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Abstract. In this paper, we prove that a strongly convex and Kahler-Finsler metric
is a complex Berwald metric with zero holomorphic sectional curvature if and only if
it is a complex locally Minkowski metric.
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1. Preliminaries.

DEFINITION 1. A Riemann-Finsler metric on a real smooth manifold M is a function
F: TM — R satisfying the following properties:
(i) G = F?is smooth on M(= TM — {0});
(i) F(u) > 0 for all u € M;
(ii1)) F(Au) = AF(u) forallu € TM and A > 0;
(iv) for any p € M, the indicatrix Ir(p) = {u € T, M|F(u) < 1} is strongly convex.

A manifold M endowed with a Riemann-Finsler metric will be called a Riemann-
Finsler manifold.

DEFINITION 2. A strongly pseudoconvex complex Finsler metric (we shall simply call
it complex Finsler metric below) on a complex manifold M is a continuous function
F:T'M — R* satisfying:

(i) G = F? is smooth on M(= T'°M — {0});

(i) F(v) > 0 forall v € M;

(ili) F(¢v) = |¢|F(v)forallv e T''M and ¢ € C;

(iv) for any p € M, the F-indicatrix Ir(p) = {v € T,)°M|F(v) < 1} is strongly
pseudoconvex.

A complex manifold M endowed with a complex Finsler metric will be called a
complex Finsler manifold.

Let M be a complex manifold of complex dimension . Let {z!, ..., 2"} be a set of
local complex coordinates, with z% = x* 4 ix"* so that {x', ..., x", x"*!, ..., x*"} are
local real coordinates. Lowercase Greek indices will run from 1 to n, whereas lowercase
Roman indices will run from 1 to 2n. Let T M denote the real tangent bundle of M,
and T'°M denote the holomorphic tangent bundle of M. M will denote either 70
or Tr M minus the zero section, depending on the actual situation.
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A local frame over R for TxM is given by {97, ...,8§n,3f, ...,ézon}, where
9 = ai and 9° = 8u“; analogously, a local frame over C for T"OM is given by
{01, ..., 0, 01,...,0,), where 9, = and 80,_
u” + l-un+oz.

To proceed, we need some notation. We shall denote by indices after G the
derivatives with respect to the v (or u, we use Greek and Roman indices respectively)-
coordinates; for instance,

;and, z% = x¥ + ix"™® and v*

37:1 v"‘ >

3G 0G
Gz=—— or G,= .
P ueguh 7 ue
On the other hand, the derivatives with respect to the z (or x)-coordinates will be
denoted by indexes after a semicolon; for instance,

’G ’G
v = amz " O = Gup

For our aims, we focus on some classes of special real or complex Finsler metrics.
Such metrics are important Finsler metrics, on which many discussions have been
made.

DEerFINITION 3. A Riemann-Finsler manifold (M, F) is said to be locally
Minkowskian if, at every point x € M, there is a local coordinate system (x'), with
induced tangent space coordinates (u'), such that F has no dependence on the x'.
Equivalently speaking, G, has no dependence on the x'.

DEFINITION 4. A complex Finsler manifold (M, F) is said to be complex locally
Minkowskian if, at every point z € M, there is a local coordinate system (z%), with
induced holomorphic tangent space coordinates (v*), such that F has no dependence
on the z%. Equivalently speaking, G,z has no dependence on the z*.

DEFINITION 5. A Riemann-Finsler structure F is said to be of Berwald type if the
Chern connection coefficients Iy in natural coordinates have no u dependence, where

P G* (G G | 3Gy |
Ik 2\ 8xk Sxk 8x )’
(GY) is the inverse matrix of (G;)), and % are vectors on 7'M which can be found in

[1, 3].

X

DEFINITION 6. A complex Finsler metric F is said to be a complex Berwald metric
if the Chern-Finsler connection coefficients I'j. in natural coordinates have no v
dependence, where

(G™) is the inverse matrix of (Gqz), and <2 are vectors on 71 M which can be found

in [1].

..;L

DEeFINITION 7. In local coordinates, a complex Finsler metric is called strongly-
Kahler if and only if I'j., = T}’ ; it is called Kahler if and only if '}, v = I'}, v¥;itis
called weakly-Kahler 1f and only if Go[I'y;., — I}, Jv* = 0.
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MAIN THEOREM. Let F be a strongly convex and Kahler-Finsler metric on a complex
manifold M. Then it is a complex Berwald metric with vanishing holomorphic sectional
curvature if and only if it is a complex locally Minkowski metric.

The definitions of a strongly convex metric and the holomorphic sectional
curvature can be found in the following sections.

2. A Riemann-Finsler metric induced by a complex Finsler metric. Let F:
T'°M — R* be a complex Finsler metric on a complex manifold M. To F we may
associate a function F° : TkM — R™ just by setting

Vu € TeM, F°(u) = F(u.) (1)

where , : TxM — T'OM is given by
1 .
Yue TprM, u, = E(u — iJu). 2

Notice that J is the complex structure.

DEFINITION 8 ([1]). We shall say that the complex Finsler metric F' is strongly
convex if F° is a Riemann-Finsler metric.

Now we assume F is a strongly convex complex Finsler metric. Thanks to (1), the
F-length of any curve in M is the same as its F°-length; in particular, F and F° have
the same geodesics and induce the same distance function on M.

We continue to compare these two metrics. There is a natural isomorphism, still
denoted by ° : T'OM — TxrM, given by

VX e TYM, X° = X + X,
with inverse , : TrM — T"OM given again by (2). It is easy to check that

(ad)o = 3;, (iaa)o = 32+na (éa)o = é:;, and (iéa)o = éo

atn®

Recall that Greek indices run from 1 to n = dim¢ M, Latin indices run from 1 to
2n = dimg M, and we use the following convention: if in an equality there is a free
Latin index on one side and a free Greek index on the other side, the Greek index is
equal to the corresponding Latin index taken mod n. For example,

a ifl<a<n
o =

a—n ifn+l1<a<2n

Now we compare the Hessian and the Levi form of G. It is easily found that

Gy + Ga ifl<a<n
Gy —Gs) ifn+1<a<2n
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and

Gop + Gap + Gup + Gap ifl<ab=<n
i(Galg—i—Ga,g—GaB—G&E,) fl<a<nandn+1<b<2n
i(Gup — Gap + Gop — Ggp)  ifn+1<a<2nandl <b=<n
—(Gop — Gap — G + Gzp) ifn+1<a,b<2n

Using this and [1, Proposition 2.6.2], J.Xiao and the author [6] give the relation
of the Cartan connection and the Chern-Finsler connection for weakly Kdhler-Finsler
metrics:

forl <a<n,

Re(Tju+T%,) ifl<bec<n

) Im(Ff.a~|—F’§.) ifn+l1<b<2nandl<c<n

i = o el 3)
Im(—Fy;a—kF)-,;a) ifl<b<nandn+1<ec<2n
Re(Mju—T5,)  ifn+1<bc<2n

(-Thy—TL) ifl<bec<n
. Re(l“f;a—i—r‘g;a) ifn+l<b<22nandl<c<n @
Re(—l"f;a—i—r‘g;a) ifl<b<nandn+1<c¢<2n

Im(—=T)e+TL)) ifn+1<bc<2n

a8 _ P
where I‘g;a = e and I‘fx = G Gzy. In fact, Ff;a = M and fo = Ff;avy.

avY EDE2

If F is a complex Berwald metric, I‘g;a = 0. (3) and (4) reduce to: for 1 < a <n,

Re(Th,)  ifl<bec<n
oo Im(Ff;a) ifn+l<b<2nandl<c<n )
“ Im(—F)’?;a) ifl<b<nandn+1<c<2n
Re(Fff;a) ifn+1<bc<2n
andforn+1<a < 2n,
Im(-TL,) ifl<bec<n
o Re(If,) ifn+l<b<2nandl<c<n ©
“ Re(—l‘f;a) ifl<b<nandn+1<c¢<2n
Im(—Fg;a) ifn+1<bc<2n

Hence a direct conclusion from this is:

THEOREM 1 ([6]). Let F be a strongly convex and weakly Kahler-Finsler metric on
M. F° is a Riemann-Finsler metric induced by F. If F is also a complex Berwald metric,
F° must be a real Berwald metric.
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3. A characterization of complex locally Minkowski spaces. In this section, we
will finish our proof of the main Theorem.

From now on, we assume F is a strongly convex and Kdahler-Berwald metric on a
complex manifold M. F° is Riemann-Finsler metric induced by F. By Theorem 1, F°
is a real Berwald metric.

Using the coefficients f‘/’fk, we can define a linear connection D directly on the
underlying manifold M, which we call the Berwald connection:

i

0

- @ dx¥,
ox! ®dx

N ow
DW::(

xk + W lﬂllk)

for a vector field W = Wi,

ax!
Similarly, we define thexcomplex Berwald connection by I'y:

ar« d
— Bo — y
DV_<aZy—|—I/ Iﬂ”)B ® dzV,

for a holomorphic vector field V' = V¢ 3(; .

The curvature forms of D and D are

Qg =da)£ —w) Aa)ff, @{:d&[—@f/\é},{,
respectively, where @f = Ff;adzy and 6/ = f*{ddxk . From (5) and (6), we easily have
Qf = ef +/-1e1t
and
®Zig = ®£ ®5+a = _®Z+ﬂ-
Under local coordinate system, we write

1

A y =8
Q= 2Kay3dz Adz
and
O = lR’ dx* A dx!
i 2 ikl ’
B _ ord, Y Ay, s s TV
Where Kotyg = —2F and ikl = 35k oxl —+ strﬂ — FikFls.

Furthermore, we can have

B B B+ /_1(nb B+
Kayé = (ROlV5 + Rayiné) + _I(Ray5+n + Ray:l—né-&-n)'

We know from [1,2, 3, 9] that the flag curvature of (M, F°) is

Gis(y)Rj'Hy/y wiwk
G()G(w) — Gy(y)y'w/”

K(P,y) =

https://doi.org/10.1017/5S001708950800414X Published online by Cambridge University Press


https://doi.org/10.1017/S001708950800414X

208 RONGMU YAN

where the flag P is described by one edge along the flag pole y =y % and another

transverse edge w = w’ % The holomorphic sectional curvature of (M, F) is
Gz K* 3o yPyryd
_ af oys
KO="""6m

where X e T,M,pe M,and X =y +7y,y € T;’OM,yzyaaf_a.

If (M, F) has vanishing holomorphic sectional curvature, ¢ = 0. Hence ®; = 0.
that is, (M, F°) has vanishing flag curvature. It has been known (for example, in [2])
that a real Berwald space with zero flag curvature is in fact a locally Minkowski space.
This means G, is independent of (x'), so G, 5 must be independent of (z¥). And (M, F)
is a complex locally Minkowski space.

Suppose (M, F) is a complex locally Minkowski space. Obviously F;’Z vanishes
in some priviledged coordinate charts and so Fﬁ;a. This means (M, F) is a complex
Berwald space with vanishing holomorphic sectional curvature. Thus we finish our
proof of the main Theorem.
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