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ESTIMATION OF LD50 BY MOVING AVERAGES

By B. M. BENNETT
School of Medicine, University of Washington

1. Introduction and summary. Methods of graduation of a series of observations
by means of moving averages were discussed by Sheppard (1914), and subsequently
by Sherriff (1920) and a number of other writers. These methods based on least
squares or weighted least squares solutions differ from actuarial or summation
methods. Thompson (1947) has proposed that the method of moving averages be
considered a ‘basic’ one in the estimation of the median effective dose (LD 50) of
bioassay data. On the basis of an empirical study of the data of Topley and Wilson
he recommended in particular the use of a three-term moving average. In a recent
paper, Finney (1950) has discussed the efficiency of Thompson’s moving average
method generally.

In this paper, I investigate further the possible uses of moving average estimates
in situations where unequal numbers of observations are taken at successive dose
levels. The efficiency of such estimates is discussed with reference to several logit
or probit distributions of tolerance or threshold in the symmetric case. The use of
the arc-sine transformation in combination with moving average methods is also
discussed.

2. Method of moving averages. We consider a series of (2m + 1) observations

Uy evey Uy s Ugs Ugs eoes Uy
taken at equally spaced points (e.g. in time)
t=-m,...,—1,0,1,...,m
respectively. A series of unequal weights
n (=0,%1,..., +m)

is associated with the observations. According to the method of moving averages
curves are fitted by weighted least squares and then the central value of the series
represented by the corresponding computed value of the curve. Thus we determine

a polynomial of degree p,
u(t) = by+byt+ ... +b,7, -(2-1)
which minimizes 3 (g —bp—byt— ... —b, 7). (2:2)
t=—m

The central value u(0) = b, will then be the ‘smoothed’ value corresponding to u,,
From (2-2) the normal equations are:

(Stim) b+ (SHim) by + ... + (6P b, = Stinu, - (23)

fori =0,1,...,p. Solving for b,, we have

m
bo =t Z ctul,

=—m
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where ¢, is the ratio of the determinants

n (Ztny) ... (ZtPm) |
tny (Zn) ... (Ztrtiny)
o= *n, (Zetlnm) ... (ZtPPn) (2-4)
(Zny) Ztn) ... (ZtPwy)
(Ztny) (ZtPm) ... (ZtPtlmy)
(ZtPny)  (Ztrtlmg) ... (StPPmy)
which may be evaluated then for values of m, n; here 2 = % .
t=—m

In practice, then, the meving averages may be obtained by successively applying
the values ¢_,,, ...,¢_;, ¢y, €1, ..., C,, tO the original series of observations. The deter-
minants in (2-4) may be further simplified, but since I shall restrict the polynomials
(21) to linear ones (p = 1) this will not be done at this time.

Case (i). As the simplest possible special case consider first a moving average
based on three successive points. In this case for p = 1,m = 1,

1 1
u—1+é’”'o(n—_1+;,;) Ug+ Uy

2+ 4y, (—1—+—1-1)

n_, n

bo=

Ny
u_l + = uo + ul
g

(2 + f—°)
7y,

where ﬁi = %(;L +’"i1) is the harmonic mean of the two extreme weights n_,,n,.
0 -1
We note that if the weights n; = n, b, reduces to the arithmetic mean of the three
successive terms.
Case (ii). If p = 1,m = 2, a moving average based on five successive points, since
c‘ = n,[ztzn, - t(ztn‘)]/.D,
or by = {n_o(—=n_; +3n,+ 8ny) u_,
+n_y(2n_p+2n; + 6n) u_,y
+ng(4n_g + Ny + 7y + 4n5) Uy
+7,(6n_g+ 2n_5 + 2ny) u,
+7y(8n_g+ 3n_y—my ) us}/D, (2-6)
where D = sum of coefficients of the u’s. If the weights are all equal, (2-6) reduces
to the arithmetic mean as before. :
In view of the fact that the differences between the successive coefficients (in
parentheses) of the u’s are constant = (n, —n_;) + 2(ny,—n_,) in (2-6), b, reduces to
b — N_pU_g+0_3(1—Po) U_y + (1 — 2pp) thg+ 7y (1 — 3pg) Uy + 7p(1 — 4pp) 1,
’ N_g+N_y+ Mg+ 7y + Mg — Po(_y + 209 + 31 + 4n,) ’

(2-5)

(27)
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(ny—n_y)+2(ny,—n_y)
where py = (—n_y+3n,+8n,)
be most easily computed.

The use of these moving averages will be restricted to odd numbers of terms
(m = 1,2), i.e. three- and five-term weighted moving averages. If the observations
are equally weighted, then the appropriate coefficients ¢, (¢ = 0, +1, ..., +m) are
available for various values of p (cf. Kendall, 1946; Sherriff, 1920).

When the ¢’s are unequally spaced, e.g. in the case of three terms wu_,, %y, %, ;
over the points t = —1,0,1+4 (6> 0), the corresponding weighted least squares
solution is

by =

. In this form the five-term moving average may

Ry My g(1+0)(2+0) uy +mg{n_y +71 5 (1 +8) g+ 717y 5(2+0) Uy 4y
N_3Mg+ Ny Mgy 4(2+6)2 + mgny 41 + 0)?
1 (1+8)2

(1+0)(2+8) 0ty + S
= + —

s~ My
which reduces to (2:5) in case § = 0. If the interval consists of the points
t=—(1+4),0,1
instead, then the weights in (2-8) become interchanged.

3. Applications to biological assay. One of the statistical problems of biological
assay may be typically described as follows. A certain substance (e.g. a drug) is
administered to different series of animals at a number of different levels or concen-
trations d; (¢ = 1,...,k). At each level is observed the number, or rather the
proportion p;, of the animals in which a characteristic effect (e.g. death) was noted.
On the basis of the observed proportions p; it is required to estimate the median
dose (i.e. LD 50), or that dose estimated to produce the characteristic effect in 50 9,
of the animals,

Although the essential mathematical solutions to the problems of estimation of
the LD 50 from quantal response data have been available for some time under the
assumption of a fundamental distribution of tolerance or threshold, nevertheless
there still appears to be some need for further study of simple interpolation methods
of estimation (cf. Armitage & Allen, 1950; Finney, 1950).

In the present paper I propose to investigate some specific applications of the
methods of moving averages (as discussed in §2) to the problem of estimating the
LD50. Suppose then that p; (¢ = 1, ..., k) represents the proportion of the animals
in which the specified effect was noted at the ith dose level d;. In particular the
‘weights’ n, of §2 will coincide with the number of animals tested at the successive
dose levels. Also we shall assume that the doses are equally spaced (e.g. on a log
scale), i.e. d,., =d,+rd (r = 1, ..., k— 1), d being the constant dose interval.

According to (2-5), then, when there are four or more dose levels (k > 4) we shall
use as the smoothed value of p; (¢ = 2, ..., k— 1) the three-term moving average

:’“o+ (2+0) uyyy
(2-8)

U2
Pyt ,,:L;Pi +Diyq

Pi = ‘
( i)
n,

(3:1)
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for ¢ = 2,...,k—1, with corresponding doses

n .
diy+ 7‘-&2 d;+diyy
%

(2 ¥ 2’)
n;

=d+@E-1)d (E=2,....,k—1). (3-2)

d; =

If now two successive proportions p;, p;,, are such that p; < 0-5< p},, then the
estimated value of log LD 50 will be

. . (0-5—p7)
m =d;+@—-1)d+ —=%d
e )
. (0-5—p;) ’
= +{{z— 1 + ’ ’ d 3-3
! {( ) (Pir1—P3) (3:3)
as determined by linear interpolation. The approximate variance of (3-3) may be
written as
. 0-5—p;)
o2, ~d?. variance —(»—,——i, = d202, 34
" (Pira—D3) d (3:4)
(05— ;)

where f represents the sample fraction s .
(Di1—P%)

If n; (1 =2,...,k—1) are the corresponding moving averages of the true pro-
babilities 7; (¢ = 1, ..., k) of the number of animals killed, i.e.

7,
Myt Mty
’__ ni

T

i= (2+%) (

=2 ...,k=1), " (3:5)

then
o2~ (0'5_”;:)2[ sz'.- ;2 (0.2 —Up1p1+l) +(02 pz?:+1+afh+1]
= (77'2+1_ ':,)2 (0°5_7T;2)2 (0-5— )( ’L+1_7T) (771,+1'— ‘L) )
and noting that
n;
=m,(l—
o2, = 1 [ a(1— —1) 7 7 -m) +ﬂi_+1il_il)
2’ T 7\ 2 " 7, Ny
{24 i—1, %
( +ﬁi)

and also o 1(1 ) 7ri+1(1 z+1):|

PP ( ) (2+ z+) [ (7

the approximate variance is

dZ
2 A ’ ’ ’ ’
ok ~ Ea— [(1—7")20%, +27 (1 — T )0y prin + 72050, ] (3-6)
if we denote the fraction 7 = (0-5—-m) mi)
(7T1+1 1.)
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For the corresponding sample estimate s, of (3-6) we substitute in (3-6) the values

1- .

i Pivsof and the (unbiased) estimates of o, = s, in terms of 8, = P50 29 s,
d2

She = (o s (=Pt A=) Sy ) 37)

The expressions (3-6) or (3-7) may be further simplified to give the coefficients of
the respective terms in 7,(1 — ;) or p,(1—p;).
When the %,’s are all equal (= n) then (3-6) reduces to

_ d? (A —=72m (V=7 )+ (L= 7)) + 7y (1 =7 q) + T2 (1 — 7y s)
o, .
(10— ;1) n

which coincides with the expression given by Thompson (1947).
4. Use of five-term weighted moving average. The five-term weighted moving
average suggested by (2-7) is defined as the sequence {p;} (1 = 3,...,k—2) for k> 6,

where
2
t_z 2ni+t{ 1—(t+2)pi} Doy
t_z_:_ 2ni+t{ 1—(¢+2)p;}
and p; = (Bopg = M) + 2(Mir0 = Mig) gy estimate of log LD50 may then be

(=g +3n45 + 8nyy,)
obtained by linear interpolation to be

” . (0.5 _pf:) }
.m =d+{1/—1 +T—‘“—” d, 4.2
1y ) (Pi1—D2) “2)
whenever p; < 0-5 < p;_, . The approximate variance of m” is given by
dz "
0'?,, = (_’_—ﬂf:)z[(l T )20' +2T (1 T ) ptp‘+1+'r 20'19 +1] (4'3)
where 77 = © fl _7;',,)) 7 being the expression (4-1) evaluated for ;4 instead of p;,,
’L
and 2
n P2 2”i+t{ 1—(t+2)pf2 g1 = 7i)
0'% i 2 2
[t P 2”%'44{ 1-(+ 2)/0«:}]
& nz {1 — (04 2)p {1 — (E+ 1)pya} i (1 —75y)
a,

(4-4)

PP

£ el =0+ 2p3 ||| 3 meed1 = 0+ Dpsd ]

5. Relative effictency of three- and five-term wetghted moving averages. Finney (1950)
has investigated in some detail the question of the bias and relative efficiency of
Thompson’s methods in the estimation of the 1.D 50 with moving averages of
varying spans. His results provide approximate bounds for the corresponding
weighted moving averages with the same spans. The following brief numerical
investigation, undertaken before Finney’s results became available to the author,
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was designed to compare the (approximate) variances of estimates (3:3), (4-2) for
several theoretical bioassay experiments. A series of four different tolerance or
threshold distributions each based on the logistic (cf., for example, Armitage &
Allen, 1950) were employed, a total of eight symmetrically placed doses being
used. Table 1 indicates the true proportions (= ;) at each of the successive dose
levels. As indicative of a typical bioassay experiment the column (= n,), or the
numbers of animals tested at each of the dose levels (= d;), was obtained from a table
of random numbers in the interval 16-20.

Table 1. True proportions (= m;)

Series
f_ A Y
Dose (=d,) g 1 2 3 4

—35 12 0-100 0-200 0-300 0-400
—2-5 11 0-172 0-270 0-353 0-430
—15 18 0-280 0-355 0-410 0-455
—0-5 14 0-422 0-450 0-470 0-485

0-5 15 0-578 0-550 0-530 0-515

1-5 10 0-720 0-645 0-590 0-545

2:5 12 0-838 0-730 0-647 0-570

35 16 0-900 0-800 0-700 0-600
Slope —_ 0:3140 0-1980 0-1211 0-0580

Table 2. Comparison of variances

3-term moving 3-term ’ 5-term
average weighted weighted
Series Logit (Thompson) Rel. eff. average  Rel. eff. average Rel. eff.
1 0-139 0-215 65 0-207 67 07155 89
2 0-286 0-516 55 0-502 57 0-364 79
3 0-691 1-34 52 1-29 53 0-933 74
4 2-81 572 49 5-59 50 4-04 70

In Table 2 are given the approximate variance for the log LD 50 as estimated
from the three- and five-term weighted moving averages. In the column ‘Relative
efficiency’ (%) these are compared with the corresponding ‘exact’ logit variance.
Since each of these estimates is essentially a ratio estimate, their respective variances
correspond to the same order of approximation. .

It is to be noted that the relative efficiency of the estimate from a weighted
three-term moving average is slightly greater than the corresponding unweighted
average of Thompson, i.e. from the sequence {p}} (¢ = 2, ...,k — 1) where

PF=¥pia+Pi+Pid) (=2,..,k—1). (61

The approximate variance of the estimate of LD 50 obtained by linear inter-
polation from the sequence pf is given by Thompson (1947).

From the Table 2 above, it appears that for this typical series of experiments the
range of efficiency for the three-term weighted moving average is 50-67 %,, and
for the five-term average 70-89 %,.

In order to investigate further the effect of the sample size n; upon the relative
efficiency of the three-term moving average in particular, a further series of bioassay
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experiments was used, the fundamental distribution of threshold or tolerance being
the integrated normal or probit (0-10 <#; <0-90). Table 3 indicates the results of
these experiments.

Table 3. Relative efficiency (%)

Weighted
3-term moving 3-term moving
Number (=n,) average average
5-10 64 58
20-30 61 60

6. Use of the angular transformation. The arc-sine transformation has been sug-
gested by Knudsen & Curtis (1947) as an alternative to the probit or logit method in
order to utilize the property that the variances resulting from this transformation
are approximately constant. Thus if p; ( = 1,...,k) are the individual sample
proportions and n; the numbers on which they are based, the transformation:
y; = sin~! \/p, is such that o2, = ¢*/n;, where

o { =0-25, ifyin ra.dia,ns,}

oo (6:1)
= 821, ify in degrees.

It is of interest to combine the arc-sine transformation with the method of moving
averages in order to estimate the LD 50. Thus if, for example, we denote by y; the
three-term weighted moving average

7y
Yt 7. Yi + Y415
K3

Yi= (6-2)
(2 +7_ii)
"y
2 N
it may be verified that P a— (6:3)
Vs .
7 (2 +7_T‘)
4.

If two successive values y;, y;,; of the series y;, ..., y;._; , are such that y; < 7w <y;
then the estimated value of log LD 50 will be

’ . (iﬂ_ y,) :
m =d +{z—-1 + 2 0 d. 6-4
1 ) (Yir1—¥3) (6:4)
The approximate variance of the estimate (6-4) may be written as
d2
O & (m (- V)zo-izl'o’ +2v(1-v) Tyivia T Vzalzl'i+1]’ (6:5)
where ; = sin~1 \Jm;,
oY= a ’
— n,;
n‘l«

Oyivin ™= T
2+
;
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9; is the weighted average of the 9,’s corresponding to (6-2), and » is the fraction
Gm—9) )
Fin—9)

7. Dtscusswn In this a,rtlcle, I have presented in detail some of the possibilities
of improving the estimates of the LD 50 by moving averages as originally proposed
by Thompson, for situations where unequal numbers of animals are tested at a
number of equally spaced doses (or log doses). In particular, only three- and five-
term weighted moving averages are considered. The sequence {p;} of three-term
averages, as defined by (3-1) in case four or more dose levels are involved, results
in an interpolation estimate of LD 50 which appears from several numerical studies
to be slightly more efficient generally than the unweighted three-term moving
average (5-1) of Thompson. An increase in the efficiency of the weighted moving
average may be expected when the numbers of animals vary considerably at the
different levels. Similar results are obtained on the efficiency of the estimation of
the LD 50 by means of a five-term weighted moving average, though such averages
are rather more difficult to compute in view of the nature of the coefficients or
weights involved (equation 4-1).

It is of interest to consider the method of moving averages in combination with
the arc-sine transformation in order to utilize the variance stabilizing property of
this transformation. Equation (6-2) defines a three-term moving average sequence
{yi} in terms of the transformed percentages. The corresponding estimate of the
LD 50 is then obtained by linear interpolation.

This study has been restricted to a consideration of weighted moving averages
with odd spans in only the simplest nontrivial cases (spans of 3 and 5). Further
work might certainly be done on the efficiency of such estimates in the case of dose-
effect relationships other than the integrated normal or logit distributions.

I wish to acknowledge the assistance of Mr Henry Peterson in the computation
of Tables 2 and 3.
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