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A LEBESGUE DECOMPOSITION FOR VECTOR

VALUED ADDITIVE SET FUNCTIONS
DEFINED ON A LATTICE

THOMAS P. DENCE

I. Introduction. Our aim is to establish the Lebesgue decomposition for
s-bounded vector valued additive functions defined on lattices of sets in both
the finitely and countably additive setting. Strongly bounded (s-bounded)
set functions were first studied by Rickart [15], and then by Rao [14], Brooks
[1] and Darst [5; 6]. In 1963 Darst [6] established a result giving the decompo-
sition of s-bounded elements in a normed Abelian group with respect to an
algebra of projection operators. Consequently, one can decompose s-bounded
additive functions defined on an algebra of sets. The corresponding restrictions
of additive set functions defined on a lattice of sets corresponds to a lattice of
projection operators [7]. Changing the setting from an algebra to a lattice
represents a significant change, and although a decomposition exists, it is not
necessarily unique, and it may split [ very differently from the way it splits
the extension of f. One recent trend in mathematics is the development of
integration theory with respect to lattices of sets; cf. [2-4;7-9; 12].

The notation and terminology of Darst [6] and his decomposition result [7]
will be followed throughout the remainder of this article.

II. Decomposing set functions. We now focus our attention on finitely
additive vector valued functions defined on a lattice. Under appropriate condi-
tions we can apply the result from [7] to get a decomposition. To set the scene,
let (X, ||||) be a Banach space, # C .2/ a lattice of sets that contains @
and%/, and f : 4 — X is a modular function, where by this we mean f(E \U F)
+ f(EN F) = f(E) + f(F) for all E and F in.#. A result due to Pettis [13]
asserts that a modular function f has a unique additive extension J to the
ring R(#) generated by .#. A function v :# — [0, 00 ) is a submeasure if
vy(@) = 0 and if v is monotone and subadditive. The notions of f being con-
tinuous (f << v) and singular (f L v) with respect to v are known. But we
define f to be weakly singular with respect to vy, denoted by f L L v, if given
e > 0 there exists E* € .4 such that v(E*) < e and ||f(E¥ N E)|| < ¢
whenever E* M E € #. Our first result can now be stated.

THEOREM 1. Let f : M — X be modular, and lei | : R(M) — X be continuous
with respect to some finitely additive non-negative mapping u : R(M) — Reals.
Let v : M — [0, 0) be a submeasure. Then there exist unique modular functions
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g, h:M — X suchthat f = g + hand g L, h L v. The decomposition is not
uniqueif h L yisreplacedbyh 1L 1 v.

Proof. The proof involves a direct application of Darst’s result [7]. Let
G = {f: R(#) — X, fis modular}, and define a norm on G by |[||f||| = sup
{||f(E)|| : E € R(A)}. The elements of % are the projection operators in-
duced by the elements of R(#),i.e.,t € % corresponds to some set E € R(A),
say ¢ =tz so that tz())(F) = J(EN F). Furthermore let M =
{tE €U :EcMand M, = {tg € M : v(E) < x}. The conditions on f imply
fi is bounded and s- bounded Applying the earlier result gives unique elements
¢, h € Gsuch that f = ¢ + h, S(¢) = 0 and given € > 0 there exists ¢ € M,
such that |||/ (B)]]] < e. Here and below S(k) = lim sup,,o {||4k|| : A € .4,)
and # is the complement of ¢ in %. The functions g and & then establish the
theorem. One can conjure up simple examples to show that uniqueness does
not hold in the second part of the theorem.

With regard to the first part of the theorem (which turns out to be a special
case of a result by Drewnowski [10]), the condition that f be continuous with
respect to u is essential and can not be removed.

We now consider the more involved case when f : . # — X and.# is a sigma
lattice and f is at least countably additive. One is then interested in knowing
when f has a unique extension f to the generated sigma ring S(#). A partial
result is due to Pettis [13], and requires the introduction of new terms. Let.o/
be a sigma complete Boolean algebra, L C.%7 a lattice with § € L and let
f: L — R* be monotone and modular. Let U, ¥V and W be subsets of 7.

Definition. C(W) = {a € .%7 : any countable covering of a by elements of W
has a finite subcovering}; U/V ={u —v:u € U,v € V}; U//V = {u — v:
u€e U vE€V, u>vl; H(L) ={x—vy: x, vy L, x#vy}; LU V)=
{1 € L: given ¢ > 0 there exists I/, I’ € L, u € U,v € Vsuch that ! £ u <
ISv=landf(l”) — e = f(l) (') + €.

The result due to Pettis can now be stated.

THEOREM (Pettis). Suppose there are subsets U and V of S/ such that U/ V C
C(V//U) and Hy(L) C L(U, V)//L(U, V). Then there exists a unique sigma-
finate measmef' 1 S(L) > Rt\U {00} where S(L) 1is the sigma ring generated by
L and f is the extension of f.

We must make some definitions that are consistent with those made earlier
regarding finite additivity. Actually, the only new definitions are in regard to
singularity. Let f : .4 — R+ \U {00} be countably additive and modular where
M is a sigma lattice, and let v be an outer measure (sub-measure together with
sigma subadditivity) on.#. We say f is singular with respect to vy (f L 7) if
there exists E* € .# such that v(E*) = 0 and f(E*’ M E) =0 for all E €
S(A) where f' is an extension of f. We say f is weakly singular with respect to vy
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(f L L ) if there exists E* € 4 such that v(E*) = 0 and f(E¥ N\ E) = 0
whenever E¥ M E € .#. The final decomposition result is the following.

THEOREM 2. Let &/ and.M be as above with® € M. Letf : M — R+ be countably
additive, modular and monotone, and let v be an outer measure on M. Suppose
there are subsets U, V of &/ such that

D) Uu/vCcewy//u)

2) Hy(M) CM(U, V)/ /MU, V).

Let f:S(H#) — Rt\J {0} denote the unique measure that extends f to the
generated sigma ring. Then there exists unique functions g, h : M — R that are
countably additive, modular, monotone and where f = g + h and

3) g KLy

4) h L ~.

The decomposition is not unique if b L v is replaced by h L 1 .

Proof. Following the proof of Theorem 1, we let G = {f :S(M) - R+
{0} where f is finite, countably additive, modular and monotone}, and a
norm is defined on G by |||f||| = sup {J(E) : E € S(#)}. The elements of %
are the projection operators induced by the elements of S(.#). Then M =
{tg € U : E € M} is a lattice containing 0 and M, = {tz € M : v(E) £ x}
possess the desired two properties. Applying Darst’s result [7] gives unique
elements 2, £ € G with f =¢+h SE =0 and given e > 0 there exists
t € M.such that |||/ (B)]|| < e Showing ¢ < v follows from knowing S(¢) = 0,
but showing singularity is more involved. From the previous sentence we
know given ¢, = 2" there exists t4, € M., such that |||tz (k)||] < 2. Thus
E, e, v(E,) < 2" and sup {ﬁ(En’ MNE): ECS#)} is less than 277
Define E* = %1 [N%: E/]. Then E* € S(#) and ﬁ(E"*) < 27" Letting
E* = U E* = lim E* implies E* ¢ S(#) and fz(E*) = lim ﬁ(E,L*) < lim
2= = 0. Now let E € S(#) be arbitrary. To show R(E) = h(E N E) where
E is the desired set needed to prove & is y-singular, it suffices to show ﬁ(E M
E) = 0.Ourset Ewillbe £ = E¥. Then EN E' = EN E* = lim (E N E*),
) ﬁ(E N E’) < lim 2 = 0. And t3, € M., implies v(E,) < 27 for all n,
s0 v (Ukzn E,) = 2= Then

IIA

v(E) = v(E¥) = v( F\ [ U Ei]) 7( U b) for all n
n=1 i=n izn

o)

< Y v(E;) foralln
i=n
<92 forall .

Thus v(E) = 0, and it makes sense to apply v to E because E* € .# implies
E ¢ A This establishes & L y. To verify the uniqueness, suppose f = g; =+ A4
with g; < v and #; L v and we will show S(g;) = 0 and that given ¢ > 0
there exists ¢ € M, such that |||/ (%1)]|| < e. This will imply ¢ = grand b = k.
Since h; L v then there exists E* € # with y(E*) = 0 and b (E¥ NE) = 0
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for all E. Hence let ¢ = ¢z« and then ¢ € M, and |||t/ (h1)]]| < e for all € > 0.
Finally, since S(g,) = lim,,o [sup [sup {g(E N E*) : E* € S(MH) : tx € M,]]
it suffices to show that {E,} C.A#, v(E,) —0, F, CE,, F,€ S(#) implies
#1(F,) — 0. One can show that if R, C E, with R, € R(A#) then £,(R,) — 0.
But the ring R(#) is dense (with respect to g, measure) in S(.#) [11]. Hence
g1(F,) —»0and S(¢) =0
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