EULER LINES IN INFINITE DIRECTED GRAPHS
C. St. J. A. NASH-WILLIAMS

1. Introduction. While the contents of the author’s doctoral thesis (4)
have, owing to their lengthy nature, been published only in small part (5, §2;
6; 7), the absence from the literature of graph theory of any characterization
of infinite directed graphs with Euler lines seems to constitute a definite gap
that prompts the publication in the present paper of some further material
from (4). The main results characterizing such directed graphs will be obtained
in §§2 and 3. In §4, we shall indicate an alternative (and perhaps better)
formulation of one of these results, some extensions obtained in (4), and some
comparisons between parallel results for undirected and directed graphs. A
familiarity with the definitions and results of (7) will be assumed in §4, but

not before.

The cardinal number of a set 4 will be denoted by |4]. 4 is finite or infinite
according as |4 | is finite or infinite, and is enumerable if |A| = R,. The notation
{ai, ..., a,} will denote the set with distinct elements a, . .., a,.

A graph G consists of two disjoint sets V(G), E(G) and a relationship
associating with each A € E(G) an unordered pair of distinct or coincident
elements of V(G) which A is said to join. (We permit two elements of V(G) to
be joined by more than one element of E(G).) The elements of V(G) are
vertices of G and the elements of £ (G) are its edges. The letter G will always
denote a graph. G is finite (infinite, enumerable) if V(G) \U E(G) is finite
(infinite, enumerable). An edge \ and vertex § are incident if \ joins £ to itself
or to another vertex. The degree d(£) of a vertex £ joined to itself by a edges
and to other vertices by b edges is the cardinal number 2a + b. A subgraph of
G is a graph H such that V(H) C V(G), E(H) C E(G), and each edge of H
joins the same vertices in H as in G. If H is a subgraph of G, we shall also say
that H is contained in G and write H C G. A collection of subgraphs of G are
disjoint (edge-disjoint) if no two of them have a common vertex (edge). The
union (intersection) of a number of subgraphs of G is the subgraph whose
vertex-set is the union (intersection) of the vertex-sets of the given subgraphs
and whose edge-set is the union (intersection) of their edge-sets. Unions and
intersections of subgraphs are denoted by the same symbolism as unions and
intersections of sets. The union of a collection of edge-disjoint subgraphs will
also be spoken of as their edge-disjoint union. The empty graph [ | has
V(D) = E(T) = 0. G is connected if it is non-empty and is not the union of
two disjoint non-empty subgraphs. Any graph G is the union of a unique
collection of disjoint connected subgraphs, called the components of G. The
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word sequence will in this paper denote either a finite sequence with at least
one term or an infinite sequence of one of the types a1, as, ...0r ..., a_s, a_;
or...,a_z a_y, @, @1, @z . . . . An infinite sequence will be called right-infinite,
left-infinite, or endless according as it is of the first, second, or third of these
types respectively: both left-infinite and right-infinite sequences will be termed
one-ended. 1f s, t are sequences such that the last term of s is the same as the
first term of ¢, st will denote the sequence obtained by writing out the sequence
s with its last term omitted, followed by the sequence ¢. For instance, if s is
1,3,7,4and tis 4, 5, 3 then stis 1, 3, 7, 4, 5, 3. Extending this definition by
associativity defines the ‘“product” sy s2...s, of n (>3) sequences sy, ..., s,
such that the last term of 5;_; is the same as the first termof s, forz = 2, . . ., .
A track of G is a sequence s whose terms are alternately vertices and edges of
G, starting and ending if at all with a vertex, such that each term of s that is an
edge joins the terms immediately preceding and following it. (A sequence with
just one term, that term being a vertex, counts as a track; but there is no such
thing as a track with 0 terms.) A track in which no edge (vertex) of the graph
appears more than once is a path (way). For instance, in Figure 1 the track

EY >\7 g‘] 61 o" V’ 77, #’ g‘! ll/) T
is a path but not a way, and the track

£1 A!g"w’ TY¢1°’

is a way. The subgraph of G formed by the vertices and edges in a path p of G
will be said to be derived from p and denoted by P. A subgraph of G is a

FIGURE 1.

pathoid (one-ended pathoid, endless pathoid) if it is derivable from a path
(one-ended path, endless path); similarly, when any other type of path has
been defined, the definition of the corresponding type of pathoid is immediate.
The same subgraph can be both a one-ended and an endless pathoid since it
may be derivable from more than one path. If X, ¥ are subsets of V(G), X will
denote V(G) — X, X o Y will denote the set of those edges of G that join an
element of X to an element of ¥, and X3 will denote X o X. For example,
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{&,m}6 = {\, u, v} in Figure 1. X is a divisor of G if Xé is finite. For example,

{Ely 11, £2, M2, 53) UETI }

is a divisor of the graph in Figure 2 but {&,, &, &, . . .} is not. Whenever two
or more graphs are under consideration and one of them is denoted by G, all
graph-theoretic terminology and notation—such as “degree,” d(§), X8, X—
will relate to G unless the contrary is indicated. If it is necessary to relate such
notations to some other graph H (such as a subgraph of G), this will be done by
means of suffixes, e.g. dy(¢), Xoy. If £ € V(G), c; will denote the integer-
valued function with domain V(G) which takes the value 1 on £ and 0 on every
other vertex of G. A splitiing of G is a finite set {Hi, ..., H;} of disjoint
infinite subgraphs of G such that G is the union of these and a finite subgraph:
any finite subgraph H such that G = H,\U...\U H,;\U H will be called a
completion of the splitting. A splitting with / elements is an [-splitting. For any
positive integer [, we call G I-separable if it possesses an [-splitting, and
I-coherent if it does not possess an (I 4+ 1)-splitting. (If G is /-coherent, it is
clearly also I’-coherent for every I/ > [.) The graph of Figure 2 is [-separable
for I = 1, 2, 3, 4 but is 4-coherent. This graph has a 4-splitting

{HE)\) Hmu H{w Hnr}y

where the notation H,, means the subgraph with vertices xi1, x2, X3, - - . and
edges ps, p3, p4, . . . . There are infinitely many possible completions of this
splitting, one of them being the subgraph H with vertices w, £1, &2, 11, {1, 71 and
edges M1, Ag, p1, v1, T1. A setsuch as {Hy \J Hy,, Hyy, H.r} would be a 3-splitting
of this graph with completion H.

We define a directed graph or digraph to be a graph G such that each edge of
G is an ordered triple whose second and third components are the vertices
joined by the edge—i.e., an edge (¢, &, 7) joins the vertices £ and 5 (Figure 3).
If G is a digraph and A = (¢, £, 1) € E(G), we call £ the tail of N\ and 7 its
head and write £ = M, n = M. We also say that \ is “‘oriented in the direction
from A\t to Mh.”’ By defining a digraph to be a special type of graph, we ensure
that all definitions relating to graphs apply immediately to digraphs.
(Obviously, however, a concept defined for graphs in general will not, when
applied to digraphs, take any particular account of the directions of orientation
of their edges.) A track s in a digraph is a ditrack if each term of s that is an
edge is immediately preceded in s by its tail and (therefore) immediately
followed by its head. A dipath (diway) is a ditrack that is a path (way). In
Figure 3, the sequence &, \, , u, 7, v, { is a diway, whereas ¢, N\, 9, 7, {, v, T is
a way but not a diway. An Euler dipath of G is a dipath p in G such that
P = G. For instance, the digraphs in Figures 4 and 5 have Euler dipaths in
which the edges occur in the order indicated by the numbering. If X, YV are
subsets of V(G), X =Y will denote {N € E(G)| M€ X, Ms € V}. X is out-
biased if X = X is infinite and X = X is finite. G is biased if V(G) has an
out-biased subset. The digraph of Figure 6, which is biased, may be contrasted
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FIGURE 2.

with the unbiased digraph of Figure 7. The flux F(X) of (or ‘“‘out of”’) a
divisor X of G is | X = X| — |X © X|. An exit (entry) of a vertex £ is an edge
with tail (head) §; the cardinal number of the set of exits (entries) of ¢ will be
denoted by x(§) (e(£)). G is solenoidal if x(§) = e(§) for every £ € V(G)
(Figures 8, 9, 11). If £ € V(G) and x(¢) = e(¢) + c:(¢) for every ¢ € V(G),
we shall call G ¢-solenoidal (Figure 5). If & 7 are (not necessarily distinct)
vertices of G and x({) + ¢,(¢) = e(¢) + c:(¢) for every ¢ € V(G), we shall
call G &g—1-solenoidal (Figure 4).
The main theorems of this paper are as follows:
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FIGURE 3.

THEOREM 1. Let £ be a vertex of a digraph G. Then G has a right-infinite Euler
dipath with first term £ if and only if G is enumerable, connected, E-solenoidal,
1-coherent, and unbiased.

THEOREM 2. Necessary and sufficient conditions for a digraph to have an
endless Euler dipath are that it be enumerable, connected, solenoidal, unbiased,
and 2-coherent and that, if 2-separable, it possess a divisor with flux 1.

Necessary and sufficient conditions for a digraph G to have a left-infinite
Euler dipath with a prescribed last term are, of course, deducible from Theorem 1

S N R
6 N

FIGURE 4.
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FIGURE 6.

N 4

FIGURE 7.

by reversing the orientations of the edges of G (i.e., forming a new digraph
with the same vertices in which each edge (¢, 9, {) of G is replaced by an edge
of the form (¢, ¢, 1)).

Figure 5 depicts a digraph satisfying the conditions of Theorem 1, and an
Euler dipath in this digraph with first term £ is indicated by the numbering of
the edges. The digraphs of Figures 8 and 9 satisfy the conditions of Theorem 2:
the latter is 2-separable and the former is not. In Figure 9, the set of all vertices
to the left of the broken line (drawn across the figure from top to bottom) is a
divisor with flux 1. An endless Euler dipath in this digraph is given by adapting
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FIGURE 8.

R
A

FIGURE 9.
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the construction indicated by the edge-numbering in Figure 5. The digraph of
Figure 8 has an endless Euler dipath that can be described pictorially as follows.
Suppose the vertices of the digraph to be the points (m, #) of the plane such
that m, # are odd integers and m = » (mod 4). Then two edges incident with
a vertex (m, n) will be successive edges in the Euler dipath if and only if
either (i) |m| < |n| and the two edges lie on the same side of the line y = # or
(ii) |m| > |n| and the two edges lie on the same side of the line x = m.

2. Proof of Theorem 1. Definitions. The notation ¢.A4 will stand for
>Secad(x). If L C E(G), LT will denote the subgraph of G formed by the
elements of L and the vertices incident with them, and G — L will denote the
subgraph with vertex-set V(G) and edge-set E(G) — L. If X C V(G), X* will
denote the subgraph with vertex-set X and edge-set X o X. We shall call X
essential if X o V(G) is infinite and inessential if X o V(G) is finite. If £ is a
vertex of finite degree in a digraph, f(¢) will denote x(¢) — e(¢); we regard
f(¢) as undefined for a vertex £ of infinite degree. We note that, if X is an
inessential set of vertices of G, the degrees of these vertices must be finite and
only finitely many of them can differ from zero, so that, if G is a digraph, f(§)
is defined for every ¢ € X and is non-zero for only finitely many such £ Con-
sequently, f.X is always well defined when X is an inessential set of vertices
of a digraph. A &y-ditrack (¢n-dipath, En-diway) is a ditrack (dipath, diway)
with first term ¢ and last term 5. A vertex 5 of a digraph is accessible from a
vertex ¢ if there exists a £p-ditrack in the digraph. For instance, in Figure 3
every vertex is accessible from £ and no vertex except { itself is accessible from
¢, and in Figure 6 every vertex is accessible from every vertex.

LemMA 1. If k is a positive integer and G 1is the union of k one-ended pathoids,
then G 1s k-coherent.

Proof. Let the above pathoids be Py, ..., P Let {Hy, ..., H;} be an
l-splitting of G; then this splitting has a completion H and, since H is finite,
each P, is the union of a one-ended pathoid Q; having no edge in common
with H and a finite pathoid R;. Since the Q; include no edges of H, each of
them is contained in H1\U...\U H, and therefore (being connected) in a
single H ;. It follows that any H; which contained no Q; would be disjoint
from Q;\U...\U Qy and therefore contained in R;\U...\U R, which is
impossible since a finite graph cannot contain an infinite one. Therefore each
H, contains at least one Q; and hence I < &.

LEMMA 2. Any dipathoid is unbiased.

Proof. If G is a dipathoid derivable from a dipath p and X C V(G), it is
clear that the elements of X4é form a subsequence of p whose terms belong
alternately to X = X and X = X; hence X = X cannot be infinite if X = X
is finite.
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If the digraph G of Theorem 1 has a right-infinite Euler dipath with first
term ¢, it will obviously be enumerable, connected, and é-solenoidal, and will
by Lemmas 1 and 2 be 1-coherent and unbiased; thus the necessity of the
conditions in the theorem is established.

LeEmMMA 3. If G is 1-coherent and X is a divisor of G, then either X or X is
inessential.

Proof. If X is essential, X o V(G) is infinite and therefore, since X is finite,
X o X is infinite and consequently X* is infinite. Similarly X* is infinite if X
is essential. Hence, if X and X were both essential, {X*, X*} would be a
2-splitting of G with completion (X6)f, and G would not be 1-coherent.

LeMMA 4. If G is a digraph, then F(X) = f.X for every inessential X C V (G).

Proof. Since an edge contributes 0, 1, or —1 to f.X according as it belongs
to XoX)U XoX), X=X, or XX respectively, we infer that
f.X=|X>X| - |X>X]|.

If G is as shown in Figure 10 and X is the set of vertices inside the broken
contour, then

fX=442-1-2=3 and FX)=4-1=3.

Ficure 10.

CoROLLARY 4A. . V(K) = 0 if K is a finite component of G.

CoroLLARY 4B. If G is solenoidal and 1-coherent and X is a divisor of G,
then F(X) = 0.

Proof. By Lemma 3, either X or X is inessential. Since G is solenoidal,
Lemma 4 gives F(X) = f.X = 0 in the former case and —F(X) =f.X =0
in the latter.

LeMMA 5. 4 finite digraph has a closed Euler dipath if and only if it is con-
nected and solenoidal.

Proof. See (3, chap. 2; 1, chap. 17; or 8, chap. 3).
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LeEMMA 6. Let &, 1 be vertices of a finite digraph G. Then G is a &n-dipathoid
if and only if it is connected and En~'-solenoidal.

(For instance, the connected &y~ !-solenoidal digraph of Figure 4 is a
&-dipathoid derivable from the &p-dipath in which the edges of the digraph
occur in the order indicated by the numbering.)

Proof. We may assume (although it does not really affect the argument)
that ¢ = 5 since otherwise the assertion of Lemma 6 is equivalent to that of
Lemma 5. It is obvious that a £»-dipathoid must be connected and &;~!-
solenoidal. Conversely, if G is connected and £p~!-solenoidal, the addition of
an edge X\ with tail g and head £ converts G into a connected solenoidal digraph
that has, by Lemma 5, a closed Euler dipath p. If ¢, » are the portions of p
preceding and following the term X respectively, then rq is a £p-dipath from
which G is derivable.

LEMMA 7. Let G = F\J H, where G 1s a digraph and F, H are subgraphs of G
and F 1s finite. Then H is biased if and only if G is biased.

The proof is left to the reader.

LemMmA 8. If a vertex n is accessible from a vertex & in a digraph G, then there
exists a En-diway in G.

Proof. A &y-ditrack with the minimum number of terms will clearly be a
En-diway.

LemMMma 9. If £ € V(G), N € E(G), and G s a connected E-solenoidal 1-coherent
unbiased digraph, then \ is a term of some finite dipath with first term &.

Proof. Let A be the set of all vertices accessible from £. It is clear that
A > A = @, and therefore, since G is unbiased, 4 = 4 is finite. Therefore 48
is finite. Hence, by Lemma 3, either 4 or A4 is inessential. But, if 4 were in-
essential, the facts that G is -solenoidal and £ € 4 would imply that f.4 =1
and hence by Lemma 4 that F(4) = 1, which is impossible since 4 > 4 = @.
Therefore A is inessential. Since G is &-solenoidal and & € 4, it follows that
f.A = 0. Therefore F(A) = 0 by Lemma 4. Since F(A) = 0and A > A4 = 0,
it follows that A = A must also be void and hence that 45 = @, which, since
G is connected and £ € 4, implies that 4 = V(G). Therefore, in particular,
M € A and so by Lemma 8 there exists a §(M)-diway w in G. Since A is clearly
not a term of w, adding the terms \, M at the right-hand end of w gives the
required dipath.

LeEmMA 10. Let £ € V(G), A € E(G), and G be an infinite connected §-solenoidal
1-coherent unbiased digraph. Then we can find a vertex n of G and a &n-dipath
q such that N € E(Q) and G 1s the edge-disjoint union of Q and an infinite con-
nected n-solenoidal 1-coherent unbiased digraph.
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(For example, let G be the digraph of Figure 5, £ be as shown in the figure,
and \ be the edge numbered 10. Suppose that we take 7 to be as shown in the
figure and ¢ to be the dipath whose edges in the order of their appearance are
1, 10, 8, 9, 2, 3, 4. Then G is the edge-disjoint union of Q and the infinite
connected g-solenoidal 1-coherent unbiased digraph (E(G) — E(Q))f.)

Proof. By Lemma 9, we can find a vertex 7 of G and a £-dipath p such that
A€ E(P). Let G — E(P) = H, and let Q denote the union of P and the
finite components of H. Since G is infinite and P finite, A is infinite. But A is
not the union of two disjoint infinite subgraphs since two such subgraphs
would constitute a 2-splitting of G with completion P. Hence H has a unique
infinite component I and only finitely many finite components. It follows that
Q is finite. Moreover, since G is connected, each component of A has a vertex
in common with P and hence Q is connected. Since G is &-solenoidal and P is
finite and (by Lemma 6) &y'-solenoidal, H is p-solenoidal. It follows, by
Corollary 4A, that 5 cannot be in a finite component of A and hence that the
finite components of H are solenoidal. From this and the fact that P is &71-
solenoidal, it follows that Q (which we have already shown to be finite and
connected) is £p~!-solenoidal and is therefore by Lemma 6 derivable from a
&n-dipath ¢, say. Since A € E(P) CE(Q)and G = P\ UH =Q\UIand Qis
clearly edge-disjoint from I, it will suffice to check that I is infinite, connected,
n-solenoidal, 1-coherent, and unbiased. But I is infinite and connected since
it is the infinite component of H; and I is n-solenoidal since H is p-solenoidal
and we have shown that 7 is not in a finite component of H. I is 1-coherent
since, if it had a 2-splitting with completion C, this would also be a 2-splitting
of G with completion C\U Q. Finally, since Q is finite and G = Q\U I is
unbiased, I is unbiased by Lemma 7.

To complete the proof of Theorem 1, we shall assume that G is enumerable,
connected, &-solenoidal, 1-coherent, and unbiased and deduce the required
conclusion. Since G is enumerable and connected, E(G) is enumerable; let

(1) AL Ae, ...

be an enumeration of E(G). By Lemma 10, there exist a & € V(G) and a
££1-dipath ¢; in G such that X\; € E(Q:) and G is the edge-disjoint union of Q
and an infinite connected £3-solenoidal 1-coherent unbiased digraph I;. If w2 is
the first term of (1) in £(I1), then by Lemma 10 there exist a &, € V(I;) and
a £ Es-dipath ¢» in Iy such that us € E(Q2) and I, is the edge-disjoint union of
Q: and an infinite connected £:-solenoidal 1-coherent unbiased digraph I.. If
s is the first term of (1) in E(I), then by Lemma 10 there exist a & € V(I3)
and a &; £3-dipath g3 in I, such that ps € E(Q;) and I, is the edge-disjoint
union of Q3 and an infinite connected £;-solenoidal unbiased digraph I;. By
continuing this construction, we obtain (using an obvious extension of the
“product’” notation defined in §1) a dipath g1 g2 ¢s ... that is clearly a right-
infinite Euler dipath of G starting at £.
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3. Proof of Theorem 2. Suppose, first, that G is a digraph possessing an
endless Euler dipath p. Then G is clearly enumerable, connected, and solenoidal.
It is 2-coherent by Lemma 1 and unbiased by Lemma 2. Finally, if G is
2-separable, it has a 2-splitting & with completion C, say. Since C is finite, we
can write p = p1 p2 p3, where the p; are dipaths and p1, p3 have no term in
E(C). Therefore each of Pj, P;is contained in the union of the members of S,
and so each of them, being connected, is contained in a single member of &.
If they were both contained in the same member of &, the other member of
& would be contained in Ps, which is impossible since a finite graph cannot
contain an infinite one. Hence we can write & = {I, J}, where P; C I and
P3 CJ. Write V(I) = X. Since X6 C E(C), X is a divisor of G. Moreover,
since V(P1) C V(I) = X and V(P3) C V(J) C X, the elements of X4 clearly
form a subsequence of p in which elements of X © X alternate with elements
of X = X and whose first and last terms are in X > X. Therefore

X=X - | XX =1

and so X is a divisor of G with flux 1. We have thus proved the necessity of
the conditions in Theorem 2.

The proof of sufficiency falls into two parts, one dealing with 1-coherent
digraphs such as that of Figure 8 and the other dealing with 2-separable ones
such as that of Figure 9. Lemmas 13 and 19 will complete the proof of the
theorem for these two types of digraphs respectively.

LeEmMmA 11. If G is a connected solenoidal 1-coherent unbiased digraph and
£ € V(G), N € E(G), then \ is a term of some EE-dipath in G.

Proof. Let \b = 5. Let A be the set of vertices accessible from £ in G. Then
A > A = @, and therefore, since G is unbiased, 46 is finite, and therefore, by
Corollary 4B, F(4) = 0, which, since 4 = A = @, implies that 46 = @ and
hence (since £ € 4 and G is connected) that A = V(G). Thus M € 4 and so,
by Lemma 8, we can form a £-dipath p by adding the terms A, # at the end
of a £¢(\)-diway. Let B be the set of vertices accessible from 5 in G — E(P).
Then clearly B> B C E(P), which is finite, and hence, since G is unbiased,
Bé is finite, and so F(B) = 0 by Corollary 4B. Clearly n € B, and therefore,
if £ ¢ B, it would follow from the fact that P is &~ -solenoidal and Lemma 4
that

—1=fp.BNV(P)) = Fp(BNV(P)) > F(B) =0,

where the inequality follows from the fact that B> B C E(P). Hence ¢ € B.

Therefore there is by Lemma 8 an g¢-diway ¢ in G — E(P); and pq is the
required dipath.

LeEmMA 12. Let £ € V(G), N € E(G), and G be an infinite connected solenoidal
1-coherent unbiased digraph. Then there exists a £&-dipath q such that N € E(Q)
and G 1s the edge-disjoint union of Q and an infinite connected solenoidal 1-
coherent unbiased digraph.
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(For example, let G be the digraph of Figure 8, £ be as shown, and \ be the
thick edge in the figure. Suppose that we take ¢ to be the dipath indicated by
the numbered edges. Then G is the edge-disjoint union of Q and the infinite
connected solenoidal 1-coherent unbiased digraph (E(G) — E(Q))T.)

Proof. By Lemma 11, we can find a #-dipath p such that A € E(P). Let
G — E(P) = H, and let Q denote the union of P and the finite components of
H. Then Qis finite and connected by the argument used in the proof of Lemma
10. Since G is solenoidal and P is finite and solenoidal, H is solenoidal, and
therefore Q is a union of edge-disjoint solenoidal subgraphs and so is solenoidal.
Therefore, by Lemma 5, Q is derivable from a £¢-dipath ¢, say. As in the proof
of Lemma 10, we see that A € E(Q) and that G is the edge-disjoint union of Q
and the unique infinite component I of H. Moreover, I is solenoidal since H is
solenoidal, and is infinite, connected, 1-coherent, and unbiased for the same
reasons as before.

LemMA 13. Every enumerable connected solenoidal 1-coherent unbiased digraph
has an endless Euler dipath.

Proof. Let G be enumerable, connected, solenoidal, 1-coherent, and unbiased.
Let Ay, Ng, . . . be an enumeration of E(G). Selectany & € V(G). By Lemma 12,
there exists a & £-dipath ¢y such that \; € E(Q;) and G is the edge-disjoint
union of Q; and an infinite connected solenoidal 1-coherent unbiased digraph
I,. Since G is connected, we can select a £, € V(Q1 M I1). Then, if us is the
first \; in E(I1), there exists by Lemma 12 a £, £;-dipath ¢, in I; such that
w2 € E(Q2) and I, is the edge-disjoint union of Q: and an infinite connected
solenoidal 1-coherent unbiased digraph I,. Since I; is connected, we can select a
£ € V(Q2 M Iy). Then, if ujis the first X\;in E(I3), there exists by Lemma 12 a
£s £o-dipath ¢; in I, such that us € E(Q;) and I, is the edge-disjoint union of
Q3 and an infinite connected solenoidal 1-coherent unbiased digraph I3. Since
I, is connected, we can select a £ € V(Q3 M I3); and so on. Clearly we can
write ¢; = 7;5; where 7, is a §;_1 §-dipath and s;is a & £;,_1-dipath and 7,
includes at least one edge if 7 is even and s; includes at least one edge if 7 is odd.
Then ...s3s2s1717275... is an endless Euler dipath of G.

Definitions. A source (sink) of a finite digraph G is a vertex ¢ such that
F(&) > 0 (f(¢) <0), and the strength of this source or sink is |f(£)|. The sum
of the strengths of the sources of G will be denoted by ¢(G). Taking X = V(G)
in Lemma 4 shows that ¢(G) is also the sum of the strengths of the sinks of G.
In Figure 10, ¢(G) = 6.

LeEmMA 14. If S, is a finite subgraph of an unbiased digraph G, then S, is
contained in a finite subgraph S such that no component of G — E(S) includes
both a source and a sink of S.

(For instance, if G is the digraph of Figure 7 and Sy, = {\, u, »}{, where
A, u, v are the three consecutive thick edges marked with these letters and
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lying along the top boundary of the figure, then one subgraph S satisfying the
conditions of Lemma 14 is L, where L is the set of all thick edges in the figure.)

Proof. Select a finite subgraph T containing .Sq such that o(7") is as small as
possible. If a source ¢ of 7" were accessible in G — E(T) from a sink 7 of T,
there would by Lemma 8 be an n¢-diway win G — E(7T), in which case TU W
would clearly be a subgraph containing .Sy with ¢(7°\U W) < ¢(T"). Therefore
no source of T is accessible in G — E(7") from a sink of 7" and so, if 4 is the
set of vertices accessible in G — E(7") from at least one sink of 7, all sinks of
T belong to 4 and all its sources belong to A. Clearly 4 = A C E(I), which
is finite, and therefore, since G is unbiased, A = 4 is finite. Therefore
S = (Ar>A4)TUT is a finite subgraph of G containing S,. Since clearly
Fs(&) < fr(¢) for every £ € A (where f5(£), fr(£) may be interpreted as 0 if £
is not in S or T respectively) and fs(§) > fr(£) for every £ € A, the fact that
T has all its sinks in 4 and all its sources in A implies that S has the same
property. But, since 4 = A C E(T), it follows that 46 C E(S) and therefore
a component of G — E(S) cannot have one of its verticesin 4 and anotherin 4.
Consequently, no component of G — E(S) includes both a source and a sink
of S.

Lemma 15. If So is a finite subgraph of an unbiased connected digraph G,
then G 1s the edge-disjoint union of a finite subgraph R containing Sy and a sub-
graph I with no finite component such that no component of I includes both a
source and a sink of R.

(If, once again, G is the digraph of Figure 7 and Sy = {\, 4, »}T, we can
satisfy the requirements of Lemma 15 by taking R = L}, I = (E(G) — L)f,
where L is the set of all thick edges in the figure.)

Proof. Let S have the properties mentioned in the statement of Lemma 14.
Let R be the union of S and the finite components of G — E(S); and let I be
the union of the infinite components of G — E(S). Since G is connected,
either S = [ ] and G is the sole component of G — E(S) or S ## [ ] and each
component of G — E(S) has a vertex in common with S. Hence G — E(S) can
have only finitely many components and consequently R is finite. A component
Iy of I will be an infinite component of G — E(S) and so, if I, includes a
vertex ¢ of R, then £ will be a vertex of S incident with precisely the same
edges in S as in R. Consequently, if I, included both a source and a sink of R,
it would include both a source and a sink of S, which is precluded by the fact
that it is a component of G — E(S). Thus no component of I includes both a
source and a sink of R. The remaining required properties of I and R are
obvious.

LeEMMA 16. The elements of a splitting of an unbiased digraph are unbiased.

Proof. Let I be an element of a splitting of an unbiased digraph G and H be a
completion of this splitting. Then all edges incident with vertices of I are in
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I\U H. Suppose that X C V(I) and that X >, (V(I) — X) is infinite. Then
X > X is infinite since it contains X =; (V(I) — X), and therefore X == X
is infinite since G is unbiased, and therefore (V(I) — X)>; X must be
infinite since it includes all elements of X = X thatare in E(I), i.e. all elements
of X = X not in the finite set E(H).

LemMA 17. Any member of an I-splitting of an I-coherent graph is 1-coherent.

Proof. If I belonged to an l-splitting & (with completion H) of an /-coherent
graph G and if T were a 2-splitting (with completion K) of I, then
T U (& — {I}) would be an (I + 1)-splitting of G with completion H \U K,
which contradicts the I-coherence of G.

LEmMA 18. If G = F\J H, where F, H are subgraphs of G and F is finite and
H is 1-coherent, then G is 1-coherent.

Proof. If {I,J} were a 2-splitting of G with completion C, then {I N H,
J M H} would be a 2-splitting of H with completion C M H.

LEMMA 19. If G is an enumerable connected solenoidal 2-coherent unbiased
digraph possessing a divisor with flux 1, then G has an endless Euler dipath.

Proof. Let X be a divisor of G with flux 1. By Lemma 15, we can write
G = I\UR, where R is a finite subgraph containing (Xé)f, I has no finite
component, no component of I includes both a source and a sink of R, and
E(I N\ R) = 0. Since G is solenoidal and F(X) = 1, F(X) = —1, it follows
from Lemma 4 that X, X are essential, and hence, since X3 is finite, that
X 0X, X o X are both infinite. Therefore X*, X* are disjoint infinite sub-
graphs of G. Moreover, since X6 C E(R), which is disjoint from E(I), it
follows that I C X* \U X* and so each component of [ is contained in one of
X* X*. Furthermore, since X* C G = I \UR and X* is infinite and R is
finite, X* M I [ ]; and similarly X* N I 3 []. It follows from these remarks
that I has at least one component contained in each of X*, X* On the other
hand, since the components of I constitute a splitting of G with completion R,
I has at most two components. Therefore I has precisely two components M,
N, say, where M C X*, N C X*. Moreover,

fe- VIRNAN) = fr. VIRNINX*) =fr (XN V(R) N V(1))
=fe- (XN V(R))

since the solenoidal character of G = I U R implies that fz({) = 0 for every
¢ € V(R) — V(). But, by Lemma 4,

fe- (XN V(R) = Fa(XNV(R)) = F(X)

since X6 C E(R). Hence fz. V(RN N) = F(X) = —1 and so, since N does
not include both a source and a sink of R, it follows that &V includes a unique
sink 7 of R and no source of R and that fr(y) = —1. Similarly, M includes a
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unique source £ of R and no sink of R and fg(¢) = 1. Moreover, R can have no
source other than ¢ or sink other than 5 since we have seen that fz({) = 0
when § € V(R) — V(I). Therefore R is én~'-solenoidal. Therefore, by Corollary
4A, £, n belong to the same component C of R and so (since R is £&p~1-solenoidal)
Cis #n~1-solenoidal and the other components of R are solenoidal. By Lemma 6,
C = P for some &y-dipath p. Since G is connected, each component of R has a
vertex in common with I; hence the set of components of R other than C can
be divided into two disjoint subsets I, N such that each member of I has a
vertex in common with M and each member of 9t has a vertex in common
with N. Let M’ be the union of M and the members of MM, and N’ be similarly
defined. Since G is solenoidal and R is finite and £y~!-solenoidal, [ is p& -
solenoidal and therefore N is %-solenoidal. Since the members of 9 are
solenoidal, it follows that N’ is #-solenoidal. Since {M, N} is a splitting of G
with completion R, N is unbiased and 1-coherent by Lemmas 16 and 17, and
therefore N’ is unbiased and 1-coherent by Lemmas 7 and 18. Finally, N’ is
enumerable since N C N’ C G, and is connected since NV is connected and has
a vertex in common with each member of 9. Therefore, by Theorem 1, N’ has
a right-infinite Euler dipath #’ with first term %. Similarly, M’ has a left-
infinite Euler dipath m’ with last term &; and m/pn’ is an endless Euler dipath
of G.
Lemmas 13 and 19 complete the proof of Theorem 2.

4. Further observations and results. The language and notation of (7)
will be used in this section; but, where the words ‘‘path-sequence’” and ‘‘path”
were used in (7), we now replace them by ‘‘path’ and ‘“‘pathoid” respectively.
An Euler path of G is a path p in G such that P = G. We shall call G Eulerian
if it has no odd vertex (vertices of infinite degree being allowed). Figures 2, 8,
9, and 11 depict Eulerian graphs. If £ € V(G) and d(£) is odd or infinite and
all other vertices of G have even or infinite degree, we call G ¢-Eulerian.
Obviously an infinite graph is 1-coherent if and only if it is 1-limited (and,
more generally, /-coherent if and only if it is //-limited for some /' < 7). Hence
we see from Lemma 1 and (7, Lemma 11) that a graph has a right-infinite
Euler path with first term & if and only if it is enumerable, connected, &-Eulerian,
and 1-coherent. In effect, this exhibits the characterization due to Erdés,
Griinwald, and Vazsonyi (2, p. 68; 8, Theorem 3.2.1) of infinite graphs with
one-ended Euler paths in a form designed for comparison with Theorem 1.
We shall make a similar comparison of their theorem regarding endless Euler
paths with Theorem 2 after some further preliminary observations.

We remark first that, since the proofs did not depend on G having no finite
component or E(G) being enumerable, (7, Corollary 2A) applies to inessential
sets of vertices of Eulerian graphs in general and (7, Lemmas 5 and 6) and the
related definitions of odd and even wings and of p»(G) apply to Eulerian
limited graphs in general. We shall now establish an analogue, for solenoidal
limited digraphs, of the parity of a wing of an Eulerian limited graph.
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LemmA 20. If W is a wing of a limited solenoidal digraph G, then F(X) has
the same value for every W-set X.

Proof. Let X, Y be W-sets. Then by the proof of (7, Lemma 5), X + YV is
inessential, and therefore so are its subsets X NY, X N V. Therefore
F(XNY)=FXNY)=0by Lemma 4 and the fact that G is solenoidal.
With the notation

XNY=2, XNY=2Z, XNY=2Z, XNY=2,
|Zi>Z)| — |Z,> 2] = Fiy(= —F;),
we have
F(X) — F(Y) = Fi3+ Fiu+ Fa3 + Fos — Fi1g — F33 — Fuu — Fy
= Fo1 4+ Fo3 + Fos — Fa1 — F32 — F3u = F(Z,) — F(Z3) = 0,
and Lemma 20 is proved.

Definition. In the circumstances of Lemma 20, f(W) will denote the value
of F(X) for every W-set X. (One can think of f(WW) as the “flux out of W.”
Figure 11 depicts a 3-limited solenoidal digraph with wings W,, W,, W3 such
that f(W1) =1, f(Ws) = =3, f(W;) = 2.)

LemMmA 21. If G is 2:limited and Wy, Wsare its wings, a subset X of V(G) is a
Wi-set if and only if X is a W-set.

(One can illustrate Lemma 21 by taking G to be the digraph of Figure 9
and X, X to be the sets of vertices to the left and right respectively of the broken
line.)

Proof. If the symmetric difference 4 + B of two sets 4 and B is finite, we
shall write A ~ Bj; and the corresponding notation for subgraphs will be used
as defined in (7). Let {H1, H.} be a 2-splitting of G and let H; € Wy, Hy € Wo.
If X is a Wi-set, X* ~ H, and therefore X ~ V(H:), X o X ~ E(H,) and
hence

X ~V(G) — V(Hy) ~ V(H,),
Xo0X~XoX)UXs=E@G) — (X oX)~E(G) — EH,) ~ E(H,),

and hence X* ~ H, € W,. Since X8 = X3, which is finite, it follows that X
is a Wa-set. Similarly, if X is a W-set, then X is a Wiy-set.

From Lemma 21, we see that the set of W;i-cinctures of G is the same as the
set of W,-cinctures; we shall call this set of cinctures the neck of G. It follows
from this observation and definition that, if G is 2-limited and Eulerian, then
both wings have the same parity (as one may also infer from (7, Lemma 6))
and all cinctures in the neck of G have this parity too; it is thus natural to call
the neck of a 2-limited Eulerian graph even or odd according as it consists of
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3

FiGure 11.

even or odd cinctures respectively. It also follows from Lemma 21 that, if G
is a 2-limited solenoidal digraph with wings Wy and W,, then

W) = FX) = =F(X) = —f(W)

where X is any Wiy-set; we shall call the quantity |f(Wy)| = |[f(Ws)| the flux
through the neck of G.
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LeMMA 22. A 2-limited Eulerian graph has an odd cincture if and only if its
neck is odd. A 2-limited solenoidal digraph has a divisor with flux 1 if and only
if the flux through its neck is 1.

Proof. Let X be a divisor of a 2-limited graph G with wings Wi, W,. Then
X6 is finite. Therefore X is inessential if X* is finite, X is inessential if X* is
finite, and, if X*, X* are both infinite, they constitute a 2-splitting of G with
completion (X8)t, whence X* must belong to Wi or W, and so X must be a
Wi-set or a Wa-set. Hence either X is inessential or X is inessential or X is a
Wi-set or X is a We-set. If G is Eulerian, then by (7, Corollary 2A) (extended
to apply to Eulerian graphs in general) X6 = X cannot be odd if X or X is
inessential, and hence G has an odd cincture if and only if Xé is odd for some

. Wi-set or Wa-set X, which is equivalent to the neck of G being odd. If G is a
solenoidal digraph, then by Lemma 4 F(X) = F(X) = 0if X or X is inessen-
tial and hence G will have a divisor with flux 1 if and only if there is a W;-set
or Wy-set X such that F(X) = 1, which is equivalent to the flux through the
neck of G being 1.

If G has an endless Euler path, it is obviously enumerable, connected, and
Eulerian, and by (7, Lemma 8) G is either 1-limited or 2-limited with odd neck.
Conversely, if G is enumerable, connected, and Eulerian and is either 1-limited
or 2-limited with odd neck, then by (7, Lemmas 10 and 13) G has an endless
Euler path. From these remarks and Lemma 22, we see that each of the following
is a set of necessary and sufficient conditions for G to have an endless Euler path:

(1) G s enumerable, connected, Eulerian, and either 1-limited or 2-limited
with odd neck,

(i1) G s enumerable, connected, Eulerian, and 2-coherent and, if 2-separable,

possesses an odd cincture.

Conditions (ii) provide the closer parallel with Theorem 2. It is a fairly easy
exercise to prove directly the equivalence of (i) or (ii) to the conditions of
Erdos, Griinwald, and Vazsonyi (2, p. 61; 8, Theorem 3.2.2). Moreover, from
Theorem 2 and Lemma 22, we see that a digraph has an endless Euler dipath
if and only if (a) it is enumerable, connected, solenoidal, and unbiased and (b)
either it is 1-limaited or it 1s 2-limited and the flux through its neck is 1. This bears
a resemblance to (i), and is possibly a slightly more natural, if slightly less
simple-minded, formulation of Theorem 2.

The flux through the neck of the digraph in Figure 9 is 1. If, however, we
reverse the orientations of all the thick edges, this digraph remains solenoidal
and 2-limited but the flux through its neck becomes 3. The reader will soon
find by experiment that the digraph then no longer has an endless Euler dipath,
the difficulty being, roughly speaking, that an endless dipath can at most carry
a flux of 1 through the neck of the digraph.

We now summarize some further results of (4). A diendless dipathoid is a
pathoid derivable from an endless dipath. We recall that, by (5, Theorem 2'),
a digraph is decomposable into diendless dipathoids if and only if it is solenoidal
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and has no finite component. A wing W of a solenoidal limited digraph G is a
source-wing of strength r il f(W) =r >0, a sink-wing of strength r if
f(W) = —r <0, and neutral if f(W) = 0. An argument resembling the proof
of (7, Lemma 6) shows that the sum (which we denote by s(G)) of the
strengths of the source-wings of G is equal to the sum of the strengths of its
sink-wings. The number of neutral wings of G will be denoted by #(G). Now
let G’ denote an enumerable solenoidal (not necessarily limited) digraph with
no finite component, and let us define ¢(G’) to mean s(G’) + n(G’) if G’ is
both limited and unbiased and to mean N, if G’ is either unlimited or biased
or both. Then a result of (4) states that ¢(G’) is the minimum number of
diendless dipathoids into which G’ is decomposable. This is the analogue for
digraphs of the main result of (7), and its proof is not very much more difficult.
A somewhat more elaborate argument shows that G’ is decomposable into «
diendless dipathoids if and only if the cardinal number o lies between q(G’) and
Lw(G") inclusive; this is the analogue of the result stated without proof in
(7, 84). For instance, the limited unbiased digraph of Figure 11 is decomposable
into « diendless dipathoids if and only if 3 < a < 5, as the reader may easily
verify by experiment.

If p is an endless path in a limited graph G, it is not hard to prove that
there is a unique wing W of G such that every tail (in the sense of (7)) of p
has an infinite number of edges in common with each element of Wand a unique
wing W’ of G such that every head of p has an infinite number of edges in
common with each element of W’; we call p a WW’-path. It can further be
shown that every endless path from which P is derivable is either a WIW’-path
or a W'W-path. We may therefore unambiguously define P to be a 1-wing
pathoid with end-wing W if W = W', and to be a 2-wing pathoid with end-
wings W, W’ if W = W’. It can also be shown that the end-wings of a 2-wing
diendless dipathoid Q in a digraph distinguish themselves as the fail-wing W
and head-wing W' of Q by the property that every endless dipath from which
Q is derivable is a WW’-path.

In Figure 2, let W1, W,, W3, W4 be the wings to which the subgraphs Hp,
H,., H¢y, H,r defined in §1 respectively belong; then

ooy 53, )\3v 521 >\2v Ely )\11 Wy K1y N1y K2y N2y K3y M3y o ¢«

isa W1 Wo-path. In Figure 9, let X be the set of vertices to the left of the broken
line and Wi, Ws be the wings to which X*, X* respectively belong. In this
figure, the thick edges, together with the vertices incident with them, constitute
two diendless dipathoids; the upper dipathoid is a 1-wing dipathoid with
end-wing W, and the lower one is a 2-wing dipathoid with tail-wing W, and
head-wing Wi.

It is not hard to show that the number of 2-wing pathoids in a decomposition
of a limited graph into endless pathoids is always finite. If ¢ is a cardinal-
number-valued and w is a non-negative integer-valued function on the set of
wings of a limited graph G, a (¢, w)-decomposition of G is a decomposition D
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of G into endless pathoids such that each wing W is an end-wing of exactly
¢ (W) 1-wing and o (W) 2-wing members of D. If ¢ is a cardinal-number-valued
and ¢, x are non-negative integer-valued functions on the set of wings of a
limited digraph G, a (¢, ¥, x)-decomposition of G is a decomposition D of G
into diendless dipathoids such that each wing W is the end-wing of exactly
¢ (W) 1-wing members of © and is the tail-wing of exactly ¥ (W) and head-wing
of exactly x (W) 2-wing members of D. If L; is the set of edges numbered 7 in
Figure 11, then {Lf, ..., Lst} is a (¢, ¥, x)-decomposition of the digraph,
where ¢, ¥, x are as given in the following table:

W] W2 W3
¢ 1 0 1
v 1 0 2
X 0 3 0

A too-path (= ¢-path) is a right-infinite (left-infinite) path with first (last)
term §; and a corresponding definition can be given for dipaths. If « is a finite
sequence £y, . . . , &, 0f (not necessarily distinct) vertices of G and v is a cardinal
number, a (u; v)-decomposition of G is a decomposition of G of the form
{P1, ..., Pn} Y S, where P, is a §; »-pathoid and & is a set of » endless
pathoids distinct from Py, ..., P,. If u, v are finite sequences i, . . ., &, and
71, - - - » N Tespectively of vertices of a digraph G, a (u, v; v)-decomposition of
G is a decomposition of G of the form {Pi, ..., Pn, Q1, ..., 0} U &, where
P;isa §; o-dipathoid and Q;is an «p,;-dipathoid and &€ is a set of » diendless
dipathoids distinct from Pi, ..., Pu, Q1, ..., Qs In these definitions (and in
the statements of Problems (iii) and (vi) below), we permit the special cases
in which # or v have 0 terms, thus waiving a rule made in §1 concerning our
use of the word ‘‘sequence.” In Figure 5, let # be the sequence &, 7 and v be
the sequence with sole term #. Let L be the set of edges numbered 77, M be
the set of edges numbered 7# -+ 5, and N be the set of edges numbered 7xn + 4
and 7n + 6, where # runs through the set of positive integers in each case,
and let P be the set of all remaining edges. Then {Lf, M}, Nt, Pt} is a
(u, v; 1)-decomposition of the digraph.

The following further problems were investigated in (4).

(i) Let G be a limited graph and ¢, w be a pair of functions as described
above. What are necessary and sufficient conditions for G to admit a (¢, w)-
decomposition?

(i1) If vy is a cardinal number and #. is a non-negative integer, what are
necessary and sufficient conditions for a limited graph to be decomposable into
v1 1-wing and #, 2-wing endless pathoids?

(iii) Let «# be a finite sequence of vertices of a graph G and » be a cardinal
number. What are necessary and sufficient conditions for G to admit a (u; »)-
decomposition?
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(iv) Let G be a limited digraph and ¢, ¢, x be a triple of functions as des-
cribed above. What are necessary and sufficient conditions for G to admit a
(¢, ¥, x)-decomposition?

(v) If vy is a cardinal number and #; is a non-negative integer, what are
necessary and sufficient conditions for a limited digraph to be decomposable
into »; 1-wing and %, 2-wing diendless dipathoids?

(vi) Letu, v be finite sequences of vertices of a digraph G and » be a cardinal
number. What are necessary and sufficient conditions for G to admit a
(4, v; v)-decomposition?

Problems (i), (ii), (iii), and (vi) were solved completely in (4). Problems
(iv) and (v) were solved completely for unbiased digraphs, but not for biased
ones. It appears that their complete solution for biased digraphs may possibly
present a difficulty of a substantially higher order, and some possibility of a
remote connection between this problem and the four-colour problem has even
been detected. Since, however, it is easily deducible from Lemma 2 that only
unbiased digraphs can be decomposed into a finite number of dipathoids, it
follows that (iv) and (v) are completely solved for the cases in which ¢ is
finite-valued and », is finite respectively. A slightly curious feature of the solu-
tions of (ii) and (for unbiased digraphs) (v) is that they are substantially
more complicated for disconnected than for connected graphs. It is true that
the solutions for disconnected graphs are simply a matter of ‘“‘adding the
contributions of their components’’; but this addition involves appreciable
difficulties. It will be observed that the solution to (vi) may be regarded as
containing both Theorems 1 and 2 as special cases; and similarly (iii) in a
sense subsumes both the one-ended and endless Euler path problems for
undirected graphs. A variant of (iii), in which it was supposed that G was
limited and that it was specified how many of the » endless pathoids were to
be 1-wing and how many were to be 2-wing, was also solved in (4), and the
corresponding variant of (vi) solved for unbiased digraphs.

5. Acknowledgments. The dissertation on which this paper is based was
written under the general direction of Professor D. Rees, Professor N. E.
Steenrod, and Dr. S. Wylie, to whom the author is indebted for help and
guidance, and with the support of grants from the Department of Scientific and
Industrial Research, the University of Cambridge and Trinity Hall, an Amy
Mary Preston Read Scholarship (awarded by the University of Cambridge),
a J. S. K. Visiting Fellowship (awarded by the University of Princeton), and
a Fulbright Travel Grant. Illustrative examples have been inserted into this
paper at the suggestion of the referee.

REFERENCES

1. C. Berge, The theory of graphs and its applications (1958), English translation by Alison
Doig (London and New York, 1962).

2. P. Erdés, T. Griinwald, and E. Vazsonyi, Uber Euler-linien unendlicher Graphen, J. Math.,
Phys., 17 (1938), 59-75.

https://doi.org/10.4153/CJM-1966-070-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1966-070-2

714 C. ST. J. A. NASH-WILLIAMS

3. D. Konig, Theorie der endlichen und unendlichen Graphen (Leipzig, 1936; reprinted New
York, 1950).

4. C. St. J. A. Nash-Williams, Decomposition of graphs into infinite chains (Thesis, Cambridge,
1958).

5. Decomposition of graphs into closed and endless chains, Proc. London Math. Soc. (3),
10 (1960), 221-238.

6. ——— Decomposition of finite graphs into open chains, Can. J. Math., 13 (1961), 157-166.

7. ——— Decomposition of graphs into two-way infinite paths, Can. J. Math., 15 (1963), 479-485.

8. O. Ore, Theory of graphs (Providence, 1962).

Unaversities of Waterloo and Aberdeen

https://doi.org/10.4153/CJM-1966-070-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1966-070-2

