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NOTE ON INTEGERS REPRESENTABLE BY 
BINARY QUADRATIC FORMS 

BY 
KENNETH S. WILLIAMS* 

Let B be the set of positive integers prime to d which are representable by some 
primitive, positive, integral binary quadratic form of discriminant d. It is the 
purpose of this note to show that the following asymptotic estimate for the number 
of integers in B less than or equal to x can be proved using only elementary argu­
ments : 

(1) B(x)= 2 l = c1—^—2{l + &((loëlogxr1} (x-*oo), 
m<x,meB ( log X) ' 

where cx is the positive constant given in (17) below. (Using the deeper methods 
of complex analysis James [2] has proved this result with the error term 
0((log x)-1/2) replacing 0((log log x)-1). Heupel [l] using a transcendental 
method as in James [2] improved this to 0((log x)-1).) 

We follow closely the ideas of Rieger [6] and set M={n:p | n=>(dlp)=l} and 
N={n:p | n=>{djp)= — l}. From the work of Selberg [7] we have 

(2) I ^ = i l o g x + 0 ( l ) . 
V<x,(d/v)=l P 

Appealing to (2) and a result of Rieger [5] we obtain 

(3) m(x) = 2 i = ^ n ( l — T V + ^Ooglogx)-1)}, 
m<x,meM m 1 (#) v<x \ p/ 

(dh)=l 
where 

c = — e~* log t dt. 
Jo 

Next we recall Merten's theorem ([3], p. 139) 

(4) IT ( l - 1 ) = e'Xlogx)-*+0((logx)-2), P 
and a result of Landau ([3], §109) 

(5) n(i-^=7^+^(aog^r1), 
9<X\ P I L(l) 
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where 

L(l)=i(-)n-X>0. 
n=i\nj 

Using (4) and (5) and an argument of Uchiyama [8] we obtain 

•1/2 

(6) n MW^nfi-1)-172 n (i-̂ T 
L(l)-1/2(logx)-1/2+^((logx)-3/2). 

Putting (6) into (3) we obtain 

(7) m{x) = c2(log x)1/2(l + 0((log log xT1)), 

where 

(8) c2 = -f n ( i - T n (i-^fW72. 
^ 7 7 V\d \ PI (d/v)=-l\ p J 

Selberg [7] (see also Wirsing [9]) has shown that if (/, k) = l the following form 
of the prime number theorem for arithmetic progressions can be proved by ele­
mentary means 

(9) i Iog ' = ; ^ + < p G r H ) ' 
v = l (modA;) 

where cc is a positive constant. Since/? G M if and only if (d//?)=l and this latter 
condition means that/? lies in one of (i)</>(4 XL?|dP) residue classes mod 4 XT^id/7 

which are prime to 4 Y[v\aP> w e have using (9) 

(io) 2 log p = J ( 1 + m o g i o g x)-i))m 

Now using (7) and (10) in an argument of Rieger [6] (p. 199) we obtain 

(11) M(x) = 2 = c2
 X (l + 0((log log x)-1)). 

m<x.meM 2 ( k ) g x ) 1 / Z 

Finally, noting that if k is prime to d, then k is represented by some primitive 
positive integral binary quadratic form of discriminant d, if and only if k=mn2

9 

where me M, w e iV, we have 

(12) B(x) = 2 1 = 2 M(xn~2), 
mn2<x w<V'x, neN 

meM. neN 

and, since M(t)<t, (12) gives 

(13) B(x) = 2 M(xrr*) + 0(x(log x)"1). 
n<log x, neN 
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From (11) we have 

(14) M(xn~2) = c2
 X (l + 0((log log x)-1)) (1 < n < log x), 
2n2(log X)/12L 

and as 

(15) 2 n~2= n (l-p-Y'+^y-1) 0>->*>), 
n<y,neN (d/p)=—l 

from (13), (14) and (15) we obtain (1) with 

(i6) Cx = \c% n (i-p-Y1-
(d/p)=-i 

(16) together with (8) gives 

ci?) Cl=(^V n d-^r^nci-p-r2. 
\ 77 / (d/v)=-l v\d 

(1) can be extended to all positive integers k by following Pall's argument in [4]. 

REFERENCES 

1. W. Heupel, Die Verteilung der gangen Zahlen, die durch quadratische Formen dargestellt 
werden. Archiv. der. Math., 19 (1968), 162-166. 

2. R. D. James, The distribution of integers represented by quadratic forms, Amer. J. Math., 
60 (1938), 737-744. 

3. E. Landau, Primzahlen, Chelsea Publishing Co., N.Y. (1953), second edition. 
4. G. Pall, The distribution of integers represented by binary quadratic forms, Bull. Amer. 

Math. Soc , (1943), 447-449. 
5. G. J. Rieger, Zahlentheoretische Anwendung eines Taubersatzes mit Restgied, Math. Ann., 

182 (1969), 243-248. 
6. G. J. Rieger, Zum Satz von Landau iiber die Summe aus zwei Quadraten, Jour, fur die reine 

und angewandte Math., 244 (1970), 198-200. 
7. A. Selberg, An elementary proof of the prime number theorem for arithmetic progressions, 

Canad. J. Math., 2 (1950), 66-78. 
8. S. Uchiyama, On some products involving primes, Proc. Amer. Math. S o c , 28 (1971), 629-

630. 
9. E. Wirsing, Elementare Beweise des Primzahlsatzes mit Restglied II, Jour, fur die reine und 

angewandte Math., 214/215 (1964), 1-18. 

CARLETON UNIVERSITY, 

OTTAWA, ONTARIO, CANADA 

https://doi.org/10.4153/CMB-1975-022-6 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1975-022-6

