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POSITIVE-DEFININTE FUNCTIONS ON FREE SEMIGROUPS 

GELU POPESCU 

ABSTRACT. An extension of the Naimark dilation theorem [N], [SzF2] to positive-
definite functions on free semigroups is given. This is used to extend the operatorial 
trigonometric moment problem [A] to a non-commutative setting and to characterize 
the classes Cp (p > 0) of all ^-tuples of operators that have a p-isometric dilation 
(see [SzF2] for the case n = 1). It is also shown that Cp C Cp> and Cp ^ Cp> for 
0 < p < p' < co. 

The von Neumann inequality [vN], [Po2] is extended to the classes Cp. This is used 
to prove that any element in Cp is simultaneously similar to an element in C\ . 

1. Introduction and preliminaries. Let us consider the full Fock space [E] 

F2(//w) = c i e 0 / / r 
m>\ 

where H„ is an n-dimensional complex Hilbert space with orthonormal basis 
{e\,e2,...,en} if n is finite, or {e\,e2,...} if n = oo. For each / = 1,2,..., 5/ G 
B(F2(Hn)) is the left creation operator with eh i.e., S£ = exf <g> £, £ G F2(Hn). We shall 
denote by % the set of all p G F2(Hn) of the form 

(1.1) p = a0 + YL ah-ik
eh ®"'®eik, rn G N, 

i</i ,...,/*<« 
\<k<m 

where #o, ah-ik G C and the sum contains only a finite number of summands. The set fP„ 
may be viewed as the algebra of polynomials in n non-commuting indeterminates, with 
p®q,p,q G 25,, as multiplication. Define FJJ° as the set of all g G F2(Hn) such that 

||g||oo : = S U p { | | g ® p | | 2 ipePn, I H b < 1} < OO 

where || • || = || • ||/̂ (//„)- (^°> II • 1100) is a non-commutative Banach algebra [Po2]. We 
denote by J^ the closure of 25, in (/^°, || • ||oo). The Banach algebra F^ (resp. J^) can 
be viewed as a non-commutative analogue of the Hardy space H°° (resp. disc algebra); 
when n = 1 they coincide. 

Let (B{H)n)x denote the unit ball of (£(#)") {, i.e., 

{B(rt)n)] = {(7-!,..., Tn) G B&T : £ Ttf < / # } . 
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For any sequence T\9T2,...9Tn G B{9{) andp G % given by (1.1) we denote by 
p(T\,..., Tn) the operator acting on M9 defined by 

p(T\9. ..9Tn) = aoltf + J2ah~ikTh ''' Tk-

The von Neumann inequality [vN], [SzF2] for (B(tt)n\ (see [Po2]) asserts that if 

(Tu..., Tn) G (B(?{y)l and/7 G 2>„, then 

(1.2) \\p(Tu...9Tn)\\ < \\p(Si9...9SH)\\ = H o c 

According to [Po2] the mapping 

ViAn^Btf); V(f)=f{Tu...9Tn) 

is a contractive homomorphism. 

2. Positive-definite kernels. A positive-definite kernel on a set S is a map 

with the property that K(a9 (J) = K(u9 of 9{CT9UJ G I ) and for each k G N, for each choice 
of vectors Ai, . . . , A* in !#, and a i , . . . , o> in S the inequality 

E<^(^^)*/»*»->>o 

holds. 
A Kolmogorov decomposition for AT is a map V: X —> 5(i#, ^Q, where ^C is a Hilbert 

space, such that K(a9u) = V(af V(u)9 for any a, u G I . If 9C = V<xei P(ff)#" the decom
position is said to be minimal and it is a standard fact that two minimal decompositions 
are equivalent in an appropriate sense [PS]. 

Let I = F^ be the unital free semigroup on n generators: s\,...9s„.A kernel K on F+ 
is called Toeplitz if it has the following properties: K(e9 e) = I^9 (e is the neutral element 
in F+) and 

I K(w9 e)\ if a = UJW for some w G F j 
K(e9 w)\ if u = aw for some w G Fj 
0; otherwise 

Let K be a positive-definite Toeplitz kernel on F*. We say that K has a Naimark dila
tion if there is a Hilbert space %^ D ^ and a sequence K5l,..., VSn of isometries on ^C, 
with orthogonal ranges, such that 

K(e9 a) = THVa\H9 for any a G Fj , 

where for any o- = 5/, • • • ^ G F*, Va = VSi • • • Vs. , and if a = e then FCT = Ig^. The 
Naimark dilation is called minimal if 9£ = V<T<=F+ ^ ^ - The sequence {VSl9..., VSn} is 
called the minimal isometric dilation of A'. 

In what follows we present an extension of the Naimark dilation theorem [Theo
rem 7.1, pg. 25, SzF2] to free semigroups. The proof of this result uses the ideas of 
the classical result. 
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THEOREM 2.1. A Toeplitz kernel on F* is positive-definite if and only if it admits a 
minimal Naimark dilation. In this case its minimal Naimark dilation is unique up to an 
isomorphism. 

PROOF. Assume K: FJ x FJ -> B(9f) is a positive-definite Toeplitz kernel. Let % 
be the set of all finitely supported sequences {ha}aern in 9{. Define the bilinear form 
( v ) o n % b y 

( { i W ; , f r W ; ) := E (K^u^,^)^. 

Since K is positive-definite (•, •) is positive semi-definite. Consider fA£ = {k G % : 
(k,k) = 0} and % | ^ . Let % be the Hilbert space obtained by completing % | ^ with 
the induced inner product. Let us define the operators VSi{i = 1,2,..., n) on !% by 

VSi({ha}aev;) = {SsAt)ha}t£r;, 

where ds.a{t) = 1 if / = Sid and 6s.a(t) = 0 otherwise. One can prove that { VSl,..., VSn} 
extend by continuity to isometries on 3^ with orthogonal ranges. Indeed, since 

(VSl({hu})9VSt({K}))= E {K{s^SiM)hu>AMK) 

= £ (K(Sia9SiLj)huX) = E {K(CJMKX) 
O,UJ£¥+ o",^€F* 

the operators {F5/}"=1 extend by continuity to isometries on %. Moreover, since 
K(Si(T, SJUJ) = 0 for any / ^y , a, UJ G F£, it follows that they have orthogonal ranges. 

Embed 9i in % by setting /z = {8e(t)h)}teF+
n where 

This identification is allowed since it preserves the linear and metric structure of 9f. 
Indeed, we have 

(8eh,6eh
f)<K= £ (K(t9s)6e(s)hMt)h,)!H 

= (K(e,e)h,hf)x = (h,h')x-

For any h,h' G 9i and a G F j w e have 

( F , M ' > * = {6<WM0)x = (K(e,cr)h9h
,)!H 

which implies (P^Vah,hf)^ = {K{e,(j)h,h')^. Therefore K{e,a) = Pg{Va\^ for any 
a G F*. Let us observe that every element in % can be considered as a finite sum of 
terms of type {Sa(t)}te¥+„ and hence every element k G % can decomposed into a finite 
sum of terms of the type Vah, o G F+, h G 9{. This implies 9C = V^GF+ V<J?(9 i.e., the 
Naimark dilation is minimal. 
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To prove the uniqueness let {V's ,..., V'Sn} be another minimal dilation of K on a 
Hilbert space 9£ D Of. One can prove that there is a unitary operator W: % —•> ^ ' such 
that FFK5. = Fj. FT, for any / = 1,2,...,«, and JF|^ = I^.To see this, it is sufficient to 
define 

(2.1) w( £ M , l = £ ^ * * (A„ € # ) 
V aer„ J aern 

\a\<m W\<m 

for any m = 0,1,2, Here \a\ stands for the length of a, i.e., \a\ = k if a = si} • • • sik. 
Since 

(VJi,Vah')x = (8u(t)hMt)h')x 

= £ (K(s9t)SUt)hMs)h')^ = (K(aMh9h
,)9{ 

the operator W defined by (2.1) is correctly defined, isometric, and in view of minimality, 
it extends to a unitary operator between ^ and %[. 

Conversely, let VSi,..., VSn be a sequence of isometries on ^C D ^ with orthogonal 
ranges. Assume that K: F j x F j - > B(jH) is the kernel defined by 

K(e, a) = PtfVvlx, for any a e Fj. 

Since for any finitely supported sequence {hu}uer+ C 9i 

£ (K{a9w)hM= £ {KVuhuiK) 

£ vaha 
Wa&t 

> 0 

we infer that K is a positive-definite Toeplitz kernel. The proof is complete. • 

COROLLARY 2.2. LetTu...,Tn e B{9f\ Then the operator matrix [Tu.. .,Tn]isa 
contraction if and only if the Toeplitz kernel 

defined by Kc(e, uJ) = Tu, KC(LJ, e) = 7^, where for any w = si{ • • • sik, Tw := Tix • • • Tik, 
is positive-definite. 

PROOF. Assume that [T\,...,Tn] is a contraction. According to [Pol] there is a 
Hilbert space %^Z) Oi and a sequence V\,...,V„ of isometries on ^ such that 

YjViV^<I^ and F*|^ - 77, for any i = 1,2,...,w. 

Thus, for any UJ G F* we have 

tfc(e, a;) = 7L = P^KW |^ and KC(UJ, e) = ^ = V*u. 
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Therefore, for any finitely supported sequence {hu}u<df+ C B{9i) we have 

E (Kc{<j,w)K,ha) = E <W,A> 

E v*h4 ^ °> 

which proves that the Toeplitz kernel Kc is positive-definite. 
Conversely, assume Kc is positive-definite. According to Theorem 2.1 there exists a 

Hilbert space %. D H and a sequence Fy,,..., VSn of isometries on ^C with orthogonal 
ranges such that 

Th "Tik= Kc{e,sh • • • sik) = PtfVSii • • • VSik|# 

for any 1 < i\,..., ik < n. 

Therefore, 

EW<Erai 2 <IIA| l 2 

which shows that [T\,..., Tn] is a contraction. • 

3. Generalized trigonometric moment problem. An 5(^)-valued semispectral 
measure on T = {z E C : \z\ = 1} is a linear positive map from C(T), the set of conti-
nous functions on the unit circle, into B(9(). Since C(T) is commutative \i is completely 
positive. The operatorial trigonometric moment problem says that, given the operators 
Ak G B{J{\ k = 0 , 1 , . . . , m(Ao = I) there exists a semispectral measure on T such that 
Ak = /x(^) , k = 0 , 1 , . . . , m if and only if the block matrix 

AX 
Ax 

I 
Am 

Am-\ 

built up on the given operators{A^=x is positive. 
In what follows we will find a non-commutative analogue of this problem. The place 

of the multiplication by elt is taken by the left creation operators S\9...,Sn on the 
full Fock space F2(Hn), and the place of C(T) is taken by C*(Sy,..., S„), the extension 
through compact operators of the Cuntz algebra On [Cu]. Let {v4(CT)}CTGp+ |a|<m be a se
quence of operators in B(!H) such that A^ — !#. Define the operator matrix 

(3.1) Mm = (K(u,a)) 
M<"*,M<»"' 

where K is the Toeplitz kernel on {or E F*, \u\ < m} defined by K(e, a) = K(a, ef 
A(a). Notice that Mm is an operator on ®^=1 9(, where N = 1 + « + «2 + • • • + «m. 
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THEOREM 3.1. Let {A(a)}ae¥^\a\<m De a sequence of operators in B(9f) with A(e) = 
Ij{. Then, there is a completely positive linear map 

such that fi(Sa) = A^, a G F*, \a\ < m if and only if the operator matrix Mm defined by 
(3.1) is positive. 

PROOF. Assume that /x: C*(S\,..., Sn) —* B(9f) is a completely positive linear map 
such that jj,(Sa) = A^) for any a G F+, |a| < m. According to the Stinespring theorem 
[S] there is a Hilbert space ^ D H and a ^representation n: C*(S\9... 9Sn) —> #(^C) 
such that 

M(/) = Ptf*V)\x fo r a n Y / ^ C*(5i,..., S„). 
Let A:: F+ x F£ —> B{9i) be the Toeplitz kernel defined by K(e9 a) = / i ^ ) , o-GFj. Since 
7r(5i),..., 7r(5w) are isometries with orthogonal ranges, by Theorem 2.1,we infer that K 
is positive definite. In particular, the matrix 

Mm=(K(u;,a))l^mla^m 

is positive. 
Conversely, assume that the matrix Mm is positive. Let %„ be the Hilbert space of all 

sequences of the form {ha}\a\<m (ha G H) with the inner product 

{{K}\c\<m, {h'J\u\<m) = £ {Kip, a)hff9 tij) 
u},a€F+,\u}\,\(T\<m 

As in the proof of Theorem 2.1 we identify the zero element in %„ with all elements k G 
%n with ||*|| = O.LetX bethesubspaceof %„ definedbyX = {{Mn<m-i>^ G 9i\ 
For each/ = 1,2, ,» let TSi:. X —> X be defined by 

Embed i ^ in ^ by setting /* = {Se(t)h}^<m. As in the proof of Theorem 1.1 one can 
prove that [TSl,..., TSn] is a contraction and 

(3.2) ^(e, a) = P^Ta\^ for |cr| < w. 

Let F 5 l , . . . , K5n be an isometric dilation of TSx,..., TSn on a Hilbert space 3 [ D l D ^ 
([Pol]). This implies Ts. = Pxvs\x a n d by (3.2) 

(3.3) K(e9 a) = P^{Va\^ for any \a\ < m. 

Define /i: C*(Si,..., Sn) -+ B(!H) by 

(3.4) nV)=Prtf(Vl9...,Vn)\x. 

According to [Po3],/ *—>f(V\,..., Vn) is a ^representation of C*(Si,..., Sn). Thus, /i is 
completely positive. 

In particular, the relation (3.4) implies 

fi(Sa) = P^VU\9{ for any o G F^. 

Hence and using the relation (3.3) we infer that 

[i(So) = K(e9 a) = A(a) for any a G F^, \a\ < m. 

The proof is complete. • 
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COROLLARY 3.2. Let {A(a)}aef+ be a sequence of operators in B{H\ Then, there 
is a completely positive linear map p: C*(S\,. ..9Sn) —> B(9f) such that ii(Sa) = A^), 
a G F£, if and only if the Toeplitz kernel K: F j x F ^ B(fK) defined by 

K((T, e)* = K(e, a) = A{a) for any a G Fj, 

is positive-definite. 

4. ^-contractions and similarity. 
Let Cp (p > 0) be the set of all w-tuples of operators T\,..., T„ on a Hilbert H for 

which there exists an w-tuple of isometry V\,..., Vn on a Hilbert space %^~D H such 
that 

(4.1) £W</* and V-r^^r/,-"^ 
1=1 

for any 1 < i\,..., ik < n. In this case the sequence T\,..., Tn is called a ^-contraction 
and V\,..., Vn is a dilation of it. 

According to [Pol] we have C\ = (#C?/)/I) . A dilation theory for this class was 
developed in [Pol]. 

THEOREM 4.1. LetAu... ,An be in B{9(). Then {Au... ,A„) G Cp (p > 0) if and 
only if 

(4.2) £ | N | 2 + - £ R e ( ^ , V ) > 0 

for any finitely supported sequence {hp}^* C B(9f\ 

PROOF. Let #p : F J X F J - > B(H) be the Toeplitz kernel defined by 

(4.3) Kp(e,e) = I#9Kp(e,u>) = -AU9 and tfp(a;,e) = ̂ * . 
p p 

According to the definition it is easy to see that (A\,... ,A„) G Cp if and only if there is 
a Hilbert space 9(,D ?{ and a sequence of isometries K5],..., VSn on % with orthogonal 
ranges such that 

-Au - PtfVultf, for any LJ G F^9 u ̂  e. 
r 

Applying Theorem2.1, we deduce that (A\,... ,A„) G Cp if and only if the Toeplitz ker
nel Kp is positive-definite. Since 

E (KP(<7,^A}= E ll*ll2 + - E Re(^ffVV> 
tf,weF+ <T€F£ P aern,a^e 

for any finitely supported sequence {/^J^GF* in iH, the result follows. • 
We will show that the class Cp is strictly increasing as a function of p(0 < p < oo). 

Let us remark that if (Tu..., T„) G CP (p > 0) then | | |Ti , . . . , r„]|| < p. 
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PROPOSITION 4.2. If<\\m9{ > n + 1, the class Cp (0 < p < oo) increases with p, 
i.e., Cp C Q and Cp ^ Cp> for 0 < p < p' < oo. 

PROOF. According to Theorem 2.3 we have that Cp C Cp> for 0 < p < p' < oo. 
Now we construct for every 0 < p < oo an operator (7 i , . . . , Tn) G (B(jH)} such that 
( r i , . . . , 7 ; ) E Cpand| | |Ti , . . . ,7;] | | = p. This will prove the second part of the theorem. 

Let {eo, e\,...,en9l\(\ G A)} be an orthonormal basis of !H. For each / = 1,2,..., n 
let Ti G B{!H) be defined by 

Tje0 = pei9 Ttej = 0 (j = 1,2,..., n) and % = 0(AG A). 

Notice that 7} 7} = 0 for any / j = 1,2,..., n. Let 3C be the Hilbert space defined by 

9t = Ce0®®H®m 

m>\ 

where 77 = \J{eu...9e„,£A(A G A)}. We identify H with Ce0 © 77 C 3C. Define 
Pi: ^C —* ^C to be the left creation operators on %^ with et{i = 1,2,...,«) by setting 
K/A: = e^k (with the convention that e/(g>eo = £;). These are isometries with orthogonal 
ranges. Let P^ be the orthogonal projection from ^C into 9i. For each i = 1,2,...,« 
we have 

pPtfVjeo = pP^et = pe, = 7>0, 

pP#- ̂ ey = pP<x(ei <g> ey) = 0, fory = 1,2,..., n, 

and 
pPtfVilx = p /Vfo 0 £A) = 0, for A G A. 

Now, it is clear that 
Th-'Tik=PPXVh-'Vik\!H> 

for any 1 < iu... 9ik < n that is, (Tu..., Tn) G <TP. The fact that \\[TU..., r„]|| = p is 
obvious. The proof is complete. • 

Let 9l be a Hilbert space and 7?(#) the set of bounded linear operators on 9{. 
We identify Mm (#(.?/)), the set of m x m matrices with entries from 7?(<?T), with 
B(!H 0 • • • 0 H\ Thus we have a natural C*-norm on Mm(B(?{)). If Xis an operator 

m-times 
space, /.e., a closed subspace ofB(9{), we considerMm(X) as a subspace ofMm(B(!H)\ 
with the induced norm. LetX, 7 be operator spaces and w:X—• 7 be a linear map. Define 
Hw:JI/m(X)-> Mm(Y) by 

Um[(Xy)]= [(Ufajj)]. 

We say that u is completely bounded (cb in short) if 

||n||cfr = SUp||«w|| < 0 0 . 
ro>l 

The von Neumann inequality (1.2) can be extended, in an appropiate form, to the class 
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PROPOSITION 4.3. If(T\,..., Tn) E Cp (p > 0) then for any polynomial p E %, 

| | p ( r i , . . . , r j l ) | |< | | ( l -p )p (0 , . . . , 0 ) + flp||oo. 

PROOF. Since (T\,..., Tn) E Cp, there is a Hilbert space %, D !H and a sequence of 
isometries V\,..., V„ on %^ with orthogonal ranges such that 

Th • • • Tik = pPHVir--Vik\x for any 1 < *i, . . . , ik < n. 

Hence, for any p E % we have 

(4.4) P(Tu...,Tn) = Px[(l-p)p(09...,0)lK + PP(Vu-..,Vn)]\x 

According to the von Neumann inequality (1.2) we infer that 

\Wu • •. ,Tn)\\ < ||(1 - P)P(0, ...,0)l% + PP(Vu--, Vn)\\ 

<ll( l -p) Jp(0, . . - ,0) + pjp||oo. 

COROLLARY 4.4. Letq € P„ such that q(0,...,0) = OandWqW^ < \.If(Tx,...,T„) 
&CP(p> 0) thenq{Tu...,T„) € CP. 

PROOF. Let Vx,..., V„ e B(JH) be an isometric p-dilation of T\,..., T„. We have 

(4.5) q(Tu..., Tn? = pP^qiYx ,...,V„)% 

for any k = 1,2, Since ||^||oo < 1 it follows by the von Neumann inequality (1.2) 
that \\q(V\,..., V„)\\ < 1. Thus, there is a unitary operator (Zona larger space U D ^ 
such that q(Vu...9 Vnf = P^l'K f o r a ny * = l>2> • • • • Therefore ^ ( r l 5 . . . , Tn)

k = 
pP!HUk\!H,k= 1,2,..., i.e.,q(Tu...,Tn)E CP. • 

A sequence of operators A\,...,A„ is called simultaneously similar to a sequence 
T\,...,Tn if there is an invertible operator S such that At = STjST1, for any/ = \,2,...,n. 
In what follows we extend [SzFl] to our setting. 

THEOREM 4.5. Any sequence (A\,... ,^„) £ Cp (p > 0) is simultaneously similar to 
a sequence (T\,...,Tn) E C\. 

PROOF. Let Vx,..., Vn be a p-dilation of (^ i , . . . , An) on a Hilbert space 3 C D ^ . 
According to (4.4), for any polynomialpy E % 1 < /,y < k we have 

/7iy(^!,... ,^w) = P^[( l - p)/7/y(0,... , 0 ) /^ + p^yCF!,..., F,)]!^ 

Denoting by V the isometry H C ^C, we obtain: 

[pij{Al,...,An)] = 
V . . . 0" 

*( f ( l -

0 ••• V. \ 
plot ••• 0 | 

+ 

o • P 7ac. 

0 

^•(0,...,0)/sc] 

) ... (\-p)Ix 

\ \V ••• 0 

[pij(Vu...,V„)} 
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Therefore, 

(4.6) IICPIK^I ^»>]|l < |i — H Ill^irCO,...,©^^]!! -I-^||[P9(^I ^.>]||. 

According to (1.2) we have that \\\pij(09...90)]I<K}\ < \\\Pij(S\9...9Sn)]\\ and 
\\\Pij(Vi9...9Vn)]\\ < \\\Pij(Si9...9Sn)]l These relations together with (4.6) imply 
\\\Pij<Al9...9An)]\\ < (|1 -p\ + p)\\\PijiSl9...9Sn)]\\. Hence the map <$>:% — 5 ( # ) 
defined by 

®(p)=p(Au...9An)9 pE<Pn 

can be extended to a completely bounded representation of the disc algebra S\n. Using 
[Po4, Theorem 2.4] (see also [P]) we infer that there is a contraction [T\,..., Tn] and a 
invertible operator S such that Al• = S~l TtS9 for any / = 1,2,..., n. Thus, (A\,..., An) is 
simultaneously similar (T\,..., Tn) G C\. The proof is complete. • 
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