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Bayesian optimisation with Gaussian process regression was performed to optimise the
shape of an elastically mounted cylinder undergoing transverse flow-induced vibration.
The vibration amplitude and mean power coefficient were obtained from two-dimensional
numerical simulations, with Reynolds number Re = 100. First, shape optimisation was
performed to maximise the amplitude of undamped vibrations. The optimised shape
was found to be a thin crescent cylinder aligned perpendicular to the oncoming flow.
The optimised shapes exhibited simultaneous vortex-induced vibration and galloping, a
response which was not observed for other cylinder geometries at the same Reynolds
number. Shape optimisation was also performed to maximise the power coefficient,
where the power generation device was modelled as a linear damper. The power-
optimised cylinders were also thin crescents, but with greater curvature compared with
the amplitude-optimised cylinders. Compared with a circular cylinder, improvements in
the power coefficient and efficiency of up to 523 % and 152 %, respectively, were obtained.
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1. Introduction

Flow-induced vibration (FIV) is a fluid—structure interaction where the flow of a fluid
past a solid body induces a vibration response in the solid body. Flow-induced vibration
often results in harmful structural damage, and is therefore minimised in many engineering
applications. However, FIV may be used to extract clean energy from environmental fluid
flows (Bernitsas et al. 2008; Wang, Fan & Lin 2020a; Sun et al. 2024), and in such
applications one may wish to enhance FIVs to improve the power output and efficiency.
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The present study explores the use of Bayesian optimisation with Gaussian process
regression (BO-GPR) to enhance the vibration amplitude and power output from FIV.

The use of FIV for energy harvesting was proposed by Bernitsas et al. (2008), who
introduced the VIVACE (vortex-induced vibration for aquatic clean energy) converter
design. The original VIVACE design uses a 1 degree of freedom (1-DOF) elastically
mounted circular cylinder, attached to an electric generator. The generator extracts energy
from the cylinder, and therefore applies mechanical damping to the system. The FIV
response of a 1-DOF elastically mounted cylinder has been extensively studied (e.g.
Sarpkaya 2004; Wang et al. 2020b). When the fluid’s free-stream velocity is such that the
natural vortex shedding frequency of the cylinder matches the natural vibration frequency
of the cylinder, the fluctuating force due to vortex shedding results in a significant vibration
response, known as vortex-induced vibration (VIV). In this regime, the VIVACE device
was found to be a cost effective method for generating clean energy (Bernitsas et al. 2008).

One possible improvement to the VIVACE device is to alter the shape of the vibrating
body to achieve a larger vibration response. Cylinders of various alternative shapes have
been investigated, including rectangular (Zhang et al. 2018a,b), triangular (Sirohi &
Mahadik 2011; Zhang et al. 2016), diamond (Lian et al. 2017), D-section (Chen & Li
2024) and elliptical (Lo et al. 2024) cylinders. In addition to VIV at lower flow speeds,
asymmetrical shapes may exhibit a galloping response at high speeds, which results in
increased power generation (Wang et al. 2020; Lv et al. 2021). Galloping arises from a
movement-induced instability due to the varying incident angle relative to the oncoming
flow. One promising shape for power generation is the thin elliptical cylinder (Lo et al.
2023), which exhibits a hyper-branch featuring a combination of VIV and a galloping-
like movement-induced instability. This allows the thin elliptical cylinder to sustain large
vibration amplitudes with significant damping, and at comparatively lower velocities
compared with traditional galloping (Lo et al. 2023). The thin elliptical cylinder with
aspect ratio 5 was found to achieve approximately one order of magnitude improvement in
the mean power coefficient compared with the circular cylinder (Lo et al. 2024).

Several previous studies have compared the power generation for different cylinder
cross-sections, including Yang, Zhao & Tang (2013), Ding et al. (2015), Lian et al.
(2017), Zhang et al. (2017), Sun, Jo & Seok (2019a,b), Tamimi et al. (2019) and Huang
et al. (2024). However, these studies typically select a small number of different cross-
sections, with limited or no parametric variation of the different shapes. Table 1 reports the
best-performing cross-section determined by several of these studies. Direct comparisons
between different studies are difficult due to differences in conditions between the studies.
In general, however, shapes with sharp corners at the upper and lower edges and with a
convex afterbody appear to give the best performance. Huang et al. (2024) compared the
performance of 36 different bluff body shapes, formed from combinations of 6 different
shapes for the forebody and afterbody. They found that, within the VIV regimes, shapes
with convex circular or convex triangular forebodies achieved the best performance, while
in the galloping regime, shapes with convex triangular or convex circular afterbodies
gave the best performance. The overall best-performing cross-section used a rectangular
forebody and a triangular afterbody.

Chen, Li & Yang (2024) performed shape optimisation to enhance the FIV response of a
circular cylinder, using an unsteady adjoint-based method. They considered the subcritical
regime, and found that shape optimisation reduces the critical Reynolds number from
Re. =44 to Re., = 33, reduces the minimum Re for energy harvesting from 20 to 14, and
increases the power extraction by 420 % compared with a circular cylinder. Alhussein,
Dalaq & Daqaq (2024) performed shape optimisation of a curved trapezoidal cylinder,
using an artificial neural network as a surrogate model, and found that a modified trapezoid
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Shape Method  Fluid Cp Re

Yang et al. (2013) Square Experiment  Air  4.46 x 1073 2.2 x 10*

Ding et al. (2015) Quasi-trapezoid Simulation Water 0.245 1.2 x 10°

Zhang et al. (2017) Circle-triangle Simulation Water 0.265 1.3 x 10*

Sun et al. (2019b) Semi-circle Experiment Water 7.81 x 1073 4.0x 10*
Experiment Water 0.234 3.8 x 10*

Tamimi et al. (2019) Triangular

Huang et al. (2024) Rectangle-triangle Experiment  Air — 1.2 x 10

Vv o O

Table 1. Best-performing cylinder cross-sections determined from previous studies. A sketch of each shape is
provided, with flow direction from left to right.

with curved upper and lower edges yields an increased power coefficient compared with a
standard trapezoid.

While these studies have successfully implemented shape optimisation, they are limited
in how they constrain the geometry. Chen et al. (2024) fixed the width of the cylinder and
constrained the cross-sectional area to not exceed that of the circular cylinder. As a result,
their analysis was restricted to aspect ratios below 1, and they could not represent thin
cylinders aligned perpendicular to the oncoming flow. Likewise, Alhussein et al. (2024)
restricted their geometry to an aspect ratio of 1, in addition to requiring flat front and back
faces, so were also unable to represent thin cylinders. The present study finds that such thin
cylinders result in a maximised power extraction from VIV. The geometry parametrisations
adopted in previous studies cannot represent such cylinders.

The present study aims to determine the shape that optimises either the vibration
amplitude or power coefficient for a 1-DOF elastically mounted cylinder. We consider
a parametrised cylinder, that can represent a wide range of shapes including circular,
elliptical, parabolic, triangular, rectangular, diamond and D-section cylinders. The
vibration response of the parametrised shape is then determined using two-dimensional
numerical simulations, performed in OpenFOAM. Finally, BO-GPR is used to tune the
shape parameters to achieve an optimised FIV response.

Bayesian optimisation is a powerful framework for optimising expensive black-box
functions — functions which are expensive to compute, and which do not have a known
analytical expression (Diessner et al. 2022). Computational fluid dynamics simulations are
an example of such expensive black-box functions, and the BO-GPR framework has proven
useful for performing optimisations of computational fluid dynamics (CFD) simulations
(Diessner et al. 2022; Morita et al. 2022). For the present study, the amplitude or power
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Fluid properties:

Density P
Kinematic viscosity v
Dynamic viscosity

Figure 1. Sketch of the problem set-up. A cylinder with height D and span W is immersed in a fluid flow
with free-stream velocity U. The cylinder has a single degree of freedom, the displacement y in the transverse
direction, and is attached to a spring—damper system with mass m, stiffness k and damping coefficient c.
Finally, p, 1 and v are the density, dynamic viscosity and kinematic viscosity of the fluid, respectively.

coefficient obtained from CFD simulations is an expensive black-box function, which the
BO-GPR methodology is well suited to optimise.

The structure of this article is as follows. First, in § 2 we briefly discuss the background
theory for FIV and describe the numerical scheme used to predict the FIV response
of the cylinder. Then, in §3 we discuss the BO-GPR technique used to optimise the
FIV response. Next, §4 presents an optimisation study to maximise the amplitude of
undamped vibrations. The combined VIV—galloping response of the optimised shape
is then presented in § 5. Finally, an optimisation to maximise the power coefficient is
investigated in § 6. Concluding remarks are made in § 7.

2. Flow-induced vibration

This section discusses the 1-DOF FIV of an elastically mounted cylinder, and the
numerical method used to predict the vibration of the cylinder. The structure is as follows.
First, in § 2.1, we discuss the problem set-up and non-dimensional equations of motion.
Then, in § 2.2, we describe the geometry parametrisation used in this study. Next, in § 2.3,
we discuss the numerical method used to predict the cylinder’s vibration response. Finally,
in § 2.4 we validate the numerical methodology.

2.1. Problem set-up

The problem under consideration is as shown in figure 1. A cylinder with height D and
span W is mounted to a spring—mass—damper system with total mass m, spring constant k
and damping constant c. The cylinder is exposed to a fluid flow with free-stream velocity
U, and the density, dynamic viscosity and kinematic viscosity of the fluid are p, i and v,
respectively.

Non-dimensionalising by D, U and p, the equations of motion for the fluid are the
Navier—Stokes equations

W Vu=—Vpt V2 2.1a)
—_— u- u—=— _— u, da
dr p Re

V.u=0, (2.1b)
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where u and p are the non-dimensional fluid velocity and pressure, respectively, while
Re =UD/v is the Reynolds number. The boundary conditions on the cylinder’s surface
are u =y, where y is the dimensionless cylinder displacement, and the overdot denotes
the non-dimensional time derivative.
The equation of motion for the cylinder displacement, in dimensionless form, is

Awe . Am? G 20
U*y+U*2 = (2.2)
where C, is the transverse force coefficient, m* is the dimensionless mass, U* is the
reduced velocity and £ is the damping ratio. These dimensionless parameters are defined as

__ b 2.3
R~ -
2,0
2nU
U= ——"—— | 2.4
D./k/m 4
m= m (2.5)
—pD2W
2,0
C
3 (2.6)

~oJkm’

where F), is the transverse force applied to the body.

We define the reduced velocity with respect to the undamped natural frequency of the
system in a vacuum, U* = U /( f,, D), where f,, = 1/(2m)+/k/m. Note that a range of other
frequencies are often used to define the reduced velocity, such as the natural frequency in
still water, or the natural frequency including the added mass effect (Sarpkaya 2004). We
define the reduced velocity as (2.4), since this form of the reduced velocity is determined
completely by the system parameters alone.

For the dimensionless mass, previous studies typically consider the mass ratio, which is
the ratio between the total oscillating mass and the mass of displaced fluid

me=—o, 2.7)

where A_ is the cross-sectional area of the cylinder. The dimensionless mass and mass ratio
are related as m*/m, = 2A./D?*. Note that for a fixed total mass, m* is independent of the
cylinder’s shape, while m, depends on the cylinder’s cross-sectional area. In the present
study, optimisations are performed with either a fixed m*, corresponding to a constant total
mass, or for a fixed m,, corresponding to a fixed density of the solid body.

Numerically solving the Navier—Stokes (2.1), coupled with the equation of motion
for the cylinder (2.2), yields a predicted vibration response y(¢) and both velocity u
and pressure p fields, for a given cylinder shape and combination of the dimensionless
parameters m*, U*, & and Re. The amplitude of vibration is characterised by either the
maximum amplitude (V;,qyx), Or root mean square (r.m.s.) amplitude (V).

For power generation applications, the attached generator must extract mechanical
energy from the system. We model the energy extraction as a linear damper, with damping
coefficient c. Assuming perfect efficiency of the generator, and no other sources of
damping, the mean power coefficient is
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= P c -5 47Tm*§ )
Cp= = ye= e, (2.8)

1 =7 *
EpU3DW 3PUDW v

where P is the dimensional power output, and overbars represent time-averaged quantities.
In practice, there may be significant energy losses due to other sources of damping
(e.g. friction in the bearing system), as well as losses in the transducer used to convert
mechanical energy into electrical power. As a result, the power coefficients and efficiencies
reported in this paper refer only to the performance of the cylinder (i.e. the transfer of
energy from the fluid to the cylinder), not the performance of a realistic energy conversion
system. Additionally, real power conversion devices may not impart a linear damping on
the system.

Note that Cp is non-dimensionalised by the projected area of the cylinder perpendicular
to the flow direction. However, it is typical in power generation applications to non-
dimensionalise the power extraction by the total swept area of the device. This represents
an efficiency by which power is extracted from the total power available in the fluid. The
total swept area for a single cylinder is WD(1 + 2y,,4), and therefore, the efficiency is

P ép

= . 2.9)
1 + 2ymax

]7:
1
5:0U3WD(1 + 2YVmax)

As discussed by Lo er al. (2024), increasing the maximum amplitude of the cylinder will
generally increase the power coefficient. However, this may not lead to an increase in the
efficiency, since the swept area also increases. The present study focuses on optimising the
power coefficient (C)) of a single cylinder, representing the maximum power extraction
from a single device. In practical applications, one may wish to extract the most energy
from a given environmental fluid flow, in which case the efficiency () should be optimised
instead. In such cases, one should consider the efficiency of an array containing multiple
FIV devices, in either a tandem or parallel configuration, which is beyond the scope of the
present study. Also note that the cost of a single VIVACE deyvice is not likely to depend
substantially on the vibration amplitude. Therefore, for a sufficiently abundant source of
environmental energy, it may be more cost effective to maximise power coefficient, rather
than the efficiency.

2.2. Parametrising the geometry

The Bayesian optimisation technique used in this work requires the geometry to be
parametrised. In this section we introduce the various parameters that control the shape
of the ellipse. These parameters are chosen to allow various elementary shapes, such as
circles, ellipses, squares, D-section cylinders, diamonds, triangles to be represented.

We first consider the following generalisation of the ellipse (superellipse):

/a4 |y /b =1, (2.10)
which can be defined parametrically as
x =a sign(sin(0)) | sin(0)|"™, y = b sign(cos(#)) | cos(0)|", 0 <0 < 27. (2.11)

For n=m =1, (2.10) describes an ellipse with width 2a and height 2b. For the
present study, the cylinder has unit height in dimensionless coordinates (b = 0.5), while
a =1/(2AR), where AR is the cylinder aspect ratio. Varying the parameters n and m varies
the shape of the cylinder, while maintaining a constant width and height. As shown in
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Figure 2. Effect of the parameters m and n on the shape of the generalised superellipse. (a) Effect of varying
both m and n, with m = n; (b) effect of varying m, with n = 1; and (c) effect of varying n, with m = 1.

figure 2, the superellipse can represent a diamond (n = m = 2), a rectangle (n =m = 0),
or a shape with parabolic edges in =2 andn=1orm =2andn=1).

Previous studies have identified that the forebody and afterbody play different roles in
generating FIV motion (Zhao, Hourigan & Thompson 2018; Chen & Li 2023; Gupta et al.
2025). Therefore, we allow the shape parameters to differ for the front and rear surfaces.
First, we restrict b =0.5 for both the forebody and afterbody. Then, we define ar, my
and ny as the parameters for the forebody (x <0), and a,, m, and n, as the parameters
for the afterbody. We note that a, and ay are constrained by the cylinder aspect ratio,
ar +ag =1/AR. We also define a parameter o, which controls the relative width of the
forebody and afterbody

(I-a)yar=(1+a)a,, —1<a<1. (2.12)
As shown in figure 3, using either « = —1 or o = 1 results in a shape with no forebody
or no afterbody, respectively, including D-section (n =m = 1) and triangular (n =m =2)

cylinders.

Finally, we introduce a parameter to control the camber of the cylinder. We define
x1,r(y) and x14(y) as the forebody and afterbody of the uncambered cylinder, which
are computed using the six parameters AR, a, ny, my, ng, m, as discussed above. We then
define the following cambered curve:

xe = B(1 —2y:)%, —0.5< y. <0.5, (2.13)

where B represents the amount of camber. We then compute a normalised arc-length
parametrisation of this curve, x.(s), y.(s), with —0.5 < s < 0.5. Finally, the cylinder shape
is given by

x =Xc(8) +nx($)x1(5), y = ye(s) +ny(s)x1(s), (2.14)

where n, and n, are components of a unit vector. For thin cylinders (AR > 3), this unit
vector is chosen to be the unit normal to the camber line, so that the uncambered cylinder
represents a thickness distribution about the camber line. To avoid self-intersections,
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(a) (0) @ (d)
y y y y
b b b b
X X
0 a, —ay 0 0 —ay
-b -b -b -b
a=-1 a=1 a=-1 a=1
m=n=1 m=n=1 m=n=2 m=n=2

Figure 3. Effect of the parameter « on the cylinder shape. For (a,c) @ = —1, the cylinder has only an afterbody,
while for @ =1, the cylinder has only a forebody. This allows the cylinder to be either a D-section (a,b) or
triangular cylinder (c,d).

(@) . () y
b b
X1, Y1) ()~
(xc’ yc) ~
x X
ay da B—af] B B+ar
—b\// -

Figure 4. Addition of camber to the cylinder. (@) shows the uncambered cylinder (x1, y;), while (b) shows the
camber curve (x., y.) and the cambered cylinder (x, y).

we use ny = 1 and ny = 0 for thick cylinders (AR < 1). For 1 < AR < 3, the angle of the
unit vector is linearly interpolated between these values.

Figure 4 demonstrates the application of camber to a cylinder. Panel (a) shows the un-
cambered cylinder, with parameters AR=35, a =0, r, y =0.5, 1, = 0.5, 11y, =2 and
rn,qa = 1. Panel (b) shows both the camber curve (x.,y.), and the cambered cylinder (x,y).

2.3. OpenFOAM simulations

Numerical simulations are performed using the open-source software OpenFOAM 10.0
(Weller et al. 1998), with the PIMPLE algorithm (a combination of the Pressure-
Implicit with Splitting of Operators (PISO) and Semi-Implicit Method for Pressure Linked
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(a) (b)

0.5

(0, 0) (0, 5) .

Figure 5. Sketch illustrating the unstructured mesh used in this study (not to scale). The parameters /1, /2, /3 and
14 represent approximate cell sizes (side lengths of the triangular cells) at various distances from the cylinder.

Equations (SIMPLE) algorithms) used for pressure—velocity coupling. The equations of
motion are discretised using the finite-volume scheme. The linear interpolation scheme
(equivalent to second-order centred differencing) was used for all spatial derivatives,
aside from the advection term, for which a second-order linear upwind scheme was used.
The first-order backwards Euler scheme was used for temporal derivatives. An adaptive
time-step scheme was used, with a maximum Courant number of Co;;,qx = 0.9.

A dynamic mesh, using the sixDoFRigidBodyMotion utility in openFOAM, was used
to account for the motion of the cylinder. First, the viscous and pressure forces applied
to the cylinder are computed from the finite-volume discretisations of the velocity and
pressure fields. Then, the position of the cylinder is updated using (2.2). Grid points within
30 diameters of the cylinder move rigidly with the cylinder, while the position of the
remaining grid points are updated using a Laplacian mesh motion solver.

We consider a two-dimensional square computational domain, with boundaries located
at a distance Lp from the cylinder’s rest position. Specifically, there is an inlet located at
x = —Lp, an outlet at x = L p and upper and lower free-slip walls at y = &L p. Boundary
conditions are u = (0, y, 0) at the cylinder’s surface, u = (1, 0, 0) at the inlet, p = 0 at the
outlet and du, /dy = 0 on the free-slip walls.

To achieve reasonable mesh quality for an arbitrary cylinder shape, unstructured meshes
are generated programmatically using the open-source software GMSH (Geuzaine,
Remacle & Dular 2009). An example mesh is shown in figure 5. Increased resolution is
used near the body and in the wake region behind the body. The algorithm used by GMSH
attempts to produce elements with a pre-defined target cell size at each location in the
computational domain. These target cell sizes are illustrated in figure 5: /; is the element
size near the solid body; /5 is the target element size at a distance 0.5 from the body; /3 is
the target element size in the wake (at a distance 6 from a line segment passing through
the points (0, 0) and (0, 5)); and I is the target element size in the far-field. Linear inter-
polation is used to determine the target element size at an arbitrary location in the domain.

An inflation layer containing high aspect ratio quadrilateral elements is used near the
boundary of the body, while triangular elements are used for the remaining region. The
thickness of the first layer is 0.1/;, and the growth rate is 1.1. Curvature-based mesh
adaptation is used with n, boundary elements per radian of curvature. A boundary-layer
fan is employed at sharp corners (with angle greater than 0.2 radians). The number of
boundary-layer fan elements per radian of angle is set to ny.
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Figure 6. Time histories of cylinder displacement for a variety of different cylinders: () a circular cylinder at
U* =6and &£ =0, (b) the OpU10 cylinder (see figure 9) at U* = 11 and & =0, (¢) the semi-elliptical cylinder
SE6 (see table 7) at U* =6 and & =0.0293 and (d) the triangular cylinder T7 (see table 7) with U* =7 and
& =0.193. For all cases, Re = 100 and m™ = 4.7124.

To ensure accurate determination of the objective function, it is important that the flow
reaches a statistically steady state. Figure 6 plots time histories of cylinder displacement
for several different cylinder shapes. While the time taken to reach a steady state differs for
each cylinder, in all cases a steady state is approximately reached after = 200, and this
steady state is close to periodic. Temporally averaged statistics (mean power coefficient,
r.m.s. displacements) are obtained over a time interval spanning the first local maximum
of cylinder displacement after r =200, to the last local maximum before t = 500. For
the maximum cylinder displacement, the average value of each local maximum between
t =200 and ¢ = 500 is reported.

To reduce the startup time, the cylinder is given an initial velocity of y =2 att =0. In
some cases, this may trigger ‘hard’-oscillating behaviour (Novak & Tanaka 1974), in which
the cylinder only oscillates given a sufficiently large initial displacement. For cases where
the oncoming flow is relatively steady, it is reasonable to assume that a power generating
device could be manually started in this manner. For devices which experience substantial
gust loads, the transient behaviour must be considered (Alhussein et al. 2024), which could
result in a different optimal shape to those obtained in the present study.

The present study considers two-dimensional laminar flow at low Reynolds numbers
(Re =~ 100), to keep the computation cost per simulation low. The assumption of two-
dimensionality restricts the results to wide cylinders (W /D > 1). For future research,
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I I I3 In ne ny N,
Mesh 1 8 x 1072 2% 107! 8 x 107! 2 x 10! 5 2 5000
Mesh 2 4 %1072 1x107! 4x107! 1 x 10! 10 4 20000
Mesh 3 2% 1072 5% 1072 2x 107! 5% 10° 20 7 80000

Table 2. Parameters for the meshes used in the grid resolution study. The parameters /1, /> I3 and /4 are the
target cells sizes shown in figure 5, while n. and ny are the minimum number of cells per radian on the curved
boundary and at sharp corners, respectively. The approximate number of cells, N, is also shown.

Ymax 572 Sty
U*=6 Mesh 1 2.16 (3.62 %) 1.55 (3.96 %) 0.162 (0.50 %)
Mesh2 224 (0.11 %) 1.61 (0.17 %) 0.162 (0.06 %)
Mesh 3 2.24 1.61 0.162
U*=10 Mesh 1 4.88 (4.08 %) 2.15 (3.81 %) 0.0991 (0.59 %)
Mesh2 473 (0.91 %) 2.08 (0.91 %) 0.0997  (0.05%)
Mesh 3 4.68 2.07 0.0997

Table 3. Mesh resolution study comparing the oscillation amplitude (ymax), the r.m.s. velocity of the cylinder
(»?) and the Strouhal number based on the cylinder displacement St,, obtained on the three different meshes
listed in table 2, at various reduced velocities (U*). Simulations are performed for a preliminary optimised
cylinder at Re = 100 and m* = 4.7124. Parentheses indicate the relative error compared with mesh 3.

it would be interesting to perform the optimisation at larger Reynolds numbers
(i.e. Re ~ 10%), using an appropriate turbulence model, and validate the results against
experimental measurements. Additionally, other effects relevant to practical applications,
such as the effects of gust loads or the angle of oncoming flow, should be considered in
the future.

2.4. Validation of numerical scheme

The mesh resolution and domain size are validated using an optimised cylinder obtained
in the preliminary stages of this project. Table 2 provides the target element sizes for three
meshes with increasing resolution, while table 3 reports the amplitude obtained using

each cylinder at U* = 6 and U* = 10, as well as the r.m.s. velocity of the cylinder y? and
Strouhal number based on cylinder displacement St,. The differences between meshes 2
and 3 are below 1 %, and therefore mesh 2 is satisfactory for the present study.

Simulations were performed using the Setonix supercomputer located at the Pawsey
Supercomputing Research Centre in Perth, Western Australia. Simulations using mesh 2
require approximately 33 hours of wall clock time, using 8 CPU cores in parallel. Due
to the small size of this problem, further increasing the number of CPU cores does not
substantially improve the time. Simulations using mesh 1 typically require 6 hours of wall
time on a single CPU core. To speed up the optimisation process, an initial optimisation
is performed using mesh 1 to efficiently explore the entire design space. Then, a second
optimisation is performed over a reduced design space, using mesh 2, to obtain a more
accurate solution. Further details are provided in § 4.

Table 4 reports the variation of oscillation amplitude (y;qy), r.m.s. velocity of the
cylinder y2 and Strouhal number based on cylinder displacement St, obtained using
various domain sizes (L g). The difference between L =200 and L g =400 are below
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Lp Ymax 5’2 Sty

U*=6 50 2.46 (11.43 %) 1.78 (11.88 %) 0.163 (0.48 %)
100 2.33 (5.79 %) 1.68 (6.06 %) 0.162 (0.27 %)
200 2.24 (1.73 %) 1.61 (1.83 %) 0.162 (0.10 %)
400 2.2 1.58 0.162

U*=10 50 5.03 (6.34 %) 2.21 (6.08 %) 0.0992 (—0.52 %)
100 4.79 (1.53 %) 2.11 (1.51 %) 0.0997 (0.04 %)
200 4.73 (0.17 %) 2.08 (0.18 %) 0.0997 (0.03 %)
400 4.72 2.08 0.0997

Table 4. Domain size study comparing the oscillation amplitude (Ymax), the r.m.s. velocity of the cylinder
(»?) and the Strouhal number based on the cylinder displacement Sty obtained for different domain sizes
L p using the mesh 2 resolution, reduced velocities (U* =6 and U* = 10). Simulations are performed for a
preliminary optimised cylinder at Re = 100 and m* = 4.7124. Parentheses indicate the relative error compared
with L p =400.

0.6 T T T T

O Present study
Leontini et al. (2006)
— — — Rajamuni et al. (2020)

Figure 7. Comparison between the present numerical simulations and previous studies of Leontini et al. (2006)
and Rajamuni et al. (2020), showing the oscillation amplitude yjuq, against U*, for a circular cylinder with
m, =10, £ =0.01 and Re = 200.

2 %, and therefore L p = 200 is considered satisfactory for this project. Note that L g =50
was found to be satisfactory for circular cylinders, which oscillate at a much lower
amplitude. The large domain size needed to achieve a domain-independent solution
suggests that the effective blockage ratio is related to the amplitude of oscillations, rather
than the cylinder diameter.

Figure 7 presents a validation study, comparing the present numerical scheme with
previous studies of Leontini, Thompson & Hourigan (2006) and Rajamuni, Thompson &
Hourigan (2020), for the VIV of a circular cylinder with m, = 10, £ = 0.01 and Re = 200.
Reasonable agreement between the present simulations and the prior studies is observed,
validating the numerical scheme.
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3. Bayesian optimisation with Gaussian process regression

This section discusses the BO-GPR method used to perform the shape optimisation.
The BO-GPR method is effective for optimisations involving ‘expensive black-box’
functions —i.e. functions that are expensive to evaluate, and whose mathematical
expressions are unknown (Diessner et al. 2022). Optimisation problems in fluid mechanics
are often expensive black-box functions (Diessner et al. 2022; Morita et al. 2022), as
either numerical simulations or experiments are performed to evaluate the function. In
the present study, either the amplitude (yjuqx) or power coefficient (Cp) is the output of a
function over the shape parameters (AR, o, B, ms, ng, mg, ng) and the FIV parameters
(m*, U* and &). To evaluate this function requires performing an unsteady CFD simula-
tion, which requires either 6 h (coarse mesh) or 33 h (fine mesh) per function evaluation, as
discussed previously. This certainly fits the definition of an expensive black-box function.

Detailed discussions of the application of BO-GPR to fluid mechanics problems can be
found in Morita et al. (2022) and Diessner et al. (2022). Morita et al. (2022) consider
three example optimisation problems: shape optimisation of a lid-driven cavity; shape
optimisation of a diverging channel; and optimisation of a spoiler-ice airfoil model. They
show that BO-GPR efficiently explores the parameter space, and converges towards the
optimum solution after relatively few evaluations. Diessner et al. (2022) first consider
several synthetic test functions with various challenging features — including oscillatory,
multi-modal, steep edges and mostly flat test functions — to compare the performance
of various BO-GPR methods. Then, they apply BO-GPR to optimise the control law for
a boundary-layer control device to minimise drag while achieving a net energy saving.
The BO-GPR method has been used to solve a wide range of fluid mechanics related
optimisation problems (Talnikar et al. 2014; Mahfoze et al. 2019; Nabae & Fukagata 2021;
Begall et al. 2023; Kumar et al. 2024; Mallor et al. 2024).

3.1. Overview of Bayesian optimisation with Gaussian process regression

We now give a brief overview of the BO-GPR method, based on the presentations given in
Morita et al. (2022) and Diessner et al. (2022). We let g be a vector of design parameters,
and 7 (q) be the objective function to be minimised. The first step in Bayesian optimisation
(BO) is, given a set of n measurement data D,, = (¢;, r;)}_,, to estimate the posterior prob-
ability distribution for the measurement at the next sample point ¢, ;. The value of ¢,
that maximises some acquisition function is then selected and the response value ry, 1 =
r(q,1) is obtained. This process is then repeated until an optimum solution is found.

In BO-GPR, the objective function is approximated as a Gaussian process (GP). A GP
is a stochastic process in which every finite collection of random points is represented
by a multivariate normal distribution. The GP is defined by a mean function m(q), and
a covariance function (kernel) c(q, ¢"). For the set of sample points ¢, , _, (Where g,
represents the ith measurement), we have a vector of measurement points r, a vector
of mean values m and a covariance tensor C, with components defined as r; = f(q;),
m; =m(q;) and C; j =c(q,, q;). The prior probability distribution for the measurement
points (i.e. the assumed probability distribution prior to obtaining the measurement data)
is a multivariate normal distribution

r~ N(m, C). 3.1

The posterior predictive distribution for the next sample point 7,41 = f(q,) is also a
normal distribution

"nt11Dn = N(n(gn41), 0n(qp11)), (3.2)
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with the posterior mean and variance given by
1 @py1) =m(@pi)) + @y (C+a* D r —m), (3.3)

07 @ni1) = Gpits Gni1) — € @ui) (C+* D7 e(g, ), (3.4)

where ¢(q,) is a vector of covariances between the candidate point and all design
points (¢; =c(q,,11, q;))- The result is a probability distribution for the objective function,
sampled at the candidate point q,, ;.

In this study, we use the zero mean function m(q) =0 for the prior distribution. The
sample data r; are also normalised to have zero mean, and unit standard deviation. For the
covariance function ¢, the Matérn 5/2 kernel is used, following Diessner et al. (2022),

2
c(q.q) = ofz (1 + %3 + %) exp (—?) 3.5

Here, d = \/ (g —q’)- (g —q’) is the distance between the two sample points, sz is a

scaling factor and p is the length scale. Both sz and p are hyperparameters that are
estimated from the sample data using maximum likelihood estimation. Note that (3.5)
has a single length scale for all parameters. To account for this, we normalise each of our
design parameters to lie in the range 0 < ¢; < 1.

Given the posterior probability function for the surrogate objective function, an
acquisition function is then applied to select the next sample point(s). In this study,
we use the expected improvement (EI) acquisition function, which is one of the most
commonly used acquisition functions (Morita et al. 2022). Given the best point found so
far, r* = f(q™), the El is defined as

ag = E(max(f(q") — f (@), (3.6)

where E () represents the expected value. The value of ¢ that gives the maximum value of
apy —i.e. the design point that gives the greatest EI — is selected as the next design point.

In this study, batch optimisation with local penalisation (Gonzalez et al. 2016) is used.
The acquisition function is initially defined as in (3.6). The first batch member, ¢, 4,
is selected based on the maximum of this acquisition. Then, the acquisition function is
penalised in the neighbourhood of this point, and the next batch element selected based on
the penalised acquisition function. This is repeated until all points in the batch are selected.
Numerical simulations for each batch are then performed simultaneously.

The BO-GPR method was implemented using the Python libraries GPy
(http://github.com/SheffieldML/GPy) and GPyOpt (http://github.com/SheffieldML/
GPyOpt). The BO-GPR method was coupled non-intrusively to the OpenFOAM
simulations using Bash scripts. The overall process is as follows: first, the next batch of
design points are obtained using the BO-GPR method implemented in GPyOPT. Then,
meshes are procedurally generated using the Python GMSH package (Geuzaine et al.
2009). Next, simulations are performed using OpenFOAM. Finally, the results of the
OpenFOAM simulations are post-processed in Python to compute the objective function.
These results are then supplied to GPyOpt to select the next batch of design points.

4. Optimising amplitude of undamped vibrations

In this section, the BO-GPR method is applied to maximise the oscillation amplitude of
an undamped (£ = 0) cylinder. Unless otherwise stated, optimisations are performed for
fixed values of U*, Re and m*. The Reynolds number is set to Re =100 to keep the
computational cost per simulation low. The dimensionless mass is set to m* =4.7124,
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which is the same as the thin elliptical cylinder (AR =5, m, = 15) studied by Lo et al.
(2024), which is known to produce substantial oscillations. Finally, optimisations are
performed for a range of different U*.

For this case, the objective function to be maximised is the r.m.s. amplitude
(r(q) = yrms), while the design parameter vector ¢ is a vector of all shape parameters,
q = (AR, a, B, mg, ny, my, ng). The r.m.s. amplitude is selected as the optimisation target,
rather than the peak amplitude y,,y, as it is less sensitive to isolated large peaks. The batch
size is set to 10, with the first 10 design points randomly sampled using Latin hypercube
sampling. The shape parameters are constrained to the following domains: 1 < AR < 20,
—1<a,B<1and 0.1 <my, np, my, ng < 2. The use of Latin hypercube sampling for the
initial condition results in significant randomness in the number of evaluations required
to optimise the objective function. Thus, a large number of optimisations would be
required to tune various hyperparameters (such as batch size). Combined with the high
computational cost of evaluating the objective function, this was not considered cost
effective. The hyperparameters used in this study are sufficient to substantially improve
the cylinder performance using reasonable computational effort, but are not likely to be
the optimal parameters for fastest optimisation.

To speed up the training process, the optimisation is completed in two stages. First, an
optimisation is performed over the entire design space using the coarse mesh (mesh 1 from
table 2). Then, a second optimisation is performed with a high-resolution mesh (mesh
2) over a reduced domain, with a domain size determined using the 10 best-performing
cylinders in the coarse-mesh optimisation, as described in detail below. Simulations
on the coarse mesh typically require approximately 6 h per batch, while the fine mesh
requires approximately 33 h per batch. The optimisation over the full domain typically
requires approximately 50 batches, while less than 10 batches are needed on the reduced
domain. Therefore, the two-stage approach allows an accurate optimum to be obtained
in approximately 600h, while 1600h would be required if a single optimisation were
performed using the fine mesh.

Figure 8 plots the maximum value of the objective function against number of batches,
for U* =6 and U* = 10, for both the initial optimisation with a coarse mesh, and the
final optimisation with the fine mesh. One difficulty with the BO-GPR method is the
determination of when to terminate the optimisation (Morita et al. 2022). For the coarse-
mesh optimisations (panels (a) and (c)), the objective function increases regularly until 41
batches (panel (a)) and 24 batches (panel (c)), respectively, after which no further improve-
ments are observed. The coarse-mesh optimisations are terminated once less than 1 %
improvement was observed over 20 batches. For the fine-mesh optimisations (panels (b,c))
improvements of the objective function are observed over the first 5 batches, and optimisa-
tions are terminated once less than 1 % improvement is observed for 5 consecutive batches.
In general, however, one cannot guarantee that a global optimum has been reached.

Figure 8 also plots the variation of the best-performing shape obtained at various stages
of the optimisation. As the optimisation is performed, the optimised shapes for different
U* converge towards a similar design. The final optimised shape for each U* is plotted in
figure 9, and the shape parameters are provided in table 5. The label OpUX indicates the
optimised shape for U* = X. For all U*, the optimised shape is a thin crescent cylinder,
with sharp vertices. The aspect ratio of the optimised shape is generally close to 20, which
is the maximum AR considered in this study. Hence, the thickness of the cylinder should
be minimised to maximise the amplitude of FIV oscillations. The cylinders all have a
slight positive camber. The extent of camber is characterised by the parameter x4, =
B — a/(2AR), which represents the maximum x-coordinate of the mean camber line. The
camber of the optimised cylinders generally lies between x4, = 0.09 and x4, = 0.11 for
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Figure 8. History of shape optimisation for (a,b) U* = 6 and (c,d) U* = 10 showing the best r.m.s. amplitude
(yrms) Obtained against number of batches. The cylinder shape at various stages throughout the optimisation
is also shown. At each U*, an initial optimisation was performed using the coarse mesh (a,c), followed by a
second optimisation using a fine mesh resolution (b,d). Optimisations were performed for a fixed Re = 100 and
m* =4.7124.
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OpUs OpU6 opU7 opUs opU9 opU10

Figure 9. Comparison of optimised shapes obtained for six different U*. The label OpUX indicates the
optimised shape obtained for U* = X. Optimisations were performed for a fixed Re = 100 and m™ = 4.7124.

Cylinder label U a*p[A AR o B my ng my Ng Xeam
OpU5 5 19.13 —0.8716  0.06594 0.5763 1.802 1.894 1.655 0.089
OpU6 6 15.32 —0.2421 0.0773 1.257 1.877 0.7337 2 0.085
OpU7 7 19.85 0.3447 0.1021 1.549 1.705 1.333 0.903 0.093
OpU8 8 19.87 —0.8681 0.08598 1.762  0.4687 1.357 1.932 0.11
OpU9 9 19.65 0.09477 0.1015 1.949 1.725 0.7916 1.085 0.099
OpU10 10 19.66 —0.07547 0.1097 1.042 1.767 1.682  0.8993 0.11
OpU6_MR 6 19.73 0.7302 0.1147 1.947 1.963 1.414 1.435 0.096
OpU8_MR 8 20 0.8624 0.1554 1.966 2 2 0.4523 0.13
OpU10_MR 10 20 0.01124 0.1144 1.748 1.877 1.816 1.066 0.11
OpR60 10 18.61 —0.7136 0.1315 1.316 1.524 1.581 1.649 0.1507
OpR80O 10 20 0.7669 0.1353 1.388 1.902 1.466 2 0.1161

Table 5. Shape parameters for various cylinders optimised for maximum amplitude y,,s, with fixed U* =

Ugy.» Re =100 and m* = 4.7124. The _MR suffix indicates cylinders optimised for fixed m, = 15 instead of a

fixed m*.

the optimised shapes. The general shape suggests that cylinders may behave like an airfoil
at large angles of attack, with attached flow to minimise drag, and a component of lift force
in line with the cylinder motion to enhance FIV. This proposal will be investigated in § 5.

Figures 10 and 11 plot two-dimensional slices of the objective function for U* =5
(figure 10) and U* =10 (figure 11). For these figures, two parameters are varied,
while the remaining parameters are equal to the optimum cylinder. Colour contours
indicate the expected value of the objective function, while solid lines indicate contours
of the uncertainty (standard deviation of the objective function). The objective functions
are shown for both the coarse-mesh and fine-mesh optimisations.

For U* =5, the objective function increases with increasing AR, while it is maximised
for a moderate camber 8 =0.1 (figure 10a). The parameters of the top 10 performing
cylinders are indicated by blue markers. While many are clustered near the local
maximum, a second peak is also observed with much lower aspect ratio (AR ~ 8). Note
that the remaining parameters («, mys, ng, m, and n,) are also different near this second
local maximum. The value of the objective function for this second local maximum is
within 2 % of the best-performing cylinder. Panel (b) shows that the objective function is
maximised for m, = 2, indicating a sharp upper and lower vertices.

To reduce the design space for the fine-mesh computation, a reduced domain is
considered. The maximum and minimum of each parameter are determined by taking

1024 A48-17


https://doi.org/10.1017/jfm.2025.10901

https://doi.org/10.1017/jfm.2025.10901 Published online by Cambridge University Press

S.J. Terrington, M.C. Thompson and K. Hourigan
(@) (b)

2.0

1.5

Ra 1 0f

0.5 F

5 10 15 20
AR
(c) — @
, © 1.6
S
0.10 } - <
= ® 14}
=
0.05 2l
n
B o a
1.0}
0t

o

=

1)

0.8
-0.05 | \
8 10 12 14 16
AR
‘EE |
>§\ 1 1 1
0 0.1 0.2 03 04 05 06 07 0.8 0.9 1.0

Figure 10. Two-dimensional slices of the objective function for (a,c) AR and B and (b,d) m, and n,, with
remaining parameters equal to the optimum cylinder for U* =5 (OpUS5). The objective function obtained
using the coarse-mesh optimisation is shown in (a,b), while the fine-mesh optimisation is presented in (c,d).
Colour contours show the expected value of yju.., While the solid contours show the uncertainty (standard
deviation). The red triangular marker indicates the best-performing cylinder, while blue circles indicate the top
10 cylinders. Finally, the red rectangle indicates the reduced domain for the fine-mesh optimisation.

the maximum/minimum of this parameter spanned by the top 10 performing cylinders,
then adding a 5 % margin (based on the overall size of the design space). The top 10
cylinders from the coarse-mesh optimisation are used as the initial batch. The reduced
domain is indicated by the red rectangle in panels (a) and (b). Panel (c) shows that the
local maximum identified in the coarse-mesh domain is also a local maximum on the fine
mesh. Panel (d) confirms that the maximum objective function is observed for m, ~ 2.
The maximum value of n, is close to the upper limit on the reduced domain. Hence, the
reduced domain artificially constrains this parameter. However, this parameter has only
a small effect on the objective function near the optimum, so the reduced domain is not
likely to significantly affect the value of the objective function.
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Figure 11. Two-dimensional slices of the objective function for (a,c) AR and B and (b,d) m, and n,, with
remaining parameters equal to the optimum cylinder for U* = 10 (OpUS5). The objective function obtained
using the coarse-mesh optimisation is shown in (a,b), while the fine-mesh optimisation is presented in (c,d).
Colour contours show the expected value of yu.y, While the solid contours show the uncertainty (standard
deviation). The red triangular marker indicates the best-performing cylinder, while blue circles indicate the top
10 cylinders. Finally, the red rectangle indicates the reduced domain for the fine-mesh optimisation.

Figure 11 shows slices of the objective function for U* = 10. Compared with the U* =5
optimisation, the design space is not widely explored, with the exploration concentrated
near a local optimum solution. Thus, it is possible that other peaks exist, which were
not adequately explored. Regardless, the optimised cylinders determined in this study
significantly out-perform the geometries considered in prior studies.

Figure 12(a) plots the variation of oscillation amplitude (yqy) against U* for each of
the optimised cylinders. The performance of circular and elliptical cylinders with various
aspect ratios are also shown for reference. Compared with the elliptical cylinders, which
display only a VIV behaviour at this Re, the optimised shapes exhibit galloping-like
behaviour. Specifically, there is a seemingly unbounded linearly growth in y,,, with U*,
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Figure 12. Variation of (a) amplitude of oscillation y,,.x and (b) frequency ratio f/f, against U*, where f
is the dominant vortex shedding frequency and f;, is the natural frequency of the system, for the optimised
cylinders. Results for the circular cylinder (Cir) and elliptical cylinders with aspect ratio 5 (E5), 10 (E10) and
20 (E20) are also shown.

which is characteristic of galloping. In § 5, we show that this behaviour is a combination
of VIV and galloping. Panel () plots the ratio of vortex shedding frequency (determined
using the maximum power spectral density of the transverse force coefficient) to the
undamped natural frequency (f, =1/U*) against U*. For 3 < U™* <6, the dominant
vortex shedding frequency matches the natural structural frequency, indicating lock-in
behaviour. For U* > 6, The vortex shedding frequency is three times the natural frequency.
This still indicates a lock-in behaviour, but that the third harmonic dominates over the
fundamental. The elliptical and circular cylinders become desynchronised for large U*
and the vortex shedding frequency differs from the system natural frequency.

Referring to figure 12(a), the OpUS5 cylinder is the best-performing cylinder at U* =5,
6 and 7, the OpU7 cylinder is the best at U* = 8, and the OpU?9 cylinder is best for U* =9,
10 and 11. Several cylinders (OpU6, OpU7, OpU8 and OpU10) are not the best-performing
cylinder at their design U*. This indicates that the optimisation had not converged to a
global maximum. However, each of these cylinders is within 1 % of the best-performing
cylinder at their design U™, so the optimisation is satisfactory.

The OpU6 cylinder performs satisfactorily (within 2 % of the best-performing cylinder)
up to U* = 6, but performs poorly for high U*. The OpUS cylinder is within 2 % of the
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Figure 13. Comparison between the cylinder optimised for a fixed m* =4.7124 (OpU8), and the cylinder
optimised for fixed m, = 15 (OpU8_MR). The variation of maximum amplitude against U* for both shapes is
plotted for both m* = 4.7124 and m, = 15. Finally, A, is the cross-sectional area of each cylinder.

best-performing cylinder up to U* =9, but performs poorly for U* > 10. The remaining
cylinders (OpU7, OpU8, OpU9 and OpU10) perform within 2 % of the best-performing
cylinder over the entire range of U*. Of these, the OpU7 cylinder has the lowest overall
error, with less than 1 % difference from the best-performing cylinder at each U*.

The blade-like geometry of the optimised cylinder suggests a similarity between the
present study and the VIV of an airfoil. Benner et al. (2019) report that an airfoil aligned
perpendicularly to the incoming flow achieves the highest amplitude of VIV. However,
they do not observe the galloping-like behaviour seen in figure 12, with the maximum
oscillation amplitude occurring at U* = 6. This may be a result of either the lack of camber
in their study, the fact that an airfoil has only one sharp edge, or differences in the system
parameters (e.g. Reynolds number).

4.1. Optimising with a fixed mass ratio

The optimisations presented in the previous section are performed for a fixed
dimensionless mass m*. This assumes that the total oscillating mass is independent of
the cross-sectional area of the cylinder. In this section, optimisations are performed with
a fixed mass ratio m, = 15, which assumes that the total oscillating mass is proportional
to the cylinder’s cross-sectional area. Three reduced velocities are considered (U* =6,
U* =8 and U* = 10), while the Reynolds number is held constant (Re = 100). Cylinders
optimised for fixed m, and U* =X are denoted OpUX_MR. The shape parameters for
these cylinders are included in table 5.

Figure 13 presents a comparison between the OpU8 and OpU8_MR cylinders. For
both cylinders, the aspect ratio is approximately AR = 20, which is the maximum AR
considered in this study. While both cylinders have the same nominal AR, the OpU8_MR
cylinder has a lower area than the OpUS8 cylinder. As defined in this study, AR is the
ratio between cylinder height and maximum cylinder width. The OpU8_MR cylinder
achieves a lower area by having a sharp kink at the cylinder midpoint, so that the
cylinder thickness away from the midpoint is reduced. The OpUS cylinder has a smooth
surface, with a greater overall area. For a fixed mass (m*), the OpU8 cylinder outperforms
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Figure 14. Optimised cylinders obtained for three different Reynolds numbers, at U* = 10, m* =4.7124 and
£=0.

the OpU8_MR, indicating that the smooth surface leads to improved hydrodynamic
performance. However, when the mass ratio (m,) is fixed, the thinner OpU8_MR cylinder
has a lower mass, and achieves a greater oscillation amplitude, indicating that the reduction
in mass due to a thinner profile outweighs the hydrodynamic penalty due to the sharp
kink. Overall, however, the difference in performance between the OpU8 and OpU8_MR
cylinders is relatively small.

4.2. Effect of Reynolds number

In this section, optimisations are performed for two different Reynolds numbers, Re = 60
and Re =80, to determine the influence of Re on the optimal cylinder shape within
the two-dimensional laminar flow regime. The optimised cylinders are labelled OpR60
and OpR80, respectively. These optimisations are performed for & =0, m* =4.7124 and
U* = 10. Figure 14 plots the optimised cylinders alongside the OpU10 cylinder, and the
shape parameters are presented in table 5. Increasing Reynolds number has only a small
effect on the optimal cylinder shape, with a slight decrease in the amount of camber as Re
increases from x.4,;, = 0.15 at Re = 60, to x4, = 0.11 at Re = 100.

5. Analysis of the optimised shape

The optimised shape obtained in this study is a thin crescent-shaped cylinder with
sharp leading and trailing edges. This shape is similar to the curved blades proposed
for a galloping energy harvester by Tucker Harvey et al. (2019, 2020). Compared with
traditional bluff-body harvesting devices, the curved blade geometry was found to promote
flow attachment, leading to an improved efficiency. A similar attached flow was observed
by Lo et al. (2023) for the thin elliptical cylinder, which also results in significant
improvements in power generation over traditional bluff body shapes (Lo et al. 2024).

Lo et al. (2023) propose that the observed behaviour can be explained as a combination
of a vortex-induced force, and a movement-induced force (galloping). The interaction
between VIV and galloping is also observed for square and rectangular cylinders (Bouclin
1979; Mannini, Marra & Bartoli 2014; He, Yang & Jiang 2018), under certain experimental
conditions, and was used to enhance energy harvesting from FIV for a modified circular
cylinder by Sun et al. (2019a).
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Figure 15. Visualisations of spanwise vorticity in the wake of the OpU?9 cylinder, at (a) U* =1, (b) U* =3,
(¢) U*=5 and (d) U*=10. Here, ¢ is the phase angle, with ¢ =0 corresponding to the maximum
displacement y of the cylinder. Red indicates positive (counter-clockwise) vorticity, while blue indicates
negative (clockwise) vorticity.

The present section investigates the dynamics of the optimised cylinder from the
perspective of combined FIV and galloping behaviour. First, in § 5.1, we investigate the
vortex structures formed in the wake. Next, in § 5.2, a quasi-steady analysis is performed,
to investigate galloping behaviour. Finally, in § 5.3, the quasi-steady analysis is compared
with the instantaneous force coefficients, demonstrating that unsteady forces due to vortex
shedding contribute substantially to the FIV behaviour.

5.1. Vorticity contours

Figure 15 presents visualisations of the vorticity field in the wake of the OpU9 cylinder,
at four different values of U*. Visualisations are provided at various phase angles ¢ = wt,
where w is the oscillation frequency and ¢ = 0 corresponds to the maximum displacement
of the cylinder. Similar vorticity visualisations are obtained for all other optimised
cylinders, and are not shown. Animations are provided in the online supplementary
material (movies 1-4).
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Figure 16. Velocity streamlines computed in a frame of reference moving with the cylinder, for (a) U* =5 and
(b) U* =9, at the point of maximum vertical velocity (¢ = 7r/2). A visualisation of the vorticity field is also
provided, with red indicating positive (counter-clockwise) vorticity and blue indicating negative (clockwise)
vorticity.

For U* < 2 (figure 15a), the oscillation amplitude is negligible. In this regime, vortices
of alternating orientation are periodically shed from the cylinder, similar to the von
Kérman vortex street behind a flat plate (Najjar & Vanka 1995).

At U* =3 (figure 15b), substantial FIVs begin to occur. As shown in figure 12(b), the
frequency of vibration matches the natural frequency of the system. Vortex shedding is
also synchronised to the cylinder’s vibrations. Referring to figure 15(b), a single vortex is
shed from the cylinder every half-period of the motion, after the cylinder begins to travel
away from the point of maximum displacement (between ¢ =0 and ¢ = 7 /2). However,
there is an interesting interaction with a period of three full vortex shedding cycles. First,
a vortex pl is shed from the cylinder, at ¢ = /2. A second vortex p2 is then shed at the
next cycle of motion (¢ = 5 /2). These two vortices merge to form a single vortex p12
(¢ =4m). Finally, a third vortex is shed at the next cycle of motion (¢ = 97/2). The two
vortices p12 and p3 are then advected downstream of the cylinder.

For 4 < U* <8 (figure 15¢) the wake structure is reminiscent of the hyperbranch
observed by Lo et al. (2023) for the thin elliptical cylinder. Specifically, a single vortex is
shed from the cylinder every half-cycle of the motion (between ¢ = 0 and ¢ = 7 /4), after
the cylinder changes direction at the point of maximum amplitude. At ¢ = /2, where
the cylinder’s vertical velocity is large, flow appears to be attached to the cylinder, with
behaviour similar to an airfoil. Figure 16 shows velocity streamlines near the cylinder at
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¢ = /2, computed in a frame of reference attached to the cylinder. The streamlines are
qualitatively similar to flow over an airfoil. Specifically, flow attaches to the cylinder at
the leading edge, and separates at the trailing edge. However, there is a small recirculation
region, indicating some flow separation from the rear surface. The similarity to a lifting
airfoil suggests that there will be a relatively low drag force and a significant lift force
with a component in line with the cylinder’s velocity, which could enhance FIV. This
proposal will be investigated in § 5.2. Moreover, the shedding of a single vortex at the
peak cylinder displacement resembles the shedding of a starting/stopping vortex from an
airfoil. Attached airfoil-like flow has been reported in previous FIV studies of thin elliptical
cylinders (Lo et al. 2023) and curved blades (Tucker Harvey et al. 2019; 2020). Lo et al.
(2023) also report a similar pattern of vortex shedding to that observed in the present study.

For U* > 9, (figure 15d) the shear-layer attached to the cylinder becomes unstable,
resulting in the alternate shedding of many small vortices throughout the motion. These
small-scale vortex structures (SVS) were also observed by Lo et al. (2023) for the elliptical
cylinder. In addition to the SVS, a strong primary vortex is still shed from the cylinder each
half-cycle of motion, as the cylinder begins to travel away from the point of maximum
displacement.

Figure 16 plots streamlines near the cylinder for U* =9, at ¢ = 7/2. Once again, the
flow is qualitatively similar to the flow over an airfoil. Flow attaches at the leading edge,
and there is a separation point at the trailing edge. However, flow separation at the rear
surface is more severe at U™ =9 than at U* = 5, resulting in a larger recirculation bubble.

5.2. Quasi-steady analysis

Galloping is a movement-induced instability driven by changes in the transverse force due
to variations in the inclination angle between the cylinder and the relative flow (Parkinson
1989). Galloping is often analysed using a quasi-steady analysis (Parkinson 1989; Barrero-
Gil, Alonso & Sanz-Andres 2010; Javed, Abdelkefi & Akhtar 2016; Tucker Harvey et al.
2020), which assumes the fluid forces are a function only of the relative angle of attack
between the cylinder and the fluid. In this section, we present a quasi-steady analysis of the
optimised cylinder, showing that a hard-galloping behaviour is possible under the quasi-
steady model. This is motivated by two observations. First, the variation of amplitude with
U* (figure 12) resembles galloping behaviour. Second, the proposed airfoil-like behaviour
suggests a strong influence of relative angle of attack on the force coefficients, which may
be predicted using quasi-steady analysis.

Note that the quasi-steady assumption is only valid at high U*, when the oscillation
frequency is much lower than the vortex shedding frequency. As shown in § 5.1, the
frequency of vortex shedding for the optimised cylinder is equal to the oscillation
frequency over the range of U* considered in this study. Therefore, while the quasi-steady
model indicates how the relative angle of attack affects the hydrodynamic forces, it does
not capture how unsteady effects such as vortex shedding impact the motion. The influence
of vortex shedding on the motion is discussed later, in § 5.3.

As shown in figure 17, the relative velocity and inclination angle between the cylinder
and the oncoming flow are

Uni=UyJ1+ 32 =U+v/1+tan’a, (5.1)

tana = y. (5.2)

Under the quasi-steady assumption, the lift and drag forces depend only on the inclination
angle «. The quasi-steady transverse force can be computed from the lift and drag
coefficients as
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Figure 17. Sketch of the relative velocity experienced by the cylinder. Here, y is the velocity of the cylinder,
while U,; and o are the magnitude and incidence angle of the relative velocity. Finally, C; and Cp are the lift
and drag coefficients, while Cy and Cy are the transverse and streamwise force coefficients.

Cyq(@) = (1 +tan® @)(Cp 4 (@) cosa@ — Cp 4 (@) sina), (5.3)

where Cp 4, and Cp 4 are the quasi-steady lift and drag coefficients. The instantaneous
quasi-steady power coefficient can also be computed, as

Cpgla)=Cygy=tanaCy 4(a). 5.4

The quasi-steady power coefficient represents the transfer of energy from the fluid to the
cylinder, due to the transverse force. When this term is positive, the quasi-steady forces
enhance the vibration of the cylinder. Note that C;, and Cp are non-dimensionalised by
the relative velocity U,,;, while C; and C,, , are non-dimensionalised by the free-stream
velocity U. Moreover, the effective Reynolds number for computing C and Cp is

Re,e; =Rey/ 1 +tan? «, (5.5

where Re is the Reynolds number based on free-stream velocity.

The quasi-steady force coefficients are estimated from numerical simulations performed
for a stationary cylinder, with fixed inclination angle and Reynolds number determined
by (5.5). The inclination angle is varied between @« =0 and o = (7/16)7, resulting in
Reynolds numbers between Re,.; = 100 and Re,.; = 512. Simulations are not performed
at o = /2, as this results in an infinite relative Reynolds number.

Figure 18 presents the variation of Cr 4, Cp 4, Cy 4 and C, 4 against o, for the OpU9
cylinder. The drag coefficient Cp 4 is largest at o = 0, when the cylinder is perpendicular
to the oncoming flow. As « is increased, the profile is more streamlined, resulting in a
substantial decrease in drag coefficient. The lift coefficient Cy 4 is zero at « =0, due to
symmetry. At large o, the cylinder profile is similar to a cambered airfoil, generating a
substantial positive lift coefficient.

From (5.3), the lift force has a contribution in line with the cylinder’s direction of
motion, while the drag force has a component opposed to the cylinder’s motion. For
small o, the lift coefficient is small, and therefore the drag term dominates. This produces a
negative power coefficient, opposing the cylinder motion. For moderate inclination angles
(0.84 < @ < 1.27) the lift force is large, and dominates the drag term in (5.3), leading to a
positive power coefficient, increasing the cylinder motion. Although the lift force remains
large for o > 1.27, cos o becomes small (i.e. the lift force is not sufficiently aligned in
the transverse direction), so that the contribution of the lift force to the power coefficient
decreases, and the power coefficient becomes negative.
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Figure 18. Variation of the (a) lift Cy 4, (b) drag Cp 4, (c) transverse Cy 4 and (d) power C, , coefficients
against inclination angle « under the quasi-steady assumption, obtained from simulations of a stationary OpU9
cylinder. The inclination angle was varied from 0 < o < (7/16)7, and symmetry used to compute the force
coefficients for negative «. Simulations were not performed at @ = 7 /2, since the Reynolds number becomes
infinite.

Therefore, according to the quasi-steady analysis, there is a range of relative inclination
angles (0.84 < o < 1.27) where the component of the lift force in the transverse direction
exceeds the drag force, leading to a positive instantaneous power coefficient, increasing
the energy of the cylinder. This is due to the large lift force and small drag force occurring
at large inclination angles, due to the airfoil-like shape.

To determine if galloping is possible, the power coefficient is integrated over a single
oscillation cycle (Parkinson & Smith 1964; Tucker Harvey et al. 2020). We assume the
cylinder displacement is sinusoidal

y=Asinwt, y=Aw cos wt, (5.6)
so that the instantaneous power coefficient is expressed as
Cp.q =Cy q(tan"! (Ao cos(w1))) Aw cos(wt). (5.7)

The cycle-averaged power coefficient is a function only of the combined parameter Aw
_ Aw 27
CpqlAw)=—— / Cy.4(tan™ (Aw cos u)) cos u du. (5.8)
T Jo

Figure 19(a) presents the variation of C p.q(Aw) against Aw for the OpU9 cylinder.
For small-amplitude oscillations (Aw < 1.29), the net power added to the cylinder during
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Figure 19. (a) Variation of the cycle-averaged power coefficient for the quasi-steady model (C_‘p,q), against
Aw, for the OpU9 cylinder. Dashed lines show the power extracted by mechanical damping (C p.¢), for either
m*£/U* =0 (undamped), or m*£/U* =4.5 x 10~3 (optimally damped). Red circles indicate stable limit
cycles. (b) Comparison between the predicted maximum amplitude obtained from the quasi-steady model and
numerical simulations.

one cycle is negative, and therefore the amplitude of oscillation will decrease to zero. For
1.29 < Aw < 3.59, the cycle-averaged power is positive, so that the amplitude will increase
until it reaches a value of Aw = 3.59, For Aw > 3.59, the cycle-averaged power is again
negative, and the amplitude of oscillation will decrease.

For an undamped system, this indicates that there are two stable equilibria: a stationary
cylinder (Aw =0), and a stable periodic limit cycle with Aw =3.59. There is also an
unstable equilibrium at Aw =1.29. This indicates hard-galloping behaviour, in which
small-amplitude oscillations are stable, and will decay to zero. However, given a sufficient
initial displacement (Aw > 1.29), the body will gallop with a large amplitude Aw = 3.59.

Assuming the system vibrates at the natural frequency w =+ /k/m =2m/U*, the
amplitude of oscillation predicted by the quasi-steady model is A =0.5714U*.
Figure 19(b) compares this prediction with the numerical simulations, showing reasonable
agreement, given the limitations of the quasi-steady model. However, the amplitude
obtained from numerical simulations is lower than the predictions obtained from the
quasi-static approximation.

5.3. Instantaneous force coefficients

The quasi-steady analysis presented in § 5.2 assumes that the hydrodynamic force applied
to the cylinder depends only on the relative angle of attack «. However, the shedding of
a primary vortex each half-cycle of motion (figure 15) will also affect the forces, which
will not be captured by the quasi-steady model. In this section, we compare the force
coefficients obtained from numerical simulations with the predictions of the quasi-static
model, to deduce the relative significance of the quasi-steady forces and the vortex-induced
forces to the motion.

Bouclin (1979) models the VIV-galloping interaction by including an unsteady
fluctuating fluid force, representing the vortex-induced forces, in addition to the

1024 A48-28


https://doi.org/10.1017/jfm.2025.10901

https://doi.org/10.1017/jfm.2025.10901 Published online by Cambridge University Press

Journal of Fluid Mechanics
(a) (®)

—1/2 777./4 0 7r./4 /2 -/2 771./4 0 n./4 /2
[ a

U*=6 U*=10

Quasi-steady

Figure 20. Comparison between the instantaneous (a) lift, (b) drag, (c¢) transverse force and (d) power
coefficients obtained from numerical simulations at various U* and the quasi-steady model. Solid lines indicate
y > 0, while dashed lines indicate y < 0.

quasi-steady forces. Therefore, we interpret the difference between the instantaneous
and quasi-steady force coefficients as representing the effects of vortex shedding on the
instantaneous force and moment coefficients.

Figure 20 presents a comparison between the instantaneous lift (Cy), drag (Cp)
transverse force (C,) and power (C,,) coefficients for U* =4, 6, 8 and 10, to the quasi-static
prediction. Here, the transverse and streamwise force coefficients, C, and Cy, were ob-
tained directly from the numerical simulations. Then, the added mass force was subtracted
from the transverse force, to obtain the vortex force (C, = C, +2m} ,, ¥, where m}
is the dimensionless added mass). To estimate the added mass, a numerically simulated
pluck test in still fluid is performed using the same numerical set-up described in § 2.3, but
with U =0 at the inlet. The cylinder is given an initial displacement, and the frequency
of the subsequent oscillations is measured. The added mass is then estimated from the
relationship w = /k/(m + m, ., where w is the angular frequency of oscillations.

The lift and drag coefficients were then computed according to

CL=(C}cosa+ Cy sina)/(1 + tan® ), (5.9)
CD=(C; sina — Cy cosoz)/(1+tan2a). (5.10)
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While the quasi-steady model captures the general behaviour of C; and Cp, particularly
for large inclination angles, substantial deviations are observed. This indicates that, while
the quasi-steady model provides useful information about the effect of o on the lift and
drag coefficients, other factors, such as vortex shedding, are also significant.

In figure 20, solid lines indicate y > 0, while dashed lines indicate y < 0. For y >0
and @ > 0 (or y <0 and o < 0), the cylinder is in decelerating motion as it approaches
the point of maximum displacement. In this region, the lift and drag coefficients are both
slightly lower than the quasi-static prediction. However, the power coefficient is negative,
indicating that the drag term dominates over the lift. For y > 0 and ¢ <0 (or y <0 and
o > 0), the cylinder is accelerating as it travels away from the point of maximum
displacement. In this region, both C; and Cp are substantially larger than the quasi-static
prediction. The power coefficient is positive, indicating that the lift term dominates over
the drag.

Note that C,, and therefore also C,, contains opposite-signed contributions from Cp
and Cp (5.3). For the quasi-steady model, these contributions are close to equal for small
to moderate «, so that the quasi-steady transverse force contribution Cy 4 is relatively
small. Although the instantaneous lift and drag coefficients approximately follow the
quasi-steady prediction, the instantaneous transverse force and power coefficient do not
obviously follow the quasi-steady prediction, and are instead dominated by other unsteady
contributions, such as vortex shedding.

Figure 20(b) shows a sharp decrease in the power coefficient when the inclination angle
exceeds o = 1.27, for both quasi-steady and instantaneous power coefficients. This is due
to the poor alignment between the lift force and the transverse direction at high inclination
angles. Therefore, the quasi-steady force will limit the maximum inclination angle, which
limits the maximum value of Aw.

Figure 21 presents the time history of the instantaneous force and power coefficients
(Gy and Cp), as well as the quasi-steady predictions (Cy 4 and C), 4), against the phase
angle ¢ = wt, where w is the natural frequency. In general, there is little correlation
between the instantaneous force coefficients and the quasi-steady predictions, indicating
that the transverse force is dominated by vortex shedding or other unsteady effects.

For moderate and high U* (U* > 6), the motion appears to be driven by a large peak in
both transverse force and power coefficient, which occurs immediately after the point of
maximum displacement (between 0 < ¢ < w/4and 7 < ¢ < S /4). As shown in figure 15,
this corresponds to the shedding of a primary vortex from the cylinder. Therefore, there is
a substantial contribution from VIV to the observed motion, which enhances FIVs.

Thus, we have the following interpretation of the motion at high U*. A primary vortex
is shed each half-cycle, as the cylinder accelerates away from the point of maximum
displacement, similar to the shedding of a starting vortex. This shed vortex results in a
large transverse force in line with the cylinder velocity, adding energy to the cylinder
which enhances FIV motion. As the cylinder travels downwards, there is a large inclination
angle relative to the flow. This produces both a drag force, which opposes the motion,
and a lift force, which enhances FIV motion. For o < 1.27, the quasi-steady lift and
drag terms are approximately equal, so the quasi-steady effect provides a negligible
contribution to the transverse force. However, for o g 1.27, the component of lift in
the transverse direction becomes small, so that the quasi-steady drag dominates. This
effectively limits the maximum amplitude for a given frequency, so that the amplitude
increases approximately linearly with U*.

This section has demonstrated that, while the quasi-steady model captures some effect
of the relative angle of attack, unsteady forces are also substantial. Given the similarities
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Figure 21. Comparison between the instantaneous transverse force coefficient (left) and power coefficient
(right) and the predictions of the quasi-steady model, for (a) U* =4, (b) U* =6, (¢) U* =8 and (d) U* = 10.

between the crescent cylinders and airfoil/turbine blades, modelling approaches developed
for dynamic stall (Bangga, Lutz & Arnold 2020; Mohamed et al. 2024) may prove useful
in providing further insight into the observed motion. These models include contributions
from attached flow, separated flow and vortex shedding all of which are observed in the
present flow.

6. Optimising power generation

We have thus far considered undamped vibrations, with the optimisation performed to
maximise the vibration amplitude. For such cases, the power generation is zero. Attaching
a transducer to the system will extract mechanical energy, which is modelled here as a
linear damper. The power coefficient (2.8) obtained under this assumption represents the
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Figure 22. Comparison of the (a) power coefficient C p and (b) amplitude parameter Aw predicted from the
quasi-steady analysis, and numerical simulations performed at various U*, for the OpU9 cylinder at Re = 100
and m* =4.7124.

maximum power that can be extracted for the given damping coefficient £, assuming no
other sources of damping.

The structure of this section is as follows. First, in §6.1, we estimate the power
coefficient using the quasi-steady model, and compare this with the numerical simulations.
Then, in § 6.2, a shape optimisation is performed to maximise the power coefficient.

6.1. Power generation according to the quasi-steady model

Assuming a sinusoidal displacement profile y = A sin wt, the power extracted from the
cylinder via mechanical damping (2.8) is

- 2mm*&

PE= " (Aw)?, (6.1)

which depends on two parameters: the amplitude parameter Aw, and the mass-damping
parameter m*&/U*. Figure 19 plots C), ¢ against Aw, for m*&/U* =4.5 x 1073. When
C pE > C p.q» the energy added to the cylinder by quasi-steady forces over one cycle
is less than the energy extracted by mechanical damping, and so the amplitude will
decrease. Likewise, the amplitude will increase for Cp ¢ < Cp 4. Therefore, there is a
stable equilibrium when Cp ¢ = Cp, , and 3C, £ /d(Aw) > dCp /3 (Aw), indicated by the
red circle in figure 19. The value of m*£/U* =4.5 x 1073 corresponds to the maximum
value of C) ¢ at this stable equilibrium, and therefore the maximum power generation
under the quasi-static assumption.

Figure 22 plots a comparison between the predicted power coefficient and vibration
amplitude according to the quasi-steady model, and numerical simulations of the OpU10
cylinder, performed for various values of U*. The quasi-steady model predicts a maximum
power coefficient of Cp ¢ = 0.219, occurring at m*& /U* = 4.5 x 1073, and that galloping
cannot be sustained for m*£/U* > 5.2 x 1073,

However, the numerical simulations demonstrate that significant FIVs are sustained
for damping coefficients much larger than this, and yield significantly larger maximum
power coefficients (up to Cy ¢ = 0.364). This shows that the energy added to the cylinder
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Figure 23. Variation of (a) power coefficient C p» (D) efficiency 1, (c) oscillation amplitude Yy and (d) angular
frequency o, against damping coefficient £, for numerical simulations of the OpU9 cylinder performed at
Re =100 and m* = 4.7124. Dashed lines in (d) indicate the undamped natural frequency w, =27 /U*.

by vortex-induced forces provide a significant contribution to power generation, allowing
more power to be extracted via mechanical damping per cycle of motion.

Figure 23 plots the variation of power coefficient C,, efficiency n, amplitude yqx
and angular frequency w against &, for the numerical simulations. Increasing & initially
increases power extraction, as more power is extracted by mechanical damping. However,
damping also decreases the amplitude of vibration, leading to a reduction in the power
coefficient for large &. For U* > 7, the galloping-like behaviour cannot be sustained for
£ 2 0.025, leading to a sudden decrease in amplitude and power coefficient. Figure 23(d)
shows that the oscillation frequency w (solid lines) shifts away from the natural frequency
(dashed lines) when this occurs, indicating a desynchronised behaviour. This suggests
that the synchronised behaviour that occurs at high U* is due to the large oscillation
amplitude, which significantly alters the vortex shedding. When the damping is sufficiently
large to prevent the galloping-like behaviour, vortex shedding instead occurs at a different
frequency (presumably the natural frequency of vortex shedding).
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Cylinder label U, AR o B my ny Mg Na  Xeam £ C,
OpU6_P 6 1936 —014 02782 1356 0.6099 103 1973 0.2818 0.0681 0.402
OpUS_P 8  18.56 —0.3822 0.2828 1.982 0.6445 1.486 1.742 0.2931 0.0802 0.4329
OpU10_P 10 1967 03212 0196 1789 1206 0.948 1.083 0.1879 0.0495 0.5130

OpUM_P 6,8,10 19.64 —0.6262 0.2915 1.538 1.099 1.871 1.079 0.3074 0.0715 0.4055

Table 6. Shape parameters for various cylinders optimised for maximum power coefficient C p» With fixed
U*=Ug,, , Re =100 and m* = 4.7124. The OpUM_P cylinder was optimised to maximise the average power
coefficient across three different conditions (U* = 6, 8 and 10).

OpU6_P OpUS_P OpUI0 P OpUM_P OpU6 OpUs opu10

Figure 24. Comparison between cylinders optimised for maximum power coefficient (OpU6_P, OpUS_P,
OpU10_P, OpUM_P) and cylinders optimised for maximum amplitude (OpU6, OpUS, OpU10).

At high U*, the power coefficient profiles display evidence of multiple different flow
regimes (sudden jumps to different trend lines), depending on the precise value of &.
This results in sharp peaks in the power coefficient, meaning that £ must be precisely tuned
to maximise the power coefficient. The overall maximum power coefficient, C, = 0.364
is obtained for U* =7 and £ =0.0220. At U* = 6, there is a much broader peak in C P
with a maximum value of C p =0.314 and & = 0.0259. The broad peak means that C p is
less sensitive to &, which will produce more consistent power generation.

The efficiency n (2.9) represents the ratio of power extracted from power available in the
swept area of the device. This is plotted in figure 23(b), against &, for the OpU9 cylinder.
The maximum efficiency of 8.25 % is obtained for U* = 6 and £ = 0.0350, and the power
coefficient at this condition is C,, = 0.289. The efficiency decreases as U* is increased.
At U* =7, when the power coefficient is maximised, the efficiency is n =6.71 %. The
reduction in efficiency is due to an increased swept area with increasing U™.

6.2. Optimising the power coefficient

We now consider shape optimisation to maximise the power coefficient, using the BO-
GPR method. For this case, the objective function to be maximised is the mean power
coefficient (r(g) = C)), and the design parameter vector ¢ contains all shape parameters
and the damping coefficient §: ¢ = (AR, a, B, my, ny, mg, ng, ). The remaining details
of the implementation are the same as in § 4. For each optimisation, U* is held constant,
and the Reynolds number and dimensionless mass are Re =100 and m™ =4.7124,
respectively. Finally, the damping coefficient is restricted to the range 0 <& < 0.2.

Table 6 lists the parameters of the optimised shapes for U* =6, U* = 8§ and U* = 10, as
well as the mean power coefficient. We use the label OpUX_P to indicate shapes optimised
to maximise power coefficient at U* = X. The optimised shapes are plotted in figure 24,
as well as the OpU6, OpUS8 and OpU10 cylinders. The power-optimised cylinder have
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Figure 25. Variation of the instantaneous and quasi-steady lift (a,d.g), drag (b.,e,h) and power (c,f,i)
coefficients at Re =100 and m* =4.7124: (a,b,c) OpU6_P at U* =6 and & = 0.0681; (d,e,f) OpU8_P at
U*=28 and & =0.0802; (g,h,i) OpUIO_P at U* =10 and & =0.0495. Plots of the OpU9 cylinder with
& =0.0220 are also provided for comparison.

the same general features as the amplitude-optimised cylinders; namely a thin crescent
blade with sharp vertices. However, compared with the amplitude-optimised cylinders, the
power-optimised cylinders have a greater curvature. The OpU6_P and OpUS8_P cylinders
have a mean camber of x4, & 0.29, approximately thee times greater than the camber
of the OpU6 and OpUS8 cylinders. The OpU10_P cylinder has a mean camber of x4 ~
0.1897, which is approximately twice the camber of the OpU10 cylinder.

Optimising at a single U™ does not guarantee that the cylinder will perform well over a
range of different operating conditions. An additional optimisation was performed using
the average power coefficient across three different reduced velocities (U* = 6, 8 and 10)
as the objective function. This cylinder, labelled OpUM_P, is plotted in figure 24, and its
parameters are provided in table 6. This cylinder has a similar shape to the OpU6_P and
OpUS8_P cylinders, but with a slightly higher camber.

To investigate the influence of the increased camber on the power generation, figure 25
compares the instantaneous and quasi-steady lift, drag and power coefficients for the
OpUX_P to the OpU10 cylinder, at U* = X. Increasing camber results in an increased
maximum power coefficient according to the quasi-steady approximation, due to an
increased lift coefficient. However, the increased drag coefficient reduces the maximum
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Figure 26. Vorticity visualisations for the optimised cylinders (@) OpU6_P at U* =6 and & =0.0681;
(b) OpU8_P at U* =8 and & =0.0802; (c) OpU10_P at U* =10 and & =0.0495. Vorticity visualisations
for the OpU9 cylinder with & =0.0220 at (d) U* =6, (¢) U* =8 and (f) U* = 10. Red indicates positive
(counter-clockwise) vorticity, while blue indicates negative (clockwise) vorticity.

angle of attack for which the quasi-steady power coefficient is positive. Therefore,
increasing camber reduces the maximum amplitude, but increases the power generation
at smaller amplitudes.

Increasing camber may also affect the vortex-induced forces. Figure 26 plots vorticity
visualisations for the power-optimised cylinders OpU6_P, OpU8_P and OpUI10_P.
Vorticity visualisations for the OpU9 cylinder with & =0.0220 are also provided for
comparison. Animations are provided in the online supplementary material (movies 5-7).
For the OpU6_P and OpUS8_P cylinders, the increased camber alters the structure of
vortices as they are shed from the cylinder, compared with the OpU9 cylinder. The
resulting power coefficients (figure 25c¢,f) are positive for all inclination angles, while
the power coefficients for the OpU9 cylinder are sometimes negative. Therefore, changes
to the vortex-induced forces as a result of cylinder camber also appear to enhance power
generation.

For the OpUIO_P cylinder, the vortex structure is similar to the OpU9 cylinder
(figure 26c¢, ). However, figure 25(g—f) shows that the peak in power coefficient associated
with vortex shedding occurs at a larger angle of attack (i.e. delayed later in the vortex
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Figure 27. Variation of (a) power coefficient C » and (b) efficiency 1 against reduced velocity U*, for various
optimised cylinders, at Re = 100 and m™* = 4.7124.

shedding cycle), resulting in a much larger peak power coefficient, which enhances the
power extracted from FIV.

Figure 27 plots the variation of power coefficient and efficiency against U* for the
optimised cylinders. For the OpU6_P, OpU8_P and OpU_10 cylinders, there is a broad
region of high power generation for reduced velocities U* > 6, with Cp ~ 0.4. Within
this region, each cylinder achieves maximum power coefficient at its design U*, with
a decrease in performance away from the design point. The maximum overall power
coefficient of Cp =0.513 is achieved with the OpU_10 cylinder, however, this cylinder
performs worse than the OpU6_P and OpUS8_P cylinders between U* =6 and U* =9.
Maximum efficiency of n~ 12.2 % is achieved for U* = 6, and the efficiency decreases
as U™ increases beyond this value.

In practice, devices must perform well over a range of operating conditions. The
OpUM_P cylinder was optimised using the average power coefficient obtained at three
different reduced velocities (U* =6, 8 and 10) as the objective function. As expected,
the OpUM_P cylinder achieves a more consistent power coefficient for different reduced
velocities, but has a lower maximum power coefficient than the single U* cylinders at their
design condition.

As discussed in the introduction (table 1), previous studies have considered a range of
different cylinder geometries. Since these studies are at much higher Reynolds numbers
than the present study, we cannot compare with their findings directly. Instead, a series
of optimisations were performed for several geometries listed in table 7. For these
optimisations, the free parameters to be optimised are either the damping coefficient &
(circle, square, rectangle-triangle) or both AR and & (triangle, rectangle, ellipse, semi-
ellipse). Of these shapes, the triangular and semi-elliptical cylinders achieve the best
performance. This is consistent with prior studies (Sun et al. 20195; Tamimi et al. 2019;
Huang et al. 2024) which find that triangular and semicircular afterbodies generate the
most power.

Figure 28 compares the power coefficient and efficiency obtained using the circular,
triangular and semicircular cylinders with the OpU10_P and OpUM_P cylinders. The
optimised cylinders (OpU10_P and OpUM_P) achieve a substantially greater power
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Table 7. Optimised parameters & and AR for various elementary cylinder geometries at Re = 100 and

m* =4.7124. A sketch of each shape is provided, with the flow direction from left to right.
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Figure 28. Variation of (a) power coefficient C » and (b) efficiency 1 against reduced velocity U*, for various
cylinders at Re = 100 and m* = 4.7124.
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Figure 29. (a) Variation of oscillation amplitude (ynax) against U* for modified OpU7 cylinders with various
aspect ratios. (b) Variation of mean power coefficient Cp against U* for modified OpUM_P cylinders with
various aspect ratios.

coefficient over a much larger range of U* compared with the circular, triangular and
semi-elliptical cylinders. The maximum power coefficient C, =0.513 is obtained using
the OpU10_P cylinder at U* = 10. This is 6.23 times larger than the maximum power
coefficient obtained using the circular cylinder (C, =0.0824), and 1.94 times greater
than that obtained using the semi-elliptical cylinder (Cp = 0.264). The OpUM_P cylinder
has an average power coefficient of C), =0.404 over the range 6 < U™* < 11, which is
1.95 times the average power coefficient of the triangular cylinder over this same range
(Cp =0.208). The efficiency is maximised at U* =6, with a maximum efficiency of
n = 12.2 % obtained using the OpUM_P cylinder, which is 2.52 times the efficiency of the
circular cylinder (n = 4.84 %), but only slightly greater than the efficiency of the triangular
cylinder (n = 11.6 %).

Note that we have not optimised to maximise the efficiency. Despite this, the OpU6_P,
OpUS8_P and OpUM_P cylinders achieve a better efficiency than other cylinders. For
future studies, it may be worth performing a combined optimisation to balance maximising
both power coefficient and efficiency.

6.3. Effect of maximum aspect ratio

Given that the optimised cylinders have aspect ratio close to the upper bound of AR = 20,
this suggests that cylinders with a higher AR may achieve even greater performance.
Figure 29(a) presents the amplitude response for cylinders with parameters equal to those
of the OpU7 cylinder, but with various aspect ratios. This confirms that the oscillation
amplitude increases as AR increases, with a zero-thickness blade being the ideal cylinder
to maximise the amplitude response. In practice the maximum aspect ratio will be limited
by engineering constraints, such as the strength and stiffness of the cylinder.

Figure 29(b) also plots the power coefficient for cylinders of different aspect ratios,
with remaining parameters equal to the OpUM_P cylinder. While the maximum power
coefficient increases with increasing AR, for some reduced velocities the power coefficient
decreases with increasing AR. Given the optimised cylinders all have an AR close to the
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upper bound of 20, it is likely that a zero-thickness blade will achieve the best overall
power generation, however, this needs further investigation.

7. Conclusions

Bayesian optimisation with GP regression was performed to optimise the shape of an
elastically mounted cylinder undergoing transverse FIV. First, optimisation was performed
to maximise the amplitude of undamped oscillations, for several different reduced
velocities (U*) at Re = 100 and m™ = 4.7124. The optimised shape was found to be a thin
curved blade with sharp leading and trailing edges, similar to the curved blade geometry
studied by Tucker Harvey et al. (2019, 2020).

The optimised cylinder exhibits a combined VIV-galloping response. A quasi-steady
analysis reveals that hard galloping is possible — the cylinder cannot gallop from rest,
but galloping may occur given a sufficiently large initial displacement. At large relative
inclination angles, the curved blade acts like an airfoil, with a relatively low drag
coefficient, and a large lift coefficient. For certain angles of attack, the component of lift in
the transverse direction exceeds the drag component, producing a net positive contribution
to the cylinder motion. The FIV is further enhanced by vortex-induced forces. A single
primary vortex is shed from the cylinder each half-cycle of motion, resulting in a large
transverse force in line with the cylinder’s velocity.

Finally, shape optimisation was performed to enhance the power coefficient for damped
vibrations. These optimised cylinders were also found to be curved blades with sharp
leading and trailing edges, however, with a larger curvature than the cylinders optimised
for maximum amplitude. The increased camber allows more power to be extracted from the
cylinder during a single cycle of motion, compared with the amplitude-optimised cylinder.

The shape optimisation produced remarkable improvements in both power coefficient
and efficiency. The maximum power coefficient was C, =0.513, obtained using the
OpUI0_P cylinder at U*=10. This is an increase of 523 % compared with the
circular cylinder (C, =0.0824) and of 94 % compared with the semi-elliptical cylinder

(C » =0.264). The OpUM_P achieved a relatively consistent power coefficient of C p=
0.404 over the range 6 <U * < 11, which is an improvement of 95 % compared with
the triangular cylinder (Cp = 0.208) over this same range. The maximum efficiency of
n = 12.2 % was obtained using the OpUM_P cylinder at U* = 6, which is an improvement
of 152 % compared with a circular cylinder (n =4.84 %), but only 5.2 % better than the
triangular cylinder (n = 11.6 %).

The present study was limited to low Reynolds numbers (Re = 100), and considered
only numerical simulations. For future work, the optimisation should be performed
at larger Reynolds numbers, using an appropriate turbulence model validated against
experimental measurements. The performance of the optimised shape should then be
validated experimentally. Increasing the Reynolds number is expected to yield even greater
power coefficients and efficiencies, due to reduced viscous damping. For comparison,
Lo et al. (2024) obtained a maximum power coefficient of C, =3.31 and maximum
efficiency of n=22.7% for a thin elliptical cylinder with Reynolds numbers in the
range 990 < Re < 4, 390, which are substantially greater than the efficiency and power
coefficient obtained in the present study.

Finally, given the present study obtained a thin curved blade as the optimised shape,
future optimisation studies may focus on shape parameters for a thin blade, rather than
attempting to parametrise a wide range of different geometries as was done in the present
study. Geometry parametrisation techniques developed for airfoil and compressor-blade
sections (Kulfan 2010; Shi 2021) will be useful for this purpose.
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