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THE ALGEBRAIC CLOSURE IN FUNCTION FIELDS
OF QUADRATIC FORMS IN CHARACTERISTIC 2

HAMZA AHMAD

For a field k of characteristic not two, it is known that k is algebraically closed
in the function field of any (non-degenerate) quadratic form in three or more vari-
ables. In this note we consider fields of characteristic two and decide when Jfe is
algebraically closed in a function field of a quadratic fc-form. For quadratic forms
in three variables this has recently been done by Ohm.

1. INTRODUCTION

Let fc be a field of characteistic not two. Then fc is algebraically closed in the
function field of any (non-degenerate) quadratic fc-form in three or more variables.
This is because such forms are absolutely irreducible (that is, they remain irreducible
over the algebraic closure of fc) and therefore their function fields are regular (see [3,
p.18, Theorem 5]).

In this note we take fc to be a field of characteristic two, and Q to be an irreducible
quadratic fc-form. We answer the following.

QUESTION: When is fc algebraically closed in the function field of Q?
For function fields of conies, the question has been answered by Ohm in [2, 2.8-2.12].

TERMINOLOGY AND PRELIMINARIES: By a quadratic fc-form Q(X) we mean a ho-
mogeneous polynomial of degree 2 in the variables X = (Xi, . . . , Xn) with coefficients
from fc. If Q is irreducible, then by the function field k(Q) of Q over fc we mean
the field of fractions of the integral domain k[X]/(Q), where (Q) denotes the ideal
in k[X] generated by the polynomial Q. Therefore an extension K/k is (isomorphic
to) the function field of Q{XQ, • • • , Xn) if and only if K — fc(xo> • • • > xn) such that
Q(x) = 0 and the transcendence degree of K/k, abbreviated dt{K/k), equals n. If
Q' is obtained from Q by means of an invertible linear change of variables, then k(Q)
and k(Q') are fc-isomorphic.
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Over a field k of characteristic two, any quadratic fc-form can be written (after an
invertible linear change of variables) as

(*) Q(X, Y,Z) = J2 (aiXf + XiYi + b^) £
i=l

where etj, 6,-, Ci £ k and r, 3 ^ 0 (see [1]).

2. T H E RESULTS

REMARK 1. Let Q be as in (*) above. Direct calculation shows that

(1) Q is reducible if and only if either

i. r — 0 and Ci/cj £ k2 for 1 < i,j ^ s and c;- ^ 0, or

ii. s = 0 and r - 1 and e^T2 + T + &i is reducible in k[T].

(2) Q is absolutely irreducible if and only if either r ^ 2, or r = 1 and CJ ^ 0
for some z.

If Q is absolutely irreducible, then its function field is regular and therefore k

is algebraically closed in k(Q). If r — 1 and Ci = 0 for 1 ^ i ^ s, then Q =
a\X2 + XY + b\Y2 and therefore k is not algebraically closed in k(Q). It remains
to discuss the question when r — 0; that is, when Q is diagonal. This is done in our
theorem below.

REMARK 2. Let & be a field of characteristic 2, and oi, . . . , an £ k. Let zi, ... , zn

be algebraically independent elements over k. Then the polynomial

Z2 + (alZj + • • - + anz
2
n)

in one variable Z over L := fc(zi, ... , zn) is reducible if and only if y/ai £ k for all
1 < t < n .

PROOF: The Z-polynomial Z2 + (aizf + ••• + anz%) is reducible over L if and

only if a\z\ + • • • + anz^ is a square in L. That is, (aiz\ -\ + a-nZ^jg2 = f2 where
/ and g and ^-polynomials in (the algebraically independent elements) zi, ... , zn-

Comparing the leading coefficients of Zi in the last equation, we have a; £ k2. U

The following lemma will serve as the inductive step for the proof of our theorem
and is due to Ohm (see [2, 2.12]).

LEMMA. Let k be a field of characteristic 2 and let Q(X, Y, Z) = X2 + aY2 +

bZ2 be an irreducible k-form such that k is not algebraically closed in k(Q). Then

= 2 .

PROOF: The function field k(Q) equals k(y, z)\J{ay2 + bz2U with y, z alge-

braically independent over k. Set a = y/(ay2 + bz2). By hypothesis there exists
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d € k(Q) algebraic over fc and d $ k. Since k(y, z) is pure transcendental over
fc, d & k ( y , z ) . T h e r e f o r e k { Q ) = k { y , z ) ( a ) = k{d){y, z ) . I n p a r t i c u l a r , [k(d) : k ] = 2 .
Also, the polynomial X2 + (ay2 + bz2) is reducible over k(d)(y, z). By Remark 2, we

have y / E , \ / b e k{d); hence [k(y/E, > / £ ) : * ] = [*(d) : fc] = 2. D

THEOREM . Let fc be a Geld of characteristic 2 and let Q{X) = X% + axX\ -\ h

anXn be an irreducible quadratic k-form. Then k is algebraically closed in k(Q) if

and only if \k(y/a^, y/a^, ..., y/a^) : k\ ^ 4 .

PROOF: AS in the introduction, k(Q) = k(xo, ... , xn) such that

(1) x2
0 + axx\ + • • • + anx

2
n = 0

a n d t h e t r a n s c e n d e n c e deg ree of k(x0, ••• , xn)/k equa l s n. For t h e res t of t h e proof

let L := k(y/a^, y/aj, . . . , y/a^).

For n = 1, the fc-polynomial T2 + a-i has a root in k(Q), hence the theorem is

true. Now, let n > 1. Assume first that [L : k] = 2. By symmetry, we may assume

that .y/aY ^ k, and for i > 1, ^/a7 = aj + (3iy/ai where Oj, /3; £ fc. Substituting in (1)

we get

0 = (x0 + a2x2 H h a n _ i z n _ ! + a n z n ) + v/aT(*i + 02X2 H h / 3 n - i z n -

If X! + /92X2 + /?3*3 + • • • + finxn = 0, then x0 + a2x2 + a3x3 -\ + anxn = 0 and
therefore x\, x2 € k(x2, . . . , x n ) . Hence dt (fc(Q)/fc) ^ n — 1; a contradiction. So,
xi + ^2*2 + /?3a!3 + • • • + /9n*n 7̂  0. Then the last displayed equation implies that

X°

Thus ^/ai" G fc(Q) and y/a\ £ fc. Therefore fc is not algebraically closed in k(Q).

Now assume that [L : fc] ̂  4. We want to show that in this case fc is algebraically

closed in k(Q). We use induction on n. The case n = 2 follows from the Lemma

above. So assume that n > 2.

We first treat the case [L : fc] = 4. Without loss of generality, we may assume

that L = fc(%/o7, \/ai) • Since n > 2, we have y/a^ g fc(N/"T) \ / ^ ) • Therefore

yfa^. = a + Py/ai+jy/av+Sy/ai^ , which implies that an — a2 +/32ai +~f2a2 + S2aia2

where a, /9,7, 6 G fc. Substituting in (1), we get

0 = (zo + OLXnf
 2 2

H h on_!X2 ^

(2) = Vo + °il/i + °2I/| + as!/2. + • • • + On-iy2,.! + a1o252y2
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where y0 = x0 + axn, t/i = Xi + /?xn, y2 = x2 + jxn, and yi = xit i ^ 3. Note that
k(Q) = k(x0, ..., xn) = k(y0, . . . , yn). In particular, the transcendence degree of the
field K:=k{y0,... , yn-i)/k > n - 1.

If 6 — 0, then from equation (2) we conclude that dt (K/k) = n — 1 and

that K is the function field of the quadratic form F0
2 + a\Y2 + a{Y% + a3F3

2 +

••• + an-iY^_l. Therefore by the inductive hypothesis, k is algebraically closed

in K since ^(y/aT, ^/ai", ••• , y/an-i) : k\ = 4 . Now since k(Q) = K{yn) and

dt (k(Q)/k) — 1 + dt(K/k), yn is transcentdental over K. Therefore k is algebraically

closed in K(yn) = k(Q).

On the other hand, if 6 ̂  0, then from (2) we have

(3) 0 - y2
Q + aiy\ + a2 (y

2
2 + arfyl) + a3y\ + • • • + On-jy^j .

If y^+o-i^Vn = 0, then y2 is algebraic over k[yn), and equation (3) implies that j/o is al-
gebraic over k(yi, ... , yn-i). Hence y0 and y2 are algebraic over k(yi, y3, ... , yn-i)-
This implies that dt (fc(j/o, • • • , Vn)/k) < n — 1. But k(Q) = k(y0, ..., yn) has tran-
scendence degree n , a contradiction. Therefore y\ + a\62y\ ^ 0. Now by setting
zn = Syn/y2, zo = (t/o +aii / izn) /( l + aiz%) , zx - (yt +yozn)/(l + aiz£), z2 - y2 ,
and for 3 ^ i < n, Zi = yi and Ai — aj/(l + ai^^) G k(zn), we have from equation (3)

0 = (l + alZ
2
n) (zl + alZ

2 + a2z\ + A3zj + ••• + ^ n _ ! 4 - i ) ,

and therefore
0 = zl + alZ

2 + a2z\ + Azz\ + ••• + i 4 n _ i 4 _ i -

Also note that k(Q) — k(zn)(zo, . . . , -zn-i) and the transcendence degree of fc(Q)/fc(zn)
equals n — 1. Therefore k(Q)/k{zn) is the function field of the fc(zn)-quadratic form

Z2 + aiZ
2 + a2Z\ + A3Z

2 + • • • + An-1Z^_1.

Since &(zTl)(^/ai", y/a^, y/Al, . . . , yjAn-i) : k(zn)\ ^ 4, the inductive hypothesis
implies that k(zn) is algebraically closed in k(zn)(zo, ... , zn-i) = k(Q). In particular,
k is algebraically closed in k(Q). This concludes the case [L : k] = 4.

To finish the proof of the theorem, it is left to show that K is algebraically closed
in k(Q) when [L : k] ^ 8. In this case we may assume, without loss of generality, that
^fai g ^(y/ar) ^ k. Let x = x0 — y ^ ^ i e k(Q)(y/a^). Then from equation (1) we
have

0 = x 2 + a 2 x \ + ••• + a n x 2
n ,

and dt (k(y/a^)(x, x2, . . . , xn)/k(y/cT[)) = n - 1. Thus fc(^/oT)(x, x2, . . . , xn) is
the function field of the fc(v/aT)-form X2 + a2X

2 + • • • + anX^. By the induc-
tive hypothesis, k(y/ai) is algebraically closed in A:(.y/ai~)(x, x2, ... , xn) because
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4. Since A:(v/oT)(z, i 2 , ••• , 3n)(zi)

, Xn) and s j is transcendental over fc(v/oii")(z) Z2> ••• > *n ) , it follows that
is algebraically closed in A: (^/aT) (zo, ••• > "»)• By symmetry, fc(-y/oj) is also

algebraically closed in k(y/ai){xQ, ... , xn). Now if d G fc(zo) • • • > xn) is algebraic over
k (and thus algebraic over A;(^/ai") and k^y/a^)), then d G fc(^/ai") and d G ^(y ' a^ ) .
Thus d E k. Thus fc is algebraically closed in k(Q). D
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