J. Appl. Prob. 42, 839-850 (2005)
Printed in Israel
© Applied Probability Trust 2005

WIDTH OF A SCALE-FREE TREE
ZSOLT KATONA,* Eétvés Lordnd University

Abstract

Consider the random graph model of Barabdsi and Albert, where we add a new vertex
in every step and connect it to some old vertices with probabilities proportional to their
degrees. If we connect it to only one of the old vertices then this will be a tree. These
graphs have been shown to have a power-law degree distribution, the same as that observed
in some large real-world networks. We are interested in the width of the tree and we show
that it is W,, ~ n/+/m logn at the nth step; this also holds for a slight generalization of
the model with another constant. We then see how this theoretical result can be applied
to directory trees.
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1. Introduction

Consider the following random graph model of Barabdsi and Albert [1].

Starting with a small number (mg) of vertices, at every time step we add a new vertex with
m (< mg) edges that link the new vertex to m different vertices already present in the system.
To incorporate preferential attachment, we assume that the probability P that a new vertex
will be connected to vertex i depends on the degree of that vertex.

Barabasi and Albert pointed out that many complex real-world networks cannot be
adequately described by the classical Erdos—Rényi random graph model, where the possible
edges are included independently with the same probability p. In this model, the degree
distribution is approximately Poisson with parameter np while, in real networks (for example
the World Wide Web), power-law degree distributions have been observed, with a parameter
independent of the number of steps n. These are called scale-free degree distributions (or
scale-free graphs).

The original definition may lead to different precise definitions; see, for example, Bollobas
and Riordan [3] and for trees (i.e. m = 1), see Mori [7]. We use the latter model. Starting with
a single point, at every step we add a new vertex and connect it to one of the old vertices by an
edge. This old vertex is chosen randomly with probability proportional to its degree. This leads
to the same model as if we had chosen an edge randomly, each with equal probability, then
chosen one of the endpoints of that edge. This tree is also known as a plane oriented recursive
tree or an ordered recursive tree. The reader might be interested in the survey [9] of recursive
trees.

A possible generalization of this model is where the probability of choosing an old vertex
is (k + B)/sn, instead of k/2n, with a given § > —1, where k is the degree of the vertex and
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sp =2n+ B(n+ 1) = 2+ B)n + B is the sum of all weights in the nth step. It was shown
in [7] that the proportion of vertices of degree k converges almost surely (a.s.) to a limit ¢y,
which, as a function of k, decreases at the rate k~C1#)_ Similar a.s. results were proved in [4].

The following examples show the importance of these results and the sense of the general-
ization. Several graphs have been found with degree distributions P (k) ~ ck™", where c is
a constant; see [1]. One of these is the collaboration graph of movie actors (see [1, p. 510]),
where y = 2.3 & 0.1. Another example is the World Wide Web, which is a directed graph,
so it has an in-degree distribution and an out-degree distribution. The Hungarian Web was
studied by the Websearch and Data Mining Group of the Hungarian Computer and Automation
Research Institute in [2]; they found that, both for the in- and out-degrees, the distribution is
P (k) ~ ck™Y with yj, = 2.29 and o = 2.78.

In this paper, we study the shape of the tree. Starting from the root (Oth level), cut the tree
into levels. The neighbours of the root will be on level 1, the neighbours of these will be on
level 2, and so on. Let X[n, k] denote the size of the kth level after the nth step (the first step is
when we take the first edge). The following random variables determine the shape of the tree.
Let W, := max{X|[n, k]: 1 <k} be its width and H,, := max{k > 1: X[n, k] # 0} its height.

The diameter studied in [3] is in close connection with H,,. The results there yield the height
of our original tree (8 = 0) to be asymptotically O (logn). On the other hand, Pittel proved in
[8] that

. H, 1
lim =
n—oologn  (2+B)y
a.s., where y satisfies (1 4+ 8)ye!* = 1.

Our goal is to determine the width of the tree. We use the method of [5], which was applied
to binary search trees for the proof of W,, ~ n//4w logn. We now present the main results of
this paper. Seta = (1 + 8)/(2 + B).

Theorem 1. With probability 1, we obtain

X[n. ] n (k —alog n)? . n
nk]= —exp| ——————— ,
J2am logn P 20t logn logn

as n — 00, where the error term is uniform for all k > 0.

Corollary 1. As n — oo, we have
W, - 1+ 0(—
=— —_— a.s.
" Jan logn Jlogn

In addition, our results show that the width of the tree is reached approximately at a level of
o logn.

In Section 2, we introduce a way of using martingales for the proof of Theorem 1, which is
postponed to Section 3. In Section 4, we present an application. V. Batagelj brought it to the
author’s attention that directory trees may have the power-law degree distribution property. We
will study some of them and see how their widths can be approximated by applying Theorem 1.

2. Using martingales
Firstly, we introduce the notation

Y[n,kl=X[n,k+ 114+ (1 + B)X[n, k] fork > 1,
Y[n,0] = X[n, 1] + B,
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for the sum of weights on level k. Our basic tool is the study of the following series of complex
generating functions:

Gn(x) =) YIn kiz"
k=0

Let #, denote the natural o-field generated by the first n steps.

Lemma 1. For any fixed z € C, the sequence

Gn
Ma) =2 8

is a martingale with respect to the filtration ¥,, where

E,(2) =

'ﬁSj+1+(l+ﬂ)z
j=! %

Proof. Easy calculation gives that

1
E(Y[n+1,0] | %) = ¥, 02—
Sn
and, for k > 0,
1 1
EWM+LH|%J=HmH%+ +Y[n k—1] +A
Sn Sn
These yield
~ sn+ 1 1+p sp+ 1+ (1 +B)z
E(Gnt1(2) | F) = ——Gn(2) + 2Gn(z) = = - Gn(2);
n n n

thus, we obtain

n—1
EGu0 = (1 +p 1+ [[ L THPE 4 i+ ok,

N
j=1 !

since G1(z) = (1 + B)(1 + z). Hence, M, (z) is a martingale.
The following lemma is about the asymptotics of the expectation.

Lemma 2. For any compact set of complex numbers C C C, we have

n!1TeGE=D(1 4+ Y1 + )T Ra) Re(z—1)
E ) _ o Re(Z s
Gu(2) (1l +a(l +2)) row :

1+oz(z—1)1'*(2 )
n o
E — (9 aRe(z—l)
n(@) 'a+a(l+z) (n )

uniformly for z € C, asn — o0.
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Proof. As in the proof of Lemma 1, we obtain

s+ L+ (14 B)z
Sj

EG, (z)—(1+ﬂ)(1+z)]_[

j=1

1
—(+pH0+ )H”ﬁ—af?

The product is equal to
Fn+a(l+z) T'Qaw

Fl+a(l+2) C(n+20—1)
Its asymptotics can be determined as in [6] and [5], proving that

F(n+z)
T

uniformly over any compact set. This yields

n® + O nReED)

I4+a(z—1)

n I'2a) Re(z—1
En(2) = —————— + O(n*RED
O L )

uniformly in any compact set, as n — oo.

Next, we will study the convergence of the martingale M,,(z). For this purpose, we need to
determine the covariance function of G, (z).

Lemma 3. For every pair z1, z2 € C, we have

Cy 1210 22) = E(Gpy1(21)Gny1(22))

—Z<b (z1,22) 1_[ a(z1, Zz))

k=j+1

+ (14 B> +2)( +22) H a;(z1. 22),

j=1
with
241+ +
ar(z1,z2) =1+ ( /Sg)(Zl Zz)’
k
(I+z1+z18) +220+228)
e z2) = Sk E Gi(z122).

Proof. We give a linear recursion for CnG (z1, z2). Let k;, + 1 denote the level of the vertex
added in the (n + 1)th step. With this notation, G,,41(z) — G, (z) = z¥(1 4+ (1 + B)z). Thus,
we obtain

€Y. (z1,22) = E[E(Gn(z1) + 2" (1 + 21 + 21B))(Gn(22) + 25" (1 + 22 + 228)) | Fo)l
= C8(21,22) + EIE(Gn(2)25 (1 + 22 + 228) + 2" (1 + 21 + 218) G (22)
+ 2 (4 21+ 2B+ 22 + 22B) | Fa)l.
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The conditional distribution of k,, with respect to %, is

Y(n, k
KT ek > 0,
Plhy =k | Fp=1 "
n — n) —
Y
01 ik 0.
Sn
Hence, the conditional expectation is
I+z2+22
E(Gn(m)zlﬁ”(l tz2+228) | F) = S—IBGn(Zl)Gn(Z2)-
n
Similarly, we have
I+z1+z
EGa()?" (1 + 21 +218) | F) = ls—”an(zl)Gn(m.
n
Finally, this yields
- I+z1+z218)U + 22+ 228)
E(z)'2y' (1 +z1 +21B) (1 + 22+ 228) | Fo) = P A Gu(z122).

Sn
Hence,

2 1
CO (a1, 22) = (1 n +( +f)(z1 +ZZ))C,?(Z1,Z2)

+ A+z1+z218)U 4+ 20+ 228)
Sn

E G, (z122).

This proves the lemma, since CY(z1, z2) = (1 + B)2(1 + z1)(1 + 22).

Corollary 2. The set of martingales {M,(z): n € N} is bounded in L* for any fixed
lz — 1| < «/1/a, where L? is the space of p-power integrable functions. Thus, there
exists a random variable M(z) € L? such that M,(z) — M(2) a.s. in L? asn — oo,

forze H ={weC:|lw—1| < /1/a}.

Proof. Using the notation of Lemma 3, we have

n n 2+a(z1+22—2) 1
l_[ ar(z1,22) = (—) <1 + (9(—,)).
J J

k=j+1
We write A, < B, if there is a constant ¢ > 0 such that A, < ¢B, for every n. By Lemma 2,

n

Atz tahltatah) g=EGG. ) ]‘[ ax (21, 22)

CS(z1,22) =
w @ 22) 2+ 8 Jt+2a—1

j=1 Jj=k+1

+ 1+ + 200 +22) [ [arzin 22)
j=1

2+aRe(zi+22-2)
) + p2taRe(zi+2-2)

n
< Z jOlRe(mzz*l) (’2

j=1 /

n

< n2+(xRe(z1+Z2—2) Zj—(2+¢¥Re(Zl+Zz—2122—1))_

j=1
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Hence,

E(G,(21)Gr(22)) N _(4aR izl
CcM(z1,20) == EM, M — < (2+aRe(z1+22-2122-1))
w (215 22) (M, (z1) My (22)) EG,)EG, (2 ;:lj

So, if

24+aRe(z+7—2z2—1) > 1,
where 7 is the complex conjugate of z, then the sum is bounded. The inequality above is true
exactly in #; hence, M, (z) is bounded in L? forz € J¢.

Also, if z1,zp € J then2+a Re(z; +z2 —z122 — 1) > 1; hence, C,i”(zl, Z2) converges to
some CM (z1, 20) uniformly over the compact subsets of # 2 and CM(zy,20) is holomorphic
over J2.

To prove the uniform convergence of M,,(z), we follow the arguments of [5]. The main idea
is the following result, which can be proved in a similar way to Proposition 2 of [5].

liroposition 1. Let1 = (1—/1/a, 14+/1/a). Then (M(t)):c1 has a continuous modification
M such that, for any compact C C I,
E(sup|ll~4|2) < Q.
teC

Generally, if y: R — H is continuously differentiable, then (My(y (1)))ier has a modifi-

cation M, such that, for any compact set C C R,
E(sup|]l71y(t)|2) < 00.
teC

The uniform convergence of (M,) comes from the following proposition. The proof, being
essentially the same as the proof of Proposition 2 of [5], is omitted.

Proposition 2. For any compact set C C I, we have M,, — M uniformly over C and

E(sup \My (1) — M(t)|2) 0.
teC

Generally, let y : R — J be continuously differentiable and let M,, ,,(t) = M, (y(t)) and
M, (t) = M(y(t)). Then the same result holds for (M ;).

Corollary 3. The martingale M,,(z) and all its derivatives converge uniformly over the compact
subsets of F.

Proof. By Proposition 2, M), is uniformly convergent over the arc y (f) = 1 + pe', for all
0<p< V2. Thus, for |s — 1| < p, we have

M, (s) = iyg M@ 4,
Y

2mi z—3s

by Cauchy’s formula. Thus, M,, and its derivatives converge uniformly over the compact subsets
of #.

In order to prove Theorem 1, we will need two more lemmas on the asymptotics of G, (z).
Firstly, we approximate E |G, (z)|>.
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Lemma 4. For every § > 0 and z such that |z — 1| < \/T/a — 8, we obtain
E|G,(2)f? = 9(u*He®ezm))
For any 7z such that /T]a — 8§ < |z — 1| < /1/a, we obtain
E|G,(2)|* = On*>1He®Rez=D) o0 ),
with uniform error terms as n — oo. Furthermore, for any compact C C C — J, we obtain
E[G ()] = 0" (D 1og )

uniformly for z € C.

Proof. Recall the proof of Corollary 2. It follows that

n
E|Gy(2)]* « n?(ITe®ee=D) ZJ—Z—a&Rez—\zF—l).
j=1

For |z — 1| < /T/a — §, the exponent of j is at most —1 — 8’ < —1, where &’ is an arbitrarily
small number; hence,

n
E |Gn(Z)|2 <« p2U+aRez—1) Zj—lf,s/ < p20+aRez—1)
Jj=1

On the other hand, for \/1/a — 6 < |z — 1] < {/1/a, we can write

n
E IGn(z)|2 « p2teRez=1) Z j—l—S’ « n2+a®ez=1) logn.
j=1

In the third case, for |z — 1| > /1/«, we have

n
2
E|G,(2)|* « n?(FeRez=D) Zj*2*0t(2Rez*\Z| -1
j=1

p—1—a@Rez—|z|*~1)

—1—a@Rez—|z]2=1)"

& n2(1+a(Rez—1))

For the uniform equality we need more. The numerator might tend to 0, so

: (n+ 1)—1—a(2Rez—|z|2—1)

—1—aRez—[z]2—1)
(—1—a(2Re z—|z|2—1) log(n+1)

E|G,(2)|? « n?Ite®ez=D

plretzr-nl—e
—1—aRez—z]2—1)
« nI=0+1+p)P) log .

<

This completes the proof.
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Now, we approximate G/, (z), where the prime denotes differentiation.

Lemma 5. Forevery 0 < |z] < 2, we have
|G;(Z)| < |Z|—1(logn)n(l—a)(1+\1|+\zlﬂ) as.

Proof. Obviously, |G, (z)| < G, (|z]). By [8], we know that H, < logn, where H, is
the height of the tree. Hence, there exists an ng, for each realization of the tree, such that
X[n, k] =0 a.s. forn > no, if k > clogn. Hence, for sufficiently large n, with probability 1,

G(z])
lz|

o x
G(lzD) = Y kY [n, kliz|*"" < c(logn) Y YIn, k1l < c(logn)
k=1 k=1

We need the following lemma to approximate G,(z) outside #. Since the proof of this
lemma follows from Lemma 4 and Lemma 5 by arguments similar to those in the proof of
Proposition 3 of [5], it will be omitted.

Lemma 6. For any K > 0, there exists a 5 > 0 such that

sup IGn(Z)|=(9(

n
=1, |2—1|>TTa—s (IOg”)K)

a.s., asn — Q.
Remark 1. If 8 = 0 then Lemma 6 holds for the function |G, (z)|/|1 + z| on
y@) :={z: 1zl =1, |z =1 >~2 -8, Rez > 0.9} U {z: Rez = —0.9, |z] < 1}.

For any K > 0, there exists a § > 0 such that

G, (2) _ n
B (9<(logn)K>

1+z
a.s.,as n — 0o. Since —1 ¢ y, to see this it is enough to approximate |G, (z)| on y (§). From
here, the argument follows in exactly the same way as that in the proof of Lemma 6.

sup
7 (3)

3. Proof of Theorem 1

Finally, we can start to prove Theorem 1. By definition,
(0.¢]
Gu(z) =) Yin, kI,
k=0

Gn(z2) — B _

D TP S X k4 112,
T+ (7P ; RS

if z # —1/(1 + B). This exception does not matter if 8 # 0, since |1/(1 + B)| # 1, and the
function can be extended to this point regularly. We can extract X[n, k] from the generating
function by using Cauchy’s formula.

If B # 0 then

I / Gn(§) — B ! /” Gn@) =B it y,

Xkt = L Gra+poe = L, e s per
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We split the integral into two parts. Let ¢ = min(rr, arccos(1 — 1/2«)) and let

11 = L/ Mefkit dt7
27‘[ [t|<p—8 1 —+ (1 “+ ﬂ)e”
12 — L Gn(eit) - :3 efkit

- de,
27 Jrzjzp—s 1+ (1 + Bt

where § is the same as in Lemma 6.
If B = 0, instead of |z| = 1 we integrate on

y={§:1§l=1,Re§ > -09}U{§: Re§ =—-0.9, [§] < 1}.
Let /1 be the same as in the previous case and let

1 Gn(8)
h= [ SO g
271 Sy (L +6)§
where § is the same as in Remark 1.
By Lemma 6 and Remark 1, for any K > 0 we can approximate the second integral in both

cases as follows:
Gn(§) —
|| < 3 /' ; ‘ dé «
T

n
1+ (1 +p)E (logn)K’

where we integrate on
E:5=1L1§ -1z vl/a—4}

(where  # 0) and on y (§) (where 8 = 0).
For [t| < ¢ — 4,
Gu(e")

M) = T2

is a.s. uniformly bounded by Corollary 3. On the other hand, Lemma 2 provides the asymptotics
of the denominator; hence,

|Gn(eit)| < n(lfa)(l+(l+/3)Ree”) = nn@€ost=1 — pologn(cosi—Na nefc’tz(logn)7

for some constant ¢’ > 0. By fixing a sufficiently small positive ©#, we obtain

1 - o0 / /
— 1Gp(e)|dr < n / e—crlogn g  pe=c'logm” (1
270 Jtogm~1=n12<lr|<p s (logm)~0-0)/2
The remaining part of the integral is
Iy: ! Gn(e") kit

T om 1 <(logm)-1-072 1+ (1 4 B)e
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Again, we are going to use

G,(2) = Ex(0)M, (z)—EG(z)M"—(Z) 2)
v s T A+ B0+ 2)

and Lemma 2, which can be written in the form

_ ,(-a)(I+z+2p) 1+ 80+ 2)I'2a) © (nRez—ha

_ nn(z_l)O‘((l +HU+9TC) (9(1))
I(1+a(l+2) n

uniformly. If # — 0 in such a way that || < (logn)~'=")/2  then

_EGue  _ nedOgn)(e"—l)a( (1+8)1 +e)I'Q2a) o <1)>
I+ 1+ p)z 1+ 1+ AeHI (1 +a(l +eh)) n
— pe—(@®/2)logn+(ira)logn

1 3
x (1 —it (a -5+ 2027 (1 + 2a)> - %ilogn +0@*+1* logn)>.

3)
On the other hand, M,,(1) = 2(1 + B) and, hence,
M, (") M (D) —(1+p) 2
_— = R . 4
0+ A1 +e0 = arp oW @)

Then, by (2)—(4), we conclude that, with probability 1,

T
G, (e")e ]l' _ nef(at2/2) log n+it (a logn—k)
[+ pyer

8 (1 - if(“ - % +20°T"(1 + 20) — w)

2(1+8)

3
or”. 2, .4
— ?ﬂogn +0@ +t logn)>
uniformly with respect to k. For the same reason as in (1), here we also have

/ (1-0)/2 e " 2 (141 4+ logn) < e~ (logn”
[7]=(logn)~U~

Iy _ 1 /OO ef(atz/Z)long»it(ot]Ogn*k)
—00

/ _ 3
M, (1) (1+ﬂ)) 066t >dt

1
< (1 —it|a == +22°T'(1 +2a) — — —ilogn
( <“ p TR 20+ P) £

+ O((logn)™/?).
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Integration gives

Iy _ 1 (_ ((log n)a — k)2)
n  J2amlogn exp 2alogn
( ((logn)a — k) ((logn)a — k)*
x |1+ -
2alogn 62 (logn)?
(logma —k( 1 2 MDD -(0+8
+—alogn <ot 2+20{ (1l + 2w) —2(1+,3) ))

+ O((logn)~3/%).
Hence, we obtain

X[n k] o (_ ((logn)a — k)z)

n/2amlogn 2ot logn
( ((logn)a — k) ((logn)a — k)°
x |1+ —
20 logn 6(a logn)?
(logma —k (1 5 MDD -(0+8
+ alogn <O{ 2+2a (1 +22) 2(1+8) ))

1
+0 (o)
logn

a.s., with an error term uniform in k. This completes the proof.

4. Directory trees

Although there are several examples of networks that have power-law degree distributions,
none of them are trees. V. Batagelj brought it to the author’s attention that directory trees should
be studied. The following examples all have power-law degree distributions P (k) ~ ck™7,
with 2 < y < 3. This allows us to compare the width of the tree with the result of Theorem 1.

log k

0i2 0i4 0i6 0i8 liO 1i2 1i4 1i6

log P (k)

FIGURE 1.
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TABLE 1.
Directory tree Vertices B Real width  Theoretical width B
Server of CS Dept.
’ 39182 —0.62 10159 9162 -0.71
Budapest Univ. of Technology
Server of CS Dept.
’ 1 —0. 1091 1251 —0.
E6tvos Lorand Univ. 8609 0-96 0916 >19 0.95
Server of Fazekas High School =~ 48898  —0.25 9721 9071 —0.40
Home Linux 22797  —0.27 4026 4415 +0.04
Home Windows 6999 —0.53 2097 1662 -0.75

The first example is the directory tree of the main server of the Department of Computer
Science and Information Theory, Budapest University of Technology and Economics. Figure 1
shows the degree distribution with logarithmic scales.

Linear regression gives y & 2.38. Substituting 8 = y —3 = —0.62 and n = 39 182 into
Theorem 1 gives a width of 9162. We can compare this with the real width of the tree, which
is 10 159. We can also calculate the 8" that would give the same theoretical width as the real
width. From Theorem 1, we have g/ ~ —0.71

Table 1 shows the results of studying several directory trees. The servers are all Unix systems
with a lot of users who are free to create their own directories in the home directory. This is
a reason why we should consider these graphs to be random. The ratio of theoretical to real
widths is between 0.85 and 1.15 in Table 1; hence, we can approximate the width of directory
trees using Theorem 1.
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