives
rise to Ad*, with

(Ad*(@)f, %) = (f% %) := (f,"x) = (f, Ad (g)x)

where %x = Ad (g)x; we also write x? for 7 'x, so that of = .

0.2. Let P be a rational parabolic subgroup of G, with unipotent radical
N. The modulus character of P(A) is denoted by 85 : if p € P(A), then
op(p) is |det (ad (p))|*/? where ad is restricted to act on the Lie algebra
of N.

0.3. If V is a complex analytic manifold, we shall write ¢ for its
structure sheaf; if U C V is an open subset then I'(U, #y) denotes the
ring of sections over U.

0.4. Let H be a locally compact topological group equipped with a
Haar measure. If f, g are suitable complex valued functions on H,
supposed measurable, then the convolution f * g is the function defined by

frg(x) = fyf(xy"‘)g(y)dy

(“‘suitable’” means that the integral exists e.g. f, g continuous with
compact support).

The above is by no means complete, but rather a list of miscellany
which appear either without comment, or with a cursory remark at some
point in the paper.

1. Preliminaries from root systems.

1.1. Let # = (M, M*, R, R*) denote a root system in the sense of
S.G.A.D. XXI, with Weyl group W. We shall suppose chosen a set of
simple roots A and write R* for the corresponding set of positive roots.
It is well known that W is generated by the fundamental reflections
Sa,@ € A. We denote by [(w) the minimum of

{thw=w ...w,w; = Sa;,a € A}.

In particular, [(1) = 0, [(s,) = 1.
Set 2, = Rt M w~1(R™), and define n(w) = |Z,|, for w € W.

LEMMA. Leta € A, w € W. Then

(1) n(saw) = n(w) + 1 if wla € R,
(ii) n(s,w) = n(w) — 1 fwla € R~
(iii) n(wse) = n(w) + 1 if wla € R+
(iv) n(wse) = n(w) — 1 ifwla € R,

Proof. Observe that 2, , = {w™a} U Z, to get (i). For (ii), replace w
by sew in (i). Finally, note that n(w) = n(w!) to obtain (iii) and (iv).
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1.2. The next result is well known.
THEOREM. The numbers [(w), n(w) are equal.
As a corollary, one has

1.3. COROLLARY. w(A) = A implies w = 1.

1.4. Let ® C A, and write Rg = (linear span ©) M R, and similarly
for Re*. If Mo is the sublattice generated by 0, there is a map induced by
transposition M* — (Me)*, and the system (Mo, Mo*, Ro, Ro*) is a
root system. The group We, generated by the s., « € A is the Weyl group
for this root system.

Define Dg to be the set of w € W such that w(r) € Rt, each» € 6.

ProposITION. (i) Each element w € W can be written uniquely in the form
we = deWeo, do € Do, wo € We, and [(w) = 1(de) + (we). Let 64, 6,
C A, W the Weyl group corresponding to ©;,1 = 1, 2. Define

Do, .0, = {w € W|w10; > 0, w0, > 0}.
(ii) Each element d, d=* € Dg, can be written uniquely in the form
d12Wy, dis € Do, 0y, W2 € We,, and 1(d) = [(d12) + [(wy).

Proof. (i) Induction on I(w);if [(w) = 0,0r w € Dsg,, it is trivial. If not
there isa € 6 and wa < 0. By 1.1 (iv) [(ws,) = I(w) — 1; induction
implies ws, = dw, with [(ws,) = [(d) + [(w;). Then

w = dwis, [(w) = l(ws,) +1=1d)+ (l(w1)+1).
Now I(w;s,) = I(w:) + 1;if there were strict inequality, one would have
[(w) = 1(@) + [(wise) < (@) + L(wy) + 1.

This gives existence. For uniqueness: let d’ = dw, 1 # w € We,. Write
w = w'sg, with [(w) = [(w') 4+ 1. Then d’ss = dw’ has smaller length,
and by induction sg = @’ (note 8 € 0;). For (ii) induct on {(d); we can
suppose [(d) > 0and d ¢ Ds,. Then there is aroot 8 € 6, and dB < 0.
Since sz preserves all positive roots except 3 we see that dsg € De,™! as
well and 1(dsg) = 1(d) — 1. An argument as in (i) now shows thatd =
dy2w, as desired, and uniqueness follows in the same way.

1.5. COROLLARY. Each element w € W can be written uniquely in the form
w = wdwy, w; € W; d € Do, 0, and [(w) = l(w,) + (@) + [(wy).

Proof. Apply (i) above to w™! to get w = wdi, d; € De,” . Then (ii)
implies d; = d;2w,. Uniqueness follows as in (i) above.

1.6. COROLLARY. In each double coset WywW, there is a unique element d
of minimal length, characterized by any of the following properties:
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(i) Any element w € WywW, can be writien uniquely in the form
w = widw,, (@) = l(w) + (@) + [(w,).

(i) It is the element of least length in Wiw, wW.
(iii) d7'6; > 0, d6; > 0.

1.7. Given 0, 8, C A, set W(0,, 0,) = {w € W| w0, = 0,}, and say
that ©; and 6, are associate if this set is non empty, associate by w € W

lf 'w91 = 62.
For ® C A, define we to be the longest element in We. Such an element
is unique, by the theory of Coxeter complexes. Then [(we) = |Ret|.

LEMMA. Giwen 6 C ¥ C A, wy = wywe. Then 2, = Ryt — Re™.

Proof. [(ws) = n(w,), and since [(w,) = (wy) (by definition of w in
the root system coming from ¥) we have 2, C Ry*. Moreover wo® > 0
implies 2, © Ry* — Re*. The characteristic property of wy implies

I(wo) = I(‘w\p) — I(w.g)
Since [(we) = |Ro™|, [(wy) = |Ryt|, we see that
Ewo = R¢t — Ret.

1.8. 1f 6 C A, a € A\O, ¥ = 6 U {a}, the conjugate of © in ¥ is
defined to be

0 = wywe(0) = wy(—06) C V.
Note that 8 can be equal to ©.

ProrosITION. The conjugate of © in ¥ 1s the only subset of ¥ associate
to © by a non trivial element of Wy.

Proof. Letw6 = 6,1 # w € Wy. Then ¥ = 6’ U {g}. Now w0’ > 0
implies w18 < 0, and w8 € Ry~ — Rg~. Lemma 1.7 implies

‘ZU()(R\I,“" - Re—) g qu/+.
Thus wew=1(0’) = 6 > 0, and wew'8 > 0. Hence wow! = 1.

2. Standard parabolic subgroups.

2.1. Let G be a connected reductive group defined over F, 7" a maximal
torus not necessarily defined over F. We shall suppose chosen a set of
roots R’, and simple roots A’ for the pair (G7, T7) over an algebraic
closure Fof F. Let T be a maximal F-split torus, Ty € 717, R the set of
roots of G with respect to 7. We can choose a set of simple roots A for G
with respect to 7' in such a way that if a € A" then |, is either trivial or
an element of A; if this is so then there is a correspondence between sub-
sets of A, and Gal ( F/F)-stable subsets of A/, where A, consists of those
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elements of A’ not trivial on T, The set A corresponds to a minimal
parabolic subgroup P, defined over F. There is a canonical Levi decompo-
sition Py = NoM,, where N, is the unipotent radical of P,, and M, is
the group Z¢(Th).

Given a subset © C A there is a canonical way to attach a parabolic
Pg D Py to 0, which is defined over F. Indeed because of the correspon-
dence above, we may suppose O is a Galois stable subset of Ay’ and work
over F. Then To C T, will be the identity component of Mo ker (),
and Me = Z4(Te). The group No is the unipotent group generated by
the root groups Nj such that 8 is a positive root of the form 8 = Zm,a,
and where at least one of the coefficients m,, « € Ay — O is strictly
positive. The group Mo normalizes No, and Py is defined as the semi-
direct product NoMo; the set Apy = A — 6 is said to be the set of simple
roots Of (Pe, Te)

A parabolic subgroup constructed in this way is said to be a standard
parabolic subgroup. The set of all standard parabolic subgroups is a set
of representatives for the F-conjugacy classes of parabolic subgroups of G.
In particular P, = Pyand P, = G. The standard proper maximal para-
bolics are defined by subsets of the form A — {a}; we shall sometimes
simply write P2 rather than P a_,) in this case.

In this paper we shall work only with standard parabolic subgroups,
and the word “‘parabolic’” will mean implicitly ‘‘standard parabolic’.
We shall refer to the pair (P, T'o) as a parabolic pair.

2.2. Let (P, T) be a parabolic pair, P = NM. We denote by Ly,
the lattice generated by the roots of (P, T'), and set

XuR) = Ly, @, R.
The elements of X, (R) give rise to homomorphisms
Zs(A)M(F)\M(A) — R*,
or alternatively, to homomorphisms
Z (M) Zy(F)\Zy(A) - R*.
There is a homomorphism
Hy,, : Zy(A) = Mor (Xx(R), R) = X,*(R),
described as follows. If z € Z,,(A), then for x € X, (R),
x(2) = ¢Hz, 0,

The image Hz, (Z,(A)) is a lattice Lz, * in X, (R). There is also a
homomorphism

Hy: M(A) = Xo*(R)  with Hy 2,040 = Hz,y,s
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defined in the same way as before, and we set

M= {m e M(A)| x(m) =1, x € X»(R)}
Zy® = M°M Zy(A)
Ly* = MOA\M(A).

We shall write X, (C) = X,yR)® C, X,*(C) = X»*(R)® C.
2.3. Write X(R) for X, (R), etc. There is a natural projection
Xo*(R) » X" (R)
and injection
Xu(R) C Xo(R)

coming from the map My, C M, when P = NM is a parabolic containing
Py. Any root @ € X (R) is the restriction of a unique root ap € Xo(R).
Write o* for the projection of the coroot ao* to X3 (R). The set thus
obtained is a basis for X3 (R); let L} . be the lattice in X5 (R)
generated by the o™ (called coroots by abuse), for @ € Ap.

The inverse image of L*M,c in Zy(A) will be denoted by Z,,.; it is a
subgroup of finite index in Z,,(A), and there is an exact sequence

Zy® C ZM,c e L,:I,c'

2.4. Let P, D P, be parabolics with Levi decompositions P, = N;M ;.
Then P; M M, is a parabolic subgroup of M, with unipotent radical
N2 = N1 M\ M,. Let A2 be the set of roots for the pair (P, M M, T1);
it is a subset of A;. In this way, subsets of A; correspond to parabolic
subgroups containing P;, while the map P, — P; M\ M, is a bijection
between parabolics contained in P, and parabolic subgroups of M.

We shall often write AAP for the basis dual to the basis of coroots, and
refer to it as the basis of weights.

2.5. Let P; = Po, (1 = 1, 2) be as above, w € W(0;, 0,). Write [0,]
for the set of roots spanned by 0,, R, = C[6,] M R+, and similarly for
R, . Let

R = C[ez] M ‘ZZ)_IRQ, R’ = R1+ MNaw! (Rg_).

Then R, = R"\U R"”, and Ry, = wR' U w(—R"). The sets R, R" are
convex, so closed, hence generate unipotent groups N’, N’/ respectively,
and the product map N’ X N’ — N, is an isomorphism of varieties.
Similarly for *N’ X “(N"~) — N,, and we have “N’ = N, M *N;.
Let &’ (resp. 8’') be the modulus character of M, restricted to N’ (resp.
N’"). In additive notation, §, = &' + &', 6, = ws’ — wd’’, where §, is the
modulus character for M.
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3. Chamber decompositions.

3.1. The main result of this section is due to R. P. Langlands (see [13]
especially Lemma 2.13), but the proof given here has been taken from
unpublished notes of W. Casselman, who attributes it to J. G. Arthur.

3.2. We shall say that P, = N,M; (« = 1, 2) are associate if M, M,
are conjugate by an element of G(F).

PROPOSITION. Suppose P, corresponds to ©; (i = 1, 2). The following are
equivalent:
(i) Py, P, are associate.
(ii) Thereis g € G(F), and gT1g™! = T,.
(iii) There its w € W, and w0, = O,.
In this case one can always choose g € N(T) for (ii).

Proof. One need only show (ii) < (iii), and clearly (iii) = (ii). Suppose
(ii) holds, then both gTog—1, T, are maximal F-split tori in M, so conjugate
by an element my € M,(F). Then meg € N(Ty), Int (meg)Ty = T so
we may suppose g € Ng(T). Choose the unique element w of minimal
length in the coset of W;\W/W. containing the image of g (1.6). Then
1.6 also implies that w6; > 0, and since g7,¢~! = T, this implies
wRe, = Rg,, so that wO; C Re,* whence wRe,™ = Rg,™ and w6; = O,.

3.3. For 6 C A we identify
Xeo*R) = {x € Xo*(R)| a(x) = 0,a € 6}.
For brevity, X.*(R) = X (,,*(R). We set

Co
o

Il

{x € Xe*(R)| a(x) > 0,a € A\O}
{x € Xo*(R)| a(x) 2 0, € A\O}.

The set of regular elements is the set
Xo*(R)* = Xo*(R)\ Uaerirg (Xa*(R) M Xo*(R)).
It is an open subset of X¢*(R).

ProPosITION. (i) Each connected component of X o*(R)* has the form
w~1Coq: for some unique ©’ C A, w € W(0O, 6').

(ii) Given 6, ' C A, w € W(O, ©’), there exist subsets ©, = ©’, . ..
0, = O and for each © < n — 1, there exists a root a; € A\O such that
0,41 1s the conjugate of ©,in ¥, = 0,\J {a,}. If one sets w; = wy,wo; for
151 n—1,thenw = w,_; ... Ww.

3.4. Remarks. (i) Observe that the Weyl group W acts on X,(R) by
means of the representation contragredient to the representation by
which it acts on X*(R).
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(ii) Each connected component of X *(R)* is a simplicial cone ([3],
V. 1.6).

We first prove 3.3 (i) in case C’ is a component of X¢*(R)* which has
a face in common with Ce. Such a face must then have the form

X*(R) N Co, a0 € A\O.

3.5. LEMMA. Let C’' be a component with X, *(R) M Co in common with
Co,a € A\O. Then C' = w,='Cs where wy = wywe, O = conjugate of O in
¥ =0V {a}.

Proof. wim'Xs*(R) = Xo*(R) since w10 = 0; w1 (X5*(R)¥) =
Xo*(R)*. Moreover w,"'Cp is a connected component of X o(R)*. We
show

(1) w1Cs # Co; this will prove the lemma if we also show
(ii) wo~1Cs has the face X,*(R) M Co.
(i) Let @ be the unique element of © \U {a}\8, then
wi'a € Ry~\Ro~.
Hence, if x € Cs then
('ZU()_IEL) (wo‘lx) = a(QC) > O,
so
(—wi'a) (wex) <0

ie., wilx ¢ Co.
(ii) Cs has the face Xz*(R) M Cs, and

wo(XZ*(R) M Cs) = Xo*(R) M Co.

3.6. We can now finish the proof of 3.3 (i), by using induction. If C’ is
a connected component, define d’ = d(Ce, C’) to be the minimal number
of hyperplanes separating Ce from C’. We proceed by induction on d'.

Let H be a face of C’ which is part of a chain (X, ..., X4 ) of hyper-
planes of minimal length separating Ce from C’. Then there is a com-
ponent C’’ sharing this face, and & = d’ — 1. We conclude that C" =
w'’~1Cq,. for some unique 0" C A, and w"’ € W(O, 0''). Moreover
w''C’ and Ce/ share a face, so that we can apply the lemma to find
w,'Co» = w”’C’. Then w = wew”’, and 6” will do. As for uniqueness,
if w,Co, = w;Co, then this means that

w2_1w1 CO1 = Cez
so that
wZ—_lwlez = 0.

This implies that ws—'w, keeps all positive roots positive, hence wy~'w, =
1 and 6, = 6,. The proof of 3.3 (ii) follows from that of (i).
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3.7. Let P, = N;M; (« = 1, 2) be parabolics,
W:Pl-‘)Nl\Pl ng

the natural map. Set P, = n(P, M P,). The next lemma is straight-
forward to prove.

LemMma. (i) P, is a parabolic subgroup of M, with unipotent radical
7 (N, M Py).
(ii) If Py = M, then My D M.
4. The reduction theory of Harder.
4.1. Let ¢ be a real number. Then we write
Po(c) = {x € Po(A)| (o, Hy(x)) = ¢, € A}
where as usual
a(@)] = gle .

Let K be an open compact subgroup of the form I,K,. The first main
result of reduction theory is the following.

THEOREM. T here exists a constant ¢, > —o0 such that
G(A) = G(F)P¢(c1) ZK
where Z 1s a finite subset of G(F), depending only on K.
Remark. The constant ¢, depends on the genus of F.

4.2. Suppose y = ptik € Po(c1)6K, & € Z; we write [a(y)| = |a(p)]
for @ € A. This is well defined.

THEOREM. (Second main theorem of reduction theory). Let ¢, be a
number such that 4.1 holds. There is a constant ¢, = c5(c1) with the following
property:

If y € Po(c)taK M vPo(e))E:K, v € G(F), &t = 1,2) € 2 then
¥ € Paar(F) if la(y)| > q¢°2foreacha € A’ C A.

4.3. The next question to consider is that of compactness.

THEOREM. M C G(A) is relatively compact modulo Z(A)G(F) 1f and
only 1f

M C G(F)Po(ci, ') 2K,
for some ¢’, where
Poler, ) = {x € Po(A)| g% = |a(x)] = ¢°1, @ € A}.

4.4. Let X ¢(R) be the group of quasi characters G(A) — R+. This is
a finite dimensional vector space over R; write X ¢*(R) for its dual. In
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the same way as before, there is a homomorphism
G(A) = X¢*(R)

and we write G° for its kernel.
Recall that G is anisotropic if and only if G contains no proper parabolic
subgroups.

TuEOREM. The following conditions are equivalent.
(i) G 1s anisotropic.

(ii) G(F)\G°/K s a finite set.

(iii) G(F)\G® is compact.

4.5. Let N be a soluble linear algebraic group defined over F. The
following result is proved in [5] Théoréme 2, cf. [9] Satz 2.2.1.

ProPOSITION. N (F)\N° is compact.

4.6. It will be convenient to reformulate some of these results. From 2.2
we have a homomorphism
Mmo(a) 2% %, <),
and lattices
Ly, 2Ly 2 L5,

It follows that the group Z,(A)M,° has finite index in My(A); let [; be
a set of coset representatives so that

Mo(A) = Us M®Zo(A)Ls.
Then Ho(m) can be written in the form

Ho(m) = Ho(z) + Ho(l:)
where [;, Hy(2) are unique. Therefore

Mo(A) = MoZo(A) A, A finite
Po(A) = No(A)MZo(A) A.

Theorem 4.4 implies that M,* = M(F)Z(A)v, where v is a compact set,
and Theorem 4.5 implies that No(A) = No(F)w, where w is a compact set.
Combining these results we see that

PQ(A) = N()(A)M()(F)VZ()(A)A = P()(F)Q)Z()(A)VA

Moreover, if we replace ¢; by ¢1 — inf;, |a(l;)|, then Py(c;) can be
replaced by Po(F)wZo(c1)v A, and

G(A) = G(F)wZ()(Cl)C
where C = vtZK is a compact subset of G(A).
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Similarly, by changing c:(¢,) if necessary we can reformulate Theorem
4.2 in this fashion.

Finally, suppose K is a maximal compact subgroup, chosen so that
G(A) = Py(A)K (such K always exist from the work of Bruhat-Tits);
then changing ¢; again if necessary, we can eliminate the finite set = from
the fundamental domain obtained above.

We may write Zy(c;) in the form Z,° - L*(¢;) where L*(¢;) maps iso-
morphically onto a subset of LZM. Then we can put the fundamental
domain above in the form wL*(c¢;)C. We shall write &(c;, w, C) for the
subset wL*(c;) C or sometimes ©(c;, w) when no confusion can occur (this
will imply that a subset C has been chosen in the manner above). On
occasion we shall use these same symbols to denote the subset wZ,(¢;)C.

As a corollary of Theorem 4.1 one has

4.7. COROLLARY. G(F)Z(A)\G(A) has finite volume.

Proof. Set © = wZ(c1)C, and choose a sequence &, € & (n = 1)
such that (i) &, is compact mod Z(A) (ii)) U &, = ©&. Let f, be the
characteristic function of &,. Then

f fule)dg = f 2 f2(vg)dg.
Z(AVG(A) Z(A)G(F)\G(A) G(F)

The left hand side is just the volume of (Z(A)\&,); the right hand side
is at least the volume of the image of &, in G(F)Z(A)\G(A). Now use
monotone convergence.

5. Applications.

5.1. We begin with some remarks concerning compact subgroups of
G(A). From now on, in this paper, K will always denote a fixed maximal
compact subgroup of the form IIyKy, and K’ will stand for an open
compact subgroup K’ € K, also of the form II» Ky'. Moreover, we
suppose K is chosen as in 4.6, so that G = Py(A) - K.

Suppose p : K — GL(m, C) is a continuous (irreducible) representa-
tion. Since K is totally disconnected, p factors through H\K where H is
an open compact subgroup; it is clear that H contains a subgroup K’ as
above. Thus if V is a finite dimensional complex vector space on which
K acts then V is fixed pointwise by some normal subgroup K’, and the
representation factors through the finite group K\ K.

5.2. Let ¢ : G(F)\G(A) —» C be a measurable function. Then ¢ is
K-finite if the space V() generated by right K-translates of ¢ is a finite
dimensional C-vector space. In this case V(y) is fixed pointwise by an
open compact subgroup K’, and in particular consists of locally constant
(hence continuous) functions.
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We shall say that ¢ is cuspidal if for every proper parabolic P = NM,
one has

¢ (2) :=f o(ng)dn = 0.
N(F)\N(A)

5.3. The next proposition has been known for some time, cf. [7], [10].

PROPOSITION. Let ¢ be a K-finite cuspidal function on G(F)\G(A). Then
@ has compact support modulo Z (A)G(F).

In order to prm‘/e this result we need the following result, which we
shall then use to prove a lemma.

5.4. Let P = NM be a parabolic corresponding to 6 & A. For each
root 8 = 3 aaj;, a; € A, set
(l(ﬁ) = Z (l]',
aj€A\E

and let R; be the set of roots B such that a(8) > <, for each integer 7 = 0.
Then each R; is closed, and R; M (—R;) = 0 hence gives rise to a sub-
group N; € N. This gives a chain

The proof of the following proposition can be found in SGAD XXVI
Proposition 2.1, cf. also [2] Théoréme 3.17.

ProrosiTiON. (i) Each N; is smooth, connected, and characteristic and
closed in P. For each F algebra A, one has the commutator relation
(Ni(4), N;(4)) & Nipja(4).
(ii) Each N \\N; = W, a vector group on which P acts linearly.
(iii) dim (V) = dim (Lie (N7)) = n.
5.5. LEMMA. There is a constant ¢’ suck that if t € Ty(c1) and if for some
a € Aonehas |a(t)| = ¢,
Ne(F)(((K' M N*(A))1) = N*(A)
where P = N*M<=. Here c,1s asin4.1.
Proof. We prove the lemma by climbing up the chain exhibited in 5.4
for the group N<.
First consider the group W;(A). According a well known variant of
the Riemann-Roch theorem, if @ is an open subgroup of the vector group
V(A), there is a constant ¢o = ¢ such that for each @ € A* with [a] > ¢°,

one has a2 + V(F) = V(A). The construction of W; implies that as
schemes

Wi = @asy=i+1 Ns,
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where in this case 8 = a(8)a + B’. Furthermore it follows from the
construction that under the action of T, the vector group W, breaks up
into a sum of weight spaces W,

Wi = @a(5)=i+l WB

such that on W, T acts via 8. For each 8, write 8 = a(8)a + 8’ where g’
contains no multiple of a. Letting 8 vary, one can choose a number c;
such that |8/ ()| > ¢°%, ¢t € Ty(c1). Then

B = [«@)*®@[8" ()] > |a(t)[*@qgcs.
Taking projections we see that K’ = II(K’ M N,(A)) is an open sub-

group of W,;(A) and that K’ M W;3(A) is open compact in Ws(A).
Set Ky = K’ M Ws(A). Then

Rt = a()*®8 () Ky

o =s b
P\ )

Then for |a(t)] > &,

Choose

K'Y 4+ W(F) = Wi(A).

Here we have taken Qg = Kj4'.
Now let n € N, (A); set

N = [] N

a(®)=1i+1

where Nj as before is the unipotent group generated by those (absolute)
positive roots restricting to the relative root 8. There are isomorphisms
of schemes

N1 X N'— N; (given by multiplication)
N — W,

In particular n € N;(A) can be written n = n,; 7', n,01 € N1 (A),
n’ € N’'(A). The preceding remarks imply that

n' = nik,ny € N(F), k €t(K' NN A,

hence n = ny'n,"F'k’'. Now n,,"7’ € N, by the commutator formula
in 5.4 (i), so by induction,

n1+1""' = ﬁi+1ki for [a(t)l g g““.
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Thus
n=mnmn = ngn1rkk,
np'fiaar € Ni(F), and
kk € tK't™ M N;(A).
So if we take ¢; = max (¢4, &) we get the lemma for N;(A).

5.6. Proof of Proposition 5.3. From 4.1 it is enough to show that given
a compact set ©, one can find a constant ¢’ such that if ¢ € To(c1), ¢(2g)
# 0impliest € Ty(c1, ¢') for g € Q. For each g € Q, the function x — ¢(xg)
satisfies the same conditions as ¢. Further, since @/K’ is finite one may
find K" so that all the functions x +— ¢(xg) are K’ invariant. So it is
enough to show that ¢(¢) # 0 implies ¢ € T4(c1, ¢’) whenever ¢ is K’
invariant, cuspidal.

For each n € N2(A), we may write n = ~tn't™', v € N*(F), n' €
Ne(F) N\ K’, by the lemma. Then

o(nt) = o(ytn') = ¢(t), and

() =f ¢(nt)dn = 0 by assumption.
NE(F)\N*(A)

5.7. For £ a character of Z(F)\Z(A), define ¥ ({G}, £) to be the space
of measurable functions

0 : G(F\G(A) — C

satisfying
(i) o(2g) = £E(2)e(g), 2 € Z(A).
(i) ¢"(2) =f ¢(ng)dn = 0,

N(F)\N(A)
all proper parabolics P = NM.

(iii) l¢(g)|'dg < 0.
G(F)Z(A)\G(A)

PrOPOSITION. Let K' be a compact open subgroup of G(A). The set of

o € LG}, &) invariant on the right by K’ is a vector space of finite dimen-
ston.

Proof. (Jacquet-Godement). The proof of the lemma shows there is a
compact subset C C G(A) such that all functions right invariant by K’
have support in Z(A)G(F)C; moreover C is evidently a finite union of
right cosets of K’. Therefore these functions are determined by their
values on the finite set C/K’, and the result follows.

5.8. From 5.7 it follows that for each f in the Hecke algebra (cf. [7]),
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the convolution operator f acting on . ({G}, £) has an image of finite
rank. This implies the following.

THEOREM. Let po be the action of G(A) on.L (|G}, £) by right translations.
Then po is a discrete sum of irreducible unitary representations, each of which
occurs with finite multiplicity.

5.9. We conclude this section with some amplifications of 5.3.

Firstly, observe that one can prove a version of Lemma 5.5 for any
proper parabolic subgroup, using Proposition 5.4.

Secondly, suppose that ¢ is not cuspidal, but merely K-finite. Then
using the version of Lemma 5.5 just mentioned one sees that there is a
constant ¢’ so that if |a(¢)] > ¢/, @ € O then ¢(t) = o?(t) for t € Zy(c¢')
where P is the parabolic of type A\O. This leads us to our next observa-
tion.

Choose & = &(¢y, w, C) as in 4.6, and let ¢ = ntx where n € o, t €
Lo(c1),x € C.Theng = t(t~nt)x, and U e (o) £ wt is relatively compact.
Thus ¢ = ¢y, ¥y € C" where C’ is compact. Using the argument of 5.6
together with the remark above we find that if nmk = g € & satisfies
la(m)| > ¢’ for ¢’ large enough, a € 0, then ¢(g) = ¢ (g), P the standard
parabolic of type A\©.

Finally, note that both ¢ and ¥ give rise to functions on P(F)\G(A).
Thus by projecting @ into P(F)\G(A) one can interpret the above in
terms of the functions on P(F)\G(A).

6. Weights and heights.

6.1. Let F, be the separable algebraic closure of F;if H is an algebraic
object defined over F, we write H, for the corresponding object obtained
by extending scalars to F,. The next two results in their present form are
proved in [16], Théoréme 2.5, 3.3. In this section we write A, for the
set of those dominant weights of G; with respect to some root system,
which are characters for the maximal torus.

6.2. THEOREM. For each N € A, there is an irreducible F-representation
having N as dominant weight, which occurs with multiplicity one (i.e. it is
simple). There is a one to one correspondence between elements of Ay and
Fy-isomorphism classes of absolutely irreducible F-representations of Gi.
The dimension of such a representation is no greater than the dimension of
the corresponding representation over the complex numbers.

6.3. Let V be such a representation with dominant weight \. It is well
known and easy to see that there is a unique line D, in V upon which B,
the Borel group corresponding to the chosen set of simple roots A, acts
via A, In fact if P, is the standard parabolic obtained from those simple
coroots orthogonal to A\, then P, is the stabilizer of D,. In particular,
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let m\, be a multiple of one of the fundamental dominant weights, then
the corresponding parabolic is simply P*.

6.4. Recall that if G is defined over F, then ¢ € Gal (F,/F) = T acts
upon the root system, and on the weight group; the action we take is
the *-action. Namely, for ¢ € T, the natural action gives another set of
simple roots ¢ (A), so there is a unique element w, of the Weyl group which
takes o(A) back to A, and we set o*a = w,(o(a)).

Finally, if D is a finite dimensional division algebra over F, then a
D-module V is an F-module equipped with a D-action. We define GL (1)
to be the algebraic group such that for each F-algebra 4,

GL,(V)(4) = Autpes(V ® 4),

where Autpg 4 means ‘“‘automorphisms preserving the D & A4 action.” In
F F
particular GL, , refers to GL,(V), V = (D)".

TueoreMm (Tits). Let N € A L. There exists a division algebra, central
over F, and a D-representation p : G — GL,,, D, which is absolutely irreduc-
1ble with dominant weight \; D is unique up to F-isomorphism. For given D,
the representation is umique up to D isomorphism. If N € Ay (group
generated by roots, and by weights which are trivial on the semi simple part of
T, T a maximal torus defined over k), or if G is quasi-split, then D = F.

6.5. The group AT is a free submodule of A; with basis given by the
elements {\,; + ... + Ao, Ja; € T'(a1)}, where T'(a;) is the orbit under T
of a;. Let X correspond to T'(e). If a|r gives a relative root @, then

(N zo, @) = 7(Aay@®) = 7.

On the other hand, the relative F-weights are generated by the A\z,. From
this it follows immediately that to each Az, @ a simple F-root, there exists
an integer mz = 1 so that mz\z corresponds to an irreducible D representa-
tion with dominant weight mz\s. Furthermore there is a unique line
Dy stabilized by the maximal F-parabolic P#. This follows from the
fact that the representation corresponding to A\e; + . . . + A4, corresponds
to the conjugacy class of parabolics of type Py — {ay, ..., «,}, which by

descent corresponds to the maximal parabolic P2

6.6. As we shall be considering G(F)\G(A) it will be convenient for us
to consider representations V of G contragredient to the above. Suppose
that we have a representation p)’ as in 6.5. Then we get a right G action
o\ (in pointwise language) in the usual way by setting

@*n(g),v) = (% ' (g)0).

As a variant of 6.5 we obtain a representation p,_, corresponding to a
negative integer m, < —1.
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6.7. Let 1 be a finite dimensional F-vector space. We say thatv € V(A)
is primitive if there is a ¢ € GL(V(A)) such that 0 # vg € V(F). We
define a height function || || on the set of primitive elements in the follow-
ing way. Choose on each V(Fy) (Fy being the local field corresponding to
the place p), a norm compatible with the field norm| |» on Fp, such that,
for almost all p, and almost all vp € V(Fy) one has

lloello = sup; [£4»

where

Up = Zl Eivir
v; a base of V(F) fixed once and for all. Then for » primitive, one defines

lol = T oo

The properties of such a function are enumerated in [5] § 1.1; we recall
only those of immediate interest:

(i) Fixg € GL(V(A)). Then {v € V(F)||lvgll < ¢} is finite modulo F*,
and thus ||vg|| achieves its minimum on V(F).

(i) [[xo]] = [\ loll, all A € A* v € V(A) primitive.

(iii) If C C GL(V(A)) is compact, there are constants ¢, ¢, > 0such
that ¢il]9]] £ |jve]] < coll9]], allec € C,» € V(A) primitive.

Gv) If || 1, ]| |z are two heights, then ||9]|,/]|7]|. remains in a fixed
compact subset of R+\{0}, when v varies.

7. A partition.

7.1. Let P and P’ be parabolic subgroups corresponding to 6, 6’
respectively. In the following lemma we shall suppose that 8] = |©6/|
and that 0 = b < 1 is fixed. For each a; € A we write (1, p,) for the
rational representation in 6.6 with lowest weight m,»;. For brevity we
write x; = M;w;.

Finally, if ¢ € Po(c1)K as in § 4, write g = p,k, with p, € Po(c1),
k, € K.

LEMMA. Suppose that g and g’ = vg € Po[c1]K, withy € G(F). There are
constants t, ' such that if o, 8 € A and

la(pg)| > t,a & ©

la(p)|” > [B(p,)], & 6,8 € 6
and

la(p,/)| >V, @ O

la(p, )| > 1B(py")|,a @ ©,B8 € O
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then
P =P,

Proof. From Theorem 4.2 one knows that {y may be chosen so that
v € P(F), and similarly for ¢y’; we suppose this is the case. In particular,
if v; € V,is a rational vector transforming by x under the action of the
maximal parabolic P* = P«i then

[x(g)] Hvika” = ||Uipi(g)” = Jlvin: (eIl = [x(g)I ”‘vika’H

where we are writing | x(¢)| = | x(p,)|- Thus there are numbers dy, d» > 0
and

di = [x(@/Ix(@)] £ d.

Sincea; = Z ¢;:04, we readily deduce the existence of constants d,’, ds’ >
0 such that

dle;(g)] = laj(g)] £ dof|es(¢')| for each a; € A.
Order the simple roots such that
lea(g)] Z (gD 2 ... 2 (gl

Our assumptions on g’ imply then that 8’ = {a,, ..., @,} some g = 1.
If i £ ¢ <j, then

laes(g)] 2 d'|as(g)] = di'|a’(g)] la=(g")| > la;(g")|dt" .
Choose ¢, so big that d,’t¢’*~®> > 1. Then
lai(g)| > a;(g)dy 't =" = 1/dya;(g) - i/t =" > |a;(g)|

for © < ¢ < j and ¢, large enough.
If now we order the simple roots 8; € A so that

18:(e)] = [B2(0)| = - .. = [Ba(g)]
then the preceding argument implies that

{(11, o e ,aq} = {61, “ . ,Bq}.
Thus ® = 8’ and P = P'.

7.2. Given &(¢1, w, ¢) = © asin 4.6, numbers 0 < b < 1 and ¢ > 0,
and 6 C A, we write

&, 0,t) = {g €S la(g)] = t,a € A\® and }

la(@)|” 2 18|, a € A\, B € O
Write G(A) = N(A)M(A)K where P = NM is a maximal parabolic.
We suppose in the sequel that P = P*, a € A. Given T > 0 let

G(T) = {g| ¢"u®= = T}.
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Fix b, and put
80, a) = {g € & a()’ 2 [8(2)], B # a}.
Finally &,(T) = G(T) N\ &(b, a).
LEMMA. Thereis a constant T’ = T'(T, b) so that
(1) S S0, A\fa}, T7}.

Proof. Let (V, p) be the rational representation corresponding to P,
with lowest weight x = m.w»,.. We let v be the v, in the preceding lemma.
If g € @, g = Poko = pk E P(A)K Wlth po E wMo(Cl), k() E K, then

Ix(Po)| [[vkdll = [x(p)] [[okll.

Set p = zlm, where m € M°(A), | represents a coset of L, *\L,*, and
z € Zy(A). The equality becomes

| x (o)l llokoll = [x(2)] 2] [x(D)].

Since the number of possible [ is finite, we obtain numbers d;, ds > 0
such that

= [x(Po)l/Ix(2)] £ do.
On the other hand @, = E bagB, bag = 0 and on Zy, Me@a = Mabaact,

baa > 0. Thus
Ix (o) = ﬁg‘ [B(po) [""- |a(po) | "o
[x(2)] = la(z)|meve.

Since p, is supposed to be in &,(7"), we have

la®(po)| = |B(po)], B # @
so that
ﬂl;la 18(pa) "¢ > T |a (po) ["".
Thus
le(po)|® = [x(po)| = dax(2) = du(T)
since z € &,(7). Here ¢ is a negative (#0) number. The result follows.
7.3. Remark. Note that T” increases if T increases, and 7" > 1.
7.4. Let

G(A) ———> P(F)\G(A)

|

G(F\G(A)
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be the obvious projections and write
Se(T) = M(Sa(1)), S (T) = T/ (Sa(T)).

LeEmMma. We can choose T so that iof o % B8 then So(1) M Sg(T) is empty
and such that I p is a bijection of Sy’ (T") onto Su(T).
This lemma follows immediately from 7.1 and 7.2.

2. A Preliminary Decomposition.
1. The complex analytic manifold D, (£).

1.1. Let P = NM be a parabolic, fixed in the sequel. Let £ be a character
of Z(F)\Z(A). We write D, (¢) for the set of those quasi-characters of
Z i (FY\Z 3:(A) which prolong &.

The group X ;(C) actson Dy, (§) via

X > x -7z x € Dy (§), w € Xy (CG).
The stabilizer of x is just iL z,,, where
Lz, = {w € Xy(C)| (Hy(2),w) € 27Z/log q,2 € Zy(A)}

and where 1 is the square root of —1 which lies in the upper half plane.
Consequently, there is a structure of complex analytic manifold on
D, (£) characterized by the fact that each orbit is an open and closed
subvariety.
If ¢ € Dy(¢), one defines Re ¢ by Re ¢ = |¢|; it is an element of
X (R). By definition, the set of characters of Dy (§) is the set of { for
which [{| = 1; we denote this set by D°(§).

1.2. We note in passing some observations on the orbit structure. To
begin, observe that if two elements x, { of Dy (§) restrict to the same
element on Z,° then they are in the same orbit. In effect x{~! is trivial
on Z,°, so can be viewed as a quasicharacter on L 5, *.

Similarly, if w is a character of Z,,° then the set of quasicharacters
prolonging w is just the coset X, (C), & is any character extending w.

On the other hand, the set of quasicharacters of Z,° which extend £ is
a countable set of characters. Indeed £ is unitary, and we have

0— Z(F)\Z(A) = Zy(F)\Zy® — Z(A)Z s (F)\Z " — 0.

By Pontrjagin duality, and the fact that Z(A)Z,,(F)\Z,° is compact,
the set of quasicharacters prolonging £ is just
W(Z(A)Zy (F)\Z")"
where w is a character chosen to prolong §.

Henceforth, we shall suppose chosen a set {w} of characters representing
the orbits @(w) of D, (¢) under the action of X, (C).
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1.3. In 1.2.2 the lattice L}, was defined; it contains as a sublattice the
lattice L’;M. Letly, ..., [, be a set of coset representatives for L’;M\Lf,. If

g =mnmk € N(A)M(A)K = G(A),

write Hy(g) = Hy(m); this is a locally constant map, invariant by
N(A)P(F). Write Hy(g) = Hy(g) + 1, where Hy(g) € L}, and
[, € {11, ..., l,}; such a decomposition is evidently unique. The map
g +— Hy(g) is evidently locally constant, invariant by N(A)P(F),

because the map g — H(g) is.

1.4. With these considerations out of the way, we now begin the study
of the space.? (£), which is the main object of interest in this paper. It is
defined to be the space of measurable functions ¢ : G(F)\G(A) — C
such that

(i) o(zg) = £(2)e(g), 2 € Z(A), g € G(A)

(ii) f |#(e)]"dg < 0.
Z(A)G(F)\G(A)

The object of the theory of Eisenstein series, to be described in this,
and a subsequent, paper is to describe the action of G(A) by right
translations on .Z (¢£) in terms of representations induced from standard
parabolic subgroups. To do this one must introduce a number of auxiliary
spaces defined in terms of these subgroups.

Suppose then that P = NM is a proper parabolic; the subgroup M # G
is a reductive group as well, and we define .¥,,(¢) to consist of those
measurable functions ¢ on M(F)\M(A) which satisfy

(i) o(zm) = £(2z)p(m), 2z € Z(A)

(it) [¢(m)|’dm < oo.

Z(A)M(F)\M(A)

The closed, invariant (by M(A)) subspace & ({ M}, ¢) is defined in
terms of proper parabolic subgroups of M, as in 1.5. We observe that one
can also define the space % ({M°}, £), where M° is defined in 1.2.2,
because Q(A) M M° always contains the unipotent radical of Q(A), if
Q € M is a proper parabolic.

Since M(A) acts on.¥ ({ M}, £) by right translations we may consider
the representation,

IndE) (Z{M}, £))

where P(A) acts on.¥ ({ M}, £) via the natural projection P — M. This
representation of G(A) acts on the space % (P, £) of functions,

¢: N(A)P(F)\G(A) = C

https://doi.org/10.4153/CJM-1982-009-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1982-009-2

114 L. E. MORRIS

such that
(i) m v o(mg) € L({ M}, &), eachg € G(A)

(if) f (e)|"dg < 0.
Z(AN(A)P(F)\G(A)

In 1.3.2 we have defined the notion of an associate class of parabolics.
Write { P} for the class of parabolics associate to P.

We set

PE(P)

1.5. We shall work extensively with a subspace % o(P, £) of & (P, §).

It is defined to consist of those functions ¢ such that

(1)¢ is (right) K-finite.

(ii) For each g € G(A), the support of m +— ¢(mg) is compact modulo
MO

(iii) The space of right translates of ¢ by G(A), viewed as a space of
functions on M9, is a finite sum of irreducible subspaces of .% ({ M}, £).

The result proved in 1.5.3, together with (ii) and (iii) implies that ¢
has compact support modulo N(A)P(F)Z(A), whence compact support
mod P(F)Z(A).

There is a simple variant of % (P, £) which we shall often use. Namely,
if K’ C K is as described in 1.5.1, then we replace (i) by (1) ¢(gk’) =
e(g), B € K'.

The resulting space is denoted % (P, K’, £); we have

%O(Py ‘E) = UK’ %O(Py K/y E)
In particular any element of € o(P, &) is locally constant.

1.6. The next thing we must define in this setting is a Fourier transform.
Let o € € o(P, £),v € Dy(%); then v can be written (w, {) where

g’ € iLZ]u*\XM(C) and w € {CU}
We set
®(g;v) = &(g; (@ ¢)) =f ¢(3g) (@ - ©) 7 (2)dz.
Z 3 (F)Z(A)\Z 5, (A)

The assumption (ii) in 1.5 implies that this integral is finite. For each v,
®(g; w-¢) = P(g; v) is a function satisfying the conditions (i) and (iii)
in 1.5 and is such that

(i)' ®(zg, w-¢) = w(@)¢(2) (g, i), 2 € Zy(A);

(iv) For each g, the function

m = &(mg; {)
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satisfies

f |®(mg; ¢|’e(m, —2¢0)dm < 00, Re¢ = ¢o-
Z (M) M (F)\M(A)

This implies
) |®(g; £1% (g, —2¢0 + 20p)dg < oo
Z 3 (AN (A)P(F)\G(A)

where for ¢ = nmk, we write as usual,

e(g, §) = e(m, §) = exp {log ¢(H(m), §)}.

The property (iv) follows from the Plancherel formula and Fubini's
theorem cf. the argument in 3.9 below.

We shall denote this space of functions by % (P, w - ¢). If we fix g for
the moment, and let z vary, it follows from standard commutative
harmonic analysis, that

e(g) =fne;=

1.7. Let € (P, K', wtép) be the subspace of € (P, wiép) analogous to
the subspace € (P, K’, £). Then € (P, K, w{ép) is finite dimensional
by 1.5.7; we remark in passing that % (P, K’, £) is not finite dimensional.

In particular, if ¢ € (P, K, £), we obtain functions

q)w(gv §5P) € (go,w(P) K,’ §6P>

There is a map,

; ®(g; §)ds.

CGo(P,w-8p) = Co(P,w- (dp)
d—e(g ).

From its construction, this map is an isomorphism. Thus we obtain a
finite dimensional complex analytic vector bundle over D, (§), via

Xu(C) Xizg,, Co(P,K',w-bdp)
= Uteizg, x,,© Co(P, K', w- (dp)

where the space on the right inherits its analytic structure from the space
on the left. At (w, ¢) the fibre of this vector bundle is € (P, K/, w - {6p).

In fixing K’, one ensures that only finitely many » can intervene.
Indeed K’ has finite index in K, and if we restrict w to Z,,°, we see that
it can only be one of a finite number of possibilities, since Z, (F)Z(A)\Z°
is compact. Consequently the vector bundle just constructed has fibre {0}
outside a finite number of components. We denote it by & (P, K').

Let us fix a single component for the moment; then a holomorphic
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global section over it can be viewed as a holomorphic function
¢w . iIJZ]M\){M((]) - (gO(Py K’r w* BP)

Now the Fourier transform constructed above assigns to each function
¢ € €o(P, K, £) a section, via

(4 He(g’ ~§‘)©(g7 w - fﬁP)

It follows by standard arguments that this section is holomorphic. In
fact if one chooses a basis for X ,,(C) then the space of sections obtained
can be identified with the space of trigonometric polynomials with values
in (go(P, KI, w 513)

A holomorphic global section over the whole bundle can thus be viewed
as a function

(1.7.1) @) 1 1Lz, \Xu(C) > D, €o(P,K', - 5p)

where the sum on the right is finite, by an earlier remark. We write
I['(% (P, K)) for this space of sections.

1.8. Conventions. We pause to make some conventions, and remarks.
(i) We have been viewing an element ® € I'(% (P, K’')) both as a
function

P(¢) : iLZM\XM(C) - @, Co(P, K, w-5p)
and as a family of functions ®;, each of which belongs to
D) Co(P, K, - ().

From now on, we shall write ®({) to mean we are considering things in
the first way, and we shall write ®; when we are looking at matters from
the second viewpoint.

(ii) Each w € W(M, M") induces isomorphisms

Xu(CG) = X (C)

Dy (§) = Dy (8).
We shall always write this action on the left; it is given by

<w§‘v x> = <§') wt - x>7
where the action on the right is the one induced by Ad : w - x = wxw™'.
We remark that we shall indiscriminately write quasicharacters in addi-
tive or multiplicative form. Thus for example (*¢)~! will correspond to
—w{ under this convention.

(iii) A word is in order concerning the space % (P, w - {6p). The group

G(A) acts by right translation on this space. If we equip % (P, w - {6p)
with the norm

f 617 (o) |25 (g) I"dg
NA)Z (AP (F)\G(A
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then the action of G(A) is unitary with respect to this norm if
Re (w - {8p) = dp. The point is that

t(g) = qEM@ D = o(Hy@ .0

so the norm above is equivalent to, but not the same as, the norm given
in 1.6 (v).

2. The functions ¢".

2.1. Let P = NM be a parabolic with roots ay, . ..., a,; there are
corresponding fundamental weights @1, . . . ., @,. For each such weight @,
one can find a rational representation

p:: G— GL(V)

such that G(A) acts on V(A) to the right, a negative integer m;, and a
rational vector ¢ such that P«i(A) acts on v via m@; (cf. 1.6). In particu-
lar Py C P*i acts on v this way.

If x € G(A) = P(A)K, we put

|@:(x)| = |a@:(p)| forx = pk.

This is well defined since there is an integer m; such that m,a, is a
rational character, and |&/”i(x)| takes values in R*.

LeEmMA. Let C be a subset of G(A), compact modulo Z(A). Then,

sup |@;(vc)| < .
YEG(F)
ceC

Proof. Take v, m; as above, x = m ;. It is enough to show
inf |x(y¢)| = inf |@™i(yc)| < .

Since G(A) = P(A)K, there are constants d;, d» > 0 such that
difx(@)| = [lvgll = dofx(9)], g € G(A).

From 1.6.7 (i), one has a constant d; > 0 such that
lovll = ds, v € G(F).

These two remarks imply that there is a d4 > 0, and |x(v)| = d4 for
v € G(F). If now ¢ € C, then

lovell = [x(v)] llvkel],
where v = pk, so that
lovel| = ds-d > 0,

since kc varies over a compact set.
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2.2. Let N : Zy(F)\Zxu(A) — G* be a quasicharacter supposed unitary
on Z(A). For the next lemma we shall consider functions
®: P(F)N(A)\G(A) - C
such that
(i) ®(z2) = NM2)®(2), 2 € Zu(A), g € G(A)
(i1) ® is (right) K-finite
(iii) ® is bounded on subsets compact modulo M°.
Recall that the Weyl chamber Cp associated to P consists of those
elements N € X (R) such that
()\1(11'*) g Oyai E AP-
We write A > pif A — u € Cp.
LEMMA. (Godement) The series Y epm\cr ®(vg) converges uniformly
on subsets of G(A) compact modulo Z(A), provided
Re X — 26, € Cp.
Proof. We recall the function g — H,(g) of 1.3; it gives rise to a func-
tion g — A(g) = e(g, \) (1.6). Since
G(A) = N(A)Z,,(A)BM°K
where B is a finite set, and since

|® (nsbmok)| < [N)| | @ (bmok)]

we may, by (iii) above, suppose that X is real valued, and that ®(g) > 0
with ®(p%) = ®(g) if p° € N(A)M°. Consequently, it follows that for Q
compact modulo Z(A), one can find constants d;, d; > 0 such that

di®(g) = 2(gw) = d2®(g), w € Q, ¢ € G(A).

This implies that it is enough to prove convergence at the point 1. Let K’
be any open compact subgroup of G(A) such that & is right K’-invariant;
then convergence at 1 is equivalent to convergence of

f & (vk')dR'.
P(F)\G(F) Z(A)\K' Z(A)

Choose K’ so small that G(F) M K’ = {1}, then one only has to show
that

f ®(g)dg
P(F)Z(A)\G(F)K'Z(A)

converges. Now, Lemma 2.1 implies that

G(F)K'Z(A) € N(A)M(t)K, somet >0

https://doi.org/10.4153/CJM-1982-009-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1982-009-2

REDUCTIVE GROUPS 119

where
M) = {m € M(A)| |w;(m)| £ ¢¥ = {, each @,}.

The integral
f ®(nmk)op " (m)dndmdk
P(F)Z(A)\N(A)M (DK

may be written as

f ®(nmk)dp " (m)x (nmk)dndmdk
P(F)Z(A)\N(A)M(A)K

where x is the characteristic function for N(A) M (¢t)K. In turn, this can
be written

fLM,C* N Lpg*/Lyr* fLM.c* N Lpr* fM(F)Z(A)\MO fN(F)\N(A) fx

By assumption (ii), everything reduces to computing (after adjusting ¢,
perhaps)

f . . x Asp 2 (1)dl.

M. N Ly

The lattice Ly . M L}, can be coordinatized by positive multiples of the
a;*, a; € Ap. If we note that

Ny 2(z) = g MMM if g 7, = [ g Fu@ 8 aratip)
i

then the resulting integral is just

(ai* ,)\—28P)Nn'

q
22.1) ] 1= giemamg, 1> 0.
2.3. Now let ¢ € % o(P, K’, £), and define ¢" by
N = 2 o).
YEP(I\G(F)
LEMMA. The series ¢ (g) converges uniformly on subsets of G(A) compact

modulo Z(A)G(F).

Proof. Let @ be compact modulo Z(A)G(F); one may as well suppose ¢
non negative, and @ compact. For each g € @, gK’ is an open neighbour-
hood of g; we conclude that there is a finite number of g € @, g1, ..., g,
say,and @ C Uj<i<, g:K'. If g € Q@ then g = g,(mod K’). Thus

<PA(g) = Zﬁo(’ygt)y

b

and a term ¢(vg;) is non zero if vg; € supp ¢. Now supp ¢ is compact
modulo P(F)Z(A) (cf. the remark in 1.5) so we conclude that for each 1,
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the number of such v is finite mod P(F)Z(A). Since 1 £ ¢ £ s, we are
done.

2.4. LEMMA. The support of ¢ is compact modulo Z(A)G(F).

Proof. As remarked earlier, supp ¢ is compact modulo P(F)Z(A).
Let @ be compact such that supp ¢ € P(F)Z(A)Q. Then, by reduction
theory,

Q C Py(c/, ¢')ZK', Z finite.

One may choose ¢;’’ so that Theorem 1.4.2 holds for ¢/, ¢;’’. lf a is a
simple root, let (V, p), x be asin 1.7.1, and let § = inf,¢q||vg|.

By an argument used in 1.5.5 one can arrange for ¢,’’ to be such that
(Ho(g), @) > ¢y’ implies [lvg]| < 8, g € Po(ci') ZK’ (here one uses x =
Mabaat + Z,g?ga MabagB, where m, < 0, b,s = 0, and b,, > 0). Now suppose
g € Po(c/')ZK', and (Ho(g), a) > ¢y, a € A, so that|jog]| < 8. If ¢"(g)
# 0 then there is y € G(F), and

vg € @ & Po(cy')ZK'.

Theorem 1.4.2 implies v € P=(F), but then ||vyg]] = |lvg > 6 and this is
a contradiction.
2.5. COROLLARY. ¢" € L ().
2.6. Suppose now that &, ¢ % (P, K, w-6p). Recall that for { €
X 1 (C) we have constructed a function
Tt ®,(g) = ¢FMO DB, (g) = Pur(g).
Since ¢t 5 = 1 if and only if ¢ € tL z,,, one can work with iLz, \
X 3(C) equally well, and
q’,,,.g- E %Q(P, K/, w - §‘6p)

Now define
E(g, ®us) = 2 Pur(vg).
YEP(F)\G(F)

Lemma 2.2 implies that this series converges uniformly on subsets of
G(A) compact modulo Z(A)G(F) provided Re { — 6p € Cp. It is a
holomorphic function with values in.% 100 (£), where, for.% 1.(£) one takes
the space of measurable functions

¢ G(F)\G(A) — C

such that
(1) o(zg) = £(2)0(2), 2 € Z(A), g € G(A);
(ii) For each compact subset C C G(F)Z(A)\G(A), one has

fc lo(g)|'dg < 0.
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The function E(g, @, ¢) is evidently K finite.

2.7. Given ¢ € ¥ (P, K’, £), we have constructed a Fourier transform
P(g; w- {dp) in 1.6. In the notation above, this function can be written
®,'t(g). Set

(I)( = @w q)‘,,_g-.

This is a finite sum, since a non zero summand only occurs if w|x’ 7,0
= 1 by Schur orthogonality. We set

E(g’ (I)s“) = @w E(g» q)w,f)-

LEMMA.

¢"(g) = fR oy, Ble ®r)as.

e {={o

Proof. The result follows from the formula

e(g) =f o P (g)ds

Re {={o
(which follows from the usual formula, and the remark above about Schur

orthogonality), and from interchanging sum and integral, which can be
done because ¢ is very well behaved. The details are left to the reader.

2.8. The next proposition says that the ¢" form a dense subspace of

Z(&).

PROPOSITION. Let ¢ € L (£) and suppose that (¢, ¥) = 0 for each ¢
as  runs through \Jp € o(P, ). Then ¢ = 0.

Proof. One may suppose ¢ is right K’-invariant for some K’; indeed
G(A) has a countable base of neighbourhoods of the identity which con-
sist of open compact subgroups, so that there is a sequence ¢, — ¢
(inZ (¢)) where ¢, is K,/-invariant, and also satisfies the same properties
as ¢. Then

0 =f $(2)¥ (g)dg =f $"(2)¥ (e).
G(F)Z(A)\G(A) P(F)N(A)Z(4)\G(A)

We are finished as soon as we have recalled the following.

2.9. Let f be a measurable locally bounded function on P(F)N(A)\
G(A) transforming by ¢ Then for any h € % (P, £) the integral

1] 1R )dg
N(AP(F)Z(A)\G(A)

exists. We shall say that the cuspidal component of f is zero if the above
integral vanishes for all such A.
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ProrosiTioN (Langlands). Suppose ¢ is a continuous function on
G(F)\G(A) such that the cuspidal component of ¢* is zero for every P,
including P = G. Then ¢ = 0.

The proof of this is by now well known, see for example [1] (Proposi-
tion 3.2 (actually, to use Springer’s proof, let

veLAM, MN K,

and define a function ¢’ on N(A)P(F)\G(A) by demanding ¢’ to be
K’-invariant on the right, N’(A) invariant on the left, equal to ¢§,*2 on
M(A) and zero outside N(A)M(A)K'. Then

0= fK fM(F)Z(A)\M(A)¢ (Mk)w("’lk) - fM(F)Z(A)\M(A)¢ (m)‘p(m)

and then one can argue as Springer does).

3. The constant term.

3.1. Recall that for ® € T'(% (P, K')) we have constructed the locally
integrable function E(g, &), ¢ € iLz, \X»(C),Re¢ — 6p € Cp.
Let P’ = N'M’ be another parabolic. We set

EY (g, ®¢) =f E(n'g, ®;)dn'.

N'(F)\N'"(A)

Since N’(F)\N’(A) is compact and E(g, ;) continuous, this integral
does exist. This expression is usually referred to as ‘‘the constant term’’.

LEMMA. Suppose P, P’ have the same rank. Then

0 ifP' ¢ (P}

EF (g, &) = 1 .
(g ) ®(w n'g)dn’, if not.
wOLM') Y wN(A)w=1 NN’ (A)\N'(A)
Proof. Use
P(F)\G(F) P(F)\G(F)IN'(F)
times
N'(F) Ny~ 1P(F)y\N'(F)
to see that
P
(3.1.1) E"(g, &)= > f & (yn'g)dn’
P(F)\G(F)/N'(F) ¥ y=1P(F)y NN’(F)\N’(A)
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(Note

f | ;|
Y=1P(F)y N\ N'(F)\N'(A)

f || < 0.)
N'(F)\N'(A) y~1P(F)y \N'(F)\N'(F)

(3812) =Y f
y~1P(A)y NN’ (A)\N'(A)

f & (yun'g)dudn’.
YTIP(F)y NN (F)\y~1P(A)Yy N N’ (A)

The last integral may be written as

f & (uyn'g)du.

P(F) NN’ (F)y=1\P(A) N YN’ (A)y—!

Here one is integrating over the unipotent radical of the parabolic sub-
group M M vP’y~1 of M. On the other hand m — ®(mg) is cuspidal as a
function of M°. We conclude that

f & (uyn'g)du = 0
PP NN (Fy=1\P(A) N 7N (A)y~1

unless the unipotent radical is trivial, i.e., P M yN’4y~! C N. In this
case 1.3.7 implies that P and P’ are associate by y~1,i.e.,y~1 € W(M, M'),
and we may replace the sum over the double cosets by a sum over
WM, M’).

Suppose then that P, P’ are associate. Then 3.1.2 becomes

: f ¥ (n'g)an’
Y=1P(A)y NN’ (A)\N'(A)
and 3.1.1 becomes

-1
f & (v~ n'g)dn’
w(M,M') Y YP(A)y~1 N N'(A)\N’(A)

& (v 'n'g)dn’

WM, M) j:/N(A)‘Y*I NN’ (A)\N'(A)

as claimed.

3.2. Set

N(w, §)®:(g) =f & (w™'n'g)dn’

wN(A)w=1 N\ N’ (A)\N'(A)

for w € W(M, M').

https://doi.org/10.4153/CJM-1982-009-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1982-009-2

124 L. E. MORRIS

LeEmMA. The map & — N(w, {) ®; is a linear transformation
N, ¢) : €o(P,K',w-6p) = Co(P', K, %w - ®t8p:).
Proof. One can suppose that P, P’ are associate. Let
P = Py, = P, P = Py, = P,.
If N(w,{) # 0, then

w'Nyw N Py C Ny,
and

N<wy g-) q>§' (g) = f @;(w“lnzg)dng.

wN1(A)w=1 N\ N2(A)\N2(A)

Thus
N(w, {)P¢(22¢) =f‘1’r(w_ln222g)d"2» 20 € Z,

= f@;(w”lzgw w2y az0) 2 ) dna
and one only has to see what happens when the change of variable
No — ZQ—anZQ

is effected. The discussion in 1.2.5 implies that the integral may be written

(H gy (22) —wi+8p, ) —1
Y (zg)q M2 TITOPy & (W™ nag)dne.
wN1(A)w~! N N2(A)\N2(A)

This implies that N(w, {)®; transforms in the desired way, and the
remaining conditions in the definition of & ((P’, K’, ®w - “¢8p/) are easy
to check.

3.3. Let ¢ € €o(P, K', £), ¢ € €o(P, K', £). Taking inner products
in % (£), we have

(" ¥") = f " (@)¥" ()dg
G(F)Z(A)\G(A)

= f ¢"(e)¥ (e)dg
P/ (F)Z(A)\G(A)

=f f ¢~ (mk)y (mk)op " (m"Ydmdk.
K Y M (F)Z(A)\M(A)

¢"(g) =fRe{

Since

. E(g, ®)d¢ = {@} f E(g, ®u.r)dS

Re{={0
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for ¢y > 6p, this expression can be replaced by

f f f E¥ (mk, @)y (mk)op " (m)dmdkdy.
Re {={0 K M’ (F)Z(A)\M' (A)

This expression is zero unless P and P’ are associate; in this case from
3.1, 3.2, one obtains

f f f 3 Nw, €) By (mb) o (mk)sp: ™ (m)
Re (=0 Y K ¥ M'(F)Z(A)\M'(A)

- W<MZ,M'> (ec% fRe ¢=t0 fK fN(w’ ) @r (rick)

X f ¥ (arink) " - “cop " (2)87" (1)

(first integral over M'(F)Z (A)\M’(A), second over Z(A)Z, (F)\
Zy (A))

=2 f Ro tot f X f N(w, §) O (k) Vgt (k)dp " (rit)drindkds

since we may suppose that W(M, M') preserves the set {w}.
Set (N(w, {) ®¢, ¥@5=1) equal to

(3.3.1) f f N(w, §) & (mk)¥ wpy-1 (mk)op ~(riv)drdk.
K '(F)Zpgr (A)\M' (A)
Then one can condense the formula for (¢”, |I/A) into
(3.3.2) > f (N(w, £)®r, Ywp)-1)dS.
wanM) Y Re {=fo

3.4. Write £ ({ P}, &) for the closure in £ (¢) of { "¢ € Fo({P), £)}
(cf. 1.4.). Combining 3.1-3.3 and 2.8, we have:

PROPOSITION. The spaces £ ({ P}, £) are orthogonal to each other for
different { P}, and

L) =D L (P}, ).

If o € €u(P, K, 8), ¥ € Co(P', K, £) with P associate to P’ the
scalar product in % (¢) of ", with " is given by 3.3.2.

3.5. If we regard the expression (3.3.1) for a moment we see that it
comes from a sesquilinear pairing

( , V:G(P K, top) X CoP, K, 6p) > C

(3.3.3) (&, Vi) = f f &y (1iak )W -1 (110k )0 (ri ) drinde.
K Y M/ (F)ZM(A)\M'(A)
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This can of course be interpreted in another way, which is also useful.
Namely (3.3.3) can be written as

f f &' (k)Y (rik)dp " (m)dmdk
r VMR Z (M) M (A)

where
(g = ¢ T ar(g) € D FoP K 0 3p)
and similarly for ¥(g).

3.6. Next, we shall interpret N(w, {) in terms of vector bundles, and
the trivialization with fibre € o(P’, K', w - 65).
First, given an element w € W(M, M’), there is an induced map

w: Dy (&) = Dy (§)

(w+¢) ¥ (Yo 5).
If we take the vector bundle & ((P’, K’) over D, (£) we obtain a bundle
w*®& o(P’, K') over D, (£) with fibre at w - ¢ the space %,(P’, K/,

(*w - ®8p/)). Thus one may view the N(w, {) as giving a holomorphic
section V(w) for the bundle

Hom (%(P, K'), w*% o(P', K'))

at least when one restricts to the open subset of D, (¢) defined by
Re ¢ > 6p.

We shall eventually prove that N(w) extends to a meromorphic global
section over D, (£).

Secondly, let us see what this means if we trivialize at the point
w € {w}.

There are maps

N(w, w -
AP K w155 b K, watsy)

T{T ly‘ug-_l
(50<Py K’y w - 6P) (go(P’, KI) Yoy - 6P)
which induces a linear map
M@, ) : B €o(P, K', wdp) = Do) €o(P', K/, “wip:).
Since there is a non degenerate pairing
(go(P/, KI, wap) X (gO(P,y Klr w“-’aP') -G
one may certainly speak of the adjoint M*(w, ¢) of M(w, {).
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3.7. Define X 5 (R)* by
XuR)t = Cp + 65
where Cp is the Weyl chamber associated to the standard parabolic P,
and &, is the modulus character, as usual.
LemMA. The adjoint of M(w, ¢) ©s M (w1, (*{)~1) both holomorphic on
{¢|Re ¢ € comvex hull { X, (R)* U (w)~1X 0 (R)1}}.
Proof. Given ¢ € € o(P, K’, £) define a function ¢, by

-1

eu(g) = > o(wyg).

wP(F)w=1 N P’ (F)\P'(F)

Since ¢”(g) exists, and since

G(F) = (U ')P(F)wP’(F)

one concludes that ¢,(g) exists, invariant by P’(F). A straightforward
computation using the by now familiar double coset decomposition im-
plies that

f ¥ (&) eu(g)dg = f Vu-1(8) o(e)dg.
P (F)z(A)\G(A)

P(F)Z(A)\G(A)

Each of these integrals is readily computed by means of familiar manipu-
lations. The left one is just

fRe rts (¥ (=wf), Mw, )@))ds, o € Cp + 8p

which implies that the right side is given by

f (T (x), M@™, x)*&(—w %)), X0 € Cp + bpr.

Re X=Xy
Set x” = —w™!%, then the second integral becomes
f ¥ (—wx'), Mw™, —wg')*®(x))dx’,
Re x'=x',

%0 € —w N (Cpr + 8p).
We shall refer to the two integrals as (3.7.1), (3.7.2) respectively.
Now let

Gi(t) = (¥(—w), M(w, ) 2())
Ga(x) = (¥(—wx), M(w™, —wx)*®(x))-

Let v be any holomorphic function

v: Lz, \Xx(C) = D) €o(P, K/, w)
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which is a Laurent series (e.g. a finite sum Zifiq“m”, my € Lz,*). Then
v gives rise to a function on iL 5, \X(C), and it is evident by standard
Fourier analysis that the Fourier transform of ®; - v({) is an element of
% (P, K', £). Applying this remark to (3.7.1) and (3.7.2) one obtains

Jo=u8) - 1) = [o(=ug) - Gato.

From this, and the Plancherel formula for the group Lz, *, one deduces
the existence of a function & on Lz, * such that

}l(z) =fGl(§'1 + iﬂ)g<z’h+i“>dﬂ ZfG2(§‘2 + iﬂ)q(z,{3+y>d#

with {1 € Cp + 6p, (o € —w™(Cpr + 6p), and & is independent of
¢:(t = 1, 2). The conclusion follows easily from this, since the Fourier
transform of % is holomorphic on the desired convex hull.

3.8. Our next task is to estimate || M (w, {)||. In view of the definition of
the pairing (3.3.2) it is enough to estimate | M (w, ¢) ®(mk)| for m € M°,
k € K. One can certainly choose a compact set C in MK such that
each ®; € % (P, K, {8p) has support in C mod Z,,(A)M(F), and then
C/K' is a finite set. Thus it is enough to estimate |M(w, {) ®(g;)|, for a
finite set {g;}. Let w be a compact set such that N'(A) = N'(F)w, and
let © be compact so that wg; € Qeach g,. Then

‘M('w» f)‘b<gi)| = ‘wg'aP'(gi)rlf E ]‘I’r(’Yn,gi)[

N’ (F)\N'(A) P(F)\G(F)

= CSUD{ > i‘i’c(vn'gi)l} < ¢ sup 2 | ®e(ve)l.

n'€w \P(FIVG(F)

Since |®| is bounded on G(A) = N(F)o'M°Zy(A)ZK' (where = is a
finite set and o’ is compact), the last inequality becomes

< [|@l] 20 ¢ 500, Re ¢ = o, and

[ ®llo = sup, |15, ®(g)].
Now, one can apply Lemma 2.2 to the function

¢ — g HuOD Fotip)
so, from (2.2.1)

(aj*,S0—8p INT;

(M@, )2(g)] < [|@f.- ¢ T17 = g Tt

of. (2.2.1).
Let ® run through a basis of the finite dimensional space % (P, K’,
w - 8p), then the following result has been proved.
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LEMMA. There are constants ¢ > 0, and N, such that
(aj*,Lo—8p INTj

q
}]M(w, f)” =c H 1 — g(aj*.ro—ﬁp>rj , Reg¢ = to.
j

3.9. It will be convenient to make use of some remarks concerning
Fourier transforms and approximations. As these arguments (and simple
variations) will occur many times in later sections, we shall give the
technique in some detail, and forego repeating it.

Let » > 1, and set

X »(R), = interior {convex linear hull {w - - rlw € W(M, M)}}
Xu(C), = {5 € XM(C)IRef € Xx(R),}.
Then X,,(C), gives rise to an open complex submanifold D, (¢), of
Dy(£), and X4 (C), M (65 + Cp) is a non empty open set.

Let ¢ € €o(P, K', £), then the inner product formula and 3.8 tell us
that if { belongs to a compact subset of tLz, \ X, (C)

M = 32 f (®(—wf), M(w, $)®())dt
Re {={0

W(M,M)

D> (fRe t=to !(I)(_wg-)l2)1/2(fRe =50 |c1>(;)|2) 1/2'

Here we are writing ®({) = @ o) It Pu-rsp, Where @,
transform of ¢, so that ®(¢) is a function

iLZM\XAI(C) - @lw) (gO(Pv Kly w 6P)
Suppose on the other hand, that one is given a holomorphic function
v iLZM\XM(C)T - @(wy (go(P, K/, w 5p)

Set ¥, = T:¥(¢). The integral fRe ¢=to Y¢(g)d¢ is independent of
toX »(R),, by analyticity; call the resulting function ¢(g). From the
Plancherel theorem,

IIA

.sp 1s the Fourier

f I‘p(zg)lze(zgy “i'o - 2?0 - 26P)dz
Za(FYZ(A)\Z 3 (A)

=f ¥ (g) ["e(g, —250 — 20p)
Re {={0

so that formally, since both sides are functions on M (F)Z,(A)\M(A)

fM(F)ZM(A)\M(A) fZM(F)Z(A)\ZM(A) fM(F)ZM(A)\M(A) fRe t=to

If one interchanges the last two integrals, one obtains a convergent
integral; this follows from the definition of ¥(g, ¢), and from the fact
that f ¢=to is over a finite number of circles for which the new integrand
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is a continuous function. Fubini's theorem implies that the first two
integrals exist. Thus

f [¥(g)|’e(g, —2t0)dg <
Z(A)N(A)P(F)\G(A)

and the argument implies that the expression below is finite

(39.1) > f l¥(2)|*{e(g, —2wt0) + e(g, 2wto)}.
w(M,M) Z(A)N(A)P(F)\G(A)

Let %, (P, K’, £) be the space of functions on N(A)P(F)\G(A)
satisfying (i), (iii) of 1.6 and (3.9.1), this last making it into a Hilbert
space. We write || ¢|;, for the norm on this space. If ¢ € % (P, K', §),
then the remarks concerning the inner product formula imply that

12 = Cllellse?

and this means that the map 0 : ¢ — ¢" can be extended to the space
% o(P, K, £). Thus if (P, K, ) denotes the space of holomorphic
functions

V() - iLZM\XM(C)r - D (go(P, K' w-6p)
then we have shown that the map © gives rise to a map
H(P,K',r) =L (P}, £)

which we also denote by 6. The inner product formula still holds for this
class of functions, as follows by an easy continuity argument.

In the sequel, we shall refer to arguments of the above type as approxi-
mation arguments.

4. The principle of the constant term.

4.1. In this section we study more closely the relationship between the
various constant terms of a function on G(F)\G(A) and the function
itself. The main results are based on a variant of an observation of
Harder's (cf. lemma 1.6.7 of [10]), and are somewhat simpler to prove
than in the number field case (cf. § 5 of [13], and Chapter III of [11]).
First some notation.

Let f be a continuous function on G(F)\G(A), transforming by ¢£.
Given P = NM a parabolic, we write ff ~ 0 if the cuspidal component
of fF is zero (2.9).

We record the next lemma for reference; it follows from an argument
similar to that of Lemma 3.1.

LEMMA. Let & € € (P, w - {6p), and E(g, ®;) the associated Eisenstein
series (under the assumptions of 2.6). Then E¥' (g, ®) ~ 0, unless P’ € {P}.
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4.2. Fix constants ¢;, ¢; as in 1.4.1, 1.4.2; we shall in fact suppose that
¢z has also been chosen as in 1.5.5 so that the results of 1.5 are in force
(especially 1.5.9). Write D for the image of G(F)P, (c1, c2)K’ in G(F)\
G(A);if m € Py(cy, ca), let 6, be the characteristic function of the double
coset G(F)mK’ (as usual, K’ is an open compact subgroup in G(A)).
Thus 8, has compact support mod Z(A) in G(F)\G(A), and we define
a new function A, by

@) = bn(20)E™ @)z,
Z(F)\z(A)

In particular A, has compact support mod Z(A) in G(F)\G(A), and
A, € L(&).

LemMA. ({10], Lemma 1.6.7). The function A,, can be written in the form
Ap=¢+06+R

where ¥, ©, R all have compact support mod Z(A)G(F), such that ¢ €
L ({G}, £), O is a finite sum of ©-functions, and R has support outside of D.

Proof. Let C be a subset of G(A) compact modulo G(F)Z(4), so that
supp A, is contained in C modulo G(F); we can suppose that C 2D K'.
In particular, the image of C in G(F)\G(A)/K’ is a finite set modulo
Z(A). Let V¢ be the space of functions on G(F)\G(A)/K’ which have
support in C, and which transform according to ¢; then V, is a finite
dimensional, hence closed, subspace of .# (¢). From this, and 2.8 we can
argue as Harder does to obtain the result.

4.3. Now let Py, . . ., P, be the standard parabolics of rank », where 7 is
fixed, and » = 1.

THEOREM. Let {¢,} be a sequence of functions on G(F)\G(A) satisfying
the following conditions:
(i) ¢, transforms by £, and s right invariant by K'.
(ii) If P s a standard parabolic (possibly G) not of rank r then the
cuspidal component of ¢,* is zero.
(iii) If P = P isone of Py, ..., P, then ¢,© — &, in the finite dimen-
sional inner product space € o (P, K', wdp) (where w is unitary).
Then ¢, — ¢ uniformly on compact subsets of G(F)\G(A) where ¢ is
right invariant by K' and transforms by £. Moreover i = ®,for1 <1 < ¢,
and the cuspidal component of ¢F is zero otherwise.

Proof. First, observe that convergence in the mean implies pointwise
(uniform) convergence for sequences in %, (P, K’, wép). Indeed, one can
choose a subset C © M(A) which is compact modulo Z,,(A) M (F) such
that all elements of &, (P, K’, wé ), viewed as functionson M(F)\M(A),
have support in C. Thus Z,(A)M(F)\C/K' is a finite set (this is why
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the vector space in question is finite dimensional) and the result follows
directly from this.

(i) Suppose that m € Pg(c;) does not belong to Py(cy, ¢2). This means
that there is a simple root a such that |a(m)| = ¢°. We then know from
1.5 that ¢,(m) = ¢,¥(m) if P is the maximal parabolic corresponding to «,
and the remark above implies that

@i(m) lf.P=P” ’LE{l,,t}

¢n(m) — {¢P(m) defined by induction, if not.

If both |a(m)| = g%, [8(m)]| = ¢ for a ¢ B, then uniqueness of limits
implies that it is irrelevant which parabolic one chooses. If g = ymk,
v € G(F), m as above, k € K’, then ¢,(ymk) = ¢,(m) and we can argue
as before.

(i1) Suppose that mo € Pq(cy, ¢2), then by Lemma 4.2,

volume (G(F)\G(F)moK'") ¢, (mo)
~ [ 0@ (5@ + 80) + Ru@ie.

By assumption, the first integral is zero. The second can be rewritten as
a sum of integrals of the form

fm”(g)w(g), 6=y

in particular we can apply the remark at the beginning of the proof to see
that such a sequence of integrals converge (note that ¢ has compact
support modulo M?, when viewed as a function on M(A)). As for (iii),
we know that R(g) has its support disjoint from G(F)P.(c1, ¢2)K, and
we can apply (i) and uniform convergence (the ¢,’s are right invariant
by K’) to see that the third integral also converges. We can extend the
convergence to points of the form g = ymk withy € G(F), m € Py(ci, ¢s),
and k € K', in the same way as we did in (i).

To summarize, we have shown that the ¢, converge uniformly to a
function ¢ on G(F)Py(c1)K’. To go from this set to G(F)Po(c1)K is
easy: one simply repeats the arguments above for sets of the form
G(F)Po(c1)k,K’, where {k;} is a (finite) set of coset representatives for
K/K’. The final assertions in the statement of the theorem are straight-
forward limit arguments, using the definitions, and the fact that
N(F)\N(A) is compact.

4.4. We shall make some refinements of Theorem 4.3, necessary for the
applications.

COROLLARY. Suppose that {¢,} is as in the statement of Theorem 4.3
subject to the following modifications:
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(i) If P = P;isoneof Py, ..., P, then
¢.F € €o(P, K, wt8p) and e(-, —§)¢,F — &, €
%O(Py K,y wg’oal’)

where {, — (o in Dy (E). Then the conclusion of Theorem 4.3 holds, except
that now ¢¥ = e( -, o) ®;if P = P,isoneof Py,..., P,

The proof of this is clear, using Theorem 4.3, and the definition of

e(-,¢) (1.6).

4.5. The next assertion is not so much a corollary, as an addendum, to
Theorem 4.3.

LEMMA. Suppose in 4.4 that for each P, 1t is true that
2(8p, — 8p — Re §o) € Cp* (dual chamber).

Then the function ¢ in Theorem 4.41s squareintegrable on Z(A)G(F)\G(A),
i.e.,1t1s an element of &L (£).

Proof. In view of what we know, we only have to check that ¢% is
square integrable on a set of the form L,*(c) where P is a maximal
parabolic, Lo* is the lattice L}, and ¢ is a suitable constant. This is left
to the reader. We remark in passing that such a computation is essentially
the same as the corresponding (known) one in the number field case:
indeed one is computing a sum over a lattice which is truncated below,
and this sum is comparable to the integral over the corresponding real
vector space which is truncated below.

4.6. The following variant of 4.4 is the one that occurs for Eisenstein
series.

THEOREM. We suppose {¢,} is as in 4.4, with condition (iii) replaced by
the following

(iil) ¢ = 2 Bn;
=1
where &, ; € € o(P,K', win 0p). If
e( ) '—g‘n]) q’n,]’ - CI)J' m %O(Pr KI: wfaP) and fn,j - g-U.J'r
then ¢, — ¢ uniformly on G(F)\G(A).

We remark that there is, of course, a corresponding assertion to that
of 4.3—4.4 for the constant terms of the function ¢.

4.7. There is one piece of notation which will be useful now, and later.
If ® ¢ ¥o(P, K', wdp) then we have seen how to construct a function
®; € €o(P, K, widp) (viae( -, ¢)) and thus E(g, &) (if it makes sense).
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We shall often write E(g, &) in the form E(g, ®, {) to emphasize the
function &.

4.8. The next result can be proved in several ways, but we refer the
reader to [10], Theorem 1.6.6 for a proof that is in the spirit of this section.
In what follows the unexplained notation is that of Sections 2-3 of
this chapter.

THEOREM (i) Suppose that the terms M(w, {), w € Upreipy W(M, M)
associated to the Eisenstein series E(g, ®, ) can be analytically continued
over a region D. Then E(g, ®, {) can itself be analytically continued over this
region, and if P’ € {P} then E¥' (g, ®, {) 1s given by (3.3.2).

(i) Suppose that M (w, ¢) satisfies the functional equation

M(wy, )M (ws, §) = M(wyws, §)

over the region D'.
Then E(g, ®, {) satisfies the functional equation

E(g, M(w, )@, *¢) = E(g, @)

over the same region.
(iii) Suppose finally that the operator valued function M (w, ¢) is rational
(see 3.5 for a definition). Then E(g, ®, ¢) is also rational as a function of ¢.

Of course in (iii) it is supposed that M (w, {) has been analytically
continued over all of D, ().

4.9. The final task of this section is to make some estimates on the
partition constructed in 1.7. These estimates will be used in just one place
(3.3.2), in an argument similar to one used by Langlands ([13], p. 131);
perhaps the reader should skip what follows until it is necessary to refer
to it.

Let {P} be an associate class of parabolics of rank 1. If z € C*, let
L(z) C L (P}, K, £) be the space of functions ¢ such that

(a) the cuspidal component of ¢* is zero if P ¢ {P}

(b) %i(g) = T(rin ¥ (),
for some ¥ = (¥, ..., ¥,) € € if P, ¢ {P} (notation as in 3.3.2).

It will be shown in loc. cit. that £ (2) is finite dimensional. We shall
suppose that 0 = ¢, € £ (z,) is a sequence with z, € Rt and z, — 1.

It is easily seen, by the kind of arguments employed in 1.7.2, that given
Py(cy, co), we can find ¢y, ¢, such that

Poler, ¢2) C {g € &|g" = |ai(pi)] = g2, 8 = Pk € P5(A)K
for each a; € A} < complement (\U G, (t2)), Sa(t)

as in 1.7.2. We can always enlarge ¢, to ensure that the conditions of
Lemma 7.4 are satisfied. Observe that the image of Py(ci, ¢2)K in G(F)\
G(A) is compact modulo Z(A).
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The spaces.? (z,) are orthogonal to each other for different z. We shall
suppose therefore that {¢,} is an orthonormal sequence. Let C denote
the image of Py(c1, c2)K in G(F)Z(A)\G(A), then if F; is the image of
@di (t2)

L= fA bnbn + Z f ¢udn, F = complement (\U F,)
F [ Fy

;fc ol + 2 fF n i

We can suppose that ¢, is chosen so that if |a;(p¢)] = ¢ (for g = pok,
p € Po(c1)) then ¢,(g) = ¢,7(g). Thus

lza+ X fF_ ES

From this it follows that ¢, £ 1. On the other hand if we write F, for
the image of ©,; (¢;) in P(F)Z(A)\G(A) then

f e @) = fp_,|¢,f°2<g)|2 (by (1.7.4)).

7

This latter integral is at least
—2snc2

1 — q—an an"I'n
where z, = ¢* (this is calculated as in 2.2, for example). Here
ap = infli {e(—2§-(i) (Zn)y HM(Ii))}

where [, runs through a set of coset representatives of Lz, *\ L,*, so that
a, — 1 as s, — 0. Summing, we find

(i)|2

—28nc2
1 g Cn + 1—_-—q—_-23—n—-dn- 1\Iln|2

This implies that ¥, — 0, and hence, by 4.6 that ¢, — 0. Since this is true
for arbitrary sequences ¢,, and since the spaces % (z,) are finite dimen-
sional, it follows that there can only be finitely many such % (z,) # {0},
with z, real, |z,| > 1 (we assumed that z, > 1, but the same argument
works if |z,|] > 1). We formulate this as a lemma.

LemMmA. There are only finitely many of the spaces £ (z) = {0} for
|z2] > 1 and real.

3. Some Functional Equations.
1. Applications of some functional analysis.

1.1. Let  be a real number,» > 1. If P = NM € {P}, write

Xu(R), = interior {convex linear hull {w - 55/ - 7|
w € W(M', M), P’ € {P}}}
Xu(C), = {{ € X(C)|Re¢ € Xy (R),}.
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Then X (C), gives rise to an open complex submanifold D (£), of Dy (£),
and X,,(C), N (65 + Cp) is non empty, cf. 2.3.9. Let

f . iLZM\XM(C)T —C

be holomorphic. Then f can be viewed as an element of T'(Dy ()., 9u)-
We define & (P, r) to be the set of these f which are bounded, and set

D({P},r) = @preipy D(P,r1).

Suppose Py, ..., P, € {P} are the distinct elements of {P}. If f =
(fr, - - fs) € Z{P},r), we write

“f”oo = max; SuprXM,‘(C) If’lf(g‘)l‘
Asin 2.3.9, let# (P, K', r) be the space of holomorphic functions

‘I)(i_) . iI‘Z};,[\XIW((:)T - @(wl %0(P7 Kly waP)'
Put

H (P}, K", 7) = eialmp, K.

We write 5 (r) if there is no confusion. As in 2.3.9 one can extend the map

0: %P, K £ L (P}, ¥E)

¢ — o
to a map
0: (P, K r) L ({P},¥).
fd=(d,...,d,) CH(r),set

="+ ..+ 2 e L({P), ).
The inner product formula for (®", ¥") then reads
@ T = 3 (M(w, $)®:(50), ¥;(—wsy) )i,
1,] WEW (M. M) Re {i={i,0
as follows from a simple continuity argument, using the functions ¢",
¢ € Eo(P, K, £). We shall also write this as (&, ¥).
1.2. The next result is proved as in [12] Lemma 4.

Lemma. (1) Let f € D ({P}, r) be invariant by all W(M, M') for P,
P’ € {P}. Then there exists a unique bounded linear operator A ; on. ¥ ({ P},
£).

(ii) For f as in (i) set f*(x) = f(—x). Then f = f* implies that A, 1s
self-adjoint.

(iii) The spectrum of A ,lies in the closure of

image (f) 1= U, image (f:)
where f = (f1, ..., fs).
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Proof. Let ® ¢ #(r). If ® = (&y,..., ®,), then
f' ¢ = (flq)ly e vfscbs) E%(Y)

also. Applying the 6 map above then gives existence. To prove bounded-
ness, choose N > ||f||- The inner product formula implies that (f®, ¥) =
(®, f¥*¥). Foreach1 £ 4 < s, let by = N2 — f*f,. The definition of N
readily implies that (k;)'/2 = g, exists as a holomorphic, bounded func-
tion on the domain of f;, and g; = g;* Furthermore one can always
arrange the square root so that ¢ = (g1, ..., g;) is invariant by all
W(M, M'). Thus g satisfies the same conditions as f. Therefore, as

0 < (4,6" 4,6") = (fo, @) = (f*f®, @)
= (N2®, ®) — (g®, g®) < N2(®, ) = N2

IIA

we see that 4, defines a bounded operator. Finally, the last part follows
by applying the preceding to the function
f—=AN=({f1— N\ ...,fs =\ for N\ ¢ U image (f).

1.3. Until further notice we shall confine our attention to a class {P}
of associate parabolic subgroups of rank 1: if P € {P} then rank
Hy(Zy(A)) = 1. Proposition 1.3.3 implies that { P} consists of at most
2 elements. If {P} consists of 1 element, then W (M, M) consists of
2 elements; we shall refer to this as case (i). If { P} consists of 2 elements
P, P then W(M, M’) and W(M, M) each have 1 element; we shall refer
to this as case (ii).

Choose zy € Zj(A) generating the lattice L”Z‘M. Given z € C* let
¢ (2) be that element of X ,,(C) such that

z = ¢(Hu(20) £(2)
In this way we obtain an isomorphism of groups
C* 5L, \ X (C).
We can always suppose, after changing z, if necessary, that
6p(z0) = g7 > 1, pp’ € R
Write pp = pp’/u where u > 0 satisfies
@p, €p) = pdp, a*).

Here ep is the element dual to the root a corresponding to P. With the
same convention, one defines

' (2) € Lz, \Xa (C),

and then 1.1.8 implies w{(z) = —{'(2) for w € W(M, M’), for w non
trivial (because

(Hu(20), “a) = — (Hy(20), @) <0,
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by our assumption on dp(z9) above. Here a is the unique simple root
corresponding to P).

1.4. In case (i) set € = @) Co(P, K’, wép), where as usual the sum
on the right is finite. One can suppose that if w € {w}, then Y0 € {w} for
w € W(M, M). Let M(z) = M(w, ¢(z)).

In case (ii) set

Co= @ Ce(P,K' wip), € = D) €o(P, K, 'dp).
Of course these sums are finite and we suppose that W(M, M'){w} C {o'}.

Set
C =%, %
and
_ 0 M@™, m»)
M) = (M<w, ¢=) 0 ‘
We write ®(z) for an element (®,(z), $5(2)) € €. If & ¥ € ¥, then
we define
E(g, ®,2) = ZE(g, ®;, "), = (dy,...,d,),s=1lor2
E"(g, ®,2) = S EX(g, @,3), P € (P
and
Let

o =X ¢. € Co{P}, K/ 8), ¥ € Co({P}, K, ).

Then the inner product formula (2.3.3.2) becomes

(", ¥") =fH (@), TE)) + (M) ®(), ¥(2))}

2|l=co

where ®(2) = (&,({V(2)),... P,({(z))) etc.

Under these identifications, M(z) is an analytic function for |z| >
max (g°?, g°’) = @*, say.

The domain of definition for the elements of S (r) etc. is simply a tube
whose axis lies along the real axis in C, and which has width p on either
side of the imaginary axis.

1.5. For case (i) define an analytic function

h:iLz, \X,(C) — C
via

h(z) =2+ z7 L
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The remark above implies that this really defines an analytic function on
tL 7,,\X 5 (C), which we also denote by k.

For case (ii) set » = (hy, h2), where h;, ks are as for case (i).

In both cases & = h*, and satisfies the conditions of Lemma 1.2. Thus
we obtain a bounded self-adjoint operator acting on.¥ ({ P}, £).

LEMMA. The spectrum of Ay 1s contained in the interval

[—(¢*+¢7), (¢ + ¢)].

Proof. Set X + 1Y = w = z 4+ z71. Then Lemma 1.2 implies that the
spectrum of 4, lies inside the ellipse

X’ v’

pT —pT\ 2 + pT —pT

@ +q¢") @ —-q")

which is the image of {z: ¢~*" < |z| < ¢’} under the map z — z + 27!

where » > 1. Since 4, is self-adjoint one need only consider the intersec-
tion of the real axis with this ellipse, and this is just the closed interval

[— (g + ¢7), (¢*" + ¢*7)].

Since r > 1 is arbitrary, the result follows.

=1

1.6. Next, we consider the resolvent R(\, 4;) of 4. Fix A = ¢’ so that
[\ > ¢ > ¢*, and put p = X + AL Then we can apply Lemma 1.2 to
the functions

(w — Rk(2))™! in case (i)
and
(0 = ha(2))7h, (v — ha(z))™?)  in case (ii).

In each case we see that these functions correspond to the resolvent
R(N + X1, 4,). Choose g°™ > |A|. Set w(z) = z + z7!; according to the
inner product formula,

(R(/"‘: Ah)¢A) ‘)I/A) =
1 1 -
———{(®(2), ¥ + (M(2)®(2), ¥ dz.
fI Ty (BELYED) + (M3, Y@)ds
Of course » > 1 in this expression. If we use our remarks on approxima-
tion, we may replace by & € H (P}, K', r); similarly for ¥". In
particular take ®(z) to be the function

28, & € E

and similarly for ¥(z). The formula above becomes

f] _1_{(‘1’»‘I’> + (M(2)®, ¥)}dz.

zl=gPr K — w(z)

https://doi.org/10.4153/CJM-1982-009-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1982-009-2

140 L. E. MORRIS

Now (R(\ 4+ X1, 4,)¢", ¥) is an analytic function of \ provided

AN ful [wl =13 Yip/Imu=0,1<Rep=g
or —¢» £ Rep £ —1}.
This follows from our knowledge of the spectrum of 4,, and the properties
of the conformal mapping w = p + p=%.

On the other hand, one may shift the contour in the integral above,
and use the calculus of residues. Indeed, let », > 7 and write T for the
circle |z| = ¢em1. If g7t > |A| > ¢*", then the inner product formula and
the calculus of residues yield

(1.6.1) (RO 4+ 174 4w, v

1
=fr NI — ey (BT (ME)P, Vdx

+ (2, ¥) + (M) @, ¥)} - g(N)

where

g = ‘zi“;{o\ Y - ETr x)} =1 - aHH

Now (R(\ + X1, 4,)¢", ¥") is holomorphic whenever
N {ulu £ Uip/Imu =01 <Ren =g
or —¢* < Rep = —1} = B,
say, as remarked earlier. Moreover the integral over T is holomorphic as
a function of A, and so is the function g(\). From this we see that M (\)

can be analytically continued over the complement of B.
Consequently we obtain the following result.

PRroPOSITION. The operator valued function M(z) can be analytically
continued as a holomorphic function outside the region
{z]]z) = 1} U{z]Imz=0,1 £ Rez < ¢?or —¢* < Rez = —1}.

1.7. To extend the results obtained on M(z) to the function E(g, ®, z)
one applies 2.4.8. Thus E(g, ®, z) = E(g, ¢, {(2)) can be continued to
an analytic function over the region above.
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2. Truncated Eisenstein series.

2.1. In Section 1 we constructed the generator Hy(z0) for L%,,. Since
ZM ® R = X,*(R) there is a unique element of X, (R), which we
denote by «, such that

(Hy(20), k) = 1.

From these remarks, we construct a function By, for each integer N,
as follows:

1 if (k, Hyx(g)) = N
0 otherwise.

Bv(g) = {

Thus By: P(F)N(A)\G(A) — R is a locally constant function.
2.2. Now let ® = ®@®; € % (notation as in Section 1). We write
F(g, ®;,2) = ¢F @ &,(g) where Hi(g) = Ha.(2).
Define the function F’ by
F'(g, ®4,2) = Bn(g) F(g, 24, 2)
and the function F” by
F"(g, @i, 2) = (1 — Bn(2)) F (g, (M(2)®)s, 27").

Let x; € Dy, (8); the first thing we want to do is compute the Fourier
transform of F’, F"' evaluated at x;0p,. For the moment we consider F'.
By definition, if x; = (w;, N;) € Dy, (£), the Fourier transform is just

f F'(xg, ¢‘i1 Z) (wihap'.)_l(x)dx.
Z 3 (F)Z(A)\Z g (A)

Write ®;, = ®,, ®,, as usual, then the integral becomes
(69} qum'm(m)q’iw(xg)ﬂzv(xg) (wz)\iapi)_l(x)dx

= % f(fw(x)wi(x)—ldx)ww,-_l(g'c)ﬁN(xg)e
X (2, H;(ig) Y\ dp;) " (%) D10 (g)ds%
(inner integral taken over Zy,; (F)Z(A)\Z,® and
ez, Hy(xg)) = g¥'@ HiGoy),

The integral in braces is zero unless ww; 7| z,,0 = 1, and then it is equal
to one. Moreover in this case, w = w;, by our choice of orbit representa-
tives (cf. 2.1.2). Thus the integral reduces to

(i (2)—Ni Hi (@) _(¢i(2),Hi(g)) .
f ) BN(xg)g $7(2)—Ni Hi (1) q $1(2),Hilg) ‘I)m;(g)dx-

Zp
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Set H;(x) = nH(20) to obtain

N @) i ()= (z0))n_(ti(2), Hig))
$ —Ni H i * WHi
(2.2.1) > ¢ve Wing WHDHO g (g)
n=—x
N {Ei(2)—Ni ,Hi(20)) _
(i (), Fi@) g " “ e @) (D—Ni B (20))
=q ®,0,(2) 1 — g—(tf(z)——)\.}li(zn\)g

_ N¢i(2)—=Ni Hi(20)) _
Gi(2),Hi@) q o ot (@ i ()
=4q @0, (g) 1 — q—(rf(z)—h,}u(zo)) q

N (i (2)=Ni Hi(20))
q Wi Hi())
B BEPEGICEN AN Pi0: (g)-

The operations performed above are valid provided that

Re (¢1(z) — Ny, Hy;(202)) > 0
which follows from assuming

(Hpri(209), Re £¥(2)) > 7p p, 7 > 1 as in Section 1
(2.2.2)  [{Hp.(20?), Re N\y)| < 7p.

In particular, if we set ¥,(¥(X\;, g) equal to the expression (2.2.1) it
follows that the function

©® o) D™ (Ny, g)

(cf. 2.2.6) is an element of the spaces# (P;, K', r) (1.1).

The Fourier transform of F"/(g, ®,, 2) is readily obtained by means of
similar manipulations; the result is the expression below, denoted by
¥, (N, g), where we have dropped the subscript ¢ as much as possible:

—(N+D) (€ (2N H e (20))
M NH (@)

(22.3) ¥a(\g) = ] — g SO Ey )] (M () 2) 1w (2)-

The operations that one performs are certainly valid if one has
Re (¢ (z) + N\, Hu(20)) > 0

which follows from assuming (2.2.2) above.
In particular, it follows that

¥, = @D 7PNy, g) and ¥y = @ T, 71D
are elements of #°({ P}, K’, r) so that the functions ¥, — ¥," (2.3.9) are
defined.
There is another expression for ¥, — ¥," which we shall find useful.
Let ¢ be a function on G(F)\G(A) such that if G # P is not a maximal
parabolic then ¢¥ = 0. Given N as above, define

No@) =ol@ — 2 2 )1 — Bul(ve)).

P maximal P(F)\G(F)
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An argument similar to that used in 2.2.4 implies that each inner sum
converges uniformly on compact sets, and, for a given g is a finite sum
in fact. Applying the operator AY to E(g, ®, ¢(z)) one sees by a small
computation that

AVE(g, ,§() = 1" — ",
2.3. The next step is to compute
(AVE(g, ®,21), AVE(g, ¥, 25))

using the inner product formula 2.3.3.2. To do this one shifts the contour
of integration and computes residues. Since the method is carried out in
some detail in [13] p. 134 we give only the final result: In the following,
z = g 22 = q*.

(2.3.1) (AYE(g, ®,21), AVE(g, ¥, 22))
gN()\-HT) q— (N+1) A1)
g (®,¥) — 1= ® (M(\)®, M(u)¥)

N (F—N) (N+1) A=)

ii__q(—x:ﬂ (M@, ¥) = | o=p (&, MWY).

+

We observe in passing, the occurrence of (N 4+ 1) in the exponent.
Set \ = u = o + ir, and choose ® = ¥ so that (®, ) = 1 and
| (\)®|| = ||[M(\)||. Then (2.3.1) reduces to

2No —2(N+1)o
(Tl - T oo}

{ g—zwf g21(N+l)r }
+ — .
1 _q2t‘r <M()\)¢'y (I>> 1 __qZ\r (q)y M()\)®>

The second expression in braces may be expressed as

T2 TN, 9) = (T M), B)).

A moment’s reflection and the Cauchy-Schwartz inequality shows that
the modulus of this is at most

2 Al
_ q2tr| |(M()\)<I>, q’)l § 2 il 2!1‘ .

1
Since (2.3.1) is evidently non negative, one deduces that

2No —2(N+1)o
q q e MM
1 _ g—2n - 1 _ q—Zv”M(A)” + 2 |1 2lr| g O-
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Thus

2 4 ' 4q——2a } 1 _ q—?v
(23'2) ”M<)\)” é {ll _ q2i1| + /‘/ll . q211|2 + (1 _ 9—27)2 29—?(N+1)0

1 — —2¢ , » 1— 2ir
< q -g2<N+l) {2 +q l (I_hl}

= |1 _ g2i1| 1 — q
{ wive 1 —¢7" 1 }
_ 2o L TG en+he
2q ll _ q2"r| +gq
(In deriving this, one uses the inequality +/(x? + »?) < x + v for

x,y = 0.)

2.4. The expressions (2.3.1), (2.3.2) were derived assuming the con-
ditions (2.2.2). On the other hand, if we write

E(g, ®,3) = E(g, &, \) for z = ¢*,
we have

& AVE, (g, &, A n
KB 0,2) = 3 AL oy
where

n

a -
ANEn(gy Qy A0) = 55 ANE(gy q)) >\)|)\=)\0

if ANE(g, ®,\) isanalyticat N = \,. Hence

14EG, o0 = 3 AT ® 0l

Denote the expression (2.3.1) by w(\, @; ®, ¥); if we expand
(AYE(g, ®, \), AME(g, ®, \)) at A = )\, we find

3™
NI
From this we see that AYE(g, ®, \) can be analytically continued about
Mo whenever that for w(\, \; ®, ®) is analytic at (Ao, No). From the
expression (2.3.1) and the region in which M(\) has been extended in
Section 1, we see that (2.3.1), and hence AYE(g, ®, \), can be extended
as an analytic function over the same region. Consequently the formula

(2.3.1) will persist in the same region as well. Setting A\ = ¢ + ir,7 # 0
and using (2.3.2) we find

| AVEq(g, @, \o)||* = sw(d, @ @, @) 3.

limlsoup [M(e 4+ ir)]| = 1.

It follows from 2.4.8 that |E(g, ®, N\)| also remains uniformly bounded
as o | 0, for g € C a compact subset of &. The definition of ANE(g, &, \)
then implies that it also remains uniformly bounded.
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If we return to the expression (2.3.2) and multiply it by (1 — ¢=%)/¢?7,
we see that

lim M*(A)M\) =id = lim M(\)M(\)
BAH
since M*(\) = M(X) (2.3.7, and analytic continuation). In particular
M(ir), = # 0, is unitary, hence invertible. Arguing now as in [11], p. 139,
we define M(\), Re A < 0 by M(\) = M~1(—N\).

This is a meromorphic function, since det M(\) # 0 (Re A = 0), so
long as we keep away from the region depicted in 1.7, and its reflection
with respect to the unit circle (z = ¢* in that figure).

The results of 2.4.8 readily imply that E(g, ®, 2) can be continued
analytically to the same region, and that its behaviour is at least as good
as that of M (2).

We summarize our results in the following

ProrosITION. (i) The operator valued function M(z) can be analytically
continued to a meromorphic function over the complement of the region

[—¢* —q*1 Y g, ¢°]
and satisfies the functional equation
M@E)M(1) = id.

(ii) The function E(g, ®, z) can be analytically continued as a mero-
morphic function over the same region as in (i), and satisfies the functional
equation

E(g, M(z)®,2z7') = E(g, ®, 2).

The last assertion follows from 2.4.8, and the fact that M(z) satisfies
the functional equation M (z) M (z~!) = id.

3. Some applications of Stone’s formula.

3.1. The results of the preceding sections have enabled us to continue
M(2), and hence E(g, ®, z), over the complement of the set

D = [—¢*, —q*]1\J [g7, ¢*].
In this section we shall prove that M(z) can be analytically continued
over D\{+1}, and that on [—¢*, —1) U (1, ¢*] it has at worst a finite
number of simple poles. In the next it will be shown that M(z) is
analytic at z = +1. Since the behaviour of E(g, ®, ) is no worse than
that of M(z) (2.4), the same results hold true for it as well. The first
step is to prove that there is a finite number of points in [—¢?, —1) U

(1, g*] so that M (z2) is analytic for |z| > 1, except perhaps at these points.
Then we use Stone's formula from spectral theory to see that these points
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can be at worst simple poles for M(z). Finally we use Stone’s formula and

elementary analysis to see that M(z) is analytic at 2 = 41; it is defined
on (—1, —¢g—*] U [g~*, 1) by reflection.

3.2. LEMMA. There is a finite number of points 2y, ...,3, in

R = [—¢, —1) \J (1, g°] such that M(z) is analytic for |z| > 1, except
possibly at these points.

Proof. We need only investigate the behaviour of M(z) as z approaches
an element of the set mentioned in the statement of the lemma.

To begin, suppose z, € R, and suppose either

(i) there is a sequence 2, — 2, and a sequence { ®,}, ®, € %,[| &, = 1
such that {| M (z,) ®,|} is unbounded, or

(ii) there are sequences {z,}, {z,’} converging to 2z,, and an element
® € ¥, such that

lim M(z,)® # lim M(z,')®.

2n->20 2m’ 520

If (i) holds, set v, = ||M(z,)®,|| and choose a subsequence v, M (z,)®,
which converges to ®, in the (normed) space % . Then we can apply the
results of 2.4.6 to E(g, v,~'®,, z,) to deduce that it converges to a function
¢o say. Moreover, ¢o € £ (£) (cf. 2.4.5).

In case (ii) we consider

M(z,)® — M(2,)® — Py,
to get
E(g, ®,2,) — E(g, ®,2/) = ¢ € L (§).
In either case write &) = ($oV, ..., &), s = 1 or 2. Then
() ¢f(g) =0 if P ¢ (P
(b) ¢o”i(g) = Tsien@(g) if Py € { P}

which follows by a well trodden path.

From this we see that ¢y must be an element of £ ({ P}, K’, £) in fact.
In particular ¢9 € £ (z), where L (z) C L ({P}, K', £) is the space
consisting of functions ¢ such that

(@) yP(g) =0 if P ¢ {P}
(b) ¥Pi(g) = Ttiy ¥V (g), some ¥ € €, if P, € {P}.

Since ¢y — (T:i¢Fi) is injective, we see that ¥ (z) is finite dimen-
sional. Moreover if z is real, we find

(", ¥) = (®(2), ¥), any ¢ € Folp, K, £).

An easy approximation argument implies that if A is the operator in
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Section 1, then

(", AY) = (4™ ¥) = (2 +271)(8(), ¥) = (2 + 21 (", ¥)

if ®(z) € S (r) (cf. Section 1). Thus if z is an element of R in the state-
ment of the lemma, then £ (2) is an eigenspace for 4, and ¥ (z;) is
orthogonal to ¥ (z,) if z; # z,. One now argues (2.4.9) as in Langlands
p. 131 to deduce that the set of points in R for which #(z) # 0 is a
discrete set. If z does not belong to this set, then M (s) is bounded (on
C*\R*) in a neighbourhood of z, and lim,_,, M(s) exists.

Case (ii) above shows that M(z) thus defined is continous, whence
analytic by Riemann’s theorem on removable singularities.

We shall be done if we show that the set of z € R for which.Z (g) # 0
does not have 41 as limit point; but this is Lemma 2.4.9.

3.3. For the next stage of the argument we shall recall Stone’s formula,
as applied to the operator 4. It tells us that if E(x) is the resolution of
the identity for the (bounded) self-adjoint operator A, and that if
b > a, c positive, then
(331) %{(E(b)‘p/\, ‘l//\) + (E(b - 0)‘9/\’ ‘p/\)}

— H(E@e", ¥") + (B — 0)¢", ¥")

- lim - R, A)e", ¢™)aN

s10 27t J ca,e)

where C(a, b, ¢, 6) is the contour depicted below

a+ic < b+ ic
Y A

a+ 6 b4 is

a — 16 b— 18
Y 4

a —1ic > b — ic

For a proof of this fact, we refer the reader to [15], Theorem 5.10 (cf.
also Reed and Simon: Functional Analysis vol. I p. 237).

3.4. Now we return to the points z;, ..., 2, in Lemma 3.2. Choose
small closed discs of radius ¢ > 0 around z; and +1 which do not overlap
and let C; be the circle of radius e about z;, traversed in the anticlockwise
sense, and let C be the contour which consists of the unit circle traversed
in the anticlockwise sense, indented at 41 by those parts of the small
circles described above with centres 1 which lie in |z| = 1.

https://doi.org/10.4153/CJM-1982-009-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1982-009-2

148 L. E. MORRIS

In view of what we now know about M (2), we may replace the contour
in the inner product formula for (", ™) to get

@AD(MMM=J>£JM&W@5H%M®M&W@MZ

27t

+ 35 [ e ve) + o), vo:
i=1 4Tl ¢
3.5. LEMMA. The points 2., . . . , 2, are simple poles for M(z).

Proof. We shall first show that z; + 2,71, 72 = 1, ..., n, is an isolated
point in the spectrum of 4, and then that z, is a simple pole for R(A 4+ X1,
A). An argument like that of 1.6 then implies that z; must be a simple pole
for M(z).

First, choose @ < b so close that just one of the numbers z; + z,7! lies
in the interval [a, b]. If we substitute (3.4.1) into (3.3.1) using this a
and b, we can interchange the integrals and then use the calculus of
residues, provided e is suitably small, and c is suitably large (one requires
the image of C; under z — z + 27! to be wholly inside the interior of the
contour C(a, b, ¢, §)). The result is that (3.3.1) is equal to

(3.4.2) 51—1 f (MG, ¥ (@)

This is true for any such a’ and &'; if we let a’, b’ tend to a, b from below
we see that E(b) — E(a) must be equal to (3.4.2). It follows that z, +
z; ! must be an isolated point for the spectrum of 4.

On the other hand, if we compare the estimates for | M (z)| given by
(2.3.2) with the formula (1.6.1), we see that R(A + A\, 4) is of order
| IN2/|N%| — A?%|. Thus the points z; must be simple poles for R(A + X1, 4).
Applying (1.6.1) again, we see that they must also be simple poles for
M.

3.6. Remark. The above proof indicates the close relation between M (z)
and R(z 4+ z7!, 4), for |z| > 1. It shows that the points z;, which are
precisely the points for which ¥ (z) # 0in |z] > 1 (so.Z (z) is an eigen-
space for 4), are exactly the points for which M(z) is singular, with a
simple pole, in |z| > 1. If we had applied (2.3.2) directly, the exactness
part of this statement would have been lost, and we would know only
that they are at worst simple poles.

3.7. The next step is to examine the behaviour of M(z) as x — 1.
Since the treatment in each case is parallel, we shall consider only the
case z — +1.

In what follows, E(x) is as in 3.3; recall that the spectrum of the
operator 4 lies between — (¢* + ¢—*) and (g + ¢*).
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LemMMA. (1) If x ¢ {21 + 217% ..., 2, + 2,71, +2, —2}, then
(E@)e", ¥") — (E(x — 0)¢", ¥") =0,
and (E( - )™, ") is continuous at x.
(i) (E@)¢" ¢") — (E@2 — 0)¢", ")
L f .
= l(l{l;)l i J oo (M(2)®(2), ¥ (2) )dz
where C(e) is that part of |z — 1| = e which lies in |3| 2 1, traversed in the

anticlockwise sense.

Proof. In both cases we shall use Stone’s formula (3.3.1), and the
expression (3.4.1).

Proof of (i). Suppose first that x € R, and |x| > 2. Then it is clear that
(E(- )<pA, Y") is continuous at x, provided x is not one of the points listed
in the statement of the lemma. Indeed, one can compute directly using
Stone’s formula and (3.4.1): for y < x and sufficiently close, one has

(B(E() + E(x — 0)) — 3(E(y) + E(v — 0))™, ¢") =0

(““sufficiently close’’ means here that [y, x] does not meet the images of
the small circles C; under the mapping z — z 4+ 2~!). This follows as in
3.5. Letting y approach x, we find

(E(x) — E(x — 0)¢", ") = 0.

Since (E(x)¢", ¢") is always right continuous, the result follows.
Next, suppose that x| < 2 and «x real; let ¥ be as before. We must
compute

lim —= f R\, 4)¢", ¥)dN.
810 27t Y cze,8

If we regard (3.4.1) for a moment, we see that we can easily dispose of
the terms coming from fci by using previous arguments, so we limit our
attention to the limit, as 6 | 0, of

—1 1 1
610 7)., e @0

+ (M (2)2(2), ¥ (2) )dzd).

For a given § > 0, we can certainly interchange the integrals, and then
the first thing to do is to compute

1
“ﬁ——__—dkv
fc(u,x,c,s) A— (427

We first observe that we need only compute this integral for those z such
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thatz + 271 = w € [a,b] D [y, 2], say. Indeed, if we consider (3.7.1) with
fc replaced by f{z€C|w¢[a‘b]) we see by previous techniques that the con-
tribution is zero; of course we are supposing ¢ < y < x < b. Write
C(a, b) for the set of z mentioned above. In general,

f ——I——d)\, w=z+z"
Cwred N — W

_f“_g___ S S
Jyutt—w yp—is—w“
= tan" (3/(u — w)) |y — tan™ (=8/(n — w))|;,

—1 .
w =2+ 2 isreal,

= 2(¢.(w) — ¢, (w)),if ¢, (w) = tan! (§/x — w), etc. Asd | 0 we see that

(6z(w) — ¢y(w)) = 0if w ¢ [y, x]
¢ (w) — ¢y (w) > w/2if w = x or y.

From this we see that (3.7.1) is equal to

o [ert @, v@) + 36, Y6l

(integral over {z € Clw(z) ¢ [y, x]}). If we let ¥ T x we see as before that
E(x) = E(x — 0).

(ii) Finally, we must consider the point 1 + 1! = 2. Since the compu-
tations are similar to several made before, and we are tired, we shall be
brief. Lety < 2 < x,and |x — y| small. Our previous results imply that
Stone’s formula reduces to (E(x) — E(y)¢", ™) (by continuity). A
(what is by now) straight forward computation shows that

QQE@)—E@MN¢ﬂ

L
27l'i C(e)

(®(), ¥(E ) + (M) 2(=), ¥(2))
with
Ce) = fal |z — 1] = & N {z] [e] > 1},

and e | 0 as ¥ T 2. The result then follows by letting ¥ T 2, and observing
that

lim (E@x)e", ¥") = (E@)e, )

by right continuity.
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3.8. LEMMA.

(E@)¢", ¢ — (E@2 = 0)¢", ¥") = (M3(1), ¥(1))

- Lim | @)e), ¥1))z = 0.
27t c1o Y oo

Proof. We know that
(E@)¢" ¥") — (E@2 — 0)¢", ¥")

— lim -1 f (M) ® (), ¥ (5))dz,
C(€)

el 21ri

by Lemma 3.7. In view of the definition of E(2) — E(2 — 0), the right
side defines a positive definite Hermitian symmetric form on #(r). It is
however defined when ®(z), ¥(z) are defined and analytic only in a
neighbourhood of z = 1, and an approximation argument shows that it is
still positive definite on this new space of functions. In particular let
h(2) be scalar valued, analytic near z = 1; then

(3.8.1) lim f h(2)h(Z)(M(z)®(2), ®(2)) = 0.
€lo C(€)

We can take h(z) = (6 & (z — 1))1/2,so that h(2)h(2) is justé & (z — 1),
where 6 > 0. Since Stone’s formula implies

f (M(2)®(2), ®(2))dz = O(1) ase— 0,
C(e)
so for 6 = € we infer

1

211' C(e)

(2 — 1)(M(2)®(2), ®(2))dz = O(e).

Applying this to ¥, then ® + ¥, we see that

382) lim—— | = )(ME) ), ¥())dz = 0.

elo 27t J oo -
Applying the result just obtained to (®(z) — ®(1))/(z — 1), we arrive
at the first equality of the lemma.

To obtain the second, let ¢ = (E(2) — E(2 — 0))¢". Noting that
X&' * ((pA) = (xx'*¢)" where xx’ is the characteristic function for K’, and
* denotes convolution, we see that if ¢" is locally constant then so is
A", and E(x)¢", all x. Consequently (E(2) — E(2 — 0))¢" is continu-
ous. One can now show that ¢’ = 0. Namely the constant term ¢F =0
unless P € {P}, in which case it is given by

(38.3) (M2(1)),
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where P = P, € {P} (1 = 1 or 2). The expression (3.8.3) must be square
integrable on & (cf. 1.5.9). On the other hand, a short computation shows
that this is impossible because 6p,(g) is not L? on &, (cf. [13] p. 144).

4. Behaviour at z = +1.

4.1. Let C’ be the unit circle |z| = 1, taken in the clockwise direction.
Let T be a circle of radius 1 + ¢, centre the origin, with e such that none
of the points 2y, . . . , 2, lie in the closed disc bounded by TI'; we shall take T
in the anticlockwise direction.

LEMMA. For { inside the region bounded by T and C’, one has

M) = 5 fM()“'I ‘jL P

1 1
+2—1r1f M(z){z i (;_l}dz'

Proof. According to the theory of residues

1 M@z)dz | 1 M(2)dz
27t J o 2 — ¢ 27t Jr 2 — ¢

ME) =5

where C is just the contour of 3.4 taken clockwise.

Because of 3.8 however, we may replace C by C’. Moreover, {~! lies inside
the unit circle, so that

1 M(z) 1 M(z)
0—27rt o8 — ! z—{—()m s — %
Thus
_ 1 f 11 } f
M) = 27t J o M(z){z —¢ z—=" dz + r
The result follows since
L - L for |z = 1.

z2— ' 2 —23/¢
4.2.Setz = ¢ti® ¢ = ¢gotir v = ¢°. & = log ¢, w = 27 /a. Then, from
Lemma 4.1, one can write

1 = 1)M(¢"")de 1
@2.1) M) = wJo 1 —2cosalr — 0) + 7 + 27r1f M@E)(
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LEMMA. Suppose lim,_o M(qi") = M(1) exists. Then

lim M(¢""'") = M(1).
cl0
riO

Proof. Set

2
rr—1
1 — 2 cosa® +7°°

P.(8) =

This is a Poisson kernel, so that

—l-f P,(0)do = 1.
w 0

Thus

M) — M) = M(-)xP.(0) — M(1)+P.(0) -*-fF

= (M(-) = M(1)xP+(6) + fr,

using obvious notation. As { approaches 1, the integral over I' approaches
zero, and the result follows.

4.3. We pause to make two remarks. Suppose ¢'° is an eigenvalue of
multiplicity m for M(gi7); it is a known fact which follows from the
theory of algebraic functions that if |7 — 7’| is sufficiently small, there are
m eigenvalues (counted according to multiplicities) of M (g!"") close to
¢'®. For this we refer the reader to e.g. Reed and Simon, Functional
Analysis vol. IV Chapter XII.1.

Secondly, we know that || E(., ®, ¢')| is bounded for0 < r < T,if T
is given; this follows from the remarks made in 2.4. Now take N = 0,
and let o | 0 in the formula 2.3.1. The result is readily computed to be

4.3.1) (A°E(-, ®,¢7), AE(-,¥,¢"))

= (@ v) ~ L (Mg e, v

+ —l—g— {(M(g")®, ¥) — ¢ (M(g") @, ¥)}.

1 —
In particular, if we take B(¢i") to be equal to
ir
— ir ir 1 ir ity r— ir
=G M7@HM) + T (M) — ¢ M)
then we know that || B(¢'")|| is bounded for 7" = r > 0, T given.
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4.4. The next stage of the argument is to prove that lim, o M(¢'") =
M(1) described in Lemma 4.2 does actually exist. For this, we shall study
the behaviour of the eigenvalues of M (¢i") as 7 varies.

To this end, let ®; (j = 1, ..., n) be an orthonormal basis of eigen-
vectors corresponding to eigenvalues ¢i®i (7 = 1, ..., n) for the unitary
transformation M(¢i*). Let ® € %, [ ®| = 1; then & = Y «,;®; and
Y |a;l2 = 1. We can write

(M), &) = E ¢ oy

and, from the definition of B,

(441) (M'(@T)%, @) = 24“’{;21 |aj|2(q‘9-"

1 i0; ir ir ir
T @ = ¢") — (M(¢")B(g")®, <I>>)}
= i 2" 'a-lz{qiej -~ g sina(0; — 1)
= ! sin ar !

— (M(g")B(g")®, @)}
with @ = log g.
Write

M@") = M) + iaf: ¢"M'(¢")dy

and suppose |B(¢'")| < bfor0 < 7 < T. If |v/ — 7| is so small that
[M'(g'"") — M'(¢'")| = b

then (4.4.1) implies

(M@ )@, ®) = 2 la;|"g'
2

X {1 +2(¢" — 1)(1 - M@) + B(t)}

sin ar
where ¢t = 7/ — 7 and |8(¢)| £ 2b |¢!* — 1]|. This expression is equal to
> e’ 1 + 2(¢" — 1) (—sin aB; cot ar)
j=1

+ 2(¢" — 1)(A + cosa®;,) + B(1)}.

If we set

8:(¢) = 2(¢t* — 1)(1 + cosa®,) + B(¢)
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then

()] = (4 + 2b)lg'* — 1| = 2clg'* — 1], ¢ = 2+ .
Let

v;(t) = 2eD{|g'' — 1]|(=% sin aB; cot ar — ¢)

+ (clg** — 1|F 8(2))}

and

u;(t) = (1 F v;(t))g'%
where

qiz -1 = e‘u(t)lqiz _ 1|
and

8(t) = 1/2e~(95,(¢).

The upper or lower sign is taken according as sin a®; = 0 or sina®; < 0.
We note that for ¢ small and negative, the angle »(¢) lies in the third
quadrant, and »(¢) — 3r/2ast — 0.
If
[sin @Oy cot ar = ¢ + 1/2

then, in the expression for v;(t), we see that the first expression in paren-
theses is positive, while the second lies in the sector

(2] larg | < 7/4).
LEMMA. Suppose ¢t® is an eigenvalue of M(q'7) of multiplicity m, with
|sin a®| cotar = ¢ + 1/2. Ift = 7/ — 1 is negative and sufficiently small,
then the m eigenvalues of M (q'*) which are close to qi® all lie in
X (@) = {g°(1 F 2e™|gt" — 1|(=% sinaB cotar — ¢ + 3))|
|arg 2| < =/3}.
Proof. First, a careful look at the diagrams below shows that if x, y ¢

X (), thenax + (1 — a)y € X(¢), provided x,y € {z] || = 1}.
Suppose ¢i® is an eigenvalue of multiplicity m. Write ¢i®1 = gi®2 =

e = qiem = q‘e. If
m
q) = Ea]CD]
=1
satisfies

ICI)I2 = Z Iai|2 = 11

then

M@)o, ) = 2 o

The remarks before the lemma imply that »;(¢t) € X(¢), if ¢ is small
enough (we are assuming |M’(¢"") — M’(¢i")| < b);
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sin a® < 0

it

— outside unit circle
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since X (¢) is convex it follows that (M (¢i¢*+7)®, &) does also. If it were
not the case that X (¢) contained m eigenvalues then by counting the
dimensions of the eigenspaces involved, we see that we could choose &
to be the linear combination of eigenvectors of M(gi¢*+9) belonging to
eigenvalues which lie in the complement of X (¢), and the remarks at the
beginning of the proof would then imply that (M (¢!+t9)®, &) must also
lie in the complement of X (¢). This is a contradiction.

4.5. If |sin aO|cot ar = ¢ + 1/2, then Lemma 4.4 implies that if
¢'®’ is one of the m eigenvalues of M (gi™") close to ¢i® (an eigenvalue of
multiplicity 7 of M(g'7)), then

gtO'=® — 1 = F 2eM|gtt — 1|(|sin aB| cot ar — ¢ + 2)

with |arg 2| < /3. It also follows from contemplating the diagrams that
in case

|sin @O| cotar = ¢ + 1/2,

then F (06 — ©’) = 0 where the sign is taken according as sin ® > 0
or sin a® < 0. Of course z depends on 7/ — 7.

4.6. For the next lemma we must elaborate on the first remark made in
4.3. Let © be a region where M (2) is analytic and ¢ € Q; set

flw, ¢) = det (M(¢) — wl) withw € C.
Then
fw, ) = v + a(O)w = + ... + @, (5).

If z = ¢i7 is the point in 4.4-4.5 and we suppose, as we may, that z € Q,
then f(w, z) = 0. It follows as in the theory of algebraic functions that
the roots w({) of the polynomial f(w, {) are branches of analytic functions
with at worst algebraic singularities; the set of algebraic singularities
constitutes a discrete set. It follows that the number of eigenvalues of
M(¢) is a constant, except at this discrete set of ‘‘exceptional’” (or
“critical”’) points; it is not the case however that this constant is neces-
sarily equal to 7. It also follows by taking Puiseux expansions that the
branches of the analytic functions representing the roots have finite limits
at the critical points.

4.7. LEMMA. Suppose z = q'7 is not a critical point. Then in the notation
of 4.4,

|sin @8] £ (¢ + 1/2) tan ar.

Proof. Suppose |sin 8| > (¢ + 1/2) tan ar. Then each root w(¢) above
is differentiable at z. From 4.4 we have

gie=9 — 1 = F 2*|git — 1|(|sin a®| cot ar — ¢ + 2(t))
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where z(t) = x(t) + ty(t), x(t) = 0, and w(¢) = ¢® ) for { = ¢i7'.

That is
77197 (¢'®" — ¢'°) = F 2(¢'"" — ¢'"){[sinab| cot ar — ¢ + z(t)}
or
—i0 ir A_'ZU . .
At F 2{|sin a®| cotar — ¢ + z(¢)}.
Let A — 0, then
—~i0 ir dw . .
- = F 2{|sin O] cotar — ¢ + x + 1y}
dg | =i

where x + iy = lim;_,i- 2(¢) exists because dw/d{ exists at { = ¢i7. The
left hand side is simply

a0’

2 = F 24

’

=T

where
A = |sin a®| cotar — ¢ + x + iy.

Since everything else is real, we infer thaty = 0. On the other handx = 0
because each x(¢) = 0. The equation

ae’

dT 7/=7

=F24, A>0

now says that 0’ is a decreasing function if sin 6 > 0, and that it is an
increasing function if sin «® < 0. Referring to remarks in 4.5 concerning
F(6 — 0') =2 0 we see that this is a contradiction.

4.8. We now deal with the critical points. If z = ¢i7 is critical, then we
may choose a neighbourhood A about z so that z is the only critical point
in A. Let w({), as above, correspond to ©'(7’). As remarked in 4.6, the
function w(¢) has a finite limit as { — z. On the other hand, 4.7 says

|sin a®’| £ (¢ + 1/2) tan ar’
for all z % ¢ = ¢'*’ in A; hence by continuity
[sin @B] £ (¢ + 1/2) tan ar.

4.9. The preceding sequence of arguments has shown that if ¢® is an
eigenvalue of M(gi7) then

[sin @B = O (tan ar)
when 7 > 0. This is just what we want for the next lemma.

LEMMA. lim, o M(g'7) exists, and equals lim, o M~1(g'").
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Proof. Since

iry _ 2ir g -1, ir ina - .
<<M<q> g M(g")) ¢,¢>=—ZS‘“ ©;=1) 1

2ir sin ar

l—g¢
is bounded as 7 | 0, and referring to (4.4.1) we see that || M’(¢'")|| is as
well. Using anew the formula

J

we see that

M(") — 24" M7 (g")
1 — q2ir

M(g") = M(@") = e f M'(g")dr
we see that for 7 | 0, the limit of M(gi) exists. Differentiating the func-
tional equation for M (z) we find

M (z7!) = 22M-1(z) M (z2) M (z71)

hence M'(q'") is bounded for 7 < 0. Repeating the argument above, we
find that lim,;, M (g'7) exists. Since

|sin @8] = O (tan ar) each O,
we see that

1M(g") — M~ (¢'")| >0 as7—0
so that

lim, o M(g'") = lim;qo M(g7t7) = M(1),
and we are finished.

4.10. PROPOSITION. The points z = =1 are removable singularities for
M(z).

Proof. We know that
“’f‘ M@y = MQ) = lim M(¢").
ol0 70
750

On the other hand M (1) must be unitary, hence invertible, so from the
functional equation

MQ) lim M7Y(¢™"") = I
all

750

From this it follows from its definition for |z| < 1 that M (2) is uniformly
bounded in a neighbourhood of z = 1, and we are done. The argument
for 2z = —1 is the same.
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5. Rationality.

5.1. Let ¢(2) : C — V be a function with values in a finite dimensional
complex vector space. We shall say that ¢ is rational if there is a poly-
nomial p (z) such that p(2)¢(2) can be written in the form ao 4+ a1z + . . .
+ a,z" where a; € V. If V comes equipped with an inner product, then
it is equivalent to saying (¢(z), v) is a rational function of z for each
v € V. In particular if ¢ : C — Endc(W), W finite dimensional, then
¢(2) is rational if and only if all its matrix coefficients ¢;;(z) (with respect
to some basis of W) are rational functions of z.

Our preceding results tell us that M (z) can be analytically continued
to a meromorphic function on C* = C\{0}.

ProOPOSITION. The meromorphic function M(z) defined on C* can be
continued to a rational function on C.

Proof. From 2.3.8 we know that || M (z)|| is bounded by a rational func-
tion of z as |3| — 0. From the functional equation for M (z) this implies
that [|M~*(2)|| is bounded by a rational function of z as z — 0, hence
that M~1(z) has at worst a pole at z = 0 (more precisely: M~!(z) can be
extended to a function which has at worst a pole at z = 0). We can also
infer from this that det M—'(2) cannot vanish identically in a neighbour-
hood of z = 0 (because none of the matrix coefficients of M~1(z) do).
Hence

M(z) = Adj M—(z) /det M—(z)

can also be extended to a function which has at worst a pole at z = 0.
This means that M (z) is a meromorphic function on all of G, bounded by
a rational function as |z| — o, hence must be rational.

5.2. Combining the results of this chapter with 2.4.8 again, we have the
following theorem.

TueEOREM (i) The endomorphism valued function M(2), which is initially
defined and analytic for |z| > g, can be analytically continued to a rational
Sfunction in z which satisfies the functional equation

M@E)M(z™1) = 1.

It is analytic on the set [—q?, —1) \J (1, g*] except possibly for simple poles,
and it is analyticatz = +1.

(ii) The function E(g, ®, z), which is initially defined and analytic for
|z2| > g*, can be analytically continued to a rational function in z which
satisfies the functional equation

E(g, M(2)®,27') = E(g, ®,32).

1t is analytic on the set [—qr, —1) \U (1, q*] except possibly for simple poles,
and 1t is analyticat z = +1.
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4. The General Cuspidal Case.

In Chapter 3 we showed that the Eisenstein series defined in Chapter 2,
together with their constant terms, could be analytically continued over
all of Dy, (¢) in case P = NM was a maximal parabolic. In addition they
were shown to satisfy certain functional equations. We shall use these
results in this chapter to show that Eisenstein series of the most general
type defined in Chapter 2 enjoy similar properties; of course similar
results will be deduced for their constant terms. The results of this paper
will be used in the next paper to show that more general Eisenstein series,
not necessarily arising from cusp forms on M?, also enjoy the requisite
properties, and this will enable us to give a spectral decomposition for
£ (§).

The method used in this chapter is, modulo semantics, one due to
Langlands (cf. [13], p. 151-160, and also [12] for an example). Since
the details are sometimes the same, we shall be brief in places.

1. Some identifications.

1.1. Let P = NM be a parabolic corresponding to © € A (1.1). If a is
one of the simple roots in A\©, then there is a unique parabolic of rank
one less than P and containing P which corresponds to the maximal split
torus Mgco ker 8 M ker a; we shall denote it by P’, or if necessary, by P,.
In this case P M\ M’ is then a parabolic subgroup of the group M’, of
rank 1, which we denote by ¥P.

1.2. Suppose K is the maximal compact subgroup of G(A), chosen
long ago. If we consider the group G(A) X K then it is apparent that
the apparatus we have developed in earlier chapters can easily be adapted
to this group. Here G(F) X {1} is the discrete group, and for ‘‘parabolics’
we take subgroups of the form P(A) X K; all the relevant function
spaces can be defined much as before. This however will become more
evident as the discussion proceeds.

Let P’ be as above, then G(A) = P’(A)K. If ¢ is a function on G(A)
we can define a function ¢ on P'(A) X K by

(@' k) = o(pk™),

which of course defines a function ¢ on M’(A) X K; this function is right
invariant by the group

Ko ={(¥,k)| k € P"(A) N\ K,k = image of kin M’(A)}.

Conversely a function ¢ invariant under right translations by K, gives
rise to a function on N’'(A)\G(A). Now suppose that

d’ E %O(Py Klr wg‘a?)'

Then the function ¢ constructed above has the following properties.
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(i) ¢ is a measurable function on ¥N(A)¥P(F) X {I\M'(A) X K.
(ii) For each (z, 1)z € Z,, (A),

é((m, k) (2,1) = widp(z)¢(m, k).

We observe here that YM = M.
(iii) If By € NMiex BK'EB=Y N M'(A), ks € MNiex kK'k~! then

¢ (mk,, kky) = ¢(m, k) each (m, k) € M'(A) X K.

We observe here that Ncx #K’'E~! is a subgroup of finite index in K.
(iv) There is an analogous cusp form condition on M° X K

(V>f f |GG, k)85 (m") [§7*| (m")dm'dR < 0.
K Y YNAWP(F) 23, (A)\ M (A)

Conversely, such a function ¢ satisfying conditions (i)—(v) above gives
rise to a function ¢ € € (P, K, widp).

2. The case of a reflection.

2.1. Let P, O be as above, and P’ the parabolic subgroup corresponding
to ® U {a} = ¥ as before. In 1.1.8 we constructed an element s = w, =
weWe; the proof of Proposition 1.1.8 implies that s(8) > 0 but s(a) < 0.
Moreover in Proposition 1.3.3 we showed that if © was arbitrary then
any w € W(0, 0) could be written (not necessarily uniquely) in the form
SuSp_1 - - - 1 where each s; was a wy with respect to some ¥. Let us call
such s; reflections, by analogy with the usual case. We are going to show
in this section that if s is a reflection then E(g, ®;) is meromorphic on a
certain convex hull related to s and that on this same set

(2.1.1)  E(g, N(s,§) %) = E(g, ®r).

Moreover we shall show that the constant term E9(g, &) is given by the
expression in (2.3.1) on this set, and that if ¢ € W(6, ) is any element,
then

M(t,S()M(S,f) = M(t39 ()

The general case will be shown to follow easily from such reflections in
Section 3.

2.2. We begin with some remarks of a general nature, which will be
formalized in the sequel. Let P be a parabolic, P = NM,andletP C Q =
NoMg; then P M M, is a parabolic subgroup of the group M 4. Let us
write ¥P for this last parabolic subgroup so that ¥P = YN¥M. The group
X x(R) can be identified with the homomorphisms

X :Z(A)Zu(F)\Zu(A)— R/ *
Similarly the group Xy, (R) can be identified with the group of quasi-
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characters

X Zug(A)Zyy (F)\Zy, (A) — R*
The group X ,(R) = X, (R) can be identified in the same way as
X (R). By means of these identifications we get a projection

p: Xu(R) >>X,/(R).

Ifj: X' R) X X (R) is the natural injection mentioned in 1.2.3, then
p .j = id, and the complement of X,/(R) in X, (R) can be identified
with Xy, (R) in a natural way. We write { = ¥¢ + ¢’ to denote this
splitting. Note that

(X, 7*H () = (x, Hu(g))-

2.3. Now fix P, ©, P/, o, ¥ as in 2.1. We shall need a lemma which is a
simple variant of 2.2.2. To avoid unnecessary notation we shall write
e(x) for the expression exp ((log ¢)x). We also write YW (P, Q) for the set
of elements of M’(F) whichsend Mp = My,to Mq = My,;in particular
an element of YW (P, Q) fixes Z,(A) pointwise.

LeMMA. (i) Let ¢ : N'(A)P'(F)\G(A) — C be a function which satisfies
lo(m'k)| = ce((Hpu(m'), ¥\))
whenever m' € V&, k € K, where ¥& 1s a Siegel domain for M'(A) with
respectto YPy = Py M'. Then the series

o (vg)e((Har ((vg), N'))

YEP' (F)\G(F)

converges absolutely provided that Re N € Cp + 26 p.
(ii) Suppose that ¢ is as above except that
lp(m'k)| = cle({Hp(m"), ¥\ + ¥5p))
+ e({Huo(m'), s¥N + ¥84))}
Q € {P},s € ¥YW(P, Q). Then

Y. bd(ve)e({Ha (vg), N + 8pr))

P'(F)\G(F)

converges absolutely provided that Re \ belongs to the convex hull of

(S_I(CQ + 260) —_ 6}:) N S_I(CQ + 59) and
(CP + 61:) N (Cp + 261) — 5_160).

Proof. Of course we may suppose that the constant ¢ = 1 for the pur-
pose of argument, and that X is real.

(i) If m’ € ¥&, k € K then
lp(m'k)| < e((Hy(m'), ¥\))
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implies that if ¢ = yn'm’h with vy € M'(F), n’ € N'(A), m’ € ¥&, then
lo(2)| = e({Ha(g), ¥\))
because Hy (g) = Hpy(m'). Now

e((Hu(g),"\) = X ﬁwmwﬁn

YEP(F)\P'(F

so that
e((Hu(g), N +*N)) £ e((Hu(g), \')) » )E . e((Hu(vg), *\)).

\P’(

It follows that

> )l¢(vg)|6(<HM'(vg),>\'>)§ 2 )6((HM(5g),>\))

YEP' (F)\G(F SeP(F)\G(F

because

(Ha (vg), N') = (Ha(vg),N') and X = ¥\ 4 ).

Since the right hand side converges by 2.2.2, the result follows.
(ii) Our framework implies that the inequality in the lemma can be
written

lo(m'k)| = e({Ha(m"), YN + ¥8p)) + e((Hugo(m'), s¥X + ¥3q))

where Q is the parabolic subgroup of G such that Q M\ M’ corresponds to
the conjugate of P M M’ (see 1.1.8 for the terminology); thus ¥W (P, Q)
= {s}, ¥W(P) = {1}. Suppose first that

NEsH(Co 4 260) — 8p.

Write
SN =v 4+ 28, — S0p;

the first term on the right hand side of the inequality can be written
e(Hyo(m'), ¥v + 26y,)

and summing twice over successive cosets we find

e(Hu O, N +80)) 30 e((Hug(v0g), ™ + 2845))

SeP' (F\G(F) Q(F)\P'(F
= > e((Huo(vg) v + 200 + % 4+ 28,)), (N ="+ 8p)
Q(F)\G(F)

for the same reasons as in (i). The quasicharacter on the right hand side
is just » + 284, so the series converges by 2.2.2 again. As for the second
term on the right hand side of the inequality, if N € s71(Cq + 8¢) it
follows easily as in (i) that proceeding as above we obtain a series which
converges by 2.2.2. Thus if

NE (THCqo+ 28g) —8p) M sTH(Cq+8q) #0
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then the series in the statement of the lemma part (ii) will converge
absolutely. Similarly if

N € (Cp+8p) N ((Cp + 255) — 5716) # 0

the statement in the lemma holds true, and using convexity of the
exponential function the general case follows.

2.4. Let ® € € (P, K', wtsp); we may write this in the form

e(Hy(g), ¢ + 65 )@ (2)
with

¥(g) = e(Hp (g), — ¢ — 8p)2(9).
The function @’ is again a function on N’'(A)P’(F)\G(A) and it trans-
forms on Z,,/(A) via the character w. The Eisenstein series E(g, ®) can
be written

(24.1) E(@, @) = 2, )E(HMf(ﬁg),s“'-l-ép') 2 ¥ (yg).

P'(F)\G(F P(F)\P'(F)

The second sum on the right can be identified with an Eisenstein series
E(m', k), &) arising from

& : (VP(F)YN(A)\M'(A)) X K —»C

which transforms via the character w on Z,(A) X {1}. We are going
to apply 2.3 (ii) to the function E(g, ') on N’(A)P’'(F)\G(A) which
corresponds to E((m’, k), ®); we know that {¥P} consists of just two
elements ¥P, ¥Q, and YW (P, Q) consists of a unique element, namely s.
We also know that on the Siegel domain ¥&, any reasonable function
becomes equal to the appropriate constant term if one goes far enough
in the appropriate direction (1.5.9).

Let Yo = o 24, (M) and o' = w]ZM’<A) so that Yw is a character of
Zy,,(A) which prolongs «': there is a connected component of Dy, («’)
in which Yw lies. In view of what we know about the Eisenstein series in
one variable, we can choose a polynomial p(¥{) so that

p(¥)E(m', k), ) and
p(W)EV((m', k), &), p(¥)EVP((m', k), &)

are holomorphic on this connected component of Dy, (v') (in fact, on
each connected component of Dy, («)). Let U be a bounded subset of
this component, then 2.4.8 and the results of 3.5.2 together with the
above remarks imply that for ¥¢ € U, m' € ¥& and k € K, we have

(24.2) [p(PENE(m', k), ¥)| = cOa + elHu(m'), ¥ + ¥op)
+ e(Hao(m'), s¥s + ¥q)

where ¢ is some positive constant and x; is the characteristic function of
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a set of the form .S X K where S C ¥& is compact modulo Z, (A). We
can ignore x; in the application of 2.3 (ii) because of this last property;
applying the lemma we find that the expression (2.4.1) multiplied by
p(¥¢) converges absolutely provided ¢ lies in the convex hull alluded to
in 2.3 (ii). This implies that E(g, ®) is meromorphic on this set. In fact,
we can do better: if { belongs to the convex hull of 2.3 (ii) and if M (s, ¥¢)
is analytic at ¥{, then the expression on the right hand side of (2.4.1) will
converge absolutely. This is simply because we shall obtain the estimate
(2.4.2) without p(¥¢) in this case, by using the same arguments. It is a
straightforward matter to verify that for Re { € Cp + §p we have

NGs, )8 = efag( ), ¢ + 8 )N (s, %) B

for this we refer the reader to e.g. [11] Lemma 108. This provides us with
an analytic continuation of M(s, {). Moreover, on the convex hull of
2.3 (ii) we have the functional equation

E(g, N(s,§)®,°¢) = E(g, ®)

simply because this relation holds in the one variable case.
Finally, we note that by uniqueness of analytic continuation all our
functions are invariant by the lattice L z,,.

2.5. Let & € %o(P, K, wép), and let R be any element of {P}; if
Re ¢ € Cp + 6p, then EE(g, ®;) is equal to

)6<I7Mk(g),ws‘)M(w, Oe() = GW(;M V@, )25 (g)-

wEW (M ,M p w

By analytic continuation this relation persists on the convex hull of
2.3 (ii). Substitute the functional equation that we have into EE(g, ®;)
to obtain

Z N(w!sf)N(Syg‘)(Pf: Z N(wsyg-)q)('
) wEW (P, R)

wEW(Q, R

This means that N(w, s¢) N(s, {) = N(ws, ¢), and we have now proved
everything claimed in 2.1.

3. The general case.

3.1. Let w be any element of W(P, R), R € {P}. In1.3.3 we showed that
w = w, ...w; where each w; had the form given in the preceding sec-
tion. Suppose # = 1 for the moment. In 2.4 we observed that

N(w, §) @ = e{Huo( ), ¢ + 0p )N(w, ¥) ®f;

consequently, M (w, {) ‘“‘depends’’ only on a single variable, and extends
to a rational function. Moreover, we now know that on the convex hull

in 2.3 (ii), that forn > 1,
Mw, ;) = M(w,, ..., ws, wi§)M(wy, ).
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By induction, both expressions on the right are meromorphic functions
on L5, \X(C), so that the left side admits an analytic continuation.
To obtain the functional equation, proceed by induction again:

M{w,¢) = M(w, ... w, ) = M(@(w, . .. wy, wil) M(w, {)
from Section 2. Now

M(tw, . ..wy wil) = M, w, ... waw i) M(w, ... ws, wil),
by induction so that

M(tw, §) = M(t, w)M(w, . . . wy, wi$) M(wy, {)

= M@ wd) M(w, ),
by Section 2 again.

3.2. Let us agree to define a hyperplane to be the image in tL z,,\ X »(C)
of a hyperplane in X, (C); we shall now show that the singularities of
M(w, ¢) lie along a finite number of hyperplanes. If w = w, ..., as
above and » = 1, this is certainly true. In general,

Mw, ) = M(w, ... wy, wi{)M(wy, )
and we conclude by induction.

3.3. Suppose that f : 1Lz, \X(C) — V is a function with values in a
finite dimensional complex inner product space, whose singularity set is
contained in a finite set of hyperplanes. Let us say that f is raitonal if we
can find coordinates sy, . . ., s, for X, (C) such that

(Sly ceey Sn) - (qsly LR »Qs")

is a isomorphism of Lz, \X,(C) onto (C*)", and a polynomial
p(z1, ..., 2,) where z; = g% such that for each v, w € W, the map

1y ..oy 20) =P,y 20) (f21, ..., 20)0, W)

is a polynomial. It is evident that if f is rational for one basis of X, (C),
it is rational for any other.
Write
M, ) = M@', wi§) M (wy, §)

where w = w'w, as above. Let us indicate how to choose coordinates so
that M (w, ¢) is rational. Suppose w = w,w;, where the w, are reflections.
Suppose that w; corresponds to the root &, and w, to the root 8, and write

M@w, ) = M(ws, wit) M(wy, §).

We know that w;{ = ¢’ 4+ w;¥¢ (using the notation of Section 2).
From 3.1 we see that we can pick a variable s; so that ¥¢ corresponds to
s1 and w;s; = —s;. From this we see that M (w., w:{) is a rational func-
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tion for a suitable choice of coordinates, and that M(w;, {) is a rational
function for another choice of coordinates. The remark above concerning
preservation of rationality under change of basis then implies M (w, {) is
also a rational function. In general, if w = w, . . . w;, we write

M(w,§) = MWy, Woo1 ... Wowr§) M (Wy_, Wes . . . Wi{)

v M(wly g‘)
and argue as above to show that M (w, {) is rational.

3.4. Finally, we argue as Harder does in [10] Theorem 1.6.6 (see 2.4.8)
to see that the analytic behaviour of E(g, ®;) is no worse than that of
M(w, ¢), that E(g, ®¢) can be analytically continued to a rational func-
tion on each component of D, (£), and that it satisfies the requisite
functional equations.
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