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Evolution of forced magnetohydrodynamic waves
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The evolution of a buoyancy disturbance in a stratified incompressible fluid permeated by a
uniform vertical magnetic field is investigated. Two regimes are considered in the absence
of background rotation — that of strong stratification, where the internal gravity wave
frequency wy is much higher in magnitude than the magnetic (Alfvén) wave frequency
wy, and that of strong magnetic field, where wy; is dominant. For small but finite
magnetic diffusion, perturbations that initially lie in the strong-field regime are shown
to cross over to the regime of strong stratification, so that small-scale motions may exist
as damped internal gravity waves at large times. The induced magnetic field propagates
as damped Alfvén waves for a much longer time than the velocity before undergoing
the above transition. With strong rotation, the unstably stratified system that satisfies
the inequality |wc| > |wp| > |wal > |wy|, where wc is the inertial wave frequency and
w, is the diffusion frequency, is of relevance to convection-driven dynamos. Here, a
parameter space with |wy/wc| ~ 0.1 is found wherein the flow intensity of the slow
magnetic-Archimedean-Coriolis (MAC) waves is of the same order of magnitude as that
of the fast MAC waves. Slow wave motions at horizontal length scales much smaller than
the width of the fluid layer can therefore generate substantial helicity in rapidly rotating
dynamos. The excitation of slow MAC waves at scales of ~10 km in the Earth’s core may
play a crucial role in the generation of the axial dipole field.
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1. Introduction

The long-time decay of magnetohydrodynamic (MHD) turbulence at low magnetic
Reynolds number is characterized by the damping of Alfvén waves followed by diffusion
along the magnetic field lines (Moffatt 1967; Sommeria & Moreau 1982). With strong
background rotation, the decay of isolated disturbances consists of the damping of fast
magneto-Coriolis waves for long times followed by diffusion (Lehnert 1955; Sreenivasan
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& Narasimhan 2017). In a density-stratified fluid layer subject to a magnetic field, the
existence of hybrid MHD waves whose frequency differs considerably from that of internal
gravity waves is known (Hague & Erdélyi 2016). The magnetic damping of these waves,
an essential process in the decay of stratified MHD turbulence, has not received much
attention. Stably stratified layers permeated by magnetic fields are thought to exist at the
base of the solar convection zone (Barnes, MacGregor & Charbonneau 1998), the top
of the Earth’s outer core (Braginsky 2006; Buffett & Seagle 2010; Olson, Landeau &
Reynolds 2018) and in other planetary cores (Christensen & Wicht 2008). In unstable
stratification that drives convection in planetary cores, the evolution of isolated buoyancy
perturbations would be accompanied by their exponential increase as well as by magnetic
diffusion. However, in convection not far from linear onset and at times much shorter than
the time scale for exponential growth, the dynamics of MHD waves would be similar to
that in stable stratification.

Since the magnetic field within the Earth’s core may be much larger than the
observed radial field at the core—mantle boundary (Gillet et al. 2010), convection and
the dynamo process itself would be significantly affected by the self-generated magnetic
field. Sreenivasan & Jones (2011) hypothesized that a substantial magnetic field in the
initial condition generates the necessary kinetic helicity to maintain itself against magnetic
diffusion. Their analysis considered linear magnetoconvection in a spherical shell in the
limit of £ — 0, where E = v/262L?* is the Ekman number that measures the ratio of
viscous to Coriolis forces. (Here, v is the kinematic viscosity, £2 is the angular velocity
of rotation and L is the width of the fluid layer.) The above limit is well approximated
by a moderately driven, low-E dynamo that represents the thermally convecting regime
of early Earth. The growth of the dynamo field from a small seed value is accompanied
by a substantial growth of convection in the neighbourhood of the energy injection scale
(Sreenivasan & Kar 2018), a process that is absent in a kinematic dynamo which has the
Lorentz force set to zero. An axial dipole field emerges from a chaotic multipolar state
as the field-induced convection is fully developed. A kinematic dynamo with the same
parameters and initial conditions fails to produce the dipole, which implies that the axial
dipole field is not a mere consequence of having columnar convection with equatorially
antisymmetric z velocity. The generation and North—South segregation of kinetic helicity
through internally driven fast inertial waves (Ranjan et al. 2018), triggered by isolated
buoyant blobs released from the Earth’s inner core boundary (e.g. Shimizu & Loper 2000),
is well explored. That said, a better understanding is needed of the generation of helicity
via the slow magnetic-Archimedean-Coriolis (MAC) waves which coexist with the fast
waves in a strong-field dynamo. Early studies on small-scale turbulence in the Earth’s
core (Braginsky & Meytlis 1990; St. Pierre 1996) postulated the formation of plate-like
flow structures arising from the combined influence of Earth’s rotation and diffusion
along the magnetic field lines. However, these studies did not consider the dynamics of
MAC waves as they used the quasi-static approximation, where the rate of change of the
induced magnetic field b was neglected. The analysis of fast and slow magneto-Coriolis
(MC) waves originating from a flow disturbance in a freely decaying system (Sreenivasan
& Narasimhan 2017) showed that both waves coexist with equal intensity for Lehnert
number Le ~ 0.1, which measures the initial ratio of the Alfvén wave to inertial wave
frequencies, (wyr/wc)o. (The subscript ‘0’ refers to the initial state of the disturbance.)
For magnetic fields of intensity of ~10 mT (Hori, Jones & Teed 2015), this regime would
be supported by flow length scales less than 10 km in the core. The present study builds
on earlier work by Sreenivasan & Narasimhan (2017) and examines a forced damped
system in which both fast and slow MAC waves originate from an isolated buoyancy
disturbance.
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For geophysical parameters, the Alfvén wave velocity is generally small compared
with §2L, so the inequality |wc| > |wys] is appropriate (Busse et al. 2007). On the scale
of isolated buoyant blobs representing the energy-containing scales in the geodynamo,
however, the local value of |wy;/wc| would not be far less than unity (Sreenivasan &
Narasimhan 2017). With moderate buoyancy, the inequality |wc| > |wpy| > |wal, where
w4 is the internal gravity wave frequency, likely represents a parameter space where strong
fields exist. Here, fast inertial waves weakly modified by the magnetic field and buoyancy
(fast MAC waves) and slow MC waves modified by buoyancy (slow MAC waves) are
generated (Braginsky 1967; Acheson & Hide 1973; Soward 1979; Busse et al. 2007). Since
wf‘ < 0 in unstable density stratification, the slow MAC wave frequency would be lower
than the MC wave frequency, and when |w4| > |wy|, the slow MAC wave frequency
becomes purely imaginary. If the non-axisymmetric slow MAC waves should have a
significant role in dynamo field generation in the Earth (see Braginsky 1967), then the
helicity of columnar convection produced via the slow waves should be at least equal to
that produced by the fast waves. Motivated by this idea and recent dynamo simulations
that relate the generation of field-induced helicity and dipole formation (Sreenivasan &
Kar 2018), we examine the evolution of fast and slow MAC waves in a forced damped
system of finite magnetic diffusivity 1. The unstably stratified regime given by |wc| >
lwpr| > |wal > |wy| is of relevance to a convection-driven dynamo operating not far from
onset. The local Elsasser number in this regime, A ~ (a)lzw /(wcwy))o, can be much greater
than unity. Numerical dynamo simulations at £ ~ 107> indicate that the peak value of A
can be at least O(10) while its volume-averaged value is O(1) (Sreenivasan & Gopinath
2017).

Noting that the molecular values of the viscous and thermal diffusivities (v and «) in
the core are much smaller than 1 (e.g. Anufriev, Jones & Soward 2005), weuse v =k =0
in the analysis for simplicity. However, as wj, is the lowest frequency at the scale of energy
injection and even the turbulent values of v and « would not be much greater than 7,
we anticipate that the simplified analysis would apply to MAC waves generated in the
energy-containing scales of the geodynamo.

In §2, we consider the long-time evolution of MHD waves initiated by a buoyancy
perturbation in a non-rotating, stably stratified fluid subject to a uniform axial magnetic
field. Two limits are considered, that of strong stratification, where the internal gravity
wave frequency is much higher than the Alfvén wave frequency, and that of strong
magnetic field, where the Alfvén wave frequency is dominant. With finite magnetic
diffusion, the regime of strong magnetic field is characterized by a Lundquist number,
S~ (wp/wp)o > 1. As wy/w, decreases progressively with time, a regime of strong
stratification ensues, so that small-scale motions evolve as damped internal gravity
waves at large times. The strong-field case is a useful first step in the analysis of
the more involved problem with added background rotation, presented in § 3. Here,
the long-time evolution of disturbances under rapid rotation is studied by solving for
the approximate roots of the characteristic equation. Further, the unstably stratified
system operating in the regime |wc| > |wy| > |wa| > |wy| is analysed for times much
shorter than the time scale for exponential increase of the perturbations. The results
suggest that the slow MAC waves would be at least as effective as the fast waves
in generating helicity for |wpy/wc| ~ 0.1 and a flow length scale ~ 10 km in the
Earth’s core. The slow waves may therefore have an important role in the generation
of the Earth’s axial dipole field. The main results of this paper are discussed in § 4.
The important symbols used in this paper and their descriptions are summarized in
Appendix A.
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Figure 1. A density perturbation p’ sits in a stably stratified fluid layer permeated by a poloidal magnetic
field. In the present model, B is the uniform mean magnetic field acting in the z direction.

2. Forced MHD waves in a stratified fluid

A localized density disturbance p’ that occurs in a stably stratified fluid layer threaded by a
uniform axial magnetic field is considered. Since p’ is related to a temperature perturbation
0 by p’ = —pab, where p is the ambient density and « is the coefficient of thermal
expansion, an initial temperature perturbation is chosen in the form

6o = A exp[—2(s> + 2%)/8°], (2.1)

where A is a constant and § is the length scale of the perturbation. In cylindrical polar
coordinates (s, ¢, z), this perturbation is symmetric about its own axis (independent of
¢). Figure 1 shows this initial perturbation which subsequently evolves under gravity g =
—ge; and a uniform ambient magnetic field B = Be,. The initial temperature perturbation
(2.1) gives rise to a velocity field », which in turn interacts with the mean field B to
generate the induced magnetic field b. The initial velocity uo is zero, and since the
magnetic field perturbation takes finite time to develop by induction, the initial induced
field bg is also zero. In the Boussinesq approximation, the following linearized MHD
equations describe the evolution of u, b and 9:

du 1, 1 5
— =——Vp"4+ —(B-V)b—gabd +vV-u, 2.2)
ot P mp
ab 5
rrie (B-V)u+nV-b, (2.3)
36 n
o= —Be, - u+kV30, (2.4)
V.u=V-b=0, (2.5)

where v is the kinematic viscosity, « is the thermal diffusivity, n is the magnetic
diffusivity, i is the magnetic permeability, p* = p + b>/2u and B = 3T /dz is the mean
axial temperature gradient. While the induction equation (2.3) is written in the limit of
magnetic Reynolds number Rm < 1, it gives a close approximation for the field generation
at length scales of Rm ~ 1 (Moffatt & Loper 1994).
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2.1. Solutions of the initial value problem

As the initial temperature perturbation (2.1) gives rise to a purely poloidal flow, the
instantaneous state of the flow is uniquely defined by (Davidson, Sreenivasan & Aspden
2007)

u=V x[(/s)eyl, (2.6)
%y 19y
2 —
Vil = 02 ' os (s 8s> = 5% @7

where V is the Stokes streamfunction of the velocity and ¢ is the vorticity. In a similar
way, the induced magnetic field is expressed as

b=V x [(£/s)ep], (2.8)
ViE = —sujs, (2.9)

where & is the Stokes streamfunction of the induced magnetic field and j is the electric
current density.

Taking the ¢ components of the curl of (2.2) and (2.3) and using (2.7), an equation for
the evolution of v follows:

Do) (2 , 7 Do) g
[(8t vV*>(8t nV*) V 82:|(*1p) ( nV)g(xsas (2.10)

where Vy; = B/./1up is the magnetic (Alfvén) wave velocity. A similar approach gives the
equation for the evolution of &,

3 5\ (9 5 L 326
[(a_z - vV*) (5 - nv*> - VMa—Z2 (Vié) = Bgozsﬁ (2.11)
The Hankel-Fourier transforms
R 1 o0 o0 "
Hi (5,9) = Tk k) = 5 5 / f S Oh s ek dsdz (212)
0 0
“ 1 o0 o0 .
Ho{0(s, 2)} = O(ks, k) = ﬁ/ / 6(s, 2)Jo(kgs) e K5 ds dz, (2.13)
0 0

where Jo and J; are the zeroth- and first-order Bessel functions of the first kind, are applied
to (2.10),

a ) 0 ) 29 ks 96
[(8_I+Vk ) (8_t+nk ) + Vik; v _gozk2 5 +gou7k0 (2.14)
where k? = k? + kz2 and the following identities are used:

Hi{f'(s)} = —ksHolf(s)},  Hi{s 'V2[sf(s)]} = —kK*H1{f(s)}. (2.15a,b)

Since the zeroth-order Hankel transform of u, is given by

i=s ] [ (s as)JO(k e sdsde 2.16)
oY ;
2312/0 [/0 (as>Jo(ks)ds]e 2 de, (2.17)
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integration by parts using the identity Jo(s) = —Ji(s) gives

i, = —keZ 4 dz = k¥, (2.18)
2112
from (2.12). Consequently, the transform of (2.4),
30 . .
=, = Pk - Kk?0, (2.19)

is used in (2.14) to obtain the equation for the evolution of g@

2
(5400 (5 02) + Vi + 05| (5 +-0k2) = —gan = 0.
(2.20)

Seeking plane wave solution of the form g@ ~ e for (2.20), we obtain the relation

(A + @) (A + @) (A + @) + 0 (A + ) + @3 (4 + @) =0, (2.21)
which consists of the fundamental frequencies wy = Vyk, (Alfvén wave), wq =
v/8uPBks/k (internal gravity wave), w, = nk* (magnetic diffusion), w, = vk (viscous
diffusion) and w, = «k* (thermal diffusion). The subscripts M and A above represent

waves of magnetic and Archimedean origin.
Equation (2.21) is of the form

B+l +a1+a)=0, (2.22)
where
ay = —i(wy + o + wy),
a1 = —(0F + 0o + oy + Wy + W3, (2.23)

ap = i(a)fxa),7 + a),(a)]zw + wywewy).
To solve (2.22), we use the cubic formula (Dickson 1898; Dunham 1990). The solutions of
(2.21) are then given by

Ao = iﬁ (22/3Q + 2\/_})) + i (4(w,7 +we +wy) — 2230+ 2\’gP> ’

12 12
(2.24a)
i 232P
A3 = 6 (22/3Q — 7 + 2(wy + o + wv)) ) (2.24D)
where
P =3(w} + 0}y + 0y0c + (0 + 0)0y) — (0 + 0 + ), (2.25)

0= VaP + R + R, (2.26)

R = 90)3‘(20),7 — W — Wy) — 9a)1%,1(w,7 — 2w, + wy)
+ (wy + o — 20,) Ly — W — wy) (W — 2w, + wy). 2.27)

The solutions (2.24a)—(2.24b) for the frequency may also be obtained by taking the
transform of (2.11) for &.
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The general solutions for the transforms Y and € are then given by
3 .
[V, €1 =) [Am, Bule™". (2.28)
m=1

The coefficients A, and B,, are evaluated from the initial conditions for 1/; and é and their
time derivatives.

For a given time, the streamfunctions of the velocity (and induced magnetic field) may
be recovered from (2.28) by the inverse Hankel-Fourier transform

00 poo .
f(s,2) = 4ms / / F ks, k) Jy (kss) €%k iy dk,. (2.29)
0 0

2.1.1. Evaluation of spectral coefficients
From (2.28), the initial conditions for v and its time derivatives are given by

3 gn &
") Ay = ( o ) =y, n=0,12. (2.30)
m=1 0

where the subscript ‘0’ refers to the initial state. While the Hankel—Fourier transform of
initial condition (2.1) gives 6y (Abramowitz & Stegun 1972), the conditions of zero initial
velocity and induced magnetic field are necessary to evaluate the initial time derivatives
of . Algebraic simplifications using the curl of (2.2) with (2.7) give the right-hand sides
of (2.30) as follows:

a; =0, (2.31)
ko k.83 e—k28%/8
a =00y = 822 8 : (2.32)
k? 16+/273/2k2
292
N gaks(v + k)83 e k0°/8
a3y = —gaks(v + k)0 = — (2.33)
st 16273/
Equations (2.31)-(2.33) give the coefficients of the velocity transform,
a3 —iax(Ay + A3) a3 —iar (A1 + A3) az —iap(A; + )
1=— , Ary=-— » Az=— :
(4 — A2) (A1 — A3) (A2 — A3) (A2 — A1) (A3 — A1) (A3 — A2)
(2.34a—c)
From (2.28), the initial conditions for £ and its time derivatives are given by
3 a”é
i" > " Bl = (W ) =bpr1, n=0,1,2. (2.35)
m=1 0

The right-hand sides of (2.35) are obtained as follows:
by =by =0, (2.36)

Bl k.83 e—+8%/8
by = (89P0 € (2.37)

16+/273/242
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The coefficients of the magnetic field transform are then given by

B by —iby (12 +13) by — ibr (A1 +A3) by —ibr(A1+1A2)
1= - ) 2= ) 3= .
(A1 — A2)(A1 —13) (A2 — 3) (42— 41) (A3 — A1) (A3 —12)
.38a—c)

In the sections below, we present approximate analytical solutions in the limit of zero
viscous and thermal diffusion that describe the long-time evolution of magnetically
damped waves initiated by a density perturbation in a stably stratified fluid. Two limits
are analysed, that of strong stratification and that of strong magnetic field. The theory is
then compared with computations of the general solution using v, k < .

2.2. The case of strong stratification

In the limit of zero viscous and thermal diffusion (v = k = 0), the orders of magnitude
of the fundamental frequencies for this case are given by ws > wy > w,. Since the
diffusion of disturbances along the magnetic field lines does not result in a reduction in
w4, a diffusion-dominated regime where w;, >> w4 is not anticipated.

When terms up to second order in (wp/wa) are considered, the frequencies
(2.24a)—(2.24b) are approximated by (Appendix B)

2 2

Ao ~ (1 n “’Mz) 220 Ry iy, (2.39a)
2w 2w,
2
A5 ~ o, (1 - “’%) = ilp. (2.395)
WA
The spectral coefficients in (2.34a—c) then take the approximate form

2 2

A~ Agm i Ay 2 (M) (2.40a-c)
2a)A 2a)A Za)A a)i

where a is given by (2.32). The transform of the velocity streamfunction is then,
1& %A]C_ith_I“t +A26iR1t—111t’ (241)

since A3 — 0. Further simplification using (2.40a—c) yields
b~ i 22 (eI giRiny oIt 92 o= Iut in (Ry 1. (2.42)
2wa WA
A similar approach gives the spectral coefficients in (2.38a—c) in the approximate form
b b b
B %—32<—1+iﬂ), 328—32<—1—iﬂ), By~ 22, (243a0)
2wy WA 2wy o
where b3 is given by (2.37). The transform of the induced field streamfunction is then,
é ~ B] e—ith—Illt +BZ eith—Illt +B3 e—Ilzl. (244)
Further simplification using (2.43a—c) yields
b3
2

S
~
~

[— cos (Ry7) " 4+ Z—Z sin Ry e ¢! lzf] . (2.45)

922 A32-8


https://doi.org/10.1017/jfm.2021.565

https://doi.org/10.1017/jfm.2021.565 Published online by Cambridge University Press

Evolution of forced MHD waves in a stratified fluid
2.2.1. Long-time evolution of kinetic energy
Since |it|> = k*|V/|?, (2.42) gives
A2 |612|2k2

lul” ~
2
Wy

e 2t gin? (Ry1). (2.46)

Using (2.31) and the expressions for the frequencies wa, wy and w; in (2.42), we obtain
k282 ga8® V2 nkii? k
2 A M 2 Jo—als
|I/l| ~ exXp (—T) (5127[3ﬂ) exXp Wt sin ( gaﬁ;t) (247)

The initial temperature perturbation (2.1) releases energy into the poloidal flow on the time
scale

1 ko

~ VeaB ko'
where ko = \/6/ 4 is the initial wavenumber of the disturbance (Appendix C) and kyp =
ko/~/2. This flow subsequently undergoes magnetic damping on the time scale

(2.48)

o
1= ‘5;—’34, (2.49)
VMnkO

as ko = ky. Since the kinetic energy is given by Parseval’s theorem as (Sreenivasan &
Narasimhan 2017)

o o
E; = 167" / / |0tk dky dk, (2.50)
0 0

for t 2 t1, the kinetic energy is expanded as

A [ [P gast k*8? _ Vink? k
Ey ~ 167 exp| —— Jexp| ——————1 |ky dkydk,.  (2.51)
o Jo 512138 4 ga ,3/(2

Using the substitutions k, = kcos ¢ and k; = ksin ¥ (Sreenivasan & Narasimhan 2017),

56 k282 V2 nk* cot? 9
T8 / / 2 exp exp _ MY N Ging dw dk. (2.52)
328 4 gap

Letting x = cot? 9, (2.52) may be rewritten as

56 k252 V2 i
G / / k* exp <_ )exp — M Z ) w21 ) dedk.
648 gap
(2.53)

Using the relation (13.2.5 in Abramowitz & Stegun 1972)
(.¢]
r@u(a,b,z) = / e (14 )P dr, (2.54)
0

where I is the gamma function, U is the confluent hypergeometric function, a = 1/2,
b= 0and z = Vink*t/gap, (2.53) simplifies to

86 [ k252 1 1 V? k4
E ~ 184 Rexp(——\r(=)v/(= 0 M) q. (2.55)
648 Jo 4 2 2 gaﬂ
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Since the asymptotic value of U as z — oo is given by (13.1.8 in Abramowitz & Stegun
1972)

Ula,b,2) ~ 271+ 0(lz2 ™ H], (2.56)
for t > 11, (2.55) further reduces to
—1/2
. 732086 [ ( k252) ; / » o5
N expl—— ) | /— ) :
“eas Sy TP )k
Finally, integration over the wavenumber k yields
3n2gas® [1\ V2
Ec~ 2182 (1) (2.58)
328 1

by using the relation ko8 = +/6 for the initial perturbation (2.1). Thus, for ¢ >> #, the
kinetic energy decays as (/1) ~1/2.

2.2.2. Long-time evolution of magnetic energy
Since |b|? = k?|£|?, (2.44) gives
N b2
|b|2 ~ k24 |:62112f — e~ U+t oo (R11) + e~ 2nt ;g2 (Ry1)
@y
1)
+2e P L sin (R1) — _Zl“t 1 cos (R11) sin (R11)
WA wa
2

+e —2mt & 7 sin (th)} (2.59)
6‘)A

Noting that the inequality R '« 112_1 < I1 71 is satisfied by the time scales, the

long-time evolution of |I;|2 is determined by the term that decays slowest,

. bs)?
b2 ~ 2123 34| e 2, (2.60)
WA

Since the magnetic energy is given by Parseval’s theorem as

16
X / / 1Bk, d dk., 2.61)

using (2.37) and the expressions for the frequencies wy, wy and w; in (2.60), we obtain
the magnetic energy for times ¢ 2> 11,

sove, k22 k282 V2 nk*k>
By~ 2 f / exp [ =M1 5 Nk dky dk,. (2.62)
3282 4 ga k2

Using the substitutions k; = kcos ¥ and k; = ksin 9,

nsévVZ, oo (/2 K282 VZnk* cot® ¥
E,~ —M / f kKtexp | — _ Il t) cot? 9 sin® do dk. (2.63)

32B2 4 gap
922 A32-10
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The integral in (2.63), of the form

o0
Iy = / k* exp(—ak® — bk*) dk, (2.64)
0

where a = 82/2 and b = (V]%,n cot® ¥ /gap)t, has the following solution (see 3.469,
Gradshteyn & Ryzhik 2007):

2/8p 2 :

where K, (x) is the modified Bessel function of the second kind. In the limit b — oo (¢ >
t1), 14 is approximated by (Sreenivasan & Narasimhan 2017)

_L(1/4p™3/4

Iy + 0. (2.66)
16
Therefore, (2.63) simplifies to
361/678V2 1\
£~ 20VOTVi (LY (T (2.67)
51282 4)\ 1y

where the integral I is related to the beta function by (3.621, Gradshteyn & Ryzhik 2007)

/2 1
Iy = / (cot? 9) /4 cot? 9 sin ¥ d = SBG/4,1/4), (2.68)

0
~ 1.854. (2.69)
—5/4

Thus, for ¢ > 1, the magnetic energy decays as (¢/t1)

2.3. The case of strong magnetic field

In the limit of zero viscous and thermal diffusion (v = « = 0), the orders of magnitude
of the fundamental frequencies for this case are given by wy > wa > w,. When terms
up to second order in (wa/wy) are considered, the frequencies (2.24a)—(2.24b) are
approximated by

2 2
Ao ~ toy (1 + 2 2) i (1 - “iz) — 4Ry + by, (2.70a)
2w 2 wpm
2
A~ i i, (2.70b)
wpm

The spectral coefficients in (2.34a—c) then take the approximate form

A (L2 ) e (L a2 (),
2w wpm 2wy wpm 20 \ om
(2.71a—c)
where a3 is given by (2.32). The transform of the velocity streamfunction is then,

1& A A e(miR2 =)t + A, eliR2—hn)1 + A3 eIl (2.72)
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Further simplification using (2.71a—c) yields

‘Z’ ~ 2 |:<_ﬁ> e 211 cos(Rat) + e 21 sin(Rar) + <&) elzzt:| . (2.73)
wpm

wpm wpm
A similar approach gives the spectral coefficients in (2.38a—c) in the approximate form

B~ (g B~ (L B~ 2 0440
~N— (-1 —i— ), ~N— (=1 +i— ), N —, Tda—c
! 2a)2 2wy 2 2 2 2wp 3 2

M ®m Dy
where b3 is given by (2.37). The transform of the induced field streamfunction is then,
é ~ Bl e(fiszlgl)t + B2 e(iR2*12l)t +B3 6*1221‘, (275)
b
A —; |:—e_’2"cos(R2t) _ O ot sin(Rot) + e"zzti| ) (2.76)
Wiy 20m

Since |2 = 2§/ and [B” = K2IE", (2.73) and (2.76) give

21,2 2 2

A laz|“k w — _ w

|l/[|2 ~ 5 -n e 20t _ 26 (L1 +12)t —n cOS (th)
(I)M wpm wpm

2
w
+ e~ 2t <ﬂ> cos? (Ryt) + 2~ i)t (_’7) sin (Raf)

wpm wpm
w
—2e 720! (—") cos (Rat) sin (Ra1) 4 e 2217 sin’ (th):| : (2.77)
wpm
22 |b3|2k2 21 D+ 21 2
b ~ —— | e~ 2l _ e+ oog (Ryr) + e 7221 cos? (Rat)
Dy
Dn (i +h)t @y _ont .
— —e sin (Rot) + —e cos (Rat) sin (Ra1)
M wpm
w2
+— e 2P sin® (Ryt) | - (2.78)
4wy,
We note that energy is released into the poloidal flow and field on the time scale
i = (Virko) ™. (2.79)

Since the inequality Ry ! « Iy 7! « Iy~ ! is satisfied by the time scales, for L ' <t<
In,

212 21,2
k o Ibslk
|i|* ~ % e 2l pP ~ % e~ 2t (2.80a,b)
CL)M a)M
which gives
R 1 g20[256 kZ 52
o = bl S (kz‘;z) exp [—kz (Z + nt>] (281)
4P 51213v3, \ K2

The kinetic and magnetic energies evolve in equipartition in this Alfvénic regime.

The long-time decay of classical MHD turbulence would be diffusion dominated as the
Alfvén wave frequency progressively decreases and falls below the diffusion frequency
(Lehnert 1955; Moffatt 1967; Sreenivasan & Narasimhan 2017). However, as we see below,
stable stratification limits the dominance of magnetic diffusion as the frequency of internal
gravity waves remains large relative to that of diffusion.

922 A32-12
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2.3.1. Long-time evolution of energy
From the relative magnitudes of the time scales given by Ry« by ' < by !, the
long-time evolution of |it|? is described by the term that decays slowest in (2.77),

2k2 2
|1f¢|2 ~ % (&) e 2t (2.82)

Wy wpm

In the strong-field limit of Lundquist number § — 00, w,/wy — 0, so a finite kinetic
energy via (2.82) necessitates a progressive decrease of wy until the two frequencies are of
the same order. In classical MHD turbulence at S >> 1, the onset of diffusive decay occurs
when wy ~ wy, at time 1 ~ st/ 2t,7 (Moffatt 1967). In a stratified MHD layer, however,
the decrease of wy would lead to the regime ws > wy > wy, in which the evolution of
kinetic energy is described by (2.58) (see § 2.2.1). We shall return to this point in § 2.4.
The long-time evolution of |b|? is determined by the term that decays slowest in (2.78),

21,2
|b3| k e—2122t,
)y

b|*> ~ (2.83)

which remains finite for § — oo. Using (2.37) and the expressions for the frequencies
wa, wy and ;) in (2.83), we obtain

1 . RN k? k282 2 k>
P 512m3v2, \k2k2 4 Vi k2

which indicates that the magnetic energy undergoes damping on the time scale

2
VM

. 2.85
gapfn (285

h =

The transformation to polar coordinates (k, ©) gives the magnetic energy for times ¢ = t,

266 2¢2 .3
N ng’a’s k=§ 2t 5\ sin" @
E, ~ 32V2 / / exp ( ) exp (—E tan” O o2 0 d?d dk. (2.86)

Letting x = tan® ¥, and using the identity (2.54) with a = 2, b = 3/2 and z = 2t/1,

g, ~ 88 f - ( kzéz)r(z)U<2 5 2 ) dk. (2.87)
N exp | —— =, — .
" ey, Sy TP\ 2

The asymptotic value of U as z — 0o (¢ > 1) is obtained from (2.56). Integration over
the wavenumber £ in turn yields

3/2,24285 7 1\ "2
En~ 822 (—) . (2.88)
256V, n

For t > 1, the magnetic energy of the disturbances decays as (/1) 2.
922 A32-13
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2.3.2. Wave transition time scales

As the waves generated in the regime wpy >> wa undergo progressive diffusion, wy,
decreases with time, and eventually, Alfvénic waves would be transformed into waves
whose frequency is buoyancy dominant. The kinetic energy undergoes this transition at
time ¢ < 15 (§2.3.1). The time scale for the magnetic energy transition is obtained from
(2.88) and (2.67) as follows:

gy’ (1\7? AN
0.02175°—— () ~3.637 1 (- , (2.89)
Vi t B f
which gives
v,
1~ 043MY3 1, M= —2_ (2.90a,b)

8y/gap’

where M measures the initial ratio of the Alfvén wave frequency to the internal gravity
wave frequency. The magnetic energy decays as 2 in the regime of strong field until
t ~ M*31,, and subsequently crosses over to the regime of strong stratification wherein it
decays as /4.

2.4. Computations of the long-time evolution of an isolated disturbance

The general solution of the initial value problem, given by (2.28), is computed. The values
of the transforms ¥ and & in (k, k;) space and their respective energies are calculated
at several time points. The kinetic and magnetic energies are calculated from the exact
velocity and magnetic field transforms in (2.28) by Parseval’s theorem (see e.g. (2.50)
and (2.61)), where the upper limits of the integrals are the truncation values of ks and k;.
(The truncation value of the wavenumbers is set to 3/§.) The computed energies are then
compared with their asymptotic values derived from the leading-order solutions of the
transforms in the limit of zero viscous and thermal diffusivities (v = « = 0).

In the calculations, both v and « are taken to be small relative to magnetic diffusivity
1. The magnetic Prandtl number, Pm = v/n = 1078 and the Roberts number ¢ = « /5 =
10~7. The strong-field regime is studied using the parameters S = Vj;8/n = 10* and M =
Vi /8+/gaB = 316. With small but finite magnetic diffusion, the frequencies in general
change with time because the wavenumbers on which they depend are time varying. To
compute the frequencies, the mean values of the wavenumbers are first calculated through
ratios of L? norms; e.g.

_ krk
i = IVl

T2
VKL IR
vkl vkl
which are based on the velocity field. As we anticipate that the frequencies based on the
induced magnetic field would evolve differently, the mean wavenumbers based on £ are
also evaluated following the definitions in (2.91a,b).

In figure 2(a,b), the imaginary parts of the frequencies A; and A3 in (2.24a,b) are
compared with the respective frequency approximations. The parameters are those for
the case of strong field, S = 10* and M = 316. The frequencies are calculated using the
mean wavenumbers based on the induced magnetic field, so that a transition to the regime
of dominant stratification may be observed, as predicted by theory. Here, Im(4;) agrees
well with w; /2(1 — a)i /cofw) (see (2.70a)) until time 7 ~ 10%#,, and with a)j%,i,a),7 /wﬁ (see
(2.39a)) for t > 103t>. As the time scale for the strong-field regime to cross over to
the regime of strong stratification is ¢t & 928¢, (from (2.90a,b), shown by the vertical

922 A32-14
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Figure 2. A comparison of the computed imaginary parts of the frequencies A; and A3 (solid lines) with their
approximations (symbols) for the case of strong magnetic field. The frequencies are calculated using the mean
wavenumbers k., ks and k based on the induced magnetic field. The horizontal axis is normalized with respect to
the time scale 7>, defined by (2.85). The vertical dash-dotted lines represent the theoretical time scale (2.90a,b)
for cross-over of the magnetic energy from the regime of strong magnetic field to that of strong stratification.

dashed-dotted lines in figure 2), it is apparent that the frequencies obey this transition.
Figure 3(a) compares the computed kinetic and magnetic energies with their asymptotic
solutions for the case of strong magnetic field. The energies are normalized by the
reference magnetic energy, given by (2.88). In the early phase that lasts until 7 ~ #,, the
energies evolve in approximate equipartition, in line with (2.81). The ~ t~!/2 decay of
E; and E,, with stratification is much slower than that in the absence of stratification,
where the energies would have decayed as ~ (t/ t,,)_S/ 2 (Moffatt 1967). The contours of
the streamfunction in this early phase (figure 4), obtained from the inverse Hankel-Fourier
transform, reveal the predominantly Alfvénic character of the wave since the front
propagates as z/8 & t/ty. (Here, ty; is the Alfvén wave travel time.) The evolution of
energies is consistent with the time variation of the fundamental frequencies wy, wa
and w;, calculated using the mean wavenumbers. For ¢ > 1, Ej continues on its ~ 12
decay as the frequencies calculated based on the velocity cross-over to the regime of
strong stratification, where w4 > wyy (figure 3c¢). The triangles in figure 3(a) represent the
asymptotic kinetic energy for strong stratification, given by (2.58). For a larger Lundquist
number S = 107, the transition to the regime of dominant w4 occurs at ¢ < fp (figure 3d),
so it is evident that the evolution of the velocity as damped Alfvén waves is confined to
this early period. The induced magnetic field, on the other hand, evolves as Alfvén waves
until 7 ~ 0.43M*/31 (figure 3b), which explains why E,, follows the =2 decay law given
by (2.88) for the period 1, < t < 0.43M*/3t,. For 1 3> M*t5, wa > wyy, which explains
why E,, follows the 1=3/% law given by (2.67).

In summary, stable stratification produces an important effect that is absent in the
classical evolution of disturbances in a strong magnetic field — the dominance of diffusion
over wave motion is considerably delayed as the regime wy > wa > w, crosses over to
the regime wy > wy > wy, which persists for long times. As in freely decaying MHD
turbulence at low Rm (Moffatt 1967), the induced magnetic field propagates as damped
Alfvén waves for a much longer time than the velocity. The strong-field case is a useful
first step in the analysis of the problem with added background rotation, presented in the
next section.

922 A32-15
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Figure 3. (a) Computed kinetic and magnetic energies (solid and dashed lines respectively) compared with
asymptotic solutions (symbols) for the case of strong magnetic field. The triangles are obtained from (2.58),
and the circles are obtained from (2.88) and (2.67). (b) Fundamental frequencies calculated using the mean
wavenumbers based on the induced magnetic field. (c¢) and (d) Fundamental frequencies based on the velocity
field. The vertical dotted lines in (a) and () represent the theoretical time scale (2.90a,b) for cross-over of the
magnetic energy from the regime of strong magnetic field to that of strong stratification. The parameters used
are S = 10*, M = 316 for (a)—(c) and S = 10°, M = 316 for (d).

3. The effect of rotation
With background rotation, the equation of motion,
ou 1

1
— = ——Vp* 22 xu+—(B-V)b—gab +vV2u, (3.1)
ot P wp

where 2 = 2e. and p* = p — (p/2)|2 x x|> + b* /21, describes the evolution of u. The
initial temperature perturbation (2.1) produces a poloidal flow which interacts with £ to
generate a toroidal flow, so that the instantaneous state of the flow is defined by

u=upey+V x [(V/9)e4], (3.2)
922 A32-16
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Figure 4. Contour plots of the streamfunction v for (a) 10 and (b) 100 Alfvén wave times in a strong-field
calculation using the parameters S = 10* and M = 316.

and the instantaneous state of the induced magnetic field, determined by the induction
equation (2.3), is defined by

b=bgey+V x[(§/5)ep]. 3.3)
Using the ¢ components of the curl of (3.1) and (2.3) with (2.7), we obtain,

9 2 9 2 2 9 2
a a0 a 8u¢,
= — —V? ) — —2Q2s( — — nVv? 34
gas(at 7 ) s S(a; 7 ) az G4
Since the ¢ components of (3.1) and (2.3) together give

g v2 9 vZ) - V3 o 20 9 v? (3.5)
——v - — V= |up = — - — Ug, .
Y ar My | e ar s

the use of (3.5) and (2.4) in (3.4) with the relation u; = —s~19v/dz gives the following
equation for evolution of y:

d 2 0 2 2 92 ’ 9 2 2
(G (5 m2) ~vigz) (5 -+%2) 2w
o) 3 2
ot ot * 072
s (B ne2) [ (4 -ow2) (2 -iv2) - 5] 2 (1),
gaﬂs(at UV*>|:<BI UV*)<at ) VMBZ]BS 3 (3.6)
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the Hankel-Fourier transform of which is given by
3—i—vk2 2+nk2 —|—V2k22 3—|—/<k2 W
ot at M7 | \ar
4222 (9 279 5
- _ 2 e k2 e k2
k2 <at+n ) (at+K )W

gapk? (9 ’ 0 2\ (9 2 2,22
_ kzs(aﬂk =k ) () VR [ 3

iAt

Seeking plane wave solutions of the form 17/ ~ e, we obtain the relation

[(A + @) (4 + @) + 031214+ o) + 02+ 0p)? (A + o)
+ 0% (id + @[ + ©,) (2 + ©y) + 0}] = 0, (3.8)
where the fundamental frequencies are defined by

ks 282k,
oy = Vuk;, wa = gaﬂ?, wc ="

wy, = vkz, Wy = nkz, W = k?.

(3.9a—f)
While w4 gives the frequency of internal gravity waves in a stably stratified system, the
magnitude of w4 is a measure of the strength of buoyancy in an unstably stratified system.
The standard characteristic equation (3.8) is similar in form to that in Busse ez al. (2007),
page 165. The special case wc = 0 gives (2.21). As the focus of this study is on a system
where both viscous and thermal diffusion are much smaller than magnetic diffusion, we
set v = x = 0. In this limit, (3.8) takes the form

X = 2iwyd* — () + o) + 203 + o)X + 2ioy (] + 0y + 0p) 2
+ (a)Aa) + a)Aa)M + a)M +o a)c)/l 1a)Aa),7wM = 0. (3.10)

Although there are no closed form algebraic solutions for the general quintic equation,
approximate solutions for (3.10) may be obtained subject to the relative orders of
magnitudes of the fundamental frequencies (§§ 3.2 and 3.3 below). For the regime given
by |wc| > lom| > |wa| > |wyl, two roots of (3.10) (1 ,2) represent damped fast inertial
waves modified by the magnetic field and buoyancy, two other roots (A3 4) represent
damped slow magnetostrophic waves, and the fifth root (15) gives the frequency for the
long-time decay (growth) of a stably (unstably) stratified system. For simplicity, the waves
represented by 41 2 and A3 4 are called fast and slow MAC waves respectively.

The general solutions for the transforms of ¥, ug, & and by are then given by

5
[ g, &, byl = > [Di. G, P Q€. (3.11)

m=1

As described in the following section, the coefficients D,,, G,,, P, and Q,, are evaluated
from the initial conditions for v/, iy, & and by and their time derivatives.
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3.1. Evaluation of spectral coefficients

From (3.11), the initial conditions for v and its time derivatives are given by

5 8"1&
i”Zlea';l =15 0 =duy1, n=0,1,2,34. (3.12)
m=

tn

As the initial conditions of the velocity and induced magnetic field are the same as in the
case without rotation, algebraic simplifications give the right-hand sides of (3.12) in the
limit of v = k = 0, as follows:

di =dsy =0, (3.13)
ks ~
d> = gzz Ao, (3.14)
212
goeks 20 gapk?  AQ%KE\ .
di =" (—kaz -3 s _ 7 ) b, (3.15)
ds = ganViyk2kso, (3.16)

where 6y is the transform of the initial temperature perturbation. The quantity within
brackets in (3.15) gives the sum of the squares of the MAC frequencies, —(a)jzw + a)i +

2
we).

The coefficients of the fast and slow wave components of ¥ in (3.11) may now be
obtained using the roots of the characteristic (3.10). For example,

B ds —idy(Ay + A3 + A4 + As) + 1do(Ap A4 A5 + A3A4ds + A2 A3A4 + ApA3A5)

D
(A1 — )41 — A3) (4 — A) (A4 — As5)
(3.17)
D ds — idq (A1 + A2 + Ag + As) +idr (A1 Agds5 + A Aads + A1 A Ag + A1 A245)
3= .
(A3 = A3 — A2) (A3 — A4) (43 — A5)
(3.18)
From (3.11), the initial conditions for &y and its time derivatives are given by
2 iy
"> Gl = ( o )0 =gn1, n=0,1,2734. (3.19)
m=1

Algebraic simplifications give the right-hand sides of (3.19) in the limit of v =« =0, as
follows:

g1 =8 =g4=0, (3.20)
ks \
g3 = 2102k, (—‘iﬁ) 6o, (3.21)
. ak N
g5 = —2iQk, (%) Qo + wf + o3)bo. (3.22)
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The coefficients of the fast and slow wave components of it4 in (3.11) may now be obtained
using the roots of (3.10). For example,
85 — 83(Aads + 3 Ay + 345 + oAz + Lo da + Ao ds)

G = , (3.23)
(A1 — 2)(A1 — A3) (A1 — Ag) (A1 — As5)
85 — 83(A4ds + A4 + A5 + L1 Ay + 1 Ag + A1 A5)
Gy = . (3.24)
(A3 — A1) (A3 — A2) (A3 — A4) (A3 — A5)

From (3.11), the initial conditions for é and its time derivatives are given by

5 ané
i Z Py, = | =patt n= 0,1,2,3,4. (3.25)
m=1 0
The right-hand sides of (3.25) are obtained in the limit of v = k = 0, as follows:
p1=p2=0, (3.26)
. ksk; A
p3 =1Bga 2 6o, (3.27)
pa = —iBganksk 6y, (3.28)
ps = iBk.dy — nk’pa, (3.29)

where dj is given by (3.15). The coefficients of the fast and slow wave components of é in
(3.11) may now be obtained using the roots of (3.10). For example,

_ s —ipa(la + A3+ A4 + As) — p3(Aads + 34 + 345 + 1Az + L ds + 2As)

Py =
(4 — ) (4 — A3) (A4 — A44) (4 — As5)
(3.30)
py=P5= ipa(1 + A2 + A4 + As) — p3(Aads + L Ada + o ds + 1o + 41 da + A1 4s)
(A3 — A1) (A3 — A2) (A3 — A4) (A3 — As) '
(3.31)
From (3.11), the initial conditions for l;¢ and its time derivatives are given by
5 A
. a"b
") Ond;, = ( at,f) =qui1, n=0,1,2.34. (3.32)
m=1 0
The right-hand sides of (3.32) are obtained in the limit of v = k = 0, as follows:
91 =q2=¢q3 =0, (3.33)
kk? »
g4 = —2BS2ga kz' 6o, (3.34)
s = —nk’qs. (3.35)

The coefficients of the fast and slow wave components of l3¢ in (3.11) may now be obtained
using the roots of (3.10). For example,

_ gs —iga(A2 + A3 + A4 + As5)
T = ) = B3 — ) (A — As)]
_ g5 —iq4(A1 + A2 + A4 + As5)
(3= A3 — )3 — ) (A3 — As)

(3.36)

01

03 (3.37)
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3.2. Long-time evolution of a disturbance in rapid rotation

We consider a rapidly rotating system where the fundamental frequencies satisfy the
inequality |wc| > |wym| > |wa| > |wy|. To obtain the roots of the characteristic equation
(3.10) subject to the above inequality, we first consider the inertia-free limit (du/dt = 0)
of the equation of motion (3.1), which, together with (2.3) and (2.4), yields the following
equation for plane waves in the limit v = x = 0:

B = 2wy — <wg G i) A+i (M) 0. (338)
wc “)C e
Letting x = wa/wc, y = wy/wc and z = wy /wc, we see that (3.38) is of the form
P+ a2 +a1d+a9 =0, (3.39)
where
ar = 2iyoc, a; = —(y2 +x27 + Z4)a%, ap = ixzyzzw%. (3.40a-c)

The solution of the cubic equation (3.39) subject to the inequality z > x > y broadly
follows the procedure outlined in Appendix B, and gives the slow wave frequencies

1, 5 ) xzy
Az 4~ :|:§(x + 2729 wc + 1 2 55 | @cs (3.41)
and the decay frequency
2
A5~ i wc. (3.42)
b4

Now, polynomial long division using the roots in (3.41) of the characteristic equation
(3.10), written in the form

—2idtywc — (1 + 22 +y* + 222w + 2iy2 (1 + 5% + 2wy
+ A( y2 + )czy2 + 22+ Z4)a)4c — ixzyzza)g =0, (3.43)
gives the cubic equation

2 2
B = i oc + A1 =2 = 20} +igwp — 2y —Dwp =0, (3.44)
Z Z

with the remainder approximately zero. The roots of (3.44) in approximate form are once
again obtained through the cubic formula, as follows:

A2 ~ £(1 + P)oc + iyZoc, (3.45)
2
s ~ i wc. (3.46)
b4
Substituting for x, y and z gives
2 2
o) Wy
Adip~ =+ (wc + —M> +iM (3.47)
wc e
2 2 2
1) 1) 1)
Baxt| M4 A ) tio, [1- ). (3.48)
wc  2wc 2wy,
wﬁw,,
As = 1—5 (3.49)
Dy
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From (3.47)—(3.49), we note that the fast waves undergo damping on the time scale

W 482?
n=|— = (3.50)
0

= 240
W@y nVirks

while the slow waves are damped on the time scale

ty = ()" = (kg) ™", (3.51)

as for a freely decaying system (Sreenivasan & Narasimhan 2017). The long-time decay
the perturbations in a stratified fluid occurs on the time scale

2 2
%
B = ( it ) — _m (3.52)
0

wiwy ) gapn’

which was obtained earlier for the strong-field case without rotation (see (2.85)).

A magnetically damped rotating system that initially lies in the regime |wc| >
lwp| > |wal > |wy| would eventually evolve into the regime |wa| > |w,| > |oc| >
|wysr| because frequencies wy; and w¢ of the fast wave progressively decrease with time
(see figure 3 and also Sreenivasan & Narasimhan 2017). The approximate roots of the
characteristic equation (3.10) in the evolved state are given by

2 2
w
Ao~ £ g+ ) 4222 (3.53)
2wx 2wy
A3 = A4 X iwy, (3.54)
2
A5~ M (3.55)
@y

Figure 5(a) shows the computed long-time evolution of the four fundamental
frequencies based on the velocity field for a Lehnert number Le = V), /2826 = 5.8 X
103, which represents rapid rotation. (The above definition of Le follows from (wys/wc)o,
introduced in §1.) The dimensionless parameters S and M are set to 10* and 316
respectively, as for the non-rotating system considered in § 2.4. The progressive decrease
of wys and w¢ due to the small but finite magnetic diffusion is evident. In figure 5(b)—(d),
the computed real and imaginary parts of the frequency roots 11, A3 and A5 are compared
with their respective approximations in the initial and final regimes, given by (3.47)—(3.49)
and (3.53)—(3.55), respectively. The time is normalized by the time scale #3, defined
in (3.50). The approximations of the frequency roots in the initial and final phases of
evolution closely match the actual (computed) frequencies. The long-time evolution should
hence be characterized by damped internal gravity waves. In the final phase of decay, the
general solution for the transform of y is given by

U = Dy e + Dy e 4 (D3 + Dyr) B 4 Ds el (3.56)
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the coefficients D; of which are approximated by

2 : 2 :

wpw 1 wWnw 1
Dimdy | = o). Da~dy| g+ ],

207 2wa 20 2wa

2w? w3 Wy
D3“d2( €+ MM

2 2 4
Wy Wy Wy

2 )

w w.w

~ C n-M
D4~d2<—2+ : )

U)A (,()A

202 w2
D5%d2(— 2C — 2M >

(3.57)

Wyy Wy

Noting that the real part of D is much smaller than the imaginary part, we obtain

. id 2
YR 142 sin(wat) exp (— w;a)zM t), (3.58)

WA Wy

d2 2
il ~ 2 sin?(@at) exp (— En z). (3.59)
WA @A

Since the long-time decay of energy takes place on the time scale (see (2.49))

2
N :< a)Az) _ 8P (3.60)
0

= 2 4
Wnwyy Vinky

for t > 1,

o0 OO d2 2
Ey ~ 167" / / kzw—zz exp (- wz:;M t)ks dk, dk., 3.61)
0 0 A A

which gives

3n2easd [ 1\ V/?
Ep ~ Jrgaor (1 , (3.62)
328 \1

in line with the analysis in § 2.2.1. Likewise, we expect the long-time evolution of magnetic
energy to be similar to that in the absence of rotation (see (2.67) and figure 3a). Thus, the
long-time evolution of disturbances in a rapidly rotating stratified medium would be that
of damped internal gravity waves.

3.3. The role of slow magnetostrophic waves in unstable stratification

The regime |wc| > |wp| > |wal > |wy|, where wf‘ < 0, is of relevance to a large region
of the parameter space where convection-driven dipole-dominated dynamos exist. Notably,
here the local value of |wys/wc| is not far less than unity. To obtain the approximate roots
of the characteristic (3.10) in this regime, we consider the limit of zero magnetic diffusion
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Figure 5. (a) Long-time evolution of the magnitudes of the four fundamental frequencies in a rapidly rotating
system with the dimensionless parameters Le = 5.8 x 1073, 8 = 10* and M = 316. (b), (¢) and (d) Comparison
of the numerical frequency roots Aj, 43 and A5 of the characteristic equation (3.10) (solid and dashed lines)
with their analytical approximations (symbols) for the initial and final regimes of evolution given by |wc| >
lwp| > |wal > |wy| and |wal > |wy| > |oc| > |wpm| respectively. Here, Re(41) and Im(4;) evolve in time
from their approximations in (3.47) to those in (3.53); Re(A3) and Im(A3) evolve from their approximations in
(3.48) to those in (3.54). The imaginary root As evolves from its approximation in (3.49) to that in (3.55).

(wy, = 0), in which (3.10) reduces to

— (] + 0k 4 20%) + 0i0t + oy = 0. (3.63)

The roots of (3.63) are given by

1
A1p = iﬁ\/wA + “)C + Za)M + \/a)A + 2a)Aa)C + 4a)1%,1a% + a)Aé, (3.64)
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1
D34 = :I:—\/ ] + 0F + 203, — \/wf, + 20} 0% + 40} 0 + of. (3.65)

V2

Letting wys/wc = z and ws /wc = x, we obtain,

Al=%\/1+x2+2z2+\/1+2x2+x4+4z2, (3.66)
V2
wc

/l3=E\/1+x2+212—\/1+2x2+x4+4z2, (3.67)

for the forward-travelling fast and slow waves respectively. In the regime |wc| > |wp| >
|wa| considered in this section, the frequencies in (3.66) and (3.67) are approximated by
first expanding the inner square root,

F=vV1+22+x* +42, (3.68)

as series expansions until second order in x and sixth order in z, sequentially. Algebraic
simplifications give
fal4+x>—22Qx% —2) =274 + 45, (3.69)

by neglecting terms of O(x’z*) and O(x?z°). Therefore,

N~ we 1432+ 272 — x222 — 74 4 245, (3.70)
A3 X wcv/ X272 + 74 — 275, (3.71)

Further approximation of (3.71) using series expansions until second order in x and fourth
order in z gives

(3.72)

2 2.2 2.4
X Xz 3x°7

A A 2 4 T
3 wc<z+2 Z+2+ 4>

Neglecting the terms of O(x*z%) and O(x?*z*) and substituting for z and x, we obtain

2 2 4
w w w
c

Following a similar approach, (3.70) is approximated by

2 2 4
1) ) )
A ~oc+ L4 A - (3.74)
wc 2wc we
For small but finite magnetic diffusion, the imaginary parts of the frequency roots 4; and
Az are taken from (3.47) and (3.48), respectively. The root A5 remains the same as in (3.49).
Figure 6 compares the approximations for 4; and A3 with their numerical values for

ks = k; for the fixed parameters E, = 1073 and F. y = 0.1, defined by

N n
Ey=—=, Fj=———-/,
T 20282 T 1/gaBls?
measuring the initial ratios of the diffusion frequency to the rotation frequency
and buoyancy frequency, respectively. A good agreement between the computed and
approximate roots is obtained until wys/wc =~ 0.3.

(3.75a,b)
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Figure 6. Comparison of the computed real and imaginary parts of the fast and slow MAC wave frequencies

(solid and dashed lines) with their approximations (symbols) for wavenumbers k; = k, = ko/ /2. The fast and
slow wave frequencies are given by A1 and A3, respectively. The fixed parameters are £, = 107 and F, y = 0.1,
defined in (3.75a,b).

Since the general solutions for the velocity and magnetic field transforms (3.11) consist
of linear superpositions of the fast and slow MAC wave parts, the energy carried by each
part can be evaluated separately. (See Sreenivasan & Narasimhan (2017) for a similar
separation of fast and slow MC wave solutions.) For the frequency inequality considered
here, the exponential increase of the perturbations occurs on a much larger time scale than
magnetic diffusion. For times ¢ < 1,, the poloidal and toroidal kinetic energies,

Erp = 167 / / (k) *kg dkg dk,,  Ep; = 167 / / figks dkydk;,  (3.76a.b)
ks Jk ks Jk,

may be obtained from the fast and slow wave parts of Y and ig, respectively. Similar

integrals for the magnetic energy are calculated based on £ and l;¢.

The total kinetic and magnetic energies carried by the fast and slow MAC wave parts of
the solution are examined separately in figures 7-9. The ratio F, is set to 0.1. Because the
times considered are much smaller than the time scale #; (3.52), the values of the energy
for unstable stratification are nearly the same as for stable stratification. For B aligned
with £2 (as in this study), the instantaneous value of wys/wc is nearly the same as its
initial value, of O(Le). For a spherical shell dynamo, we anticipate that wys/wc would be
higher than Le as the azimuthal wavenumber is much greater than the axial wavenumber
in fully developed columnar convection. In figures 7-9, we present the fast and slow wave
energies at different values of wy/wc. For E, = 1073 (figure 7), the fast wave kinetic
energy is dominant with weak magnetic fields while the slow wave energy matches the
fast wave energy with stronger fields (wy/wc = 0.25). The equivalence of the slow and
fast wave kinetic energy persists at higher wys/wc. The magnetic energy carried by the
slow MAC wave is consistently greater than that of the fast wave (figure 7¢). Because the
z vorticity makes the dominant contribution to the enstrophy, we evaluate

W, = 167 / / (ksitp) ks dhs dk, (3.77)
ks Jk:

for the slow and fast waves. The z enstrophy of the slow waves matches that of the
fast waves for wy /wc = 0.24 (figure 7d). For the case E; = 4 x 1073, which represents
922 A32-26
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Figure 7. Computed evolution of the total kinetic energy (Ex) magnetic energy (E,,) and the z enstrophy (W)
carried by the fast and slow MAC waves. The ratio of Alfvén to inertial wave frequencies (wy/wc) is given
above each panel. The fixed parameters in the calculations are E;; = 107% and F » = 0.1, defined in (3.75a,b).
The energy is normalized by the steady state value of the fast wave. The symbols represent the energy calculated
from the frequency approximations in figure 6.

perturbations of smaller length scale §, the parity between the slow and fast wave kinetic
energy for wy/wc = 0.24 approximately holds (figure 8b), although the slow wave
energy would fall much below that of the fast wave for higher values of E; (~ 1073)
representing still smaller scales. The progressive increase of the z enstrophy of the slow
wave with wy/wc (figure 8c.d) is a significant result. The generation of z vorticity by
the Lorentz force — an essential process in the generation of helicity u - ¢ in rapidly
rotating dynamos (Sreenivasan & Jones 2011) — may be interpreted through the enhanced
vorticity of the slow MAC waves. The Elsasser number A = Vj%,l /2827, which follows from
(a)lzw/ (wcwy))o, takes values of ~ 22 and 250 for the two cases considered in figure 8.
For parity between the intensities of the fast and slow wave motions, the leading-order
slow wave frequency a)%,, Jwc can be O(10%) times the diffusion frequency w; on the scale
of the buoyancy perturbations.
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Figure 8. Computed evolution of the kinetic energy (Ex) and z enstrophy (W;) carried by the fast and slow
MAC waves for two values of wy/wc. The fixed parameters in the calculations are E;; = 4 x 107> and F, n =
0.1. The energy is normalized by the steady state value of the fast wave.

Figure 9 indicates that the progressive increase of wys/wc brings the fast wave magnetic
energy closer to that of the slow wave, which is consistent with the result that the energies
of both waves would merge and tend to the Alfvén wave energy at much stronger fields
given by the regime wy; > wc (Sreenivasan & Narasimhan 2017).

The analysis of isolated disturbances in a forced damped system presents an interesting
comparison with that in an unforced freely decaying system; here, the kinetic energy
of the slow MC waves is much smaller than that of the fast MC waves while the
respective magnetic energies are approximately equal (Sreenivasan & Narasimhan 2017).
With added buoyancy, the kinetic energies of the slow and fast MAC waves are equal
while the magnetic energy of the slow waves surpasses that of the fast waves. Therefore,
the generation of helicity in rapidly rotating dynamos can occur through slow MAC
wave motions at horizontal length scales much smaller than the width of the fluid layer.
Furthermore, the generation of the induced magnetic field may occur predominantly
through the slow waves.
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Figure 9. Evolution of the magnetic energy (E,,) carried by the fast and slow MAC waves for progressively
increasing wy /wc. The fixed parameters in the calculations are E, = 4 x 1073 and F, » = 0.1. The energy is
normalized by the steady state value of the fast wave.

4. Concluding remarks

This study investigates the evolution of damped MHD waves originating from a buoyancy
disturbance in a stratified fluid with and without background rotation. Of particular
interest is the regime where the Alfvén wave frequency wjy; is much higher in magnitude
than the buoyancy frequency w4. The magnetic damping of waves in this regime is an
essential process in the decay of stratified turbulence in a strong magnetic field, which has
not received much attention. Furthermore, the evolution of MHD waves in an unstably
stratified fluid layer — which influences convective dynamo action — is well understood
at times much shorter than the time scales of exponential increase of the buoyancy
perturbations.

It is apparent from earlier work on damped waves in the absence of buoyancy
(Sreenivasan & Narasimhan 2017) that the energy of wave motions is independent of the
orientation of the magnetic field. In this study, the evolution of buoyancy perturbations
subject to a uniform axial magnetic field is considered. Since the fundamental frequencies
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vary in time in the presence of finite magnetic diffusion (figure 3), perturbations that
initially lie in the strong-field regime wy > w4 > w; cross over to the regime of strong
stratification wa > wy > w,. While the velocity field undergoes this transition by time
t ~ tp (given by (2.85)), the induced field evolves as damped Alfvén waves until ¢ ~
M*3t,, where M is the initial ratio of Alfvén to internal gravity wave frequencies, before
undergoing the above transition. As a consequence, small-scale disturbances of Rm ~ 1 or
less may exist as damped wave motions for long times in the face of magnetic diffusion.

While slow magnetostrophic waves might play an important role in the dynamo process
in the Earth’s core (Braginsky 1967), the conditions for the generation of helicity, and in
turn an axial dipole field, through these waves are not understood. Here, we address this
problem by considering the evolution of damped fast and slow MAC waves originating
from an isolated buoyancy disturbance. The regime given by |wys| > |w4] is a fair physical
approximation of dynamo convection not far from onset. In spherical shell dynamos at
low Ekman number, the instantaneous value of |wys/wc| would be higher than O(Le) due
to the inherent anisotropy of convection columns. Although the dominant field outside
the tangent cylinder in these dynamos is thought to be azimuthal (e.g. Sreenivasan &
Jones 2011), we anticipate that the value of |wy/wc| < 1 that gives parity between the
fast and slow wave motion intensities would not be much different from that in the present
study, where B is aligned with £2. The magnetic energy of the slow waves would be much
higher than that of the fast waves in this regime. For weak fields of |wys/wc| < 1, the
slow wave magnetic energy would still be dominant. However, the generation of helical
convection through slow waves, a prerequisite for dynamo action through these waves,
would be absent.

For a magnetic diffusivity n = 0.6 m? s~ ! in the core (Pozzo et al. 2012; Jones 2015),
the ratio E, =4 x 10~ represents density anomalies of length scale ~~10 km, which in
turn give a magnetic Reynolds number Rm = 8 for a velocity u = 5 x 10~* ms~!. For
these scales, the helicity of the slow waves would likely be of the same order of magnitude
as that of the fast waves for magnetic field intensity in the range 5—16 mT, corresponding
to the range wyr/wc = 0.07-0.24 (figure 8). In this regime, the induced field generated
by the slow MAC waves would be clearly dominant (figure 9a). Curiously, however, the
scales at which convection is magnetically excited in a dynamo (Sreenivasan & Kar 2018)
have an approximate global balance between the buoyancy and Coriolis forces in the
vorticity equation, which suggests an approximate geostrophic balance in the momentum
equation at these scales (Aubert, Gastine & Fournier 2017; Aurnou & King 2017). Helicity
generation in this energy-containing range of the dynamo spectrum would then result from
the local magnetostrophy at several points where the magnetic flux concentrations make
the Lorentz force comparable to the Coriolis force. The present study suggests that the
local Elsasser number A at these points can be O(10%) even as its volume-averaged value
is O(1). The role of the slow magnetostrophic waves in helicity generation in nonlinear
planetary dynamo models would be the subject of a separate study.

The limit of v =« = 0 used in our analysis of the forced and damped system is
motivated in part by the argument that the molecular values of v and « are much smaller
than 7 in liquid metal planetary cores. That said, the energy-containing scales in the
dynamo spectrum are not strongly influenced by diffusion, so helicity generation and
formation of the axial dipole in dynamo simulations that use ‘turbulent’ values of v and k
(= n) may be explained by magnetically damped slow wave motions triggered by isolated
buoyancy disturbances.
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Appendix A. Symbols and their descriptions

Symbol Description

Q

angular velocity of rotation
width of the fluid layer
kinematic viscosity

thermal diffusivity

magnetic diffusivity

coefficient of thermal expansion
ambient density

density perturbation

magnetic permeability

mean temperature

mean axial temperature gradient 97°/0z

FNAM L TR IR P DHINT DD LRI R <~

, 6o temperature perturbation, initial temperature perturbation
length scale of the perturbation
gravitational acceleration
uniform mean magnetic field
velocity field
induced magnetic field
streamfunction of the velocity
streamfunction of the induced magnetic field
vorticity
electric current density
s ke, k radial (s), axial (z) and effective wavenumbers
ks, _Z, k mean wavenumbers based on 1/7 or é’; e.g. (291a,b)
Vm Alfvén wave velocity, B/ /itp
Am roots of characteristic equations
oM Alfvén wave frequency, Vysk;
wA Internal gravity wave frequency, /gafks/k
wc Inertial wave frequency, 22k, /k
wy magnetic diffusion frequency, nk>
th buoyancy time scale, (wA)al
tm Alfvén wave time scale, (wp), !
f damping time scale for strong stratification, gaf/(n V}%,,ké)
1) damping time scale for strong magnetic field, Vfd /(gaBn)
I8 damping time scale for fast MAC waves, 422/ (nV,%,,kg)
ty damping time scale for slow MAC waves, (ryk(z))_1
E Ekman number, v/ (2.QL2)
Rm magnetic Reynolds number, ué/n
S Lundquist number, Vy;8/n
M Vm/(6+/gap)
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Symbol Description

Le Lehnert number, V), /(2526)
Ey n/(228%)

Fy n/(Isap18%)

A Elsasser number, Vf,, /(2821)
Ey, Ey kinetic and magnetic energies
w enstrophy

Appendix B. Approximation of frequency roots

To obtain the approximate roots of (2.21) for the case of strong stratification (wa > wy >
wy), we let wy/wa = x and w,/wa = y. In the limit of v =« = 0, the expressions in
(2.25)—(2.27) are rewritten as

y2
P=3(1+x2—§)wfp (B)

11/3
2 2 2\ 3 ) N
X7 3 3 y 2y

0= 18y<1—2+9)wA+wA\/108<1+x2—§> +324y2<1—3+3> ’

(B2)

2 2
X y
R =18y (1—3+3) w;. (B3)

Algebraic simplification involving a second-order series expansion about x =0 and a
first-order series expansion about y = 0 gives

3 2
0~ (2“%@ +2'5y + “2/2_;; ) wa, (B4)

and using (B1) with (B4) in the real part of A1 (2.24a), we obtain

4x2(6 + v/3y) + 4(6 + 2+/3y)
4(6 + 3x2 + 24/3y)

Re(d;) ~ WA, (B5)

by neglecting terms of O(x*) and O(y?). Further simplification via a first-order series
expansion about y = 0 gives

2w 2x%w Py
Re(li) ~ x2 +A2+x2+g * «/g(xi—:Z)Z’ B0
which is in turn approximated as follows by retaining terms up to O(x?):
Re(d1) ~ wa + sx’wa. (B7)
Following a similar approach, we obtain
Im(A1) ~ 1x%ywq, (B8)
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so that
1, i,
Al X ws + Ex wA + Ex Vw4 .- (B9)
In a similar manner, the remaining two roots are obtained in approximate form as follows:
1, 1
b~ —|ws+ Ex wp | + Ex YA, (B10)
3 ~ iywa(l — x2). (B11)

Substituting for x and y, the approximations (B9)—(B11) are rewritten as (2.39a) and
(2.39b).

Appendix C. Evaluation of the initial wavenumber, ko

We have,
00 00 1/2
/ / k%100| ks dks dk;
=20 _J0 . (C1)

- (o0 o0 R
/ / 00|k dk dk
0 0

Noting the transform of the initial temperature perturbation,

. 83 k282
Oy = ———ex (——> (C2)
16+/273/2 P 8

and using the substitutions k; = ksin ¥ and k; = k cos ¥, we obtain

ko

12

o pm/2
/ / k* exp (—k*82 /4) sin 9 do dk

ko oo pm/2
/ / k% exp (—k*82/4) sin 9 do dk
0 0

Evaluation of the integrals in (C3) yields

o (12ﬁ) (Zﬁ)_l . _ */TE_ (C4)

8 83
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