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LIMIT TRANSITIONS FOR BC TYPE
MULTIVARIABLE ORTHOGONAL POLYNOMIALS

JASPER V. STOKMAN AND TOM H. KOORNWINDER

ABSTRACT. Limit transitions will be derived between the five parameter family
of Askey-Wilson polynomials, the four parameter family of big q-Jacobi polynomials
and the three parameter family of little q-Jacobi polynomials in n variables associated
with root system BC. These limit transitions generalize the known hierarchy structure
between these families in the one variable case. Furthermore it will be proved that
these three families are q-analogues of the three parameter family of BC type Jacobi
polynomials in n variables. The limit transitions will be derived by taking limits of
q-difference operators which have these polynomials as eigenfunctions.

1. Introduction. Recently, a five parameter family of BCn-type Askey-Wilson poly-
nomials and a four resp. three parameter family of BCn-type big and little q-Jacobi
polynomials were introduced (cf. [K1] and [S1]), and full orthogonality was established
in both cases with the help of specific second order q-difference operators.

In the one variable case (BC1), limit transitions are known from the Askey-Wilson
polynomials to the big resp. little q-Jacobi polynomials, as well as a limit transition from
big q-Jacobi polynomials to little q-Jacobi polynomials. These limit transitions show
how the three families fit into the hierarchy of the Askey-Wilson scheme. Furthermore,
the one variable Askey-Wilson polynomials and the big resp. little q-Jacobi polynomials
are q-analogues of the classical Jacobi polynomials in the sense that the polynomials tend
to the Jacobi polynomials when q tends to 1 (up to a possible dilation and translation).

The main purpose of this paper is to generalize these limit transitions to the BCn case.
Explicit expressions of the polynomials, which immediately yield the limit formulas
in the one variable case, are no longer available for n Ù 1. Instead, we will derive
limit formulas for the multivariable polynomials from limit formulas for q-difference
operators having these polynomials as eigenfunctions and from limit formulas for the
corresponding eigenvalues. Crucial for the proof of the limit formulas is (2.2), which
expresses the polynomials in terms of the operators and the eigenvalues.

Macdonald introduced in [M1, Section 4] techniques to construct multivariable poly-
nomials, and to prove full orthogonality of these polynomials. In Section 2 we will
describe these techniques in a slightly more general setting. In this setting, the tech-
niques can immediately be applied in the case of BCn type Askey-Wilson polynomials
and the BCn type big resp. little q-Jacobi polynomials. We will introduce these three fam-
ilies in Section 3, as well as the three parameter family of generalized Jacobi polynomials
(cf. [V]). Generalized Jacobi polynomials are related with BCn type Heckman-Opdam
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polynomials by a suitable change of variables. In Section 4 we give for each family
a selfadjoint, triangular operator. In each case, we compare the eigenvalues which are
related in the natural BCn type partial order. In Section 5 we will prove limit transitions
from BCn type Askey-Wilson polynomials to BCn type big and little q-Jacobi polyno-
mials and a limit transition from BCn type big q-Jacobi polynomials to BCn type little
q-Jacobi polynomials for parameter values which satisfy certain specific conditions. The
results of Section 4 give then an explicit subset of the parameter domain for which these
conditions are satisfied. We will prove that the BCn type Askey-Wilson polynomials and
the BCn type big and little q-Jacobi polynomials are q-analogues of generalized Jacobi
polynomials (with a possible dilation and translation in the variables). In Section 6 we
will discuss possible extensions to the whole parameter domain of the limit transitions
from BCn type Askey-Wilson polynomials to BCn type big resp. little q-Jacobi polyno-
mials and the limit transition from BCn type big q-Jacobi polynomials to BCn type little
q-Jacobi polynomials. Furthermore, we make some additional remarks about the limits
q " 1 of the big and little q-Jacobi polynomials.

NOTATIONS AND CONVENTIONS. Throughout this paper N = f1Ò 2Ò   g will be the
natural numbers and N0 will denote the set of natural numbers together with 0. The
convention will be used that

Qk
i=l ai = 1 if k Ú l, kÒ l 2 N. If there is no confusion

possible, the dependence on the parameters a, b, c, d, q, t will be omitted in the formulas.
The concept of selfadjoint operator will only be used in the formal sense: a hermitian
linear operator with respect to an inner product on a vector space.

2. Techniques for proving full orthogonality. The next propositions summarize
in essence the method introduced by Macdonald in [M1] to construct his polynomials
for general root systems and to prove full orthogonality of these polynomials. For
convenience, we will give proofs of the propositions.

We start with a proposition concerning triangular operators.

PROPOSITION 2.1. Suppose there is given a linear space V over C with a linear basis
feïÛï 2 Ig for V, I some index set and there is given a partial order Ú on I such that
I(ï) := fñ 2 IÛñ � ïg is finite for all ï 2 I. Suppose that D: V ! V is a triangular
linear operator with respect to the given basis and partial order, i.e.

Deï =
X
ñ�ï

cïÒñeñ 8ï 2 IÒ(2.1)

for certain cïÒñ 2 C. Define

Qï :=
�Y
ñÚï

D � cñÒñ
cïÒï � cñÒñ

�
eï(2.2)

for ï 2 I satisfying cïÒï 6= cñÒñ for all ñ Ú ï. Then Qï 2 V satisfies
(a) Qï = eï +

P
ñÚï kïÒñeñ for certain kïÒñ 2 C;

(b) DQï = cïÒïQï.
These two properties characterize Qï uniquely.
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PROOF. Fix ï 2 I such that cïÒï 6= cñÒñ for all ñ Ú ï. The triangularity property of
D shows that Qï satisfies property (a). Let Vï ² V be the finite dimensional subspace
spanned by feñÛñ � ïg. Then D maps Vï into itself. Denote Dï for the restriction of
D to Vï. There exists a total order � on I(ï) such that ñ � ó if ñ Ú ó (define ñ � ó

if #I(ñ) Ú #I(ó) for ñÒ ó 2 I(ï) and extend � to a total order on I(ï)). This implies,
together with (2.1), that

det(ò Id�Dï) =
Y
ñ�ï

(ò � cñÒñ)

Hence
Q
ñ�ï(D � cñÒñ) = 0 on Vï by the theorem of Cayley and Hamilton. In particular,Q

ñ�ï(D � cñÒñ)eï = 0, so DQï = cïÒïQï. The root cïÒï of the characteristic polyno-
mial det(ò Id�Dï) has multiplicity one, hence Dï has a one dimensional eigenspace
corresponding to eigenvalue cïÒï. So (a) and (b) characterize Qï uniquely.

Adding to the property that D is triangular the property that D is selfadjoint with
respect to some inner product, gives

PROPOSITION 2.2. Keep the notations and assumptions of proposition 2.1. Suppose
furthermore that there is given an inner product hÐ Ò Ði on V, such that D is selfadjoint with
respect to hÐ Ò Ði. Define a new basis fPïÛï 2 Ig of V by the following two conditions:

(1) Pï = eï +
P
ñÚï dïÒñeñ for some constants dïÒñ,

(2) hPïÒ eñi = 0 for ñ Ú ï.
Then we have

(a) DPï = cïÒïPï 8ï 2 I.
(b) Pï = Qï for ï 2 I satisfying cïÒï 6= cñÒñ for all ñ Ú ï.
(c) hPïÒPñi = 0 if ï Ú ñ or ñ Ú ï, or if ï 6= ñ and cïÒï 6= cñÒñ.

PROOF. (a) Fix ï 2 I. Using the triangularity of D and the explicit form of Pï, we
have that

DPï = cïÒïeï +
X
ñÚï

gñeñ

for certain gñ 2 C. Furthermore we have for all ñ Ú ï that

hDPïÒ eñi = hPïÒDeñi =
X
ó�ñ

cñÒóhPïÒ eói = 0

If cïÒï 6= 0 then it follows immediately that DPïÛcïÒï satisfies the defining conditions of
Pï. If cïÒï = 0, then

hDPïÒDPïi =
X
ñÚï

gñhDPïÒ eñi = 0Ò

so then DPï = 0 = cïÒïPï.
(b) It follows from (a) that cïÒï 2 R. Hence we have, again by (a), that hQïÒPñi = 0

for all ñ Ú ï. Thus Qï satisfies condition (2). Qï satisfies also condition (1) according
to Proposition 2.1, hence Qï = Pï.
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(c) Case ñ Ú ï resp. ñ Ù ï is immediate from the definitions, while the case ñ 6= ï

and cïÒï 6= cñÒñ follows from

(cïÒï � cñÒñ)hPïÒPñi = 0(2.3)

which is a consequence of the selfadjointness of D and (a).

In the applications of these propositions, the operators and inner products usually
depend on real or complex parameters, and continuity resp. rationality arguments in
these parameters are sometimes needed. The following two propositions deal with the
dependence of Pï on an arbitrary parameter set. We will use the same notations as in the
first two propositions but we assume that the inner product, and the selfadjoint, triangular
operator depend on a parameter s 2 J, with J an arbitrary topological space. Hence, for
fixed s 2 J, we denote hÐ Ò Ðis for the inner product on V, Ds for the selfadjoint (w.r.t.
hÐ Ò Ðis) triangular (w.r.t. feñÛñ 2 Ig) operator, cïÒñ(s) (ñ � ï) for the coefficients in the
expansion of Dseï w.r.t. the basis feñÛñ 2 Ig, Pï(s) (ï 2 I) for the new basis defined
with respect to hÐ Ò Ðis, and dïÒñ(s) (ñ Ú ï) for the coefficients in the expansion of Pï(s)
with respect to the basis feñÛñ 2 Ig.

PROPOSITION 2.3. Suppose that for all ïÒ ñ 2 I, the functions s 7! heïÒ eñis: J ! C
are continuous. Then:

(a) The functions s 7! dïÒñ(s): J ! C are continuous for all ïÒ ñ 2 I.
(b) Suppose that the set fs 2 JÛcïÒï(s) 6= cñÒñ(s)g is dense in J for all ï 6= ñ. Then

hPï(s)ÒPñ(s)is = 0 8s 2 J if ñ 6= ï(2.4)

PROOF. Let ó Ú ï. We have

0 = hPï(s)Ò eóis = heïÒ eóis +
X
ñÚï

dïÒñ(s)heñÒ eóis

For fixedï 2 I this gives for every s 2 J an inhomogeneous system of linear equations in
dïÒñ(s) (ñ Ú ï). Since the eñ’s are linearly independent, we have that det(heñÒ eóis)ñÒóÚï 6=
0 for all s 2 J. Hence the system has a unique solution for every s 2 J, and Cramer’s
rule together with the continuity assumption on heöÒ eõis implies that the solution dïÒñ(s)
(ñ Ú ï) depends continuously on s.
(b) Part (a) implies that hPï(s)ÒPñ(s)is depends continuously on s, so (b) follows directly
from Proposition 2.2(c).

Let us fix some notations and conventions about rational functions. Let t1Ò    Ò tm be
independent (complex) variables. Let C[t] be the C-algebra of polynomials in t1Ò    Ò tm
and C(t) the field of rational functions in t1Ò    Ò tm over C. For each h 2 C(t), define the
domain of h by

dom(h) := ft0 2 CmÛ9pÒ q 2 C[t] such that h = pÛq and q(t0) 6= 0g

dom(h) ² Cm is open and dense, and h defines a continuous function from dom(h) to C
by specialization.
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DEFINITION 2.4. Let J ² Cm open, or J ² Rm open. Consider Rm as subset of Cm

in the usual manner. A function f : J ! C is said to have a rational extension if there
exists a rational function f̃ 2 C(t) such that f and f̃ coincide as functions on J \ dom(f̃ ).
Clearly, if f̃ exists, then it is unique, and it will be called the rational extension of f .

PROPOSITION 2.5. Let J be an open subset of Rm or an open subset of Cm. Assume that
the functions s 7! cïÒñ(s): J ! C have rational extensions c̃ïÒñ for all ñ � ï. Suppose
that c̃ïÒï 6= c̃ñÒñ as rational functions if ñ Ú ï. Define a dense open set domï ² Cm by

domï := fs 2 WïÛc̃ïÒï(s) 6= c̃ñÒñ(s)8ñ Ú ïgÒ

with
Wï :=

\
ñ�ó�ï

dom(c̃óÒñ)

Then
(a) The functions s 7! dïÒñ(s): J ! C have rational extensions d̃ïÒñ for all ñ Ú ï.

The domain of d̃ïÒñ contains the set domï.
(b) The functions Pï(s) and the equation DsPï(s) = cïÒï(s)Pï(s) remain meaningful

and valid, by continuation of rational functions, for s 2 domï.
(c) Suppose that c̃ïÒï 6= c̃ñÒñ as rational functions for ïÒ ñ 2 I, ñ 6= ï, and that

s 7! heïÒ eñis: J ! C is continuous for all ïÒ ñ 2 I. Then hPï(s)ÒPñ(s)is = 0 for all
s 2 J if ï 6= ñ.

PROOF. (a) Let xóÒö (ö � ó � ï) be independent variables. Proposition 2.2(b) gives
that there are polynomials pïÒñ 2 C[fxóÒögö�ó�ï] such that

Pï(s) = eï +
X
ñÚï

 pïÒñ
�
fcóÒö(s)gö�ó�ï

�
Q
óÚï

�
cïÒï(s)� cóÒó(s)

��eñ(2.5)

for s 2 J such that cïÒï(s) 6= cóÒó(s) for all ó Ú ï. Hence for all ñ Ú ï, the rational
function d̃ïÒñ given by

d̃ïÒñ =
pïÒñ(fc̃óÒögö�ó�ï)Q
óÚï(c̃ïÒï � c̃óÒó)

(2.6)

is a rational extension of dïÒñ: J ! C, and the domain of d̃ïÒñ contains domï.
(b) is clear.
(c) follows from Proposition 2.3(b).

REMARK 2.6. Note that the polynomials pïÒñ in (2.5) and (2.6) are completely deter-
mined by the partially ordered set (IÒ Ú). They do not depend on the choice of the inner
product hÐ Ò Ðis or on the choice of the basis vectors eï. Furthermore, the polynomial pïÒñ
can be chosen homogeneous of total degree #fó 2 IÛó Ú ïg.

REMARK 2.7. For the limit transitions from BCn type Askey-Wilson polynomials to
BCn type big resp. little q-Jacobi polynomials we will apply these propositions for J
being an open subset of R. In this case, note that if a continuous function f : J ! C has
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a rational extension f̃ , then J ² dom(f̃ ). This implies that if we have all the assumptions
of Proposition 2.5 with m = 1, then the rational expression d̃ïÒñ(s) (see (2.6)) coincides
with the function dïÒñ(s) for all s 2 J and all ñ Ú ï.

3. Families of BCn type orthogonal polynomials. In this section, we fix a q 2

(0Ò 1). Let P+ be the partitions of length � n, so

P+ := fï = (ï1Ò    Ò ïn)Ûï1 ½ Ð Ð Ð ½ ïn ½ 0g(3.1)

Define a partial order on P+ in the following way: ñÒ ï 2 P+ then

ñ � ï ,
iX

j=1
ñj �

iX
j=1
ïj i = 1Ò    Ò n(3.2)

REMARK 3.1. Choose for the root system R = R+ [ (�R+) of type BCn, the positive
roots R+ by

R+ = feig
n
i=1 [ fei š ejg1�iÚj�n [ f2eig

n
i=1Ò(3.3)

with feig
n
i=1 the standard orthonormal basis for Rn, then P+ coincides with the set of

dominant weights, and ï Ù ñ for ïÒ ñ 2 P+ iff ï�ñ is a sum of positive roots (cf. [K1]).

Let A = C[x1Ò    Ò xn] be the C-algebra of polynomials in the independent indeter-
minates x1Ò    Ò xn and let A = C[xš1

1 Ò    Ò xš1
n ] be the algebra of Laurent polynomials in

x1Ò    Ò xn. The Weyl group S corresponding to the root system of type An�1 is isomor-
phic to the permutation group of f1Ò    Ò ng, so it acts in an obvious way on Nn

0. This
induces an action of S on A . The algebra of symmetric polynomials, denoted AS , is the
subalgebra of A consisting of S-invariant polynomials in the variables x1Ò    Ò xn.

The Weyl group W corresponding to the root system of type BCn is isomorphic to the
semidirect product of (ZÛ2Z)n and S. It acts in an obvious way on Zn. This induces an
action of W on A. Denote AW for the subalgebra of A consisting of W-invariant Laurent
polynomials in the variables x1Ò    Ò xn.

Since Card(Sn \ P+) = 1 for all n 2 Nn
0, we have that the symmetric monomial

functions fmïÛï 2 P+g defined by

mï(x) :=
X
ñ2Sï

xñÒ

with xñ := xñ1
1 Ð Ð Ð xñn

n , form a C-basis for AS . Similarly, the monomials fm̃ïÛï 2 P+g

defined by
m̃ï(x) :=

X
ñ2Wï

xñ

form a C-basis for AW , since Card(Wz \ P+) = 1 for all z 2 Zn.
Let uÒ v 2 RÒ u Ú v. Define the Jackson (q-)integral of f over [uÒ v] by

Z v

u
f (x) dqx :=

Z v

0
f (x) dqx �

Z u

0
f (x) dqxÒ

Z v

0
f (x) dqx := (1 � q)

1X
k=0

f (vqk)vqkÒ
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provided that the infinite sums converge absolutely. If f is continuous on [uÒ v], then

lim
q"1

Z v

u
f (x) dqx =

Z v

u
f (x) dxÒ(3.4)

with dx the Lebesgue measure. The q-shifted factorial is defined by

(u; q)v :=
(u; q)1

(qvu; q)1
Ò

(u; q)1 :=
1Y

k=0
(1 � uqk)Ò

for uÒ v 2 C such that qvu 6= q�k for all k 2 N0. If v 2 N0, then this yields

(u; q)v =
v�1Y
k=0

(1 � uqk)Ò

which we will use as a definition of (u; q)v for arbitrary v 2 N0, u 2 C. Denote

(u1Ò    Ò ur; q)v :=
rY

j=1
(uj; q)vÒ

and denote

r+1ûr

"
u1Ò    Ò ur+1

v1Ò    Ò vr
; qÒ z

#
:=

1X
k=0

(u1Ò    Ò ur+1; q)kzk

(v1Ò    Ò vrÒ q; q)k

for the q-hypergeometric series.
We now first define the BCn-type Askey-Wilson polynomials (cf. [K1]). Define the

weight function é(x; aÒ bÒ cÒ d; qÒ t) by

é(x1Ò    Ò xn) := é+(x1Ò    Ò xn)é+(x�1
1 Ò    Ò x�1

n )Ò(3.5)

é+(x) :=
nY

i=1

(x2
i ; q)1

(axiÒ bxiÒ cxiÒ dxi; q)1

Y
1�kÚl�n

(xkx�1
l Ò xkxl; q)1

(txkx�1
l Ò txkxl; q)1

(3.6)

Assume that jajÒ jbjÒ jcjÒ jdj � 1, and that if aÒ bÒ cÒ d are complex, then they appear in
conjugate pairs. Assume also that the pairwise products of a, b, c, d are not equal to 1.
Denote VAW for the set of parameters (aÒ bÒ cÒ d) which satisfy these conditions. Denote
du := du1 Ð Ð Ð dun and eiu := (eiu1 Ò    Ò eiun). Suppose t 2 (0Ò 1), then

hf Ò giAWÒt :=
Z
Ð Ð Ð

Z
[�ôÒô]n

f (eiu)g(eiu)é(eiu; t) du f Ò g 2 AW(3.7)

is a hermitian inner product on AW.

DEFINITION 3.2. Let (aÒ bÒ cÒ d) 2 VAW and t 2 (0Ò 1). The Askey-Wilson polynomials
fPAW

ï (x; aÒ bÒ cÒ d; qÒ t)Ûï 2 P+g are defined by the following two conditions:
(1) PAW

ï (t) = m̃ï +
P
ñÚï;ñ2P+ dAW

ïÒñ (t)m̃ñ, certain dAW
ïÒñ (t) 2 C

(2) If ñ Ú ï and ñ 2 P+, then hPAW
ï (t)Ò m̃ñiAWÒt = 0.
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For the one variable case, there is no t-dependence, and explicit expressions of the
Askey-Wilson polynomials fPAW

m (x; aÒ bÒ cÒ d; q)Ûm 2 N0g are given by

PAW
m (x; aÒ bÒ cÒ d; q) =

(abÒ acÒ ad; q)m

am(qm�1abcd; q)m
4û3

"
q�mÒ qm�1abcdÒ axÒ ax�1

abÒ acÒ ad
; qÒ q

#
(3.8)

Usually the Askey-Wilson polynomials are written as function of x+x�1

2 and normalized
differently (cf. [AW]).

For the BCn-type big q-Jacobi polynomials, we define an inner product on AS as
follows (cf. [S1]). Let cÒ d Ù 0, and

a 2
��c

dq
Ò

1
q

�
Ò b 2

��d
cq

Ò
1
q

�
Ò

or a = czÒ b = �dz̄ with z 2 C nR. Denote Vq
B for the set of parameters (aÒ bÒ cÒ d) which

satisfy these conditions. Fix some (aÒ bÒ cÒ d) 2 Vq
B. Define hÐ Ò ÐiaÒbÒcÒd

BÒnÒqÒt for t 2 (0Ò 1) on

AS by:

hf Ò giBÒt :=
nX

j=0
hf Ò gijÒBÒt f Ò g 2 AS Ò(3.9)

with hf Ò gijÒBÒt given by the following multidimensional Jackson integral:

Z c

x1=0

Z tx1

x2=0
Ð Ð Ð

Z txj�1

xj=0

Z 0

xj+1=�dtn�j�1

Z qt�1xj+1

xj+2=�dtn�j�2
Ð Ð Ð

Z qt�1xn�1

xn=�d
f (x)g(x)wj(x; t) dqxÒ

with dqx := dqxn Ð Ð Ð dqx1 and weight function wj(x; aÒ bÒ cÒ d; qÒ t) given by

wj(x; t) := dúj

 nY
i=1

(qxiÛcÒ �qxiÛd; q)1
(qaxiÛcÒ �qbxiÛd; q)1

!
∆j
ú(x)Ò(3.10)

with t = qú and

∆j
ú(x) := ∆(x)

 Y
1�kÚm�n

k�j

jxkj
2ú�1

�
q1�ú xm

xk
; q
�

2ú�1

!

ð
Y

jÚkÚm�n
jxmj

2ú�1
�

q1�ú xk

xm
; q
�

2ú�1
Ò(3.11)

∆(x) :=
Q

iÚj(xi � xj) the Vandermonde determinant, and with dúj = dúj (cÒ d) a positive
constant given by

dúj :=
Y

1�kÚm�n
k�j

jymkj
2ú�1 (q1�úy�1

mk ; q)2ú�1

(q1�úymk; q)2ú�1
Ò ymk :=

�d
c

q(n�m�k+1)ú(3.12)

DEFINITION 3.3. Let (aÒ bÒ cÒ d) 2 Vq
B and t 2 (0Ò 1). The big q-Jacobi polynomials

fPB
ï(Ð; aÒ bÒ cÒ d; qÒ t)Ûï 2 P+g are defined by the following two conditions:ï 2 P+, then:

(1) PB
ï(t) = mï +

P
ñÚï;ñ2P+ dB

ïÒñ(t)mñ for some dB
ïÒñ(t) 2 C,

https://doi.org/10.4153/CJM-1997-019-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1997-019-9


382 J. V. STOKMAN AND T. H. KOORNWINDER

(2) hPB
ï(t)ÒmñiBÒt = 0 if ñ Ú ï, ñ 2 P+.

For the one variable case, there is no t-dependence, and explicit expressions for the
big q-Jacobi polynomials fPB

m(x; aÒ bÒ cÒ d; q)Ûm 2 N0g are given by (cf. [AA2])

PB
m(x; aÒ bÒ cÒ d; q) =

(qa; q)m(�qadÛc; q)m

(qm+1ab; q)m(qaÛc)m 3û2

"
q�mÒ qm+1abÒ qxaÛc

qaÒ �qadÛc
; qÒ q

#
(3.13)

Usually the big q-Jacobi polynomials are normalized such that the explicit expression is
given by only the 3û2 part of (3.13).

The little q-Jacobi polynomials are defined as follows (cf. [S1]): Let 0 Ú a Ú 1
q and

b Ú 1
q , and denote Vq

L for the set of parameters (aÒ b) which satisfy these conditions. Fix

some (aÒ b) 2 Vq
L. Define for t 2 (0Ò 1) a hermitian inner product hÐ Ò ÐiaÒb

LÒnÒqÒt on AS by

hf Ò giLÒt :=
Z 1

x1=0

Z tx1

x2=0
Ð Ð Ð

Z txn�1

xn=0
f (x)g(x)v(x; t) dqx f Ò g 2 AS(3.14)

with weight function v(x; aÒ b; qÒ t) given by

v(x; t) :=
 nY

i=1

(qxi; q)1
(qbxi; q)1

xãi

!
∆ú(x)Ò (a = qãÒ t = qú)(3.15)

∆ú(x) := ∆(x)
Y

1�iÚj�n
jxij

2ú�1
�

q1�ú xj

xi
; q
�

2ú�1
(3.16)

DEFINITION 3.4. Let (aÒ b) 2 Vq
L and t 2 (0Ò 1). The little q-Jacobi polynomials

fPL
ï(Ð; aÒ b; qÒ t)Ûï 2 P+g are defined by the following two conditions: ï 2 P+, then:

(1) PL
ï(t) = mï +

P
ñÚï;ñ2P+ dL

ïÒñ(t)mñ for some dL
ïÒñ(t) 2 C,

(2) hPL
ï(t)ÒmñiLÒt = 0 if ñ Ú ï, ñ 2 P+.

For the one variable case, there is no t-dependence, and explicit expressions for the
little q-Jacobi polynomials fPL

m(x; aÒ bÒ cÒ d; q)Ûm 2 N0g are given by (cf. [AA1]):

PL
m(x; aÒ b; q) :=

(�1)mq(m
2)(qa; q)m

(qm+1ab; q)m
2û1

"
q�mÒ qm+1ab

qa
; qÒ qx

#
(3.17)

Usually the little q-Jacobi polynomials are normalized such that the explicit expression
is given by only the 2û1 part of (3.17).

Finally, we define two families of ‘classical’ BCn type orthogonal polynomials. Let
ãÒ å Ù �1 and ú Ù 0. Denote VJ for the set of parameters (ãÒ åÒ ú) which satisfies these
conditions. Define an hermitian inner product hÐ Ò ÐiãÒåJÒú on AS by

hf Ò giãÒåJÒú :=
1
n!

Z 1

x1=0
Ð Ð Ð

Z 1

xn=0
f (x)g(x)vJ(x;ãÒ å; ú) dx f Ò g 2 AS

with vJ(x;ãÒ å; ú) :=
�Qn

i=1(1 � xi)åxãi
�
j∆(x)j2ú .

DEFINITION 3.5. Let (ãÒ åÒ ú) 2 VJ . The generalized Jacobi polynomials
fPJ

ï(x;ãÒ å; ú)Ûï 2 P+g are defined by the following two conditions:
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(1) PJ
ï(ãÒ å; ú) = mï +

P
ñÚï;ñ2P+ dJ

ïÒñ(ãÒ å; ú)mñ for some dJ
ïÒñ(ãÒ å; ú) 2 C.

(2) hPJ
ï(ãÒ å; ú)Òmñ i

ãÒå
JÒú = 0 if ñ Ú ï.

In the one variable case, the Jacobi polynomials fPJ
m(x;ãÒ å)Ûm 2 N0g are indepen-

dent of ú, and are explicitly given by

PJ
m(x;ãÒ å) :=

(�1)m(ã + 1)m

(m + ã + å + 1)m
2F1

"
�mÒm + ã + å + 1

ã + 1
; x
#

(3.18)

with

2F1

"
aÒ b

c
; z
#

:=
1X

n=0

(a)n(b)n

(c)nn!
zn

the hypergeometric function and

(a)n := a(a + 1) Ð Ð Ð (a + n � 1) (n 2 N)

the Pochhammer symbol, (a)0 := 1. Usually the Jacobi polynomials are written as
functions of 1 � 2x and normalized differently (cf. [EM], Section 10.8).

The generalized Jacobi polynomials are closely related to the Heckman-Opdam poly-
nomials of type BCn. The BCn type Heckman-Opdam polynomials are defined as follows
(cf. [HO], [H1]). We will use the notation introduced in Remark 3.1. Denote hÐ Ò Ði for
the standard hermitian inner product on Cn, so heiÒ eji = éiÒj. A multiplicity function
k is a function k: R ! C such that kã = kwã for all ã 2 R, w 2 W. k = (kã)ã2R

is completely determined by k1 := ke1 , k2 := ke1+e2 and k3 := k2e1 , so we will some-
times denote k = (k1Ò k2Ò k3). Let VHO be the set of parameters (k1Ò k2Ò k3) such that
k1 + k3 Ù � 1

2 Ò k3 Ù � 1
2 and k2 Ù 0. Define a hermitian inner product on AW for k 2 VHO

by

hf Ò gik :=
Z 2ô

í1=0
Ð Ð Ð

Z 2ô

ín=0
f (eií)g(eií)éJ(í; k) dí f Ò g 2 AWÒ

with eií = (eií1 Ò    Ò eiín) and weight function

éJ(í; k) :=
Y
ã2R

(e
1
2 ihãÒíi � e�

1
2 ihãÒíi)kã

= c(k)
nY

j=1

�
sin2(íjÛ2)

�k1+k3
�
cos2(íjÛ2)

�k3 Y
lÚm

j sin2(ílÛ2) � sin2(ímÛ2)j2k2

with c(k) = 4n(k1+2k3)+n(n�1)k2 .

DEFINITION 3.6. Let k 2 VHO. The BCn type Heckman-Opdam polynomials
fPHO

ï (x; k)Ûï 2 P+g are defined by the following two conditions:
(1) PHO

ï (k) = m̃ï +
P
ñÚï;ñ2P+ dHO

ïÒñ(k)m̃ñ for some dHO
ïÒñ(k) 2 C,

(2) hPHO
ï (k)Ò m̃ñik = 0 if ñ Ú ï.

Note that
mï

�
sin2(íÛ2)

�
= (�4)�jïjm̃ï(eií) +

X
ñÚï

bïÒñm̃ñ(eií)
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for certain constants bïÒñ. A calculation shows then that the defining conditions for PJ
ï

(Definition 3.5) withã = k1+k3�
1
2 Ò å = k3�

1
2 and ú = k2 become the defining conditions

for PHO
ï (k) (Definition 3.6) under the change of variables xi := sin2(íiÛ2) (i = 1Ò    Ò n),

up to the constant (�4)jïj. So the relation between Heckman-Opdam polynomials of type
BCn and the generalized Jacobi polynomials is given by

PHO
ï (eií; k) = (�4)jïjPJ

ï(sin2(íÛ2); k1 + k3 �
1
2
Ò k3 �

1
2
Ò k2)(3.19)

for ï 2 P+, with sin2(íÛ2) :=
�
sin2(í1Û2)Ò    Ò sin2(ínÛ2)

�
.

In the one variable case, we have the following limit transitions: m 2 N0, then

lim
è!0

 
è(cd)

1
2

q
1
2

!m

ÐPAW
m

 
q

1
2 x

è(cd)
1
2

; èq
1
2 a(dÛc)

1
2 Ò è�1q

1
2 (cÛd)

1
2 Ò �è�1q

1
2 (dÛc)

1
2 Ò �èq

1
2 b(cÛd)

1
2 ; q

!

= PB
m(x; aÒ bÒ cÒ d; q)(3.20)

for (aÒ bÒ cÒ d) 2 Vq
B,

lim
è!0

� è

q
1
2

�m
PAW

m

�q
1
2 x
è

; èq
1
2 bÒ è�1q

1
2 Ò �q

1
2 Ò �q

1
2 a; q

�
= PL

m(x; aÒ b; q)(3.21)

for (aÒ b) 2 Vq
L and

lim
d#0

PB
m(x; bÒ aÒ 1Ò d; q) = PL

m(x; aÒ b; q)(3.22)

for (aÒ b) 2 Vq
L (cf. [K2],[K3] and [S1]). These three limit transitions induce the hierarchy

structure between these three families of orthogonal polynomials within the Askey-
Wilson scheme. For the limit q tends to 1, we have the following limits in the one
variable case:

lim
q"1

PAW
m

�
x; cÒ

qã+1

c
Ò

qå+1d
c

Ò
c
d

; q
�

= kcÒd
m PJ

m

 
1 + c2 � c(x + x�1)
(1 � d)(1 � c2Ûd)

;ãÒ å
!

(3.23)

for ãÒ å Ù �1 and cÒ d 6= 0, d 6= 1, c2 6= d with kcÒd
m := ( (d�1)(1�c2Ûd)

c )m,

lim
q"1

PB
m(x; qãÒ qåÒ cÒ d; q) =

�
�(c + d)

�m
PJ

m

�c � x
c + d

;ãÒ å
�

m 2 N0(3.24)

for ãÒ å Ù �1 and cÒ d Ù 0, and

lim
q"1

PL
m(x; qãÒ qå; q) = PJ

m(x;ãÒ å) m 2 N0(3.25)

for ãÒ å Ù �1. These limit transitions follow immediately from the explicit expressions
for the one variable orthogonal polynomials ((3.8), (3.13), (3.17) and (3.18)). We will
generalize these limit transitions to the BCn case.
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4. Selfadjoint, triangular operators and their eigenvalues. In this section, fix q 2
(0Ò 1). For each family of BCn type polynomials defined in Section 3, we will introduce
a selfadjoint, triangular operator. By application of the propositions of Section 2, we can
conclude that the polynomials are joint eigenfunctions of the operator. Proposition 2.3(b)
gives an alternative description of the polynomials for a subset of the parameter domain.
This turns out to be crucial for the proofs of the limit transitions. In each case, we will
investigate this subset of the parameter domain more carefully at the end of the section
by comparing eigenvalues of the operators which are related by the partial order.

We start with defining the selfadjoint, triangular operators in each case.
Define a second order q-difference operator DaÒbÒcÒd

AWÒqÒt by

(DAWf )(x) :=
nX

i=1

�
†AW

i (x)(TqÒi f � f )(x) + ûAW
i (x)(Tq�1 Òif � f )(x)

�
(4.1)

for f 2 AW, with
(TqÒif )(x) := f (x1Ò    Ò xi�1Ò qxiÒ xi+1Ò    Ò xn)Ò(4.2)

the q-shift in the i-th component, and functions †AW
i (x; aÒ bÒ cÒ d; qÒ t) and

ûAW
i (x; aÒ bÒ cÒ d; qÒ t) given by

†AW
i (x) :=

(1 � axi)(1 � bxi)(1 � cxi)(1 � dxi)
(1 � x2

i )(1 � qx2
i )

Y
l6=i

(1 � txixl)(1 � txix�1
l )

(1 � xixl)(1 � xix�1
l )

Ò(4.3)

ûAW
i (x) := †AW

i (x�1
1 Ò    Ò x�1

n )(4.4)

We have (cf. [K1], Lemma 5.2):

PROPOSITION 4.1. Let ï 2 P+. For arbitrary aÒ bÒ cÒ dÒ t 2 C, there exist constants
cAW
ïÒñ (aÒ bÒ cÒ d; qÒ t) 2 C (ñ � ï) depending polynomially on aÒ bÒ cÒ dÒ t and rationally on

q, such that
DAWÒtm̃ï =

X
ñ�ï

cAW
ïÒñ (t)m̃ñ

The leading term cAW
ïÒï (aÒ bÒ cÒ d; qÒ t) will be denoted by aAW

ï (aÒ bÒ cÒ d; qÒ t) and is given
by

aAW
ï :=

nX
j=1

�
q�1abcdt2n�j�1(qïj � 1) + tj�1(q�ïj � 1)

�
(4.5)

The nature of the dependenceof cAW
ïÒñ on a, b, c, d, t, q follows by inspection of the proof

of Lemma 5.2 in [K1]. In [K1] it is also proved that DaÒbÒcÒd
AWÒqÒt is selfadjoint with respect

to hÐ Ò ÐiaÒbÒcÒd
AWÒqÒt if (aÒ bÒ cÒ d) 2 VAW and t 2 (0Ò 1), and that hm̃ïÒ m̃ñiAWÒt is continuous in t

for t 2 (0Ò 1), for all ïÒ ñ 2 P+. If (aÒ bÒ cÒ d) 2 C4 with abcd Û2 f1Ò q�1Ò q�2Ò   g then
we have aAW

ï (t) = aAW
ñ (t) as polynomials in t if and only if ï = ñ. So application of the

propositions in Section 2 shows that PAW
ï (t) is an eigenfunction of DAWÒt with eigenvalue

aAW
ï (t) for all t 2 (0Ò 1), and it gives full orthogonality of the polynomials.
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For the big q-Jacobi case, we define a second order q-difference operator DaÒbÒcÒd
BÒqÒt by

replacing in the expression of DAW (formula (4.1)), †AW
i by †B

i and ûAW
i by ûB

i with
†B

i (x; aÒ bÒ cÒ d; qÒ t) given by

†B
i (x) := qtn�1

�
a �

c
qxi

��
b +

d
qxi

�Y
l6=i

xl � txi

xl � xi

and ûB
i (x; aÒ bÒ cÒ d; qÒ t) given by

ûB
i (x) :=

�
1 �

c
xi

��
1 +

d
xi

�Y
l6=i

xi � txl

xi � xl


For the little q-Jacobi case, define DaÒb
LÒqÒt := DbÒaÒ1Ò0

BÒqÒt , so denote

†L
i (x; aÒ b; qÒ t) := †B

i (x; bÒ aÒ 1Ò 0; qÒ t)Ò

ûL
i (x; aÒ b; qÒ t) := ûB

i (x; bÒ aÒ 1Ò 0; qÒ t)

We have (cf. [S1]):

PROPOSITION 4.2. Let ï 2 P+.
(1) For arbitrary aÒ bÒ cÒ dÒ t 2 C, there exist constants cB

ïÒñ(aÒ bÒ cÒ d; qÒ t) 2 C
(ñ � ï) depending polynomially on aÒ bÒ cÒ dÒ t and Laurent polynomially on q, such that

DBÒtmï =
X
ñ�ï

cB
ïÒñ(t)mñ

The leading term cB
ïÒï(aÒ bÒ cÒ d; qÒ t) is independent of c and d and will be denoted by

aBÒL
ï (aÒ b; qÒ t). aBÒL

ï is given by

aBÒL
ï :=

nX
j=1

�
qabt2n�j�1(qïj � 1) + tj�1(q�ïj � 1)

�
(4.6)

(2) For arbitrary aÒ bÒ t 2 C, there exist constants cL
ïÒñ(aÒ b; qÒ t) 2 C (ñ � ï)

depending polynomially on aÒ bÒ t and Laurent polynomially on q, such that

DLÒtmï =
X
ñ�ï

cL
ïÒñ(t)mñ

We have cL
ïÒï(aÒ b; qÒ t) = aBÒL

ï (aÒ b; qÒ t).

Clearly part (2) of the proposition is a direct consequence of part (1), since it is clear
that

cL
ïÒñ(aÒ b; qÒ t) = cB

ïÒñ(bÒ aÒ 1Ò 0; qÒ t)Ò ñ � ï(4.7)

The Laurent polynomial dependence of cB
ïÒñ and cL

ïÒñ on q was not explicitly stated in
[S1] but follows by inspection of the proof of Proposition 4.2 in [S1].
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In [S1] it is also proved that DaÒbÒcÒd
BÒqÒt is selfadjoint with respect to hÐ Ò ÐiaÒbÒcÒd

BÒqÒt if

(aÒ bÒ cÒ d) 2 Vq
B and t 2 (0Ò 1), and it is proved that DaÒb

LÒqÒt is selfadjoint with respect

to hÐ Ò ÐiaÒb
LÒqÒt if (aÒ b) 2 Vq

L and t 2 (0Ò 1). Furthermore, hmïÒmñiBÒt and hmïÒmñiLÒt

depend continuously on t for t 2 (0Ò 1) for all ïÒ ñ 2 P+. If (aÒ b) 2 C2 such that
ab Û2 fq�2Ò q�3Ò   g then we have that aBÒL

ï (t) = aBÒL
ñ (t) as polynomials in t if and only if

ñ = ï. So we can apply the propositions of Section 2. This gives that PB
ï(t) resp. PL

ï(t) is
an eigenfunction of DBÒt resp. DLÒt with eigenvalue aBÒL

ï (t) for all t 2 (0Ò 1), and it proves
full orthogonality in the big resp. little q-Jacobi case.

For the generalized Jacobi polynomials, denote ]j := ]
]xj

. Define a second order

differential operator DãÒå
JÒú by

DãÒå
JÒú :=

nX
j=1

�
(xj � 1)xj]

2
j +

�
(2 + ã + å)xj � (ã + 1)

�
]j

+2ú(xj � 1)xj∆(x)�1(]j∆)(x)]j

�
(4.8)

We will use the notations and definitions of Remark 3.1, and we denote hÐ Ò Ði for the
standard inner product on Cn, so heiÒ eji = éiÒj. Define ö(ãÒ åÒ ú) 2 Cn by

ö(ãÒ åÒ ú) :=
1
2

nX
i=1

�
ã + å + 1 + 2(n � i)ú

�
ei(4.9)

We have the following proposition

PROPOSITION 4.3. Fix ï 2 P+. For arbitrary ãÒ åÒ ú 2 C there exist constants
cJ
ïÒñ(ãÒ å; ú) 2 C (ñ � ï) depending polynomially on ãÒ å and ú, such that

DJmï =
X
ñ�ï

cJ
ïÒñmñ

The leading term cJ
ïÒï(ãÒ å; ú) will be denoted by aJ

ï(ãÒ å; ú). aJ
ï is given by

aJ
ï(ãÒ å; ú) := hïÒ ï + 2ö(ãÒ åÒ ú)i(4.10)

PROOF. This can be proved by a straightforward calculation (compare with [V],
p. 817).

Furthermore, we have that DãÒå
JÒú is selfadjoint with respect to hÐ Ò ÐiãÒåJÒú for all (ãÒ åÒ ú) 2

VJ (compare with [V], p. 816, Theorem 4.3. Be aware of the fact that the change
of variables xi = cos(íi) in the proof of Theorem 4.3 in [V] should be replaced by
xi = cos(2íi)). The first part of Proposition 2.2 gives that

DãÒå
JÒú PJ

ï(ãÒ å; ú) = aJ
ï(ãÒ å; ú)PJ

ï(ãÒ å; ú)(4.11)

for allï 2 P+ and (ãÒ åÒ ú) 2 VJ. Full orthogonality of the generalized Jacobi polynomials
can not be proved with the help of the single selfadjoint, triangular operator DJ. Full
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orthogonality can be established by proving the existence of a commutative algebra
consisting of selfadjoint, triangular differential operators generated by n independent
differential operators. Then for fixed (ãÒ åÒ ú) 2 VJ and fixed ïÒ ñ 2 P+ with ï 6= ñ,
one can always find a differential operator in this commutative algebra such that its
eigenvalue for PJ

ï(ãÒ å; ú) is different from its eigenvalue for PJ
ñ(ãÒ å; ú). With the help

of this operator, it follows that hPJ
ï(ãÒ å; ú)ÒPJ

ñ (ãÒ å; ú)iãÒåJÒú = 0 (see [H1], [HO] and [H],
in these papers it is done for Jacobi polynomials associated with arbitrary root systems).

We finish this section with comparing the eigenvalues related by the partial order Ú
on P+. We use the notation introduced in Remark 3.1. Denote Q+ := N0- spanfR+g for
the positive cone of the root lattice. The set S of simple roots for R+ is given by

S := fei � ei+1g
n�1
i=1 [ feng(4.12)

For r 2 Q+, there exist unique ks(r) 2 N0(s 2 S) such that r =
P

s2S ks(r)s. Define the
height of r 2 Q+ by ht(r) :=

P
s2S ks(r). Denote R̃+ for the set of positive roots of the

form ei and ei � ej (i Ú j).

PROPOSITION 4.4. Let ñÒ ï 2 P+, with ñ � ï. Then we can walk from ñ to ï while
staying within P+ by successively adding an element of R̃+.

PROOF. It is sufficient to prove that for arbitrary ñ Ú ï, there exists ã 2 R̃+ such that
ñ + ã 2 P+ and ñ + ã � ï, because induction with respect to ht(ï � ñ) will then give
the desired result. So fix ñÒ ï 2 P+, such that ñ Ú ï. Write

ï � ñ =
n�1X
i=1

ci(ei � ei+1) + cnenÒ

with cj 2 N0. So we have that ïk � ñk = ck � ck�1 for k = 2Ò    Ò n and ï1 � ñ1 = c1.
Furthermore we have that

iX
j=1

(ïj � ñj) = ci i = 1Ò    Ò n

Let fcpÒ    Ò cq�1g (p Ú q) be a string such that cj Ù 0 for j = pÒ    Ò q� 1 and such that
cp�1 = 0 (or p = 1) and cq = 0 (or q = n + 1). Then ñp�1 ½ ïp�1 ½ ïp Ù ñp (or p = 1
and ïp Ù ñp) and ñq Ù ïq ½ ïq+1 ½ ñq+1 (or q = n + 1, or q = n and ñq Ù ïq). So
ã = ep � eq 2 R̃+ does the job for q Ú n + 1, and ã = ep 2 R̃+ for q = n + 1.

REMARK 4.5. It is not always possible, if ï ½ ñ, to go within P+ from ñ to ï

by successively adding a simple root. For example, take ñ = (0Ò 0) (n = 2) or ñ =
(ñ1Ò    Ò ñn) with ñ1 = Ð Ð Ð = ñn (n ½ 3).

The following proposition extends the result in ([vD], Lemma 5.1) to a larger param-
eter set.

PROPOSITION 4.6. Fix ïÒ ñ 2 P+ with ñ Ú ï. Then

aAW
ñ (aÒ bÒ cÒ d; qÒ t) Ú aAW

ï (aÒ bÒ cÒ d; qÒ t)

for all aÒ bÒ cÒ dÒ t 2 C satisfying abcd 2 [�qÒ 1) and t 2 (0Ò 1).
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PROOF. According to Proposition 4.4, there exists a sequenceï = ï(0)Ò ï(1)Ò    Ò ï(j) =
ñ in P+ such that ï(i�1) � ï(i) 2 R̃+ for i = 1Ò    Ò j. Since

aAW
ï � aAW

ñ =
jX

i=1
(aAW

ï(i�1) � aAW
ï(i) )Ò

it will be sufficient to prove the proposition for ñ Ú ï with ï � ñ 2 R̃+.

CASE (1). Suppose ï � ñ = ei for some i 2 f1Ò    Ò ng, so ïj = ñj for j 6= i and
ïi = ñi + 1 ½ 1. Then

aAW
ï (aÒ bÒ cÒ d; qÒ t) � aAW

ñ (aÒ bÒ cÒ d; qÒ t) = (�q�2abcdt2(n�i)qïi + q�ïi )(1 � q)ti�1Ò

so in this case we have that aAW
ï (aÒ bÒ cÒ d; qÒ t) Ù aAW

ñ (aÒ bÒ cÒ d; qÒ t) for all t 2 (0Ò 1) if
abcd Ú 1.

CASE (2). Suppose ï � ñ = ei � ej for certain 1 � i Ú j � n, so ïi = ñi + 1,
ïj = ñj � 1 and ïk = ñk for k 6= iÒ j. A calculation gives that

aAW
ï (aÒ bÒ cÒ d; qÒ t) � aAW

ñ (aÒ bÒ cÒ d; qÒ t) = (1 � q)ti�1q�ñi�1(1 � tj�iqñi�ñj+1)

ð(1 + abcdt2n�i�jqñi+ñj�1)

Since i Ú j and ñi ½ ñj, we have that aAW
ï (aÒ bÒ cÒ d; qÒ t) � aAW

ñ (aÒ bÒ cÒ d; qÒ t) Ù 0 for
all t 2 (0Ò 1) if abcd ½ �q.

As an immediate consequence, we have

PROPOSITION 4.7. Fix ïÒ ñ 2 P+ with ñ Ú ï.
Then

aBÒL
ñ (aÒ b; qÒ t) Ú aBÒL

ï (aÒ b; qÒ t)

for all aÒ bÒ t 2 C satisfying ab 2 [�q�1Ò q�2) and t 2 (0Ò 1).

Comparing the eigenvalues related by the partial order in the case of generalized
Jacobi polynomials, gives:

PROPOSITION 4.8. Fix ïÒ ñ 2 P+ with ñ Ú ï.
Then

aJ
ñ(ãÒ å; ú) Ú aJ

ï(ãÒ å; ú)

for all (ãÒ åÒ ú) 2 VJ.

PROOF. There exists a sequence ï = ï(0)Ò ï(1)Ò    Ò ï(j) = ñ in P+ such that ï(i�1) �

ï(i) 2 R̃+ for all i = 1Ò    Ò j (Proposition 4.4). Since

hïÒ ï + 2öi � hñÒ ñ + 2öi =
jX

i=1
(hï(i�1)Ò ï(i�1) + 2öi � hï(i)Ò ï(i) + 2öi)Ò

it is sufficient to prove the proposition for ñÒ ï 2 P+ with ï � ñ 2 R̃+.
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CASE (1). ï � ñ = ei, so ïi = ñi + 1 ½ 1 and ïk = ñk for k 6= i. Then

hï � ñÒ ï + ñi = 2ïi � 1 ½ 1Ò

and (4.9), together with the definition of VJ , implies

hï � ñÒ 2ö(ãÒ åÒ ú)i = ã + å + 1 + 2(n � i)ú Ù �1

So hïÒ ï + 2ö(ãÒ åÒ ú)i � hñÒ ñ + 2ö(ãÒ åÒ ú)i = hï � ñÒ ï + ñ + 2ö(ãÒ åÒ ú)i Ù 0.

CASE (2). ï�ñ = ei�ej for certain 1 � i Ú j � n. Then ïi = ñi +1 ½ ñj +1 = ïj +2
and ïk = ñk for k 6= iÒ j. Then we have that

hï � ñÒ ï + ñi = 2(ïi � ïj) � 2 ½ 2Ò

and (4.9) implies
hï � ñÒ 2ö(ãÒ åÒ ú)i = 2(j � i)ú Ù 0Ò

since ú Ù 0. So hïÒ ï + 2ö(ãÒ åÒ ú)i � hñÒ ñ + 2ö(ãÒ åÒ ú)i Ù 2.

5. The limit transitions. For (aÒ b) 2 C2 and ï 2 P+, define

Jï(aÒ b) := ft 2 (0Ò 1)ÛaBÒL
ï (aÒ b; qÒ t) 6= aBÒL

ñ (aÒ b; qÒ t) for all ñ Ú ïg(5.1)

In this section, we will generalize the limit transitions from Askey-Wilson polynomials to
big and little q-Jacobi polynomials and a limit transition from big q-Jacobi polynomials
to little q-Jacobi polynomials ((3.20), (3.21) and (3.22)) to the multivariable case (BCn)
for parameter values aÒ bÒ cÒ dÒ t with (aÒ bÒ cÒ d) 2 Vq

B resp. (aÒ b) 2 Vq
L and t 2 Jï(aÒ b).

Furthermore, we will generalize the limit transition from the Askey-Wilson polynomials
to the Jacobi polynomials (3.23) and the limit transition from big resp. little q-Jacobi
polynomials to the Jacobi polynomials ((3.24) resp. (3.25)) to the multivariable case for
the full parameter domain.

Denote jïj :=
Pn

i=1 ïi for ï 2 P+ and c1 + c2x := (c1 + c2x1Ò    Ò c1 + c2xn) resp.
x�1 := (x�1

1    Ò x�1
n ) for c1Ò c2 2 C and x = (x1Ò    Ò xn). The limit transitions are given

by

THEOREM 5.1. Fix ï 2 P+.
(1) Fix q 2 (0Ò 1). Suppose that (aÒ bÒ cÒ d) 2 Vq

B and t 2 Jï(aÒ b), then

lim
è!0

 
è(cd)

1
2

q
1
2

!jïj
PAW
ï

 
q

1
2 x

è(cd)
1
2

; èq
1
2 a(dÛc)

1
2 Ò è�1q

1
2 (cÛd)

1
2 Ò �è�1q

1
2 (dÛc)

1
2 Ò

�èq
1
2 b(cÛd)

1
2 ; qÒ t

!
= PB

ï(x; aÒ bÒ cÒ d; qÒ t)(5.2)

(2) Fix q 2 (0Ò 1). Suppose that (aÒ b) 2 Vq
L and t 2 Jï(aÒ b), then

lim
è!0

� è

q
1
2

�jïj
PAW
ï

�q
1
2 x
è

; èq
1
2 bÒ è�1q

1
2 Ò �q

1
2 Ò �q

1
2 a; qÒ t

�
= PL

ï(x; aÒ b; qÒ t)(5.3)
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(3) Fix q 2 (0Ò 1). Suppose that (aÒ b) 2 Vq
L and t 2 Jï(aÒ b), then

lim
d#0

PB
ï(x; bÒ aÒ 1Ò d; qÒ t) = PL

ï(x; aÒ b; qÒ t)(5.4)

(4) Let (ãÒ åÒ ú) 2 VJ and cÒ d 2 C such that cÒ d 6= 0, c2 6= d, d 6= 1. Then

lim
q"1

PAW
ï

�
x; cÒ

qã+1

c
Ò

qå+1d
c

Ò
c
d

; qÒ qú
�

= kcÒd
jïjP

J
ï

 
1 + c2 � c(x + x�1)
(1 � d)(1 � c2Ûd)

;ãÒ å; ú
!

(5.5)

with kcÒd
m := ( (d�1)(1�c2Ûd)

c )m.
(5) Let (ãÒ åÒ ú) 2 VJ and cÒ d Ù 0, then

lim
q"1

PB
ï(x; qãÒ qåÒ cÒ d; qÒ qú ) = (�1)jïj(c + d)jïjPJ

ï

�c � x
c + d

;ãÒ å; ú
�
(5.6)

(6) Suppose that (ãÒ åÒ ú) 2 VJ, then

lim
q"1

PL
ï(x; qãÒ qå; qÒ qú ) = PJ

ï(x;ãÒ å; ú)(5.7)

The limits are pointwise limits in the following sense:
Denote P̃ := fï = (ï1Ò    Ò ïn) 2 ZnÛï1 ½ Ð Ð Ð ½ ïng. We will see later that the

rescaled Askey-Wilson polynomials on the left hand side of (5.2) and (5.3) can be written
as symmetric Laurent polynomials of the form

P
ñ2P̃ dñmñ(x). All the other functions

occurring in Theorem 5.1 are symmetric polynomials of the form
P
ñ2P+ dñmñ(x). We

will say that a symmetric (Laurent) polynomial p(sÒ x) =
P
ñ2P̃ dñ(s)mñ(x) tends to the

symmetric (Laurent) polynomial p(x) =
P
ñ2P̃ dñmñ(x) for s tending to zero, if for every

fixed (x1Ò    Ò xn) 2 (C n f0g)n,

lim
s!0

p(sÒ x) = p(x)

If P̃(s) := fñ 2 P̃Ûdñ(s) 6= 0g is contained in a finite subset J ² P̃ for all s in an open
neighbourhood of 0, then lims!0 p(sÒ x) = p(x) if and only if lims!0 dñ(s) = dñ for all
ñ 2 P̃.

Note that for the limit transitions (5.2), (5.3) and (5.5), a definition of BCn type Askey-
Wilson polynomials for more general parameter values is needed. We will introduce this
definition later on.

REMARK 5.2. The first three limit transitions are especially valid for the parameter
values a, b, c, d and t satisfying �1

q � ab Ú 1
q2 , cÒ d Ù 0 and t 2 (0Ò 1), in view of

Proposition 4.7. Note that these conditions are independent of ï 2 P+.

In view of limit transition (5.6) resp. (5.5), we will first look what happens with
the second order differential operator DãÒå

JÒú under the change of variables xi = c�yi

c+d

(i = 1Ò    Ò n) resp. xi = 1+c2�c(yi+y�1
i )

(1�d)(1�c2Ûd) (i = 1Ò    Ò n).
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Under the change of variables xi = c�yi
c+d (i = 1Ò    Ò n) for c + d 6= 0, the second order

differential operator DãÒå
JÒú becomes

DãÒåÒcÒd
BÒJÒú :=

nX
j=1

�
(yj � c)(yj + d)] 2

j +
�
(2 + ã + å)yj + d(ã + 1) � c(å + 1)

�
]j

+2ú(yj � c)(yj + d)∆(y)�1(]j∆)(y)]j

�
(5.8)

We have

mï(c1 + c2y1Ò    Ò c1 + c2yn) = cjïj2 mï(y) +
X
ñÚï

bïÒñ(c1Ò c2)mñ(y)(5.9)

with bïÒñ(c1Ò c2) a polynomial expression in c1 and c2, of degree jïj � jñj in c1 and of
degree jñj in c2 for c1Ò c2 2 C. Hence

(DãÒå
JÒú mï)

�c � y
c + d

�
=
�
�(c + d)

��jïj
(DãÒåÒcÒd

BÒJÒú mï)(y)

+
X
ñÚï

bïÒñ

 
c

(c + d)
Ò

�1
(c + d)

!
(DãÒåÒcÒd

BÒJÒú mñ)(y)(5.10)

By Proposition 4.3 and by application of (5.9), the left hand side of (5.10) can be rewritten
as

aJ
ï(ãÒ å; ú)

�
�(c + d)

��jïj
mï(y) +

X
ñÚï

dïÒñ(ãÒ åÒ cÒ d; ú)mñ (y)(5.11)

for certain dïÒñ(ãÒ åÒ cÒ d; ú) 2 C with (c + d)jñjdïÒñ(ãÒ åÒ cÒ d; ú) 2 C depending polyno-
mially on ã, å, c, d and ú. By complete induction with respect to ï it follows from (5.10)
and (5.11) that

DãÒåÒcÒd
BÒJÒú mï =

X
ñ�ï

cBÒJ
ïÒñ(ãÒ åÒ cÒ d; ú)mñ(5.12)

with cBÒJ
ïÒñ(ãÒ åÒ cÒ d; ú) depending polynomially on ã, å, ú, c, d, and with leading term

cBÒJ
ïÒï(ãÒ åÒ cÒ d; ú) = aJ

ï(ãÒ å; ú) independent of c and d (aJ
ï given by (4.10)).

Note that

∆(y)�1(]j∆)(y) =
X
k6=j

1
yj � yk



Define

∆̃(y) :=
nY

i=1
y1�n

i

Y
1�kÚl�n

(yk � yl)(ykyl � 1)Ò(5.13)

then we have that

∆̃(y)�1(]j∆̃)(y) =
(y2

j � 1)

y2
j

X
k6=j

1
yj + y�1

j � yk � y�1
k


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With the help of this formula, one deduces that under the change of variables xi =
1+c2�c(yi+y�1

i )
(1�d)(1�c2Ûd) , the second order differential operator DãÒå

JÒú becomes

DãÒåÒcÒd
AWÒJÒú =

nX
j=1

 y2
j (1 � cyj)(1 � yjÛc)(1 � yjcÛd)(1 � yjdÛc)

(1 � y2
j )2

] 2
j

+2
yj(1 � cyj)(1 � yjÛc)(1 � yjcÛd)(1 � yjdÛc)

(1 � y2
j )3

]j

�yj

�
(ã + 1)(1 � yjcÛd)(1 � yjdÛc) + (å + 1)(1 � cyj)(1 � yjÛc)

�
(1 � y2

j )
]j

+2ú
y2

j (1 � cyj)(1 � yjÛc)(1 � yjcÛd)(1 � yjdÛc)

(1 � y2
j )2

∆̃(y)�1(]j∆̃)(y)]j

!


Note that
mï(y + y�1) = m̃ï(y) +

X
ñÚï

cïÒñm̃ñ(y)Ò(5.14)

for certain cïÒñ 2 C, hence we have by (5.9) that

(5.15)

mï

 
1 + c2 � c(y + y�1)
(1 � d)(1 � c2Ûd)

!
=
 

�c
(1 � d)(1 � c2Ûd)

!jïj
m̃ï(y) +

X
ñÚï

b̃ïÒñ(cÒ d)m̃ñ(y)

for certain b̃ïÒñ(cÒ d) 2 C with
�
(1 � d)(1 � c2Ûd)

�jïj
b̃ïÒñ(cÒ d) depending polynomially

on c and d. It follows now from (4.3), with similar arguments as for the proof of (5.12),
that

DãÒåÒcÒd
AWÒJÒúm̃ï =

X
ñ�ï

cAWÒJ
ïÒñ (ãÒ åÒ cÒ d; ú)m̃ñ

for cÒ d 6= 0, c2 6= d, d 6= 1 with constants cAWÒJ
ïÒñ depending polynomially on ãÒ å and ú.

The leading term cAWÒJ
ïÒï (ãÒ åÒ cÒ d; ú) = aJ

ï(ãÒ å; ú) is independent of c and d (aJ
ï given

by (4.10)). The behaviour of the second order q-difference operators under the limit
transitions is given by

PROPOSITION 5.3. Fix ï 2 P+.
(1) Fix (aÒ bÒ cÒ d) 2 C4 and q 2 (0Ò 1), then for all ñ � ï we have that

(5.16)

c̃AWÒB
ïÒñ (tÒ è) :=

 
è(cd)

1
2

q
1
2

!jïj�jñj
cAW
ïÒñ

�
èq

1
2 a(dÛc)

1
2 Ò è�1q

1
2 (cÛd)

1
2 Ò �è�1q

1
2 (dÛc)

1
2 Ò �èq

1
2 b(cÛd)

1
2 ; qÒ t

�

depends polynomially on t and è, and the zero order term with respect to the variable è
is cB

ïÒñ(aÒ bÒ cÒ d; qÒ t).
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(2) Fix (aÒ b) 2 C2 and q 2 (0Ò 1), then for all ñ � ï we have that

c̃AWÒL
ïÒñ (tÒ è) :=

� è

q
1
2

�jïj�jñj
cAW
ïÒñ (èq

1
2 bÒ è�1q

1
2 Ò �q

1
2 Ò �q

1
2 a; qÒ t)(5.17)

depends polynomially on t and è, and the zero order term with respect to the variable è
is cL

ïÒñ(aÒ b; qÒ t).
(3) Fix (aÒ b) 2 C2 and q 2 (0Ò 1), then for all ñ � ï we have that cB

ïÒñ(bÒ aÒ 1Ò d; qÒ t)
depends polynomially on t and d, and the zero order term with respect to the variable d
is cL

ïÒñ(aÒ b; qÒ t).
(4) Fix (ãÒ åÒ ú) 2 VJ and cÒ d 2 C such that cÒ d 6= 0, c2 6= d and d 6= 1, then for all

ñ � ï we have that

lim
q"1

cAW
ïÒñ (cÒ qã+1ÛcÒ qå+1dÛcÒ cÛd; q; qú)

(1 � q)2
= cAWÒJ

ïÒñ (ãÒ åÒ cÒ d; ú)

(5) Fix (ãÒ åÒ ú) 2 VJ and cÒ d Ù 0, then for all ñ � ï we have that

lim
q"1

cB
ïÒñ(qãÒ qåÒ cÒ d; qÒ qú )

(1 � q)2
= cBÒJ

ïÒñ(ãÒ åÒ cÒ d; ú)

(6) Fix (ãÒ åÒ ú) 2 VJ, then for all ñ � ï we have that

lim
q"1

cL
ïÒñ(qãÒ qå; qÒ qú)

(1 � q)2
= cJ

ïÒñ(ãÒ å; ú)

PROOF. We first prove (2). Fix (aÒ b) 2 C2. Proposition 4.1 implies that c̃AWÒL
ïÒñ (tÒ è)

depends polynomially on t, and Laurent polynomially on è. So it is sufficient to prove
that for arbitrary fixed t 2 C,

lim
è!0

c̃AWÒL
ïÒñ (tÒ è) = cL

ïÒñ(t)

So fix t 2 C. Proposition 4.1 gives for fixed aÒ bÒ t 2 C and 0 6= è 2 R that

� è

q
1
2

�jïj
(D(èq1Û2bÒè�1q1Û2Ò�q1Û2Ò�q1Û2a)

AWÒqÒt m̃ï)
�q

1
2 x
è

�
(5.18)

is equal to
X
ñ�ï

c̃AWÒL
ïÒñ (tÒ è)

� è

q
1
2

�jñj
m̃ñ

�q
1
2 x
è

�
(5.19)

Let for ó 2 P̃, c̃ó(è) be the coefficient of mó(x) :=
P
ö2Só xö in (5.19). This makes sense,

since m̃ñ(q
1
2 xÛè) is a symmetric Laurent polynomial for all ñ 2 P+. In fact, we have for

ñ 2 P+ that � è

q
1
2

�jñj
m̃ñ

�q
1
2 x
è

�
= mñ(x) + r(x; è)(5.20)
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with r(x; è) a sum of monomials mó(x) with ó 2 P̃, ón Ú 0 and jój Ú jñj, with coefficient
given by a polynomial expression in è, homogeneous of degree jñj� jój. Combining this
with the following two limits (cf. [S1])

lim
è!0

†AW
i

�q
1
2 x
è

; èq
1
2 bÒ è�1q

1
2 Ò �q

1
2 Ò �q

1
2 a; qÒ t

�
= †L

i (x; aÒ b; qÒ t)Ò(5.21)

lim
è!0

ûAW
i

�q
1
2 x
è

; èq
1
2 bÒ è�1q

1
2 Ò �q

1
2 Ò �q

1
2 a; qÒ t

�
= ûL

i (x; aÒ b; qÒ t)Ò(5.22)

and with Proposition 4.2, resp. formula (5.19) gives for ó 2 P̃ with ón Ú 0 that

lim
è!0

c̃ó(è) = 0Ò

and for ñ 2 P+ that

lim
è!0

c̃ñ(è) = lim
è!0

c̃AWÒL
ïÒñ (tÒ è) = cL

ïÒñ(t)

This proves (2).
(1) We have the following limits (cf. [S1]):

lim
è!0

†AW
i

 
q

1
2 x

è(cd)
1
2

; èq
1
2 a(dÛc)

1
2 Ò è�1q

1
2 (cÛd)

1
2 Ò �è�1q

1
2 (dÛc)

1
2 Ò �èq

1
2 b(cÛd)

1
2 ; qÒ t

!

= †B
i (x; aÒ bÒ cÒ d; qÒ t)(5.23)

lim
è!0

ûAW
i

 
q

1
2 x

è(cd)
1
2

; èq
1
2 a(dÛc)

1
2 Ò è�1q

1
2 (cÛd)

1
2 Ò �è�1q

1
2 (dÛc)

1
2 Ò �èq

1
2 b(cÛd)

1
2 ; qÒ t

!

= ûB
i (x; aÒ bÒ cÒ d; qÒ t)(5.24)

The proof is now completely analogous to the proof of (1).
(3) Follows directly from Proposition 4.2 and formula (4.7).
(4) An arbitrary second order q-difference operator

D :=
nX

i=1

�
ô�i (x)(TqÒi � Id) + ô+

i (x)(Tq�1 Òi � Id)
�

can be rewritten in the following way

(Df )(x) =
nX

i=1

 
Ai(x)

�
Tq�1Òi

�
(DiÒ�

q )2f
��

(x) + Bi(x)
�
Tq�1Òi(D

iÒ�
q f )

�
(x)
!
Ò(5.25)

with DiÒ�
q the backward partial q-derivative in direction i given by

(DiÒ�
q f )(x) :=

(f � TqÒif )(x)
(1 � q)xi
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and

Ai(x) = q�1(1 � q)2x2
i ô

�
i (x)Ò

Bi(x) = q�1(1 � q)xi

�
ô+

i (x) � qô�i (x)
�


Fix (ãÒ åÒ ú) 2 VJ and cÒ d 2 C such that cÒ d 6= 0, c2 6= d and d 6= 1. Rewrite DAW in the
form (5.25), so let

ô�i (x) = †AW
i (x) =

(1 � axi)(1 � bxi)(1 � cxi)(1 � dxi)
(1 � x2

i )(1 � qx2
i )

tn�1∆̃(x)�1(TtÒi∆̃)(x)Ò

ô+
i (x) = ûAW

i (x) =
(a � xi)(b � xi)(c � xi)(d � xi)

(1 � x2
i )(q � x2

i )
tn�1∆̃(x)�1(Tt�1Òi∆̃)(x)Ò

with ∆̃(x) given by (5.13). It is immediate that

lim
q"1

Ai(x; cÒ qã+1ÛcÒ qå+1dÛcÒ cÛd; qÒ qú)
(1 � q)2

=
x2

i (1 � cxi)(1 � xiÛc)(1 � xidÛc)(1 � xicÛd)
(1 � x2

i )2


To evaluate the limit for Bi, we need the following remark. Let z be a complex variable
and fix q 2 (0Ò 1), then define for uÒ v 2 R, Dq

uÒv by

(Dq
uÒvf )(z) :=

�
(Tq�u � Tqv )f

�
(z)

(1 � q)z
Ò

with (Tsf )(z) := f (sz). Then DuÒv maps C[z] into C[z], resp. C[zÒ z�1] into C[zÒ z�1], and

lim
q"1

(Dq
uÒvf )(z) = (u + v)

df
dz

(z) 8f 2 C[zÒ z�1]

Note that Dq
0Ò1 is the backward partial q-derivative in the variable z. In particular, we

have that

lim
q"1

(Tq�ú Òj∆̃ � Tqú Òj∆̃)(x)
(1 � q)xj

= 2ú(]j∆̃)(x)

A straightforward calculation gives then that

lim
q"1

Bi(x; cÒ qã+1ÛcÒ qå+1dÛcÒ cÛd; qÒ qú)
(1 � q)2

= 2
xi(1 � cxi)(1 � xiÛc)(1 � xicÛd)(1 � xidÛc)

(1 � x2
i )3

�xi

�
(ã + 1)(1 � xicÛd)(1 � xidÛc) + (å + 1)(1 � cxi)(1 � xiÛc)

�
(1 � x2

i )

+2ú
x2

i (1 � cxi)(1 � xiÛc)(1 � xicÛd)(1 � xidÛc)
(1 � x2

i )2
∆̃(x)�1(]i∆̃)(x)
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Hence we have

lim
q"1

(DcÒqã+1ÛcÒqå+1dÛcÒcÛd
AWÒqÒqú f )(x)

(1 � q)2
= (DãÒåÒcÒd

AWÒJÒú f )(x) 8f 2 AW

Consequently, the coefficients satisfy

lim
q"1

cAW
ïÒñ (cÒ qã+1ÛcÒ qå+1dÛcÒ cÛd; qÒ qú)

(1 � q)2
= cAWÒJ

ïÒñ (ãÒ åÒ cÒ d; ú)

for all ñ � ï.
(5) Fix (ãÒ åÒ ú) 2 VJ and cÒ d Ù 0. Rewrite the second order q-difference operator

DB in the form (5.25). The Ai’s and Bi’s are then given by the following expressions:

Ai(x) = (1 � q)2q�2(qaxi � c)(qbxi + d)tn�1∆(x)�1(TtÒi∆)(x)Ò

Bi(x) =
(1 � q)

q
tn�1

 �
xi + (d � c)�

cd
xi

�
∆(x)�1(Tt�1 Òi∆)(x)

�
�

q2abxi + (qad � qbc)�
cd
xi

�
∆(x)�1(TtÒi∆)(x)

!
(5.26)

Similar calculations as for (4) gives then that

lim
q"1

(Dqã Òqå ÒcÒd
BÒqÒqú f )(x)

(1 � q)2
= (DãÒåÒcÒd

BÒJÒú f )(x) 8f 2 ASÒ

hence the coefficients cB
ïÒñ(qãÒ qåÒ cÒ d; qÒ qú ) (ñ � ï) satisfy

lim
q"1

cB
ïÒñ(qãÒ qåÒ cÒ d; qÒ qú )

(1 � q)2
= cBÒJ

ïÒñ(ãÒ åÒ cÒ d; ú)

(6) This is a special case of (5).

Next we will define the BCn type orthogonal polynomials for more general parameter
values. Fix q 2 (0Ò 1). Let X denote AW, B or L. Denote mX

ï := m̃ï for X = AW resp.
mX
ï := mï for X = B and L.

LEMMA 5.4. Fix (aÒ bÒ cÒ d) 2 VX (if X = AW) resp. (aÒ bÒ cÒ d) 2 Vq
X (if X = B) resp.

(aÒ b) 2 Vq
X (if X = L). Let ñ Ú ï, then there exists a polynomial pïÒñ(fxóÒögö�ó�ï)

(independent of X) and homogeneous of total degree #fó 2 P+Ûó Ú ïg such that the
rational function in t given by

d̃X
ïÒñ(t) :=

pïÒñ
�
fcX

óÒö(t)gö�ó�ï
�

Q
óÚï

�
cX
ïÒï(t) � cX

óÒó(t)
�(5.27)

is a rational extension of the function t 7! dX
ïÒñ(t): (0Ò 1) ! C, where dX

ïÒñ(t) is the
coefficient of mX

ñ in the expansion of PX
ï(t) with respect to the basis fmX

óÛó 2 P+g (cf.
Definition 3.2, 3.3 resp. 3.4).
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PROOF. For the given values of aÒ bÒ cÒ d we have that cX
ñÒñ(t) = aX

ñ(t) 6= aX
ï(t) = cX

ïÒï(t)
as polynomials in t if ï 6= ñ, so d̃X

ïÒñ(t) is a well defined rational function in t. In view
of Proposition 2.5(a) and (2.6), there exists a polynomial pïÒñ such that (5.27) is the
rational extension of dX

ïÒñ(t). The polynomial pïÒñ does not depend on X and can be
chosen homogeneous of total degree #fó 2 P+Ûó Ú ïg in view of Remark 2.6.

Fix (aÒ bÒ cÒ d) 2 C4 (if X = AW or B) or (aÒ b) 2 C2 (if X = L) such that abcd Û2

f1Ò q�1Ò q�2Ò   g (if X = AW) or ab Û2 fq�2Ò q�3Ò   g (if X = B or L). Then, as observed
in paragraph 4, cX

ïÒï(t) = aX
ï(t) 6= aX

ñ(t) = cX
ñÒñ(t) as polynomials in t if ï 6= ñ. Define d̃X

ïÒñ

for these values of a, b, c, d by (5.27), and define

P̃X
ï(x; t) := mX

ï(x) +
X
ñÚï

d̃X
ïÒñ(t)mX

ñ(x)(5.28)

for t 2
T
ñÚï dom(d̃X

ïÒñ). As a consequence of Lemma 5.4, Proposition 2.5 and Remark 2.7
we have:

COROLLARY 5.5. Keep the same assumptions on a, b, c, d as in Lemma 5.4. Then
(0Ò 1) ² dom(d̃X

ïÒñ) for all ñ Ú ï and P̃X
ï(Ð; t) = PX

ï(Ð; t) for all t 2 (0Ò 1).

Hence for each ï 2 P+, the polynomial P̃X
ï is a well defined extension of the poly-

nomial PX
ï to a larger set of parameters (aÒ bÒ cÒ dÒ t). We will write PX

ï(Ð; t) instead of
P̃X
ï(Ð; t). For the limit transitions (Theorem 5.1), we only need the extended definition of

Askey-Wilson polynomials.

REMARK 5.6. According to Proposition 2.1 and 2.5, the BCn type Askey-Wilson
polynomials for general parameter values have the following properties:

Fix ï 2 P+, and let aÒ bÒ cÒ d 2 C and t 2 C such that aAW
ï (aÒ bÒ cÒ d; qÒ t) 6=

aAW
ñ (aÒ bÒ cÒ d; qÒ t) for all ñ Ú ï, then PAW

ï is an eigenfunction of DAW with eigen-
value aAW

ï (aÒ bÒ cÒ d; qÒ t). Furthermore, if one can extend the inner product hÐ Ò ÐiAWÒt for
more general values of (aÒ bÒ cÒ d) (abcd Û2 f1Ò q�1Ò q�2Ò   g), such that hf Ò giAWÒt is
continuous in t for t 2 (0Ò 1) for all f Ò g 2 AW, and such that DAW is selfadjoint with
respect to hÐ Ò ÐiAW, then the corresponding orthogonal polynomials (Definition 3.2) are
exactly the polynomials PAW

ï (aÒ bÒ cÒ d; qÒ t) as defined by (5.28), for all t 2 (0Ò 1) (cf.
Remark 2.7).

PROOF OF THEOREM 5.1. We first prove (2).
(2) Let (aÒ b) 2 Vq

L and t 2 Jï(aÒ b). Note that

aAW
ï (èq

1
2 bÒ è�1q

1
2 Ò �q

1
2 Ò �q

1
2 a; qÒ t) = aBÒL

ï (aÒ b; qÒ t)(5.29)

Hence we have, in view of (5.19), that

� è

q
1
2

�jïj
PAW
ï

�q
1
2 x
è

; èq
1
2 bÒè�1q

1
2 Ò �q

1
2 Ò �q

1
2 a; qÒ t

�
=

� è

q
1
2

�jïj
m̃ï

�q
1
2 x
è

�
+
X
ñÚï

d̃AWÒL
ïÒñ (tÒ è)

� è

q
1
2

�jñj
m̃ñ

�q
1
2 x
è

�
Ò(5.30)
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where

d̃AWÒL
ïÒñ (tÒ è) =

pïÒñ
�
fc̃AWÒL

óÒö (tÒ è)gö�ó�ï
�

Q
óÚï

�
aBÒL
ï (aÒ b; qÒ t) � aBÒL

ó (aÒ b; qÒ t)
� (5.31)

The denominator on the right hand side is non-zero since t 2 Jï(aÒ b). Now apply
Proposition 5.3(2) and (5.20).

(1) Note that

(5.32)

aAW
ï

�
èq

1
2 a(dÛc)

1
2 Ò è�1q

1
2 (cÛd)

1
2 Ò �è�1q

1
2 (dÛc)

1
2 Ò �èq

1
2 b(cÛd)

1
2 ; qÒ t

�
= aBÒL

ï (aÒ b; qÒ t)

Similar arguments as for (2) give then the desired result.
(3) Same arguments as for (1) can be applied with d playing the role of è, since

aBÒL
ï (aÒ b; qÒ t) is independent of d and symmetric in a and b.

(4) Fix (ãÒ åÒ ú) 2 VJ and cÒ d 2 C such that cÒ d 6= 0, c2 6= d and d 6= 1. Denote the
right hand side of formula (5.5) by P̂AWÒJ

ï (x;ãÒ åÒ cÒ d; ú), then

P̂AWÒJ
ï (x;ãÒ åÒ cÒ d; ú) = m̃ï(x) +

X
ñÚï

d̂AWÒJ
ïÒñ (ãÒ åÒ cÒ d; ú)m̃ñ (x)

for certain constants d̂AWÒJ
ïÒñ (ãÒ åÒ cÒ d; ú) 2 C in view of (5.15). P̂AWÒJ

ï (x;ãÒ åÒ cÒ d; ú)

is an eigenfunction of DãÒåÒcÒd
AWÒJÒú with eigenvalue aJ

ï(ãÒ å; ú), because PJ
ï(x;ãÒ å; ú) is an

eigenfunction of DãÒå
JÒú with eigenvalue aJ

ï(ãÒ å; ú). Hence

P̂AWÒJ
ï (Ð;ãÒ åÒ cÒ d; ú) =

 Y
ñÚï

DãÒåÒcÒd
AWÒJÒú � aJ

ñ(ãÒ å; ú)

aJ
ï(ãÒ å; ú) � aJ

ñ(ãÒ å; ú)

!
m̃ï

in view of Proposition 2.1 and Proposition 4.8. So we have for ñ Ú ï that

d̂AWÒJ
ïÒñ (ãÒ åÒ cÒ d) =

pïÒñ
�
fcAWÒJ

óÒö (ãÒ åÒ cÒ d; ú)gö�ó�ï
�

Q
óÚï

�
aJ
ï(ãÒ å; ú) � aJ

ó(ãÒ å; ú)
�

by Proposition 2.5(a) and (2.6), where pïÒñ is the same polynomial as in (5.27). Note that

aAW
ï (cÒ qã+1ÛcÒ qå+1dÛcÒ cÛd; qÒ qú) = aBÒL

ï (qãÒ qå; qÒ qú)Ò

and aBÒL
ï (qãÒ qå; qÒ qú) Ù aBÒL

ñ (qãÒ qå; qÒ qú) for all ï Ù ñ and all q 2 (0Ò 1) (Proposi-
tion 4.7). Since pïÒñ is homogeneous of total degree #fó 2 P+Ûó Ú ïg, we thus have by
Lemma 5.4 that

dAW
ïÒñ (cÒ

qã+1

c
Ò

qå+1d
c

Ò
c
d

; qÒ qú ) =
pïÒñ

�
fc̃AW

óÒö (cÒ qã+1ÛcÒ qå+1dÛcÒ cÛd; qÒ qú)gö�ó�ï
�

Q
óÚï

�
ãBÒL
ï (qãÒ qå; qÒ qú ) � ãBÒL

ó (qãÒ qå; qÒ qú)
�

with

c̃AW
óÒö (cÒ qã+1ÛcÒ qå+1dÛcÒ cÛd; qÒ qú) =

cAW
óÒö (cÒ qã+1ÛcÒ qå+1dÛcÒ cÛd; qÒ qú)

(1 � q)2
Ò
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ãBÒL
ó (qãÒ qå; qÒ qú ) =

aBÒL
ó (qãÒ qå; qÒ qú)

(1 � q)2


We have that
lim
q"1

ãBÒL
ó (qãÒ qå; qÒ qú ) = aJ

ó(ãÒ å; ú)

for all ó 2 P+, so it follows from Proposition 5.3(4) that

lim
q"1

dAW
ïÒñ (cÒ qã+1ÛcÒ qå+1dÛcÒ cÛd; qÒ qú) = d̂AWÒJ

ïÒñ (ãÒ åÒ cÒ d; ú)

for all ñ Ú ï.
The proof of (5) and (6) can be given in a similar way.

REMARK 5.7. For limit transition (5.6), the condition cÒ d Ù 0 can be weakened to
c + d 6= 0 if one uses the extended definition of the big q-Jacobi polynomials. For subsets
of the set of parameter values a, b, c, d, t for which we proved limit (5.5), a proof of
(5.5) was already known by looking at the behaviour of the orthogonality measure when
q tends to 1. See [M1] for a three parameter subset, and [vD], Proposition 4.3 for a five
parameter subset. For the limit transitions from big resp. little q-Jacobi polynomials to
Jacobi polynomials ((5.6) resp. (5.7)), this technique can also be applied. See the end of
Section 6 (Proposition 6.5) for more details.

6. Some remarks about the limit transitions. We first discuss the possibilities to
extend the limit transitions (5.2), (5.3) and (5.4) to the whole parameter domain. Fix
(aÒ bÒ cÒ d) 2 Vq

X (if X = B) or (aÒ b) 2 Vq
X (if X = L) and fix q 2 (0Ò 1). Then

d̃AWÒX
ïÒñ (tÒ è) :=

pïÒñ
�
fc̃AWÒX

óÒö (tÒ è)gö�ó�ï
�

Q
óÚï

�
aBÒL
ï (aÒ b; qÒ t) � aBÒL

ó (aÒ b; qÒ t)
�(6.1)

for X = B resp. L and ñ Ú ï depend polynomially on è and rationally on t. Since
aBÒL
ï (aÒ b; qÒ t) is independent of c and d, we have for ñ Ú ï that

d̃BÒL
ïÒñ(aÒ b; q; tÒ d) :=

pïÒñ
�
fcB

óÒö(bÒ aÒ 1Ò d; qÒ t)gö�ó�ï
�

Q
óÚï

�
aBÒL
ï (aÒ b; qÒ t) � aBÒL

ó (aÒ b; qÒ t)
�(6.2)

depends polynomially on d and rationally on t. Fix ï 2 P+. We have that limit transition
(5.3) holds for t 2 (0Ò 1) if and only if for all ñ Ú ï the following two conditions are
satisfied:

(1) t 2 dom
�
d̃AWÒL
ïÒñ (ÐÒ è)

�
for è sufficiently small,

(2) limè!0 d̃AWÒL
ïÒñ (tÒ è) = dL

ïÒñ(t).
This follows from (5.20) and (5.30). Similar remarks hold for the limit transitions

(5.2) and (5.4). We have the following lemma.

LEMMA 6.1. Fix m 2 N0. Let J be a topological space, J0 a dense subset of J and
f0Ò    Ò fm: J0 ! C continuous functions. Define the function f : J0 ð C ! C by

f (tÒ è) :=
mX

k=0
èkfk(t) t 2 J0Ò è 2 C(6.3)
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Suppose there exist m + 1 different points fè0Ò    Ò èmg such that the functions

t 7! f (tÒ èi): J0 ! C (i = 0Ò    Òm)

can be extended to continuous functions from J to C. Then the functions f0Ò    Ò fm can
be extended to continuous functions from J to C.

In particular we have that there is a unique extension of f to a continuous function
from J ð C to C such that f (tÒ 0) = f0(t) for all t 2 J (cf. (6.3)).

PROOF. We have for all t 2 J0 the matrix identity

f̨ (t) = Ąg(t)Ò(6.4)

with f̨ (t) resp. g̨(t) the column vector with i-th entry f (tÒ èi) resp. fi(t) (i = 0Ò    Òm) and A
the matrix with (iÒ j)-th entry (èi)j (iÒ j = 0Ò    Òm) (i the row index, j the column index).
The lemma follows, since every entry of the column vector f̨ (t) can be extended to a
continuous function from J to C and A is invertible.

For fixed ï 2 P+ and fixed a and b, take J = (0Ò 1), and Jï(aÒ b) for the dense subset
of J (Jï(aÒ b) given by (5.1)), then in the next proposition we will apply Lemma 6.1 on
the functions (6.1) and (6.2), with m the highest degree of the functions as polynomials
in è resp. d. Note that in these situations, an algebraic proof can be given of Lemma 6.1.

PROPOSITION 6.2. Fix ï 2 P+.

(1) Fix (aÒ bÒ cÒ d) 2 Vq
B. Suppose that d̃AWÒB

ïÒñ (tÒ è) satisfies the conditions of Lemma 6.1

for all ñ Ú ï. Then (0Ò 1) ² dom
�
d̃AWÒB
ïÒñ (Ð; è)

�
for all è and all ñ Ú ï, and limit transition

(5.2) is valid for all t 2 (0Ò 1).

(2) Fix (aÒ b) 2 Vq
L. Suppose that d̃AWÒL

ïÒñ (tÒ è) satisfies the conditions of Lemma 6.1 for

all ñ Ú ï. Then (0Ò 1) ² dom
�
d̃AWÒL
ïÒñ (Ð; è)

�
for all è and all ñ Ú ï, and limit transition

(5.3) is valid for all t 2 (0Ò 1).

(3) Fix (aÒ b) 2 Vq
L. Suppose that d̃BÒL

ïÒñ(tÒ d) satisfies the conditions of Lemma 6.1 for

all ñ Ú ï. Then (0Ò 1) ² dom
�
d̃BÒL
ïÒñ(Ð; d)

�
for all d and all ñ Ú ï, and limit transition

(5.4) is valid for all t 2 (0Ò 1).

PROOF. In view of Lemma 6.1 and Remark 2.7, it is sufficient to check that (5.2),
(5.3) resp. (5.4) holds for t 2 Jï(aÒ b), so Theorem 5.1 gives the desired result.

As a corollary, we have

THEOREM 6.3. Let t 2 (0Ò 1), (aÒ b) 2 Vq
L and ï 2 P+, then

lim
d#0

PB
ï(x; bÒ aÒ 1Ò d; qÒ t) = PL

ï(x; aÒ b; qÒ t)(6.5)
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PROOF. Fix (aÒ b) 2 Vq
L. Fix d Ù 0 such that b Ù �1Ûdq, then (bÒ aÒ 1Ò d) 2 Vq

B.
Hence d̃BÒL

ïÒñ(tÒ d) = dB
ïÒñ(bÒ aÒ 1Ò d; qÒ t) for all t 2 (0Ò 1) and for all ñ Ú ï (Corollary 5.5).

The big q-Jacobi polynomials

PB
ï(x; bÒ aÒ 1Ò d; qÒ t) = mï(x) +

X
ñÚï

dB
ïÒñ(bÒ aÒ 1Ò d; qÒ t)mñ(x) (ï 2 P+)

are orthogonal with respect to the inner product hÐ Ò ÐibÒaÒ1Òd
BÒqÒt . Proposition 2.3, applied to this

inner product, implies that dB
ïÒñ(bÒ aÒ 1Ò d; qÒ t) depends continuously on t for t 2 (0Ò 1).

Hence Proposition 6.2(3) can be applied.

REMARK 6.4. The proof of Theorem 6.3 for arbitrary t 2 (0Ò 1) makes essential use
of the interpretation of the polynomials as orthogonal polynomials.

In order to prove the limit transitions (5.2) and (5.3) for all (aÒ bÒ cÒ d) 2 Vq
B resp.

(aÒ b) 2 Vq
L and all t 2 (0Ò 1), an interpretation of BCn type Askey-Wilson polynomials

as orthogonal polynomials for more general parameter values is needed (cf. Remark 5.6),
so that the same argument as in Theorem 6.3 can be applied.

In the one variable case, Askey-Wilson polynomials for more general values of
(aÒ bÒ cÒ d) have an interpretation as orthogonal polynomials. The orthogonality domain
consists then of a continuous part and a discrete part, the discrete part coming from
residues. In the one variable case, Koornwinder showed that in the limits from Askey-
Wilson polynomials to big resp. little q-Jacobi polynomials, the discrete part of the
orthogonality domain of the Askey-Wilson polynomials blows up to the orthogonality
domain of the big resp. little q-Jacobi polynomials, while the discrete part shrinks to f0g
(cf. [K2] p. 812).

Recently, the first author has written down the orthogonality measure for the multi-
variable Askey-Wilson polynomials with partly continuous, partly discrete measure and
described in detail the limit transitions to big resp. little q-Jacobi polynomials for the
case t = qk with k 2 N (cf. [S2]).

Define an inner product [Ð Ò Ð]ãÒåÒcÒdJÒú on AS for cÒ d Ù 0, (ãÒ åÒ ú) 2 VJ by

[f Ò g]JÒú :=
1
n!

Z c

x1=�d
Ð Ð Ð

Z c

xn=�d
f (x)g(x)wJ(x; ú) dxÒ f Ò g 2 ASÒ(6.6)

with weight function wJ(x;ãÒ åÒ cÒ d; ú) given by

wJ(x; ú) :=
� nY

i=1
(1 � xiÛc)ã(1 + xiÛd)å

�
j∆(x)j2ú 

The polynomials fPJ
ï

�
c�x
c+d ;ãÒ å; ú)Ûï 2 P+g are orthogonal with respect to [Ð Ò Ð]ãÒåÒcÒdJÒú .

PROPOSITION 6.5. Fix ïÒ ñ 2 P+.
(1) Let ã 2 (0Ò1)Ò å 2 (0Ò1) and ú 2 [1Û2Ò1), then

lim
q"1
hmïÒmñi

qã Òqå

LÒqÒqú = hmïÒmñi
ãÒå
JÒú 

(2) Let ãÒ åÒ ú 2 N and cÒ d Ù 0, then

lim
q"1
hmïÒmñi

qãÒqå ÒcÒd
BÒqÒqú = [mïÒmñ]ãÒåÒcÒdJÒú 
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PROOF. (1) Fix m1Òm2 2 R such that m2 ½ m1 and m1 + m2 ½ 1. Then

lim
q"1

�
qm1z; q

�
1

(qm2 z; q)1
= (1 � z)m2�m1

uniform for z on fz 2 CÛjzj � 1g (cf. [K4]). This implies for the function

gïÒñ(x;ãÒ å; ú; q) := q(n
2)úmï

�
x0(ú)

�
mñ

�
x0(ú)

�
v(x0(ú); qã Ò qå; qÒ qú )

with x0(ú) = (x1Ò qúx2Ò    Ò q(n�1)úxn), and fixed ãÒ å 2 (0Ò1), ú 2 [1
2 Ò1), that

lim
q"1

gïÒñ(x;ãÒ å; ú; q) = mï(x)mñ(x)vJ(x;ãÒ å; ú)(6.7)

uniformly on V := f(x1Ò    Ò xn)Û1 ½ x1 ½ Ð Ð Ð ½ xn ½ 0g. So we have:

lim
q"1
hmïÒmñi

qãÒqå

LÒqÒqú = lim
q"1

Z 1

x1=0

Z x1

x2=0
Ð Ð Ð

Z xn�1

xn=0
gïÒñ(x;ãÒ å; ú; q) dq x

=
1
n!

lim
q"1

Z 1

x1=0
Ð Ð Ð

Z 1

xn=0
mï(x)mñ(x)vJ(x;ãÒ å; ú) dq x

=
1
n!

Z 1

x1=0
Ð Ð Ð

Z 1

xn=0
mï(x)mñ(x)vJ(x;ãÒ å; ú) dx

= hmïÒmñi
ãÒå
JÒú 

For the first equality we used that

Z ç

0
h(u) dqu := ç

Z 1

0
h(çu) dqu (ç 6= 0)Ò

for the second equality we used the uniform convergence of the integrand (formula
(6.7)) and that vJ is symmetric, and for the third equality we used that vJ is continuous
on [0Ò 1]n and the fact that (3.4) is also valid for multidimensional Jackson integrals with
continuous integrands.

(2) For ú = k 2 N, the inner product hÐ Ò ÐiaÒbÒcÒd
BÒqÒqk simplifies to

hf Ò giB =
1
n!

Z c

x1=�d
Ð Ð Ð

Z c

xn=�d
f (x)g(x)w(x) dqxÒ

with weight function

w(x; aÒ bÒ cÒ d; qÒ qk ) =
nY

i=1

�
qxiÛcÒ �qxiÛd; q

�
1

(qaxiÛcÒ �qbxiÛd; q)1
∆k(x)Ò

and

∆k(x) := (�1)k(n
2)q�(k

2)(n
2)

k�1Y
l=0

Y
i6=j

(xi � qlxj)
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(cf. [S1]). We have that

lim
q"1

w(x; qãÒ qåÒ cÒ d; qÒ qú ) = wJ(x;ãÒ åÒ cÒ d; ú)

uniformly for x 2 [�dÒ c]n, if cÒ d Ù 0 and ãÒ åÒ ú 2 N. Similar arguments as in (1) gives
the desired result.

With the help of this proposition, it is also possible to prove that the BCn type big and
little q-Jacobi polynomials are q-analogues of the generalized Jacobi polynomials, with
techniques very similar to the techniques used by Macdonald to investigate the limit q
tends to 1 for his orthogonal polynomials associated with general root systems (cf. [M1]).
See also [vD], Proposition 4.3, where these techniques were used for the limit transition
from Askey-Wilson polynomials to Jacobi polynomials (formula (5.5)).
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