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The purpose of this note is to characterize maximal right ideals of T0(G),
the (left) mear-ring of transformations from a group (G, + ) into itself which
leave zero fixed. Using this characterization, we answer some questions raised
by Heatherly (1972).

Definitions of (left) near-ring, right ideal of a near-ring, and T0(G) can be
found in either of the references.

We use the following notation. Let G be a group and let C be a subset of G.
The cardinality of C is denoted by | C | . The complement of C in G is the set
G — C—{geG\g^C}. Let A(C) denote the annihilator right ideal of C; that is,
A{C) = {aeT0(G) | (c)a = 0, for all ceC}. Finally, using the notation of
Johnson (1973), if 0 e T0(G), let B^ = {x e G [(x)j3 = 0}.

The following lemma is a restatement of results of Johnson (1973).

LEMMA 1. Let S be a right ideal of T0(G). Then cceS if and only if

LEMMA 2. Let S be a right ideal of T0(G). Let <x,/?eS. Then there exists
deS such that B3 = BxnBfi.

PROOF. By Lemma 1 the annihilator right ideals A(BX) and A(Bfi) are con-
tained in S. Define maps y, n e T0(G) by (x)y = x if x e G — Bx, (x)y = 0 if x e Ba;
(x)n = x if xeBx-Be, (x)n = 0 if x^Bx-Bp. Since yeA(BJ and neA{B^,
then y,tjeS. Hence y + neS and J3Y+), = BaC\Bfi.

Let ^ = {R | R is a right ideal of T0(G) and Bx n £„ is infinite, for all a, jS e R}.
If G is infinite, 01 is nonempty, and by Zorn's Lemma, M contains maximal
elements.

THEOREM 3. S is a maximal right ideal of T0(G) if and only if either
S = A({x})for some nonzero x e G or S is a maximal element in the collection M.

410

https://doi.org/10.1017/S1446788700034443 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700034443


[2] Transformation near-rings 411

PROOF. Heatherly (1972) has shown that if x is a nonzero element of G,
then v4({x}) is a maximal right ideal of T0(G).

Now suppose S is a maximal element of 3b. Let K be a right ideal of T0(G)
which properly contains S. Then there exist elements <x,peK such that Ba n B e

is finite, and hence by Lemma 2 there exists 8eK such that Bb is finite.
Let | Ba | = n. Suppose n > 1. Let yeB6, y ^ 0. Define co e T0(G) by

(y)co = y, (x)co = 0 if x # y. The mapping co is an element of the right ideal
A(G - {y}). It is easy to show that S + A(G-{y})e&. Since S is maximal in
Si, then S = S + .4(G-{;y})andso coeS. Hence 5 + coeK and \BS+(O\ = n - 1 .
Repeating the above process, we find an element XeK such that Bx = {0}. But
then by Lemma 1, K = T0(G). Therefore, S is a maximal right ideal of
TQ(G).

Conversely, suppose S is a maximal right ideal of T0(G) and suppose
S •£ A({x}) for any nonzero xeG. We show Se0t. Suppose there exists /xeS
such that Bu is a finite subset of G. For xeG, define r\xe T0(G) by (x)rix = x,
(y)flx = 0 if y ^ x. Since S is not an annihilator right ideal, it is easy to show
that t]xeS, for all x e G . Then we can repeat the above inductive procedure
to find an element a e S such that Ba = {0} and hence to show that S = T0(G).
This is a contradiction, since S is a maximal right ideal. Therefore, using Lemma
2, J3an Be is infinite, for all a, /? e S. Hence, S e 82 and since S is a maximal right
ideal, then S must be a maximal element of ^ .

Heatherly (1972) considered the right ideal D = {aeT0(G)| | support a |
< | G | } , where support a = {x e G | (x)ce # 0} and where G is an infinite group.
He raised the question: Is D a maximal right ideal of TO(G)1 Using Theorem 3,
it is easy to see that the answer is no. J ) e f , but D is not maximal in 01. For let
H,K be subsets ofG such that H nK = <j>,G = H u X u { 0 } , and \H\ = | K |
= | G |. Then 4(tf) is a right ideal of T0(G) and D + A(H) is an element of M which
properly contains D. The following theorem, which answers another question
of Heatherly (1972), shows that there is in fact a proper ascending sequence of
right ideals of T0(G) which contain D.

THEOREM 4. Right ideals of T0(G) satisfy the ascending chain condition
if and only if G is finite.

PROOF. Suppose G is an infinite group. Define a sequence of sets inductively
as follows. Let Ct be a proper subset of G - {0} such that | Ct | = | G | . If C,
has been defined, let Cj + 1 be a proper subset of Ct such that | Cj+11 = | G | and
| Q — Ci + 1 j = \G\. Then {0} c A(CX) c A(C2) <= ••• is an infinite proper as-
cending chain of right ideals of T0(G). Hence, if G satisfies the ascending chain
condition on right ideals, then G is finite.

Conversely, if G is finite, then T0(G) is finite, and thus T0(G) satisfies the
ascending chain condition on right ideals.
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