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NORMAL FUNCTIONS AND THE HEIGHT OF
GROSS-SCHOEN CYCLES

ROBIN DE JONG

Abstract. We prove a variant of a formula due to Zhang relating the Beilinson—
Bloch height of the Gross—Schoen cycle on a pointed curve with the self-
intersection of its relative dualizing sheaf. In our approach, the height of the
Gross—Schoen cycle occurs as the degree of a suitable Bloch line bundle. We
show that the Chern form of this line bundle is nonnegative, and we calculate
its class in the Picard group of the moduli space of pointed stable curves of
compact type. The basic tools are normal functions and biextensions associated
to the cohomology of the universal Jacobian.

81. Introduction

Let X be a smooth geometrically connected curve of genus g > 2 over a
field k. Let e =), a;p; be a divisor of degree 1 on X. Consider the following
cycles of codimension 2 on the triple product X3:

Args ={(z,z,2): z € X},

Apy :Zai{(x,x,pi): e X},
A13:Zai{(:ﬁ,pi,x): reX},
A23:Zai{(pi,w,x): re X},
A=Y aia;{(x,pip;): z€ X},

i’j

Ay = aia;{(pi,z,pj): 1€ X},
i.j
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54 R. DE JONG
A3 = Zaiaj{(pi,pj,m): T € X},
4,J

and put
Ac=A123 — A1 — A1z — Aoz + A1 + Ax + As.

Then A, is a cohomologically trivial cycle on X3, studied in detail by Gross
and Schoen [13]. Assume that k is either a number field or a function field
of a curve, and assume that X has semistable reduction over k. Then Gross
and Schoen construct in [13] a canonical R-valued height (A., A.) associated
to A, fitting in a general approach due to Beilinson [4] and Bloch [5].
Let CH?(X?)g be the Chow group of codimension 2 cycles on X? with
rational coefficients. An important feature of the height (A, A.) of the
Gross—Schoen cycle is that its nonvanishing implies the nontriviality of the
class of A, in CH?(X3)q (see [29, end of Section 1.1]), and hence (according
to the Beilinson-Bloch conjecture) the conjectural vanishing of the special
value of a suitable L-series attached to X 3. The height of the Gross—Schoen
cycle is conjectured to be nonnegative (see [29, Conjecture 1.4.1]).

In a recent paper, Zhang [29] derived an explicit formula for (A, A.) and
used it to prove some important new results in this direction. We describe
the formula, and simply refer the reader to [29] for further discussion of its
ramifications.

First of all, for each place v of k, Zhang introduces a local R-valued
invariant ¢(X,) of X at v, as follows. Let p, be the canonical Arakelov
(1,1)-form (see [1], [12]) on X, = X ® k, if v is archimedean, and let u, be
the canonical admissible metric from [28, Section 3] on the reduction graph
R, of X at v if v is non-Archimedean. If v is an archimedean place, let Aa,
be the Laplacian on L?(X,,u,) given by putting 00f = miAa.(f)p., for
C>°-functions f. Let (¢¢)72, be an orthonormal basis of real eigenfunctions
of Aar, with corresponding eigenvalues 0 = A\g < \; < Ay < ---. He then
puts

2

)

g
Z ‘/ ¢Zwm N Wp,
Xy

m,n=1

(1.1) (X)=3 <

>0 ¢

where (wp,)? _; is an orthonormal basis for the inner product on H%(X,, Q% )
given by putting (o, ) = % f x, &N B. If v is a non-Archimedean place, he
puts
PO) == 100+ 1 [ g ) (109 + Dy, — 3k, ).
R

v
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where 0(X,) is the number of singular points in the geometric special fiber
of X at v, g, is the Green’s function (see [28, Section 3]) for the canonical
admissible metric u, on R,, and K, is the canonical divisor on R,,.

Let z. be the class of the degree 0 divisor (2g —2)e — K in the Jacobian
of X, where K is a canonical divisor on X, and denote by iL(xe) the Néron—
Tate height of 2, in R (we warn the reader that our z. is 2g — 2 times what
is called z. in [29]). Let (w,w), be the admissible self-intersection of the
relative dualizing sheaf (see [28, Section 4]) of X over k. Define local factors
N as follows: if v is a real embedding, then Nv =exp(1); if v is a pair of
complex embeddings, then Nv = exp(2); and if v is non-Archimedean, then
Nw is the cardinality of the residue field at v, provided that this residue field
is finite, and Nv = exp(1) otherwise. Zhang’s formula is then the following.

THEOREM 1.1 ([29, Theorem 1.3.1]). The equality

29 +1 3

(Ao A0) =5 5w w)a+

holds in R.

The purpose of this article is to prove a variant of Zhang’s formula. The
main aspect of our approach is that the archimedean contributions ¢(X,)
from Zhang’s formula appear as a norm at infinity of a certain canonical
isomorphism of line bundles related to A., w, and x..

Let S be a smooth quasiprojective variety over the complex numbers. Let
m: X — S be a smooth projective family of curves of genus g > 2 over S,
and assume that a flat divisor e of relative degree 1 on X'/S is given. Let
w be the relative dualizing sheaf of X'/S, and let x. be the divisor class of
relative degree 0 on X' /S given by (29 — 2)e — ¢1(w). Let (w,w) on S be
the Deligne pairing (see [10]) of w with itself, and let (x.,x.) on S be the
Deligne pairing of z, with itself. Let A, be the flat relative Gross—Schoen
cycle with base point e on the triple self-fiber product of X'/S.

According to Bloch [6] (see also Section 2 below), we have a canonical
algebraic line bundle (A, A.) associated to A, on S. The formation of
Bloch’s line bundle is compatible with base change, and if S is a smooth
projective connected curve, then degg(A, Ac) equals the height (Ac, A¢)
of the Gross—Schoen cycle on the generic fiber of X'/S.

Each of the algebraic line bundles (A, A¢), (w,w), and (z., z¢) is equipped
with a canonical Hermitian metric. For both Deligne pairings this is in [10],
and for the Bloch pairing (A., A.) we refer to Sections 2 and 3 below. Note
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that the archimedean -invariants of the fibers of X — S define a real-valued
function on S. In Section 7 we show that the function ¢ is continuous for
the complex topology on S.

The following theorem is our variant of Zhang’s result.

THEOREM 1.2. There exists an isomorphism of algebraic line bundles
(A, AY®272 2 (0, 0) O @ (2, 2,)9 73

on S, canonical up to a sign, and having norm exp(—(2g — 2)p).

To prove Theorem 1.2, we reduce to the universal case where S is the
orbifold Pic; of pairs (X, e) consisting of a complex smooth projective con-
nected curve X of genus g together with a divisor class e of degree 1
on X. We conjecture that an analogue of Theorem 1.2 holds for smooth
quasiprojective varieties S over complete discretely valued fields, featuring
the non-Archimedean @-invariant introduced above. In combination with
Theorem 1.2, such an analogue would yield Zhang’s theorem as an immedi-
ate corollary.

We prove Theorem 1.2 by considering normal functions and biextensions
on a fibration of intermediate Jacobians over Pic;. As such, our approach
is rather different from the one pursued in Zhang’s original paper [29]. We
think that as a result of our approach the Hodge theoretic and motivic
aspects of Zhang’s article become more visible. For example, the motive
M appearing in [29, Section 5] corresponds to the intermediate Jacobian
J(A3H/H) studied in Section 4 below.

The Hermitian line bundle (A, A.) on Pic}] has a unique extension as a
Hermitian line bundle over Picé’c, the universal Picard variety of degree 1
over the moduli space My of stable curves of compact type. We denote this
extension over Pic;’c by the same symbol.

THEOREM 1.3. The line bundle (A, A¢) has nonnegative Chern form and
hence is nef on Pic;’c.

As a corollary of Theorem 1.3, we obtain the nonnegativity of the height
of the Gross—Schoen cycle for curves over function fields in characteristic
zero with everywhere stable reduction of compact type. We note that this
also follows from [30] by an application of the Hodge index theorem.

To finish, we compute the first Chern class of the Bloch line bundle
(A¢, A¢) restricted to the universal 1-pointed stable curve of compact type
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g.1- Let ¢ be the first Chern class of the pullback, along the canonical
section, of the relative dualizing sheaf of the universal curve over Mg ,, and
let A be the first Chern class of the Hodge bundle. For 1 <¢ < ¢g—1 an inte-
ger, let A;-{w} be the boundary divisor in MY ; of which the generic point is
a reducible curve with precisely one node and two smooth irreducible com-
ponents, one of genus ¢ and the other of genus g — i, such that the marked
point lies on the genus ¢ component minus the node. Let 5;{96} be the class of
A;.{z} in the Picard group of Mg ,. According to [2, Theorem 2], the group

Pic(Mg ;) is generated by the classes 1, A, and 5;{1} (and freely so if g > 3).

THEOREM 1.4. Assume that g > 3. Then we have the equality

g—1

_ ned

(Ae, Ac) =6gih+ 12X — > 616"
=1

in Pic(Mg ;).

Observe that the class of (A¢, A¢) in the Picard group of Mg , is divisible
by 6. It would be interesting to have a description of a natural sixth root of
(Ac, Ap).

This article is organized in the following form. We discuss generalities on
Bloch’s pairing, biextensions, and variations of polarized Hodge structure
in Sections 2, 3, and 4, respectively. In Sections 5 and 6, we study normal
functions associated to the Ceresa cycle in the Jacobian of a curve. The
connection with the Gross—Schoen cycle is made in Section 7, which also
contains a proof of Theorem 1.2. Finally, Theorems 1.3 and 1.4 are proved
in Section 8.

§2. Bloch’s pairing between cycle classes

We begin by reviewing the construction, due to Bloch [6], of a canonical
algebraic line bundle (z,w) associated to a pair of relatively homologically
trivial algebraic cycle classes z,w on a family of smooth complex projective
varieties. In Section 3, we discuss an alternative formulation of the same
pairing in terms of biextensions and normal functions on the associated
family of Griffiths intermediate Jacobians. For a more extensive discussion
of these topics, proofs, and broader generality, we refer the reader to the
sources [6], [21], [24], and [26].
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Let S be a smooth quasiprojective variety over C, endowed with the
analytic topology. We consider a smooth projective morphism 7: X — .S of
relative dimension d over S. For each integer 1 <p <d, we let CHE(X/S)
denote the sheaf of abelian groups on S associated to the presheaf which
associates to each open subset U of S the group of codimension p algebraic
cycles on X that restrict to a homologically trivial cycle in each of the
geometric fibers of X'/S, modulo rational equivalence.

Let p,q be positive integers such that p+ q¢=d+ 1. Let z,w be global
sections of CHE(X'/S) and CHI(X'/S), respectively. In [6] a canonical line
bundle (z,w) is constructed on S. The construction is bi-additive in z,w,
and can be summarized as follows. For each open subset U of S, locally over
U the line bundle (z,w) is generated by symbols (Z, W), where Z, W are
algebraic cycles representing z,w over U, with disjoint support, such that
the following relations hold.

Let (Z,W) and (Z,W') be local symbols over U, and suppose that W, W’
are rationally equivalent over U. This essentially means that there exists a
cycle Y on Xy and a rational function f on Y such that W — W' =divy (f);
we assume that we can choose Y such that Y and Z intersect properly.
Consider then the intersection cycle Y.Z; we assume that the support of
Y.Z is finite flat over S. Note that as Z, W and Z, W’ have disjoint support
the rational function f restricts to an invertible regular function on Y.Z. Let
oz(W —W') in O%(U) be the result of applying the norm map from Y.Z to
S to the restriction of f to Y.Z; then we put (Z, W) =0z(W —-W')-(Z,W').

Likewise, if (Z,W) and (Z',W) are local symbols over U with Z,Z’
rationally equivalent over U, with a cycle Y/ on Xy intersecting W prop-
erly and a rational function g on Y’ such that Z — Z’ = divy/(g), we put
(ZW)=0ow(Z—-2")-(Z' W), where ow (Z — Z') in O%(U) is the result of
applying the norm map from Y’.W to S to the invertible regular function
obtained by restricting g to Y'.W.

We mention the cocycle relations

oz(W-W"ow(Z—-2"Y=ow(Z—-2")-050(W —-W')
in OY(U) for Z,W,Z',W' as above.
In [6], a torsor E is constructed over the product CH2(X'/S) x CHL(X'/S).

The above (z,w) are the fibers of this torsor. The various properties of the
torsor E discussed in [6] readily yield the following proposition.
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PRrROPOSITION 2.1. We have the following.
(a) (Symmetry) Let z,w be global sections of CH2(X'/S) and CH(X/S),
respectively. Then there exists a canonical isomorphism (z,w) = (w, z)
of line bundles on S.
(b) (Biadditivity) Let z,z" be global sections of CHE(X /S), and let w,w’ be
global sections of CHI(X /S). Then there are canonical isomorphisms

(z4+ 2, w) S (z,w) @ (2, w), (z,w+w') = (z,w) @ (z,w)

of line bundles on S.

(¢) (Projection formula) Let X /S and Y/S be smooth projective families
with X /S of relative dimension d. Let f: X — Y be a proper flat S-
morphism. Let z be a global section of CHE(X/S), and let w be a global
section of CHIYI=P(Y/S). Then there exists a canonical isomorphism
(fez,w) = (2, f*w) of line bundles on S.

Proof. The symmetry derives from [6, Proposition 4], and the bi-additivity
boils down to the biextension property of the torsor E verified in [6, Propo-
sition 7]. The projection formula follows from [26, Satz 7.10]. U

Bloch’s pairing is to be considered as an intersection pairing. In fact,
let z,w be global sections of CHE(X'/S) and CHZ(X'/S), respectively, where
p+q=d+1. Let Z,W be global representatives of z, w intersecting properly
on X, and let Z.W be their intersection cycle. Then there is a noncanonical
isomorphism of line bundles (z,w) = Og(m.(Z.W)) on S (see [26, Satz
6.8]). In particular, if S is a smooth projective curve, one has degg(z,w) =
deg(Z.W).

Let S again be an arbitrary smooth complex quasiprojective variety, and
consider cycle classes z,w as above. Then the line bundle (z,w) carries a
canonical Hermitian metric || -||. It is determined as follows (see [21, Section
I1.4]). Let (Z, W) be a local generating section of (z,w) over the open subset
U of S. In particular, the cycles Z, W have disjoint support over U. There
exists a Green’s current gy for the cycle W on Xy such that 9 dgy + midy
is a (g,q)-form on Ay, and such that gy vanishes in each fiber of Xy /U.
Write (Z,W)s = —log|[(Z,W)||. Then (Z, W) is given by the identity

(2.1) <ZvW>oo_—/5Z/\9Wa

that is, the archimedean height pairing of Z,W. It can be verified using
Stokes’s theorem that (Z, W) is independent of the choice of gy, and is
symmetric in Z, W. In fact, we have the following result due to Meyer.
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PROPOSITION 2.2 ([21, Satz 4.3.2]). Each of the canonical isomorphisms
of Proposition 2.1 is an isometry if Bloch’s pairing is endowed with the
canonical Hermitian metric determined by the archimedean height pairing.

83. Poincaré biextensions

An alternative approach to Bloch’s line bundle valued pairing uses
Poincaré biextensions on intermediate Jacobians. References for the results
in this section are [14], [21], and [24]. Let m: X — S again be a smooth
projective morphism of relative dimension d, with S a smooth complex
quasiprojective variety, and consider again two positive integers p,q with
p+q=d+ 1. We denote by JP(X/S) and J9(X/S) the Griffiths inter-
mediate Jacobian fibrations associated to the variations of Hodge structure
R2P— 17,7+ and R2¢ 17, Zy on S. Let jp(X/S) be the dual torus fibration
of JP(X'/S). Then there exists a canonical isomorphism

pd: JU(X/S) = JP(X/S)

of torus fibrations over S, induced by Poincaré duality.

Let B be the canonical Poincaré line bundle over JP(X/S) x JP(X/S)
(see [14, Section 3.2]). Here and henceforth, products are fiber products over
the base variety S. The Poincaré bundle B is holomorphic, and comes with
a trivialization e*B = Qg along the zero section e of JP(X/S) x JP(X/S)
over S. For local sections z,w of CH?(X'/S) and CHY(X/S), represented by
algebraic cycles, we denote by a,(2),aq(w) their respective fiberwise Grif-
fiths Abel-Jacobi images in JP(X'/S) and J2(X/S). Following terminology
due to P. Griffiths, the pair (a,(z),pdaq(w)) is a local normal function sec-
tion from S into JP(X/S) x JP(X/S), and is in particular holomorphic.

The connection with Bloch’s pairing is expressed by the next proposition.

PROPOSITION 3.1. Let z,w be global sections of CHE(X /S) and CHI(X'/S),
respectively. Then there exists a canonical isomorphism of holomorphic line
bundles

<va> l> (ap(z)vpda(I(w))*B

on S.

Proof. Let (Z,W) be a local trivializing section of (z,w) over an open
subset U C S. In [14, Section 3.3] a construction is given of a holomorphic
section bz w of (ap(2),pdaq(w))*B over U, natural in Z,W. These local
constructions glue together into a morphism (z,w) = (a,(z),pday(w))*B
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of holomorphic line bundles over S. By [24, Theorem 1], this morphism is
an isomorphism in each fiber. The proposition follows. 0

COROLLARY 3.2. Let z,w be global sections of CHE(X /S) and CHI(X/S5),
respectively, represented by flat families of cycles Z, W. Then the formation
of the line bundle (z,w) commutes with arbitrary base change. That is, let
f: T — S with T smooth be a morphism of quasiprojective complex varieties,
and let X' =X xsT — T be the pullback of m: X — S along f: T — S. By
pullback we obtain global sections f*z, f*w of CHE(X'/T) and CHY(X'/T),
respectively, represented by flat families of cycles over T. There exists a
canonical isomorphism

f{zw) = (f*z, frw)

of line bundles on T'.

Proof. By the topological proper base change theorem (see [19, Section
I11.6]), as 7 is proper, and S, T are locally compact for the complex topology,
the formation of R'm,Zy is compatible with the base change T — S, for
each ¢ € Z. By functoriality, it follows that the formation of the families
of intermediate Jacobians J%(X/S) for all i € Z, the Poincaré biextensions
B, and the Poincaré duality isomorphisms pd are compatible with the base
change T'— S. For the fiberwise Griffiths Abel-Jacobi images a,(w), a4(2)
we further have that

(Cbp(f*z), pd aq(f*w)) = f* (ap(z)a pd aq(w)) .
The corollary now follows by applying Proposition 3.1. i

According to [14, Section 3.2], the biextension line bundle B is endowed
with a canonical Hermitian metric. This Hermitian metric has the following
two properties: (i) its Chern form is translation-invariant in each of the
fibers of JP(X/S) x JP(X/S) over S; (ii) the trivialization e*B = Og is
an isometry, where Qg is endowed with the trivial metric.

An important result is then the following.

PROPOSITION 3.3. For B endowed with its canonical Hermitian metric,
and for Bloch’s pairing (z,w) endowed with the canonical Hermitian metric
determined by the archimedean height pairing (2.1), the canonical isomor-
phism from Proposition 3.1 is an isometry.
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For a proof, see [21, Section II.4].

A key example is the case where each of p,q and d is equal to one, that
is, where X'/S is a smooth projective morphism of relative dimension one,
and z,w are represented by algebraic cycles on X’ of relative dimension and
degree 0. In this case, JP(X/S) is the Jacobian fibration J(X/S) of X/S,
and we have a canonical principal polarization i: JP(X/S) = JP(X/S) as
in [22, Définition 2.6.4]. It can be derived from [22, Section 2.7.9] that we
have pd =70 [—1].

Assume that there exists a relatively ample line bundle £ on J(X/S)
over S such that 7L is a line bundle on S. Identify J(X/S) with its dual
using ¢. Then the Poincaré bundle on J(X/S) x J(X/S) can be explicitly
written as

B=m*'LopiL* Top Lot oe L,

where m: J(X/S) x J(X/S) = J(X/S) is the addition map and where
p1,p2: J(X)S) x J(X/S)— J(X/S) are the projections on the first and
second factor, respectively. The Hermitian line bundle (z,w) on S coincides
with Deligne’s pairing in [10] of z and w, and we have canonical isometries

(z,w) & (a1(2), —a1(w)) "B = (a1(2), a1 (w)) " BOL

If S is a smooth projective curve, the degree of the line bundle (a;(z),
a1 (w))*B on S coincides with the Néron—Tate height pairing between the
restrictions of the divisor classes z,w to the generic fiber of X'/S.

§4. Variations of polarized Hodge structure over A,

The constructions related to biextensions from Section 3 can be carried
out in a somewhat more general setting, namely, general variations of (polar-
ized) Hodge structure. We consider the case where the base space is the mod-
uli space A, of complex principally polarized abelian varieties of dimension
g. We view A, as an orbifold, and assume that g > 2 throughout. The basic
references for this section are [14] and [17].

The starting point of our discussion is a polarized integral Hodge struc-
ture (Vz,Q : A2V — Z(—1)) of weight —1, together with a representation
Spay — Sp(Vz, Q). By a standard construction (see [27, Theorem 2.5.15]),
noting that Sp,, is the orbifold fundamental group of Ay, these data deter-
mine a variation of polarized Hodge structures (Vz, Q) over A, such that
the fibers of Vz are equal to V.
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We denote by J(Vz) the Griffiths intermediate Jacobian fibration over
A, associated to V7. By definition, if V4 is the fiber of the local system V7
at the point A of Ay, the fiber of J(Vz) at A is the complex torus J(V4) =
(Va®C)/(F°(V4®C)+ImVy). This torus can be canonically identified with
the extension group Ext!(Z, V) in the category of mixed Hodge structures.

The holomorphic tangent bundle of J(V4) comes equipped with a canon-
ical Hermitian inner product derived from (). This Hermitian inner prod-
uct determines a translation-invariant differential (1,1)-form on J(Vy). It
extends over J(V7z) in a canonical way.

PROPOSITION-DEFINITION 4.1. There exists a unique (1,1)-form wy on
the torus fibration J(Vz) such that (i) its restriction to each fiber over A
is the translation-invariant (1,1)-form associated to Q, and (ii) its pullback
along the zero section vanishes.

Proof. See [17, Section 5]. {

Let J(Vz) be the complex torus fibration dual to J(Vz). Let B be the
canonical Poincaré biextension line bundle on J(Vz) x J (V) (see [14, Sec-
tion 3.2]). Here and henceforth, products are taken over the moduli space
Ag. Based on what we saw in Section 3, the Poincaré biextension line bundle
is a holomorphic line bundle on 7 (Vz) x J(Vz), equipped with a trivializa-
tion along the zero section, and a canonical Hermitian metric.

The given polarization Q of V7 induces an isogeny iq: J(Vz) — J(Vz)
of torus fibrations. We define B to be the pullback, along (id,ig), of the
line bundle B to J(Vz). The bundle B comes endowed with a trivialization
along the zero section and canonical Hermitian metric, both induced from
B by pulling back. By abuse of language, we refer to the Hermitian line
bundle B as the bieztension line bundle over J(Vz).

PROPOSITION 4.2. Let Vz be a variation of polarized Hodge structure of
weight —1 over Ay, and let B be the associated biextension line bundle over
J(Vz). Then the canonical Hermitian metric on B satisfies the following
two properties: (i) its Chern form equals 2wy, and (ii) the pullback of B
along the zero section 1is, via its given trivialization, equal to the trivial
Hermitian line bundle. The bundle B together with its canonical metric is
uniquely characterized, as a holomorphic Hermitian line bundle on J(Vz),
by these two properties.
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Proof. We refer to [17, Proposition 7.3] for the proof that properties (i)
and (i) hold for the canonical metric on B. The uniqueness of B as a holo-
morphic Hermitian line bundle on J(V7) satisfying (i) and (ii) is stated in
[17, Proposition 6.1]. Il

We note that the constructions of Section 3 fit in the present discussion, if
one starts out with the universal abelian scheme 7: X; — A, and takes the
local systems Vz 9,1 = R2p—17T*Z)(g over A, for positive integers p. Then
TP(Xy/ Ag) = T (Vz,2p—1) for each positive integer p, and for positive integers
p,q with p+¢ =g+ 1 one has a canonical isomorphism pd: J(Vz24-1) —
J (Vz,2p—1) of torus fibrations over A, induced by Poincaré duality.

A fundamental case is the case where (Vz,Q) equals (H,Qp), where
H = H,(X,Z) is the first homology group of a compact Riemann surface of
genus g > 2, and @ is its standard intersection form. By standard Hodge
theory of complex tori, one has canonical isomorphisms V7 ;. = APV, and
the polarizations on the Vz ;. are compatible with these isomorphisms.

An important role in our discussion will be played by the case k = 3.
Note that the Hodge structure H is mapped into A2H by sending = to
x A ¢, where ¢ in A2H is the dual of Qy. The polarization Qs on the
Hodge structure A3H sends (21 A xa A x3,y1 Aya Ays) to det(zi, ;).

Next consider the Hodge structure AH/H given as the cokernel of the
map — A (: H — A3H. It carries a polarization given as follows. First of all
one has a contraction map c¢: A>H — H, defined by

s Ay Nz (2,9)2+ (Y, 2)x + (2,2)y.

The composite H — A3H — H induced by ¢ and A equals (g — 1) times
the identity. Denote the projection A3H — ASH/H by p. After tensoring
with Q, the projection p allows a splitting j, defined by

plxAyNz)—=zAyAz—CAc(xANyAz)/(g—1).
With these definitions, the form Qasp/y on ASH/H is given by the formula
(u,0) = (9 = 1)Qp3pr (7 (), 5 (v)).

We denote by wg, wpsg, and wpsg/g the (1,1)-forms on the intermedi-
ate Jacobian fibrations J(H), J(A*H), and J(A3H/H) over A, given
by Proposition 4.1. The various morphisms of polarized Hodge structure
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described above canonically give rise to morphisms

S
J(H) = J(N*H) —~ J(A\*H/H)

of intermediate Jacobians over A,.
The key to the proof of Theorem 1.2 is the following.

PROPOSITION 4.3. On J(A3H), one has a canonical isometry

o0l ~ ,
BE S0 Brapm @ ¢ By

of Hermitian line bundles.

Proof. We have an equality (9 —1)Qn3g = p*Qrsp/g +¢*Qu of polariza-
tion forms on the variation of Hodge structure associated to A>H, by [16,
Proposition 18]. This implies the equality (9 — 1)wpsg = p wpsg g + cwn
of associated canonical (1,1)-forms on J(A*H). The Chern forms of the
left- and right-hand sides of the claimed isometry are therefore equal by
Proposition 4.2. Moreover, both the left- and right-hand sides restrict to
the trivial Hermitian line bundle after pulling back along the zero section.
By the uniquely defining property from Proposition 4.2, we obtain the exis-
tence of the claimed isometry. 0

Consider once again the intermediate Jacobians J?(X,/Ay) =T (Vz,2p—1)
for integers 1 < p < g associated to the universal abelian variety X, — A,.
Each JP(X,;/A,) admits an Abel-Jacobi map a,: CH(X,/A,) —
JP(X,/Ay). Let p,q be positive integers such that p+ ¢ =g + 1. Let
CH,(X,/Ay) = @j—, CHE(Xy/ Ay). By work of Deninger and Murre [11],
one has a Fourier-Mukai transform F' on the Chow group CH*(A/S)q of
relative cycles with Q-coefficients on each abelian scheme A/S; it respects
cohomological triviality. As the construction of the Fourier—Mukai transform
commutes with arbitrary base changes, one then has a canonical Fourier—
Mukai transform F': CH,(X,/Ag)q — CHo(Xy/Ag)q, where X is identified
with its dual ?E'g by the tautological principal polarization.

The transform F' is compatible with the polarization morphism ¢ :
TP (X, ) Ay) = TP(X,/A,) under the Abel-Jacobi maps, in the following
sense.

PROPOSITION 4.4. Let p,q be positive integers such that p+q=g+1,
and let F,q: CHY(X,/Aq)o — CHI(X,;/Ay)q be the composition of the
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Fourier-Mukai transform CHE(X,;/Ay)o — CHo(Xy/Ag)q with the projec-
tion map CH,(X,/Ag)o — CHL(X,/Ay)q. Leti: TP(X,/Ay) — TP(X,] Ay)
be the polarization isomorphism derived from the tautological polarization on
X,. Then i(ay(z)) = pdag(Fpq(2)) for all global sections z of CHE(X,/Ag)q-

Proof. In [3, Proposition 2] the analogous result is proved for principally
polarized abelian varieties over C. The proposition follows as the equality
ioap=pdoay o Fy, of maps holds fiber-by-fiber over A,. 0

85. Normal functions associated to the Ceresa cycle

Let M, be the moduli space of complex smooth projective curves of genus
g =2, and let m: M, 1 — M, be the universal curve. Both are viewed as
orbifolds. Let J(H),J(A3H), and J(A3H/H) be the Griffiths intermediate
Jacobian fibrations over A, determined by the local systems H, A3H, and
ASH/H, respectively, as in Section 4. As explained in [16, Introduction],
they fit in a commutative diagram

My Ag

of orbifolds with p,c the maps from Section 4. The normal functions k, u,
and v are defined as follows. First of all, x is the map sending a pair (X, z),
where X is a curve and x is a point on X to the class of the degree 0
divisor (2g —2)z — K in the Jacobian J of X. Here K is a canonical divisor
on X.

The map p sends a pair (X,z) to the Abel-Jacobi image in J(A3H) of
the Ceresa cycle determined by x and is equal to twice the pointed harmonic
volume of (X, x) (see [18], [25]). Recall that the Ceresa cycle is the homo-
logically trivial cycle in the Jacobian J given as X, — X, where X is the
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curve X embedded in J via the Abel-Jacobi map y +— [y — 2| and where
X, =[-1]xX;. The image of p(z) under p is independent of the choice of
z and in fact we have (see [25, Corollary 6.3]) the relation

(5.1) () — py) = —2([x —y])

in J, sitting canonically inside J(A2H) by wedging with (. We find that the
harmonic volume v = pp factors over M, and we will denote the resulting
normal function My — J(A*H/H) also by v.

§6. Extension to the Picard variety of degree 1 over M,

Let Picg — M, be the universal Picard variety in degree d, viewed as an
orbifold; for example, Picg is identified with the pullback of J(H) along
the Torelli map M, — Ay, that is, the universal Jacobian. The aim of this
section is to show that the commutative diagram of Section 5 fits in a larger
diagram

My

Ag

with v again factoring over M,. We refer to [25, Sections 5, 6] for the
details of the following explanation. Let X be a compact connected Riemann
surface of genus g > 2, and, as before, let H = Hy(X,Z) be its first homology
group. We then have the following generalization of the pointed harmonic
volume of Section 5. First of all, consider the map

A JH) — J(NH), [z -yl [X, — X,].

This map is well defined, and is in fact an injective homomorphism, coincid-
ing with the embedding of J(H) into J(A3H) given by wedging with ¢ by
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[25, Lemma 6.1]. By [25, Lemma 6.4], we also have a well-defined embedding
S: Pic’X — J(A’H), [z+y+ D]~ A(D) - [X, — X,]

for each degree 0 divisor D on X and z,y € X. It follows that the map

p: Pic! X — J(AH), [z+ D]~ —A(2D)+[X, — X, | = —A(2D) + u(x)

is well defined too. We have a canonical injection X — Pic' X, and the map
w clearly restricts to the pointed harmonic volume on X. The image p(e)
of a point e in Pic! X represents the class of the cycle X, — X, where X,
is the Abel-Jacobi image of X in J(H) using e as a base divisor.

PROPOSITION 6.1. We have the following.

(a) The map p: Pic!X — J(A3H) is the linear extension of the pointed
harmonic volume jui: X — J(ASH).

(b) We have the equality p(e) — u(e') = —2(e — ') for all e,e’ in Pic'X. In
particular, the image of u(e) under p is independent of the choice of e.

(c) The set p(Pic'X) is a coset of J(H) in J(A3H).
Let K be a canonical divisor on X.

(d) The image of e under cu equals the class of (2g —2)e — K in J(H) for
all e in PictX.

Proof. (a) Take a representative ) ., m;x; of e with m; € Z, x; € X, and
>, m; = 1. We would like to know whether p(e) =", m;u(z;). For each

index ¢ we can write
_ (4)
e= {xi—{— g m;iTg|,
J

0)
J

where my) =mj if j #14, and m

of degree 0. It follows that

ple) = =24([ Yo ma] ) + niay)
J

=m; — 1 if j =4; note that >, mg-i):nj is

for all 4. Noting that pu(e) =), m;u(e), we obtain

ple) =Y mi(e) = =24([ 3 (X mam? )] ) + " o).

J

But ), mzmgz) =0 for all j and the result follows.
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(b) This follows from (a) and equation (5.1) by writing e = E; — Eo and
¢/ = E| — EY, with E, Es, E}, and E) effective divisors, with deg(E;) =
deg(EY).

(c) This follows from (b), noting that the map pu: Pic' X — J(A3H) has
finite fibers.

(d) This follows from (a) and the fact that cu(z) in J(H) is the class of
(29 —2)z — K for each x on X, as we saw in Section 5. {

The proposition implies that there exist canonical maps u as well as
k=cp and v = pu on Pic;, extending linearly the maps denoted by the same
symbol on M, 1. By linear extension from the original pointed harmonic
volume, which is holomorphic, the map p is holomorphic on Pic;.

87. Proof of Theorem 1.2

In this section we prove Theorem 1.2. By compatibility with base change
Corollary 3.2 it suffices to consider the universal case, where S is the moduli
space Pic}; of pairs (X,e), with X a complex smooth projective curve of
genus g and e a point on Pic! X, and where m: X — S is the universal curve
over 7310;. Let C. = X, — X_ be the flat family of Ceresa cycles on the
universal Jacobian J over S. Let F' be the Fourier—-Mukai transform (see
[11]) on the Chow group CH*(J/S)q of relative cycles of J/S with Q-
coeflicients. Given two positive integers p,q with p +g= ¢+ 1, by abuse of
notation we also write F for the composition of the Fourier-Mukai transform
CHE(X,/Ay)o — CHo(X,/Ay)q with the projection map CH,(X,/Ag)g —
CHI(X;/Ag)g. In our case, we will have p=g—1 and ¢ =2.

Proposition 7.1 establishes a connection between C, and the flat family
of Gross—Schoen cycles A, on the universal triple product curve ) over S.
The proposition generalizes a result on the level of R-valued height pairings
from [29, Section 5.

PROPOSITION 7.1. There exists a canonical isometry

~

(Ao, A)E2 5 (C,, F(C))Y®?

of Hermitian line bundles on Pic;.

Proof. We have a proper flat map f: Y — J over S given by sending a
tuple (X, e;x,y,2) to the class of z + y + z — 3e in the Jacobian of X. We
have f*F(C,) =2A, in CH2(Y/S) by [29, Theorem 1.5.5]. We thus obtain
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a canonical isometry
(Ae, AP = (A, fF(C))

of Hermitian line bundles on Pic}]. By the projection formula Proposi-
tion 2.1(c) and Proposition 2.2, we next have a canonical isometry

(e, [TF(Ce)) = (fule, F(Ce)).

Finally, we have f,A. = 3C, in CHI1(7/S) by [8, Proposition 2.9], yielding
a canonical isometry

(flde, F(Co)) S5 (Co, F(C))E.

The proposition follows by combining the three isometries. [l

Let w, p, and v be the normal functions on Pic}] constructed as a result
of the discussion in Section 6.

PROPOSITION 7.2. There exists a canonical isometry
(Ce, F(Ce)) = 1 Bpop
of Hermitian line bundles on Pic;.
Proof. By Proposition 3.3, we have a canonical isometry
(Ce, F(Ce)) = (a(Ce),pda(F(Ce))) Brag,

where Bjsyy is the Poincaré biextension line bundle on J(A2H) x J(A3H).
Here we use a as shorthand for the Abel-Jacobi image. By Proposition 4.4
and by the construction of B3y, we find a chain of equalities

(a<Ce)>pda(F(Ce)))*B/\3H = (G(Ce)aia(ce))*BASH = M*B/\i”H-
We obtain the proposition by combining these two results. 0
PROPOSITION 7.3. There exists a canonical isometry
u*é%’gl = V*B/\;;H/H ® K* By

of Hermitian line bundles on Pic;.
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Proof. By Proposition 4.3, we have a canonical isometry

B;%g[;l = p*BAaH/H & C*BH
of line bundles over J(A3H). We obtain the required isometry over Pic; by
pulling back this isometry along the extended harmonic volume u, noting
that k = cu and v = pu. 0

PROPOSITION 7.4. Let x. be the relative degree 0 divisor class on the
universal curve X over Pic_}} given by (29 — 2)e — c1(w), where w is the
relative dualizing sheaf of X/Pic; and where e is the tautological relative
degree 1 divisor. Then there exists a canonical isometry

K*BH = (xe, 1:6>®71

of Hermitian line bundles on Pic;.

Proof. By construction, By is the pullback along (id,7) of the Poincaré
bundle By on J(H) x J(H). We have seen at the end of Section 3 that
pd =io[—1] in this case. Note that the Abel-Jacobi image of z. over (X, e)
is equal to (X, e). We obtain a chain of isometries

KBy = (a(xe),ia(z.)) B = (a(z.),pda(ze)) By~ = (e, 2e) ",
with the last isometry given by Proposition 3.3. The proposition follows. []

Proof of Theorem 1.2. By combining the above propositions we obtain a
canonical isometry of Hermitian line bundles
(Ae, A)®2972 = V*BS\@?H/H ® (e, 2e)® 7
on Pic}}. The proof of Theorem 1.2 is finished once we show that there exists,
up to sign, a canonical isomorphism of line bundles
* 1AR3 ~ 2g+1
v B%H/H — <w,w)® g+
on M, of norm exp(—(2g — 2)¢), where ¢ is the invariant defined in (1.1).
Here w is the relative dualizing sheaf of the universal curve over Mg, and
(w,w) has the metric induced by the Arakelov metric on w (see [10]). By
a result of Morita (see [16, Theorem 7]), there exists an isomorphism of
holomorphic line bundles

V*B/\BH/H 1) (det 7T*W)®8g+4
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on M,. As the only invertible holomorphic functions on M, are constants
(see [17, Lemma 2.1]), the isomorphism is determined up to a scalar.

We can determine this scalar modulo a sign in a canonical way as fol-
lows. Consider the hyperelliptic locus H, inside M. Then the line bundle
(det mow)®8974 restricted to H, has (up to sign) a canonical global section
Ay, given as follows (see [20, Section 2]). Let U — H, be a morphism, with
U an integral variety over C, yielding a family of hyperelliptic curves over
U. Let y? = f(z) with f(z) = Z?igz a;z’ and with the a; in the function
field of U be a local equation of the family. Then locally over U, the section
A4 can be written as follows:

dx 2971 da\ ®8g+4

Ag=A(f)- (@ 2%

where A(f) is the discriminant of f. The section Ay is characterized, up to
sign, as a global section of (det 7,w)®8914 by the property that its extension
as a rational section of (det 7,w)®89T* over the moduli stack of hyperelliptic
curves of genus g over Z is regular and nowhere vanishing.

I

On the other hand, the map v restricted to H, coincides with the zero
section (see [17, Proposition 6.7]). It follows that the line bundle vV Bhay /H
restricted to H, has a canonical trivialization. The scalar in the Morita
isomorphism is therefore determined, up to sign, by letting the canonical
trivializing sections of 1*B,s /i and of (det Tw)®8914 over H,, correspond.

We next compute the norm of the canonical Morita isomorphism, where
det m,w has the metric induced from the L?-metric on 7w given by ||a||? =
L [ana. Let p be Faltings’s delta-invariant (see [12]) on My, and put
0 = —4glog(2m)+dF. Let X be Zhang’s lambda-invariant in [29, Section 1.4],
determined by the equality

g—1 1
A= Sz T 12"
Then the main result of [9] implies that the norm of the canonical Morita
isomorphism is equal to exp(—(8g + 4)\).

Note that there is, up to sign, a canonical isomorphism (det m,w)®1? =
(w,w) of line bundles on M, due to Mumford. According to Faltings [12,
Theorem 6] and Moret-Bailly [23, Théoreme 2.2], the norm of the Mumford
isomorphism equals exp(6), if (w,w) is endowed with the metric induced
from the Arakelov metric on w. Combining the Mumford and Morita iso-

morphisms we obtain, up to sign, a canonical isomorphism V*B%)’H H =
{(w,w)®297! which has norm exp(—(2g — 2)y), as required. [
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It would be interesting to have a way of determining the Morita isomor-
phism (and hence the isomorphism in Theorem 1.2) that does not refer to
the locus of hyperelliptic curves.

The next result was announced in the introduction.

PROPOSITION 7.5. Let S be a smooth quasiprojective variety over the
complex numbers. Let m: X — S be a smooth projective family of curves of
genus g > 2 over S. Then the function t — ©(X};) is a continuous function

on S.

Proof. Let G: X xg X — R be the Arakelov-Green’s function (see [1],
[12]) on the fiber product X xg X'. This puts a canonical C*°-Hermitian
metric on the line bundle O(A) on X xg X, where A is the diagonal. Let
n be the curvature (1,1)-form of O(A) with respect to this metric. Propo-
sition 2.5.3 of [29] shows that

o(X) :/ logG-n2.
Xy

The continuity of the fiber integral follows from [7, Proposition 1.5.1].  []

§8. Extension to stable curves of compact type

Let M{ denote the orbifold of stable curves of genus g > 2 of compact
type, that is, of stable curves such that the associated Jacobian has trivial
toric part. Let Picé’c — Mg denote the universal degree 1 part of the Picard
variety over M. The objective of this section is to extend the Hermitian
line bundle (A, A¢) over ’Picfli’c7 and to prove Theorems 1.3 and 1.4. A basic
reference for this section is [15] (esp. Section 5).

First of all, note that by pulling back the various variations of polar-
ized Hodge structure on 4, constructed in Section 4 along the Torelli
map Mg — A, we obtain variations of polarized Hodge structure over
Mg, together with their associated intermediate Jacobian fibrations J(Vz)
endowed with a canonical metrized biextension line bundle and canonical
invariant (1,1)-form wy. By the discussion in [15, Section 5], and linear
extension, each of the normal functions &, i, v defined above on Pic; extends
as a normal function into the appropriate intermediate Jacobian fibration
over M{. In particular, we have a canonical Hermitian line bundle ,u*(B A3H)
over Picé’c. It is the unique extension of the Hermitian line bundle 1*(Bps )
over Pic; as a Hermitian line bundle over Pic;’c.
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By Propositions 7.1 and 7.2 above, we have a canonical isometry
(Ae, A)®2 S u*(Bf\QSH) over Pic,. We conclude that there exists a unique
extension of the Bloch pairing (A, A.)®? as a Hermitian line bundle over
’Picé’c. In particular, we have a canonical extension of (A., A.)®? as a line
bundle over Pic;’c. Almost by construction, the following proposition holds.

®3

PROPOSITION 8.1. We have a canonical isometry (Ae, Ae)®? = u*([;’/\?,H)

of Hermitian line bundles over Picé’c.

Theorem 1.3 is obtained by combining Proposition 8.1 with the following
general result.

THEOREM 8.2. Let M be a complex manifold, and let V be a variation
of polarized integral Hodge structures of weight —1 on M. Let J(V) — M
be the associated intermediate Jacobian fibration, let p: M — J (V) be a
normal function, and let wy be the canonical invariant (1,1)-form on J (V).
Then p*wy is a nonnegative (1,1)-form on M.

Proof. For the proof, see [15, Theorem 13.1]. 0

Proof of Theorem 1.3. From Proposition 8.1 it follows that the Chern
form of (A, Ac)®? and the Chern form of * (B%)’H) are equal on Pic;’c. By
Proposition 4.2, the Chern form of p*(Bxsy) is equal to 2u*w sy, where
wasp is the canonical invariant (1,1)-form on J(A2H). Theorem 8.2 then

implies that the Chern form of p*(B,sp) is nonnegative. 0

Our proof of Theorem 1.4 is based on class calculations by Hain and Reed
[17] and Hain [15].

Proof of Theorem 1.4. We assume from now on that g > 3, so that
Pic( 2’1) is torsion-free. Our starting point is the canonical isomorphism
B9 % p* By © B
of line bundles on the intermediate Jacobian fibration J(A3H) over Ag,
provided by Proposition 4.3. By pulling back along the map p: Mg, —
J(A3H), we obtain, analogously to Proposition 7.3, a canonical isomor-

phism

s2a—] ~ R A
M*B%;?H —)V*BA3H/H®I€*BH
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of line bundles on Mg ;. By [17, Theorem 1.3] we have the equality

g—1
v Braym = (89 + A= > 4i(g — )6
=1

in Pic(Mg ), and by [15, Theorem 10.2] we have

g—1
KB =4g(g — v — 120 = > 4i(i — 1)8".
i=1
By combining, we obtain

g—1
W Bragr = 4gy + 81— Y 461"
i=1

Using Proposition 8.1, we obtain the required expression for (Ac, A.).  []
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