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THE SHRINKING PROPERTY

BY
MARY ELLEN RUDIN

ABSTRACT. A space has the shrinking property if, for every open
cover {V, | a€ A}, there is an open cover {W, | a€ A} with W, c V,
for each a € A. It is strangely difficult to find an example of a normal
space without the shrinking property. It is proved here that any
Y-product of metric spaces has the shrinking property.

By a space we mean a T; topological space.

We say that a space has the shrinking property if, for every set A and open
cover {V; | 8 € A} of the space, there is an open cover {W; | 8 € A} with W, < V
for each 8, the Wjs’s being the “shrinking” of V;’s. A space is normal precisely
if every open cover of cardinality two has a shrinking; every paracompact space
has the shrinking property. The usual order topology on w; yields a normal
space with the shrinking property which is not paracompact. But it is strangely
difficult to find an example of a normal space without the shrinking property.

Suppose X is a normal space. It is well known [1] that X has a countable
open cover which cannot be shrunk if and only if X is Dowker, i.e. (XX I) is
not normal or equivalently X is not countably paracompact. We define X to be
k-Dowker for a cardinal k provided there is a nested open cover of X of
cardinality k which cannot be shrunk: then XX Y is not normal for every
normal space Y for which « is the minimal cardinality of a subset of Y with a
limit point. For each k we know of (essentially one real) k-Dowker space
[2, 3], the examples involve box products of increasing sequences of cardinals
and the various cardinal functions are large. We also have a number of
consistency examples if k = w. I know of no other examples of normal spaces
without the shrinking property; I would hope for more useful examples.

The rest of this paper shows that any 3-product of metric spaces (known to be
normal and not paracompact [4]) has the shrinking property. A parallel paper
[5] shows that for Z-products of compact spaces, normality, the shrinking
property, and countable tightness in the factors, are all equivalent. Both of
these theorems indicate the degree to which normality carries the shrinking
property with it.
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THEOREM. A 3-product of metric spaces has the shrinking property.

Proof. Let I be an uncountable set and, for each yeT, let X, be a metric
space having at least two points “0” and *“17 at a distance 1 apart. Let
S={pell,cr X, | p(y) =0 for all but countably many yeT}. Let {V; |8 A} be
an open cover of . We want to define an open cover {W; | 8€ A} of ¥ with
W, < V; for each 8.

For each yel and n € w, let %, (y) be a locally finite open cover of X, by
sets of diameter less than 1/2".

For each n € w, let F, be the set of all functions f whose domain D(f) is a
finite subset of I such that f(y)e %, (y) for every ye D(f). Let F =, c, F.. If
feF, let U={peX|p(y)ef(y) for all ye D(f)}. Thus {U;|fe F} is an open
basis for .

If feF, define

Vye(D(g)ND(f)), f(y) = glx)
G;=9ge F|Vye(D(g)—D(f)),0e g(y); and .
3s5eA, U, <V,

If possible, choose q,€ (U, —U1{U, | ge G}).
Choose y,€I'; and, for ge X, let {y,(q) | j € o} be an indexing of the support
{yeTl|q(y)#0} of q. Define ={fo, f1,...,f.|Vi=n, f.€ F, and

D(f)={yo}Ulv(q;) | j<i k<i}, and Vi<n, q; is defined}.
We say that (f,,...,f,)e%, it U, cU{U,|geG,}.
Lemma. If peX, there is ne w and (f,, ..., f,)€%, such that pe(),., U;.

Proof of lemma. Otherwise, for each ne€w, we can choose f, € F, with
pe U, and D(f,)={y}Uly(q,) | j<n k<n} and g, defined.

Let E={y/(q;)|j€w, ke w}. Define qeX by q(y)=p(y) for yeE, and
q(y)=0 otherwise. Since g€ X, there is g€ F with g€ UXCUKC V, for some
deA. Since D(g) is finite, there is n€w such that, if ye(EN D(g)), then
vy =7;(q) for some j<n and k<n and {xe X, |distance (x, p(y))=1/2"}<
g(y). Thus ge G;, and q;, € U, contrary to our choice of g

By our lemma then, if peX there is a minimal n € w, called n,, for which
there is an (fo,...,f.)e¥, with pei-, U;. We let S, denote one such
(fo»- -+ f,,)- Finally choose m,€ w sufficiently large that if ye D(f, ), then
{x € X, | distance (x, p(y))=1/2"}<=f, (y). Observe that n, <m,,.

Suppose that S=(f,,...,f,) €%, By definition U, < U {U,|ge G}
Either: Case (1) There is ge G; with D(g)< D(f,).

Or: Case (2) For all ge G;, E, =(D(g)—D(f,)) # O.
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Suppose case (2). For each a € a,, we choose g, € G; by induction such that
E, NE, = for all B <a. To see that this is possible let E=J {E,, | B <a}
and G={ge G; | ENE,# J}. There is q € 2 with g(y) € f, () for all y € D(f,),
q(y)=1 for all yeE, and q(y)=0 otherwise. Since qe(U; —{U,|ge G}),
(G, —G)# . For all a€w, there is §, €A with U, = V,. Without loss of
generality we have either:

Case (2a) All §, are the same. Or

Case (2b) All §, are different.

In cases (1) and (2a) there is 8 € A, called 8, with Uf" < V. In case (2b), for
each a € w,, we let g,s and 8,5 denote the chosen g, and §,, respectively.

Now suppose that pe 2. Let %, ={(fy,...,f)e ¥|j=m, and pe,_; Ufi}. If
fo -+, f;€%,, the domain of f; is completely determined by f,,...,f,_,, and,
for y € D(f;), since p(y)eﬁ(—y) and %;(y) is locally finite, the number of choices
for fi(y) is finite. So &, is finite. Let ', = J {D(f) |fe S€ ¥,}. For yeT,, let
A, (y)=N{A<=X,|p(y)€ A and, for some BeJ,-,, Bi(y), either A=B or
A=(X,—B)}. If S, has case (1) or (2a), choese f, e F with D(f,)=T, and
p(y)ef,(y)= A, (y) for all yeTl,. If S, has case (2b), choose and « € w, with
pe U, ; then choose f, € F with D(f,)=T,UD(g,s ) and p(y)ef,(y)= A,(y)
forall yel',, and p(y) e f,(y) < g.,(v) forall ye D(g, ); let o, denote this .

For 8 €A, let Ps={peX|8=24s if S, has case (1) or (2a), and § =35, g if S,
has case (2b)}. Let Ws={J{U; | p € Ps}. Clearly {W; |8 €A} is an open cover
of ¥; we must show that W, c V.

So fix & and g€ (23— V,); we must show that q¢ U {U;, | pePs}.

We first prove that q¢ J{U;, |pePs and n,=my}. Suppose pePs, S, =
(fos -+ fu,) and n,=m,. If there is a smallest i=n, with qgéU];, there is
v € D(f;) with q¢ f.(y). Since D(f;) is determined by (f,,...,f_,) and i=m,,
vel',and fi(y)NA,(y)=.But yel', and i=n,=m,, so A,(y) < fi(y). Thus
U, NU;, = @. So we can assume that q ()=, U;. By definition, since n, =
mg, S, €,

Since ¥, is finite, if ge |J {U; | pe Ps and n,=m,} there is an Se€ ¥, such
that ge |J{U; |peP; and S,=S}. Let S=(f,,...,f,). If S has cases (1) or
(2a), _[—]:C Vs. But qef]?ﬂ and this contradicts q¢ V. If case (2b), there is a
unique @ € w, with 8,5 =35; and if pe P; has §, =S, then o, =« and U; < U,
and U, < V. Since q¢ Vs, q¢U{U, [pePs and S, =S}

It remains to prove that q¢\J{U; |peP; and m;<n,}. We assume that
pePs and m,<n, and prove that U NU; = . Let S,=f,, ..., f,. Since
n,<m,<n, by the argument given before, interchanging p and g, S, € ¥,.
However, by the minimality of n,, there must be an i=n, and ye D(f;) such
that p(y) ¢ f.(y). By our choice of m,, the distance (p(vy), q(y)) > 1/2". Choose
Be®,, (y) with q(y)eB. Then p(y)e(X,-B). Since yel,, f,(y)<B; and
since yel', and m,<n,<m,, f,(y)=(X,—B). Thus U, N U, =D.
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