
ON THE COLOURINGS O F GRAPHS 
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( r e c e i v e d M a r c h 9, 1961) 

A g raph G i s defined by a set V(G) of v e r t i c e s , a set 
E(G) of e d g e s , and a r e l a t i on of inc idence which a s s o c i a t e s with 
each edge two d i s t inc t v e r t i c e s ca l l ed i t s e n d s . We c o n s i d e r 
only the c a s e in which V(G) and E(G) a r e both f ini te . 

An n - c o l o u r i n g of G i s u sua l ly defined a s a mapp ing f of 
V(G) into the set of i n t e g e r s { 1, 2, . . . , n} which m a p s the 
two ends of any edge onto d i s t inc t i n t e g e r s . The i n t e g e r s 1 to n 
a r e the n " co lou r s ' 1 . Much w o r k h a s been done on n - c o l o u r i n g s 
in r e c e n t y e a r s , e s p e c i a l l y by G. A. D i r a c . 

Le t u s i n t roduce a compl i ca t i on by a s s i g n i n g to each edge 
A a co lou r g(A) and redef ining an n - c o l o u r i n g of G a s a m a p ­
ping f of V(G) into { 1, 2, . . . , n} such tha t the ends of an 
edge A a r e not both m a p p e d into g(A). The two ends of an edge 
can now r e c e i v e the s a m e co lou r , p rov ided tha t it i s not that .of 
the edge . The old definit ion c o r r e s p o n d s to the c a s e in which 
any two v e r t i c e s jo ined by an edge a r e jo ined by n edges of 
d i f ferent c o l o u r s . 

Suppose a v e r t e x VQ i s jo ined to v e r t i c e s V i , V£, • » « , v n 

by e d g e s of c o l o u r s 1, 2, . . . , n r e s p e c t i v e l y . Then it i s 
e a s i l y seen tha t t h e r e i s no n - c o l o u r i n g of G in which v^ h a s 
c o l o u r 1, V£ h a s co lou r 2 and so on. It i s found tha t f rom the 
o r i g i n a l r e q u i r e m e n t that the ends of an edge A m u s t not both 
have the co lou r g(A) we can deduce a h i e r a r c h y of c o l o u r -
p r o p o s i t i o n s . The typ ica l c o l o u r - p r o p o s i t i o n m a y be r e p r e s e n t e d 
by a symbol [S^ , S£, . . . , S n ] , w h e r e the S^ a r e s u b s e t s of 
V(G). It a s s e r t s the fa l s i ty of the s t a t e m e n t tha t G h a s an n -
co lour ing in which e v e r y m e m b e r of S, h a s c o l o u r 1, e v e r y 
m e m b e r of S£ h a s co lou r 2 , and so on. All c o l o u r - p r o p o s i t i o n s 
in which the S^ a r e not d i s jo in t a r e t r u e . We ca l l t h e m t r i v i a l . 
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The procedure for deducing new colour-propositions from 
old ones is as follows* Suppose we have n true colour-proposi­
tions 

p i » t s 1 4 . s12. s13. . . . , s i n ] , 
p = rs , s , s , . . . , s i, 

2 L 21' 22' 23 2nJ' 

P = [S S . S , . . . , S ], 
n ni n2 n3 nn 

and suppose there is a vertex v which belongs to each diagonal 
set S... Write 

i i 

Z. = (U.n
4 S..) - {v} , (j =1, 2, . . . , n). 

Then Q = [Z^, Z2, • • • , Zn] is a true colour-proposition. For 
suppose there is a colouring C in which each member of Z. has 
colour i (for each i). Then if f(v) = j the colour-proposition 
P. must be false. We write 

3 

Q , { P i . p 2 , . . . , p n > v , 

and say that Q is the compound of the P. at v. 

If S = [S1, S2, . . . , SJ and T = [T lf T2, . . . , T j are 
colour-propositions such that S. C T- for each i we say that 
S precedes T. The truth of S then implies that of T. Note 
that S precedes S. 

We can construct a hierarchy of Trbasicn colour-propositions 
as follows. Those of rank 1 are the original colour-propositions, 
each asserting that the two ends of some edge do not both have a 
particular colour. For example if an edge A of colour 1 has ends 
x and y the corresponding basic colour-proposition of rank 1 is 

[{x,y}, 0, 0, . . . , 0] . 

Basic colour-propositions of ranks 2, 3, . . . are defined 
successively. A colour-proposition is basic and of rank n if it 
is (i) true, (ii) non-trivial, (iii) a compound of basic colour-
propositions of ranks < n, and (iv) not preceded by any basic 
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colour-proposition of rank < n. The process must of course 
terminate at some finite rank X(G). We denote the resulting 
hierarchy of basic colour-propositions by H(G). 

We a re led to enquire whether every true and non-tr ivial 
colour-proposition is preceded by a member of H(G)» In what 
follows we answer this question in the affirmative. But first 
we make a generalization in order to simplify the proof. 

We define a chromophore C as a finite set V of ver t ices 
for which certain non-tr ivial colour-propositions [S , , S?, -« . , S ] 
are asse r ted . An n-colouring of C is a mapping f of V into 
{ 1, 2, . . . , n} which is consistent with all the asser ted 
colour-proposit ions. Any one of the asser ted colour-propositions 
which is not preceded by another is a basic colour-proposition 
of rank 1. The basic colour-propositions of ranks 2, 3, . . . , 
a r e defined successively as before. We thus obtain a hierarchy 
H(C). We can say that a graph is a chromophore in which the 
colour-proposit ions of rank 1 have a special form. 

THEOREM 1. Every true non-tr ivial colour-proposition 
of a chromophore C is preceded by a member of H(C). 

Proof. If possible let C be a chromophore for which the 
theorem fails and which has the least number of ver t ices con­
sistent with this condition. 

Let Q = [CL , Û2> • • • » Q j he any true non-trivial colour-
proposition of C. Suppose first that 

V « U * Q.. 
1 = 1 1 

Then Q is preceded by some basic colour-proposition of rank 1, 
for otherwise it would define a colouring of C in which each 
member of Q^ had colour i. This would contradict the defini­
tion of Q. 

We may now suppose C has a ver tex v belonging to no 
set Q-. We define a chromophore C on V - {v} . As its 
initially a s se r t ed colour-proposit ions we take all the basic colour-
propositions [P . , P^ , . . . , P ] of C such that v belongs to 
no P^. We note that C! can have no basic colour-proposition 
of rank > 1. 
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If Q is a colour-proposit ion of C1 it is preceded by a 
basic colour-proposition of C1 by the definition of Cf , and 
therefore by a basic colour-proposit ion of C. We may the re ­
fore assume that there is a colouring f of C1 such that 
f (x) = i whenever x € Q^ (i = 1, 2, . . . , n). Let f. denote 
that mapping of V into { l , 2, . . . , n} which agrees with f1 

on V - {v} and satisfies f̂  (v) = i. (i = 1, 2, » . . , n). 

Now f- i s not a colouring of C since Q is a colour-
proposition of C. Hence there is a basic colour-proposit ion 
P i = £S i l ' S i 2 ' •• * ' S i i J o f C o f r a n k 1 s u c h t h a t f i ( x ) = 3 
for each x € S.. (j = 1, 2, . . . , n). We must suppose v € S.. 
since f! is a colouring of C! . The compound 
R = { P J » P 0) .". . , P } is non-tr ivial . It is therefore p r e -1 1 2 n J v r 

ceded by a basic colour-proposit ion R! = [Z. , Z^, . . . , Z J 
of C of rank £ 2. (Possibly R' = R. ) But then the above 
definitions imply that R! is a basic colour-proposit ion of C 
and that f1 (x) = i for each x e Z. (i = 1, 2, . . . , n). This 
contradicts the definition of f1 as a colouring of C . The 
theorem follows. 

Returning to the graph G we observe that it is permiss ib le 
to a s s e r t of the null subset 0 of V(G) that every member of 
0 has the colour i (i = 1, 2, . . . , n). So the statement that 
G has no n-colouring is equivalent to the asser t ion that 
[0, 0, . . . , 0] is a colour-proposit ion. Applying theorem 1 
we obtain 

THEOREM 2. G has no n-colouring if and only if 
[0, 0, . . . , 0] is a member of the h ierarchy H(G). 

University of Toronto 

160 

https://doi.org/10.4153/CMB-1961-019-4 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1961-019-4

