CONGRUENCE REPRESENTATIONS IN ALGEBRAIC
NUMBER FIELDS II. SIMULTANEOUS LINEAR
AND QUADRATIC CONGRUENCES

ECKFORD COHEN

1. Introduction. Let f and A be positive integers and p a positive odd
prime. Suppose further that P is an ideal of norm 7 in a finite extension F
of the rational field. In (2), which will also be referred to as I in the present
paper, we obtained the number of solutions N (m) of the quadratic con-
gruence,

1.1) m= o + ...+ axs (mod P"),

where m is an arbitrary integer of F, and the «; are integers of F prime to P.
In this paper we consider an analogous problem in simultaneous representation
involving both linear and quadratic congruences. In particular, we shall
determine the number of simultaneous solutions N (m,n) of the pair of

congruences

m=awi + ...+ ax; (mod PY
(1.2) n= 08w+ ...+ B (mod PY),
where m and » are arbitrary integers of F, and the «; and 8; are integers of F
prime to P.

As in I we make use of the theory of exponential sums in algebraic number
fields. However, the method of the paper requires only the most elementary
properties of the generalized Cauchy-Gauss sums (§2). The function N (m, n)
is completely and explicitly evaluated in Theorem 1 (§3), and on the basis of
this result, precise solvability criteria for the congruences (1.2) are deduced
in §4 (Theorem 2). In contrast with the three cases of insolvability of (1.1)
obtained in I (see the Remark at the end of the present paper), there are
thirteen cases in which the simultaneous congruences (1.2) may have no
solutions (Theorem 2). Another striking difference between the results for the
two problems lies in the fact that (1.1) is always solvable for s > 3, while the
minimal value of s such that the pair of congruences (1.2) is always solvable
is s = 5 (Corollary (2.1)).

In the special case A = 1, the congruences in (1.2) may be interpreted
as simultaneous equations in the Galois field GF(p”). The problem of deter-
mining N,(m, n) in this case was solved in [3], with comparatively simple
results. In that paper it was shown that Ns(m,n) > 0 in case A = 1. By
contrast, if A > 1, two distinct cases of insolvability may occur in (1.2) when
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s = 4 (see Theorem 2). In addition, there exist only four insolvable cases
of (1.2) in case A = 1, as compared with thirteen in the case of arbitrary A.

Another important special case arises when f = 1, in which case (1.2) may
be viewed as a simultaneous pair of rational congruences (mod p*). This
problem was considered by O’Connor, using a quite different method, in
connection with a more general investigation (4). However, his results were
fragmentary except in the case A = 1. The results of the present paper can
therefore be viewed as a completion and extension of some of O’Connor’s
results on rational congruences.

2. Exponential sums. Let us choose an ideal C of F, not divisible by the
prime ideal P, such that 8 = PCis principal. Any integer p of F hasarepresen-
tation (mod P*) of the form p = 6‘ where A > ¢t > 0 and (¢, P) = 1. In this
representation ¢ is uniquely determined and, in addition, £ is uniquely deter-
mined (mod P) if ¢ £ X. (If t = \, one may assume ¢ = 1.) We let D denote
the ideal different of F and choose an ideal B such that { = B/PMD is
principal. Further, let T'(p) denote the trace function in F. Then we place
¢ = (%0 < kB < \), where { = ), and define ¢,(p) = exp(2m2T (p¢x)) with
e(p) = e1(p). This is the exponential function (mod P*) introduced by Hecke
(4, §54) and discussed under a different notation in I. The function e(p) is
an additive character (mod P*) and has the simple properties: e)(p) = 1,
ex(p) = ex(p’) if p = p (mod P¥), e.(p’) = e,_;(p) for k>j >0, and
er(a1 + a2) = ex(ar)er(asz). In addition, if P is of norm p7, p prime, then

Tk k
P~p)
2.1 ex(px) = {P (
@-1) z(m%:m H0) =30 (PH).
Suppose that X > & > 0 and let @ and b be integers of F. The notation
¥(a) will be used to denote the Legendre symbol (a¢/P) in F. We now intro-
duce several trigonometric sums which will be needed in our discussion:

(2.2) Gi(a) =Z(m§,})k)ek(ax2), G(a) = Gi(a),
(2.3) Ge@) = 3 y(@)eclax), G'(@) = Gia),
(2.4) a@) = 3 o), ¢(@) = ai(a),
(2.5) S;(a, b) =I(m§Pk)ek(ax2 + 2bx).

The functions Gi(a) and G*;(a) are the Hecke sums (4, §54), c;(a) is Rade-
macher’s sum (6, §2.2), and S;(a, b) is the generalization to F of the Cauchy-
Gauss sum (3, (1.7)).

Suppose that P is odd as well as prime. The Hecke and Rademacher sums
possess the following useful properties. If 2 > 0 and ¢ = 6'u(mod P¥) where
E>t>0, (u P) =1, then
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* F=1) ~* = b —

(2.6) Gi(a) = {(p) ¢ Ef)the,rewisel)),

pf(k—l)(Pf _ 1) (k < t)
@2.7) ala) = 1—?""‘” t=k—1

0 (otherwise);
if & > 0, then |

] k=2j

(2.8) Gi(1) = Ing(l) ((k = 2;;)_‘_ 1),
(2.9) Gilw) = ¥*(0)Ge(D);
moreover,
(2.10) G*(uw) = G(w) = ¢(WG(1),
(2.11) G*(1) = y(=1)p".

For a more detailed discussion of these sums we refer to I.
The function Si(a, b) has the following reduction property (cf. Carlitz
(1, Lemma 3) in the rational case).

LEMMA 1. If & > 0 and a is defined as in (2.6) then for P odd
(2.12) Sik(a, b) = Pftek—t(_72/#>Gk—z(l~‘) or 0

according as b is or is not divisible by P, r being defined by b = 0% (mod P¥)
in case P'|b.

Proof. A complete residue system (mod P¥) is given by x = 6*~* 4+ z where
y and z range over complete residue systems modulo P’ and P*! respectively.
Hence, by the elementary properties of e;(p), we have
Si(a, b) = > elaz’+2b2) D, e, (2by).
k=t) y(mod Pt)

z(mod P
If Pt4 b, then Si(a, b) = 0 by (2.1). Suppose then that P‘|b, so that bmay be
written (mod P¥) in the form & = 6%. Then by (2.1)
Si(a,0) = p"* 3. e i(us” + 2r2)
)

z(mod Pk—t

2 2
= Tt _r r
- P ek_t( #>z(mo§k—‘)ek_t<#<z + N) ) )

But since z + r/u and z range together over complete residue systems (mod
P*1"), the Lemma follows immediately.

3. Evaluation of N,(m, n). In the remainder of the paper f, \, and s will
denote positive integers. As in the Introduction, P will represent an odd prime
ideal of F with norm p/, p being a rational odd prime. The letters oy, 8; (¢ = 1,

., s) will denote integers of F prime to P, while m and # will represent arbi-
trary integers of F. In addition, we define
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2 2
a=aqa...a, B=§L+...+é",
a1 [o 7}
and write
m=6'M, n=0N, = 9%’ (mod P")

where a, b, d are non-negative integers < A, and M, N, 8’ are integers of F
not divisible by P. We also define for & > d,

v =N —mp =0 (mod P,
where A > & > 0 and (v/, P) = 1. We place

d = min(d, d) n = min(b, k),
it being understood that n = & if % is undefined. Also we put

s = {21' (s even) d= {QD (d even)
~ 27 + 1 (sodd) ~ 12D 4+ 1 (d odd).

Let I denote any one of the integers a, 8, 2, \. Then we place

l0=[l_!2_1:|1 l1=[é}y l2=[l;1:|1

where [x] denotes the greatest integer < x, and I; = a4, 84, k; or \; according
asl =a,d,kor\ (¢ =0,1,2). We also write

th = min(al, 61), ty = min(ag, 62)

and define for integers #, v,

_ 1 (uodd, v < v)
L(u,0) = {0 (otherwise),
, )1 (u even, u < v)
L(w,v) = {0 (otherwise).
If ¢ > —1, we define further
" ( f<a+1><4—2r> -1
P,(o) = 3, p" = f(4—215_ (r #2)
=0
la’ + 1 (7 = 2)!
4 ri6-2n _ pf(«7+l)(3—2r) -1
Q:(0) = 2 p™ e T
7=0 P 1
. pHEHDO-D _
Wio) = 3 p = o=y (r=1)
7=0
o+ 1 (r =1).
The final formulas for N,(m, n) will be expressed in terms of the following

functions:
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(3.1) Ar= "= 1) (p"* 7P (t — 1) + (=) @) P, (t) }
— p(L(a, 5) + ¥((— D)L’ (a, 8)} + p""7,

32) A= p'" — DO — 1) — T L(a, 0)
+ pf(r+a1(3—2r))¢((_ 1)’aM)L’(a, 5) + pf(2r—1),
(33) B, = pf((D+1)(3—2r)——l)(Pf_ l)Qr(hl — D — 1) _ Pf(ho(3-—2r)—l)L (h, )\)
+ p T Y (=1 2y )L (5, W),
34)  By=p" TG — 1Dy ((=1) ) Qi = D = 1)
+ ™YL N) = MY (= D) )L (B, ),
@3)  Bi=p" @ - D W 0w - D - 1)

+ ¢ ((=1)"8')p™ "W, (he — D)}
= "L N) + (=D aB)L (M),

(3.6) By = p" MUY (L, N) + (1) aBy )L (B, M)}

We are now in a position to state and prove our first main result.

TaEOREM 1. The number of solutions N,(m,n) of the pair of congruences
(1.2) is given by the following formulas:
If d > n, then

_ pTB-DE—1y (s = 2r)
3.7) Ny(im,n) = {pfo_l)(zr—l)Az (s = 2r + 1).
If d < n, then
IA-D-D gy fAG-DDIR

4
65) Vol pIADE=D 4 prG-DiDIR
. 8 ’ p

I()‘—D(h—l)Ao + P.f()\(2r—1)+D)B3 or

’

FA=1)(2r—1) (A(2r—1)+D)
p T0Y, 4 pTRODADIB,

’

according as (i) s =2r,d = 2D, (ii) s =2r,d =2D + 1, (iii) s = 2r + 1,
d=2D,or (iv)s=2r+1,d = 2D + 1.

Proof. The proof will be divided into four parts.

Part I. Our method is based on the Fourier representation (3) of N,(m, n)
as a function of m and #» (mod P*). In particular

(3.9)  Num,n)=p™ 3 3 duv)e(— mu) a(— 2m),

u(mod PV) v(mod PM)

where
$w0) = 3 awlawi+. .. +anld) a@@wit ...+ )
G e

= 1;11 Sx(ei, Bw).
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Placing # = U* (k = 0,1, ..., \) and summing over U(mod P*), (U, P¥y
= 1, we have

(3.10) N(m,n) = p~*" Z)‘: Z > )ek(— mU) ex(— 2nv).

k=0 (U,Pk)=1 p(mod PN
( Z S)\(aiUex_ky Bﬂ))) .
=1

By Lemma 1 it follows that Sy(a;U6**, Bw) = 0, unless v can be expressed
(mod P¥) in the form v = §**y, in which case, using (2.9),

Sx(aiUek_k, ﬁz"”) = Pf(x_k)\//k(aiU)ek(— B?yz/aiU)Gk(l)-

Substituting in (3.10) and summing over y(mod P*), one obtains, on the
basis of the definitions of «, 8, and S,

A
Ny(m,n) = p™7? ;0 p Y @)GR(L)

Z ‘ka(U) ek(_ mU) Sk<—' %, - n) .
(U, Pk)=1
If £ < d, then by Lemma 1

B )" (k< b)

while if 2 > d, we obtain by (2.9),

ra i _ @.’) (M) (b > d)
(3.13) Sk<— B o_ n) _ P ( o) o \" g )GraD)
y 0 (< d),

(3.11)

We now separate the k£ summation in (3.11) into three parts to obtain
(3.14) Nomon) = 22+ 2 + 2,

where £ = 0in >, d > kB > 11in 3, and B > d in 3, it being agreed that
vacuous sums shall have the value 0. It follows immediately that

(3.15) > =™,
1
and by (3.12) that
8
(3.16) >, =p"P ¥ p”‘“‘sw"(a)G;(l)( Z) Y O)es(— mU).
2 k=1 U, Pk)=

Also, by (3.13) and the definition of v, one obtains
0 or

A
pf()\(s—2)+d)¢d(__ ﬁ’) k§+lp—ﬂcs¢k(_ aﬁ')G;(l)Gk-d(l)

> wwyer-(1),

(U.Pk)=1 ﬂ/

@17) X =
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according as d > n or d < u, because the inner U sum reduces in every case
either to ¢, (v/8’) or to G*.(v/B’), and these functions vanish when # < k& — 1,
by (2.7) and (2.6) respectively.

Part II. With reference to (3.16) we write

(3.18) 22=Z2;+Z,

22

where £ = 2jin > sy and B = 27+ 1 in 3 s».

Case 1(s = 2r). Applying (2.8) one obtains
31

% = 0 3 Py (= )
j=

21

which becomes by (2.7)

319) 20 =@ - DYOTP( - 1) - pOT L, )
21

By (2.8) and (2.11),

5

2 .
3 == D) B O ey (— m),

so that by (2.7)
(320) 2 =" "= DB — DP(1) — 7L (a, ).

Case 2(s = 2r + 1). In this case we have by (2.8)
Z — pf)\(zf—l) 5211 Pf1(1—2r)c2j(_ m),
j=

21

which becomes, on applying (2.7),

(321) X =V~ 1)Q, (0 — 1) — p L)),
By (2.8) and (2.11) we have

2 =TT De) i: P76 (= m),
and hence on the basis of (2.6), (2.10), and (2.11),
(3.22) 222: = p/O=Der=DImG=20+0y (1Y QAN (a, 5).
This completes the evaluation of ).

Part I11. Referring to (3.17) in the case d < 3, we place
(3.23) 23 = 231) + 2323

where B = 2jin > sand k= 2j 4+ 1 in X_s..
Case 1(s = 2r, d = 2D). In this case by (2.8)
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A
_ L r(N(r—=1)+D) ri(1—27) Y
% e 3 g (1),

j=D+1

and hence on the basis of (2.7)
(3‘24) ; — p.f(2>\(r—1)+D){PI((D+1>(3—21)-—1)(pf__ l)Qr(hl — D — 1)

_ pf(h0(3-2r)—1)L(h, )\)}
By (2.8) and (2.11)

Ao
Z - pf(zx(r—1)+1>—r)¢((_ 1)T+1aﬂ')G(1) Z pfj(1—27)G;kj+1<%;> ,
j=D

32

which by (2.6), (2.10), and (2.11) gives
(325) Z — pf(Z)\(T—l)+h1(3—2T)+D—-7+1)‘l/((__ l)ra'y')L'(h, )\)

32

Case 2(s = 2r,d = 2D + 1). By (2.8)
Z — pf(2)\(r—1)+D)¢(___ BNG(1) i Pfj(l—2r)G’;j(l,>’
=D41 B

31

so that by (2.6), (2.10), and (2.11)
(326) 53_:‘ — pf(2)\(r—1)+ho(3—2r)+b)\//(,y/)L(h’ )\).

Applying (2.8) and (2.11), we have

Z — pf(2)\(r—l)+D—r+1)ll/((_ 1)) {:2‘ P”(I-Z”CMH(%) ,

32 j=D+1

which becomes by (2.7)

(3.27) Z — Pﬂ2MT_1)+D_T+1)ll/((— 1)ra){(Pf _ 1)PI(D+1)(3—2r)QT(h2 —D— 1)
32 - pfhl(S—Zr)L/(h )\)}

Case 3(s = 2r + 1, d = 2D). By (2.8)

M
7(\(2r—1)+D) —2/7] Y
2 =p"T Y b 7521<F>y

) 31 j=D+1
and hence on the basis of (2.7)

(328) Zl — pf()\(Zr—lH—D){Pf(2(D+l)(1—r)—1)(Pf _ 1)W1(h1 — D — 1)
i _ pf(h(l—r)——r)L(h A)}
Applying (2.8) and (2.11), one obtains

Az

% = p/ MY ((— 1)7ap") 1Z=D P_””szﬂ(%) )
and thus by (2.7)

(3:29) > = p’ eIy ((— 1)) {(p” — 1P W,(hy — D)

32
— "L (1, M)}
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Case4 (s = 2r + 1,d = 2D + 1). In this case by (2.8)
A
> = Py (- 60 B p‘”"GZ}<Y~>,
j=D+1

31 g’
which by (2.6), (2.10), and (2.11) gives

(330) Z = pf()\<2r—1)+(h+1)(l—r)+D)‘I/(,y/)L(h, )\)

31

Applying (2.8) and (2.11), one obtains
Ay
% = ey a6 3 5 eu()
32 k=Dt B
and hence by (2.6), (2.10), and (2.11),

(331) Z — pf()\(Zr—l)+(h+l)(1—1)+D)¢((_ 1)'+1aB"y')L’(h, )\).

32
This completes the evaluation of ¥ ; in case d < 7.

Part IV. We now combine the results of the preceding parts. By (3.1),
(3.15), (3.18), (3.19), and (3.20),

(3.32) 213 + ZZ) = pfB-De=D g (s = 2r),
and by (3.2), (3.15), (3.18), (3.21), and (3.22)

(3.33) Zl) + 22) = p/OPeNy, (s =2r +1).
By (3.3), (3.23), (3.24), and (3.25)

(3.34) 23 = p/B-DiDp, (Case 1,d < n);
by (3.4), (3.23), (3.26), and (3.27)

(3.35) 23 = p/B-viDg, (Case 2,d < n);
by (3.5), (3.23), (3.28), and (3.29)

(3.36) 23 = p/*Cr=D+Pg, (Case 3,d < n);
by (3.6), (3.23), (3.30), and (3.31)

(3.37) 23 = p/Oer-DiDIg, (Case 4,d < ).
We also have by (3.17)

(3.38) > =0 @ > ).

3
The theorem follows on combining the following formulas: (3.14), (3.32),
(3.38) in case d > 7, s even; (3.14), (3.33), (3.38) in case d > 7, s odd; (3.14),
(3.32), (3.34) in case d < 7, s even, d even; (3.14), (3.32), (3.35) in case
d < 1, s even, d odd; (3.14), (3.33), (3.36) in case d < 7, s odd, d even; and
(3.14), (3.33), (3.37) in case d < 7, s odd, d odd.
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Although the formulas for N (m, #) are quite complicated in the general
case, they simplify remarkably in certain special cases. For example, by taking
XA = 1 in Theorem 1, one obtains the compact results already proved in (3).
We also note the following simple corollaries which result easily from the

theorem.
CorOLLARY 1.1. If b = 0,d > 0 (Pt n, P|B), then
(3.39) Ny(m, n) = p™02,

COROLLARY 1.2. If d = h = 0 (P 4 B8, P ¥ v), then

_ApOTI RN y((= D) or
@40)  Nim,n) = {pf““"“'”(p” — (= 1)af)),

according as s = 2r or 2r + 1.
COROLLARY 1.3. If a =0, b > d > h, then

T (=D, f(r=1) __ — 1"
(3.41) Ni(m,n) = {gf(()\—l)@r—l)(—{)f) (pf<f—1>‘l/+(.(¢(()—a1)))ram)), ”

according as s = 2r or 2r + 1.

COROLLARY 14. If a = 0,d > b > 0, then Ny(m, n) is given by (3.41).

4. Solvability criteria. Theorem 1 presents a means for determining directly
all cases for which (2.1) is insolvable. To accomplish this, one must first sim-
plify the formulas for N;(m, n) for small values of s(s < 5). In obtaining these
simplifications, it is useful to observe that ¢ (—a) = 1 in case s = 2, d > 0,
and that the condition d < 7 always implies that d < a. However, we omit
the simplified formulas, since they involve numerous subcases and, moreover,
are of little interest beyond the verification of our second main result, which
we now state.

THEOREM 2. The function N (m,n) vanishes (that is, (1.2) is insolvable)
if and only if one of the following sets of conditions is satisfied:
1) s=1,r<A
2)s=2,d>na<3
B) s =2,d <n,deven, h even, h <\, ¢(—ay’) = —1

4) s=2,d <n,deven, hodd, h <\

B) s=2,d <n,dodd, h even, h <X\

6) s =2,d<ndodd, hodd, h <\ ¥(y') = —1

() s=3,d>n,aeven,a <4, Y(—aM) = —1

8) s=3,d>na0dd, a <5

9) s=3,d <n,deven, hodd, h <\, ¥(—aB’) = —1
(10) s =3,d <n,dodd, hodd, h <\, ¢(y') = —1
(11) s =3,d < n,dodd, h even, h <\, Y(af’y") = —1
(12) s =4,d > 1,0 0dd, a < 5, ¥(a) = —1

(13) s=4,d <n,dodd, hodd, h <\, Y(a) =¢(y') = —1.
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On the basis of Theorem 2 one obtains

CoROLLARY 2.1. The minimal value of s such that Ns(m, n) > 0 for all odd,
prime-power ideals P, for all coefficients, o;, B; prime to P, and for arbitrary m,
n s given by s = 5.

I't will be observed that conditions (12) and (13), under which N4(m, n) = 0,
fail to arise in case A = 1. We therefore have a result proved previously (3,

§3).
COROLLARY 2.2. If X = 1, then Ny(m, n) > 0.
We also note
CoROLLARY 2.3. If Y (a) = 1, then Ny(m, n) > 0.

Finally, it will be observed that the only cases of insolvability which can
occur when A = 1 arise from cases (1), (2), (3), and (7) of Theorem 2 (3,
Theorem 2).

Remark. By 1, in contrast with Theorem 2, the congruence (1.1) is insolvable
(Ns(m) = 0), if and only if one of these three sets of conditions is satisfied:
1) s=1,a<Naodd; 2) s=1,a <\ aeven, ¢(aM) = —1; 3) s =2,
a <\ aodd, ¢(—a) = —1. This result is not stated explicitly in I but follows
immediately from (2; (8.4), (8.5), (8.8)).
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