MULTIPLICATION OF STRONGLY SUMMABLE SERIES
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o0
1. Introduction. Given a series Y, a, we define 4,, A® E® (k> —-1), by the
n=0
relations

B (k+n—v k+n
av- % ( )a,, B =< * ) 4, = 4D,

v=1 n-v
The series Ta, is said to be summable (C, k), where k > -1, to the sum s if
o®) = ABIE® 5 as n—so0;

to be summable (C, —1) to s if it converges to s and na,, = o(1); to be absolutely summable
(C, k), or summable | C, k| , to s if it is summable (C, k) to s and

o0
T jaP-af | <o0;
n=1
and to be strongly Cesaro summable to s with order & > 0 and index p, or summable [C ; %, p]
to s, if

A‘I
Y |a¥Y-s|P = o(N).
n=0

Hyslop [1] has shown that necessary and sufficient conditions for Z«, to be summable
[C; k, p], where k> 0, p = 1, to the sum s are that it be summable (C, k) to the sum s and that

4

N

T | ol [P = o).

These conditions suggest that summability [C'; 0, p] be defined as convergence together with
the condition

% n® |anl” = o(N),
n=0

and on the basis of this definition Hyslop [1] has proved the inclusion theorem that summability
[C; k,p] (k=0,p>=1)of a series implies summability [C; %+ 3, ¢] of the series to the
same sum for any § > 0 and ¢ < p. He has also noted that, for £ > 0, summability | C, k | of
a series implies its summability [C'; %, 1] to the same sum.

It will be shown that, with the above natural definition for summability [C; 0, p],
certain known results involving multiplication of [C'; k, 1]-summable series with k> 0
cannot be extended to include k£ =0.

2. The following results were proved by Winn [2]; his [C, k] is the [C'; k, p] as defined
above with p = 1.

THEOREM 2. If Su,, is summable (C, k - 1), where k > 0, then it is summable [C, k] to the
samne sum.
This result also holds for £ = 0.
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30 A.V.BOYD

THEOREM 5. If Su, is summable {C, k] to s, and if Zv,, is summable (C, 1) to t, where k > 0
and 1 = 0, then Sw, = S (ugt, +Uy0,_y + ... +u,0,) is summable (C, k +1) to st.

THEOREM 6. Su, is summable [C, k] to s and v, is summable [C, 1) to t, where k > 0 and
1> 0, then Jw,, is summable [C, k +1] to st.

3. The Case k =1 = 0 of Theorem 6. If Ju, and Sv, are summable [C, 0] then, by
Hyslop’s inclusion theorem, each of these series is summable [C, 48] for any § > 0 and so, by
Winn’s Theorem 6, Sw,, is summable [C, 8]. That Sw, need not be summable [(7, 0] is shown

by the following
Counterexample 1. Let
—1)" ~ 1)
U= =0, u,= 1(zlog)n m=2), vo=0v,=v=0, v, = ﬁioglczgn (n=3).

Then Su, and Sv, are each sammable (C, 1), and so also summable [C, 0], but

N N ne—3 (_ l)n
Z,n el = 20 2 Sice it eglog (= 7)
K3 1 N g 1
= 2, 7logr Sy n-rloglog(n=7)
N-3 1] N N 1
N-3 1
>N Eg rlog rloglog (N - )’ where ¢ > 0,

> cN Nz3 1
loglog N , =% rlogr

~cN asN — .

Hence 2w, is not summable [C, 0].

It can, however, be proved that if Su, and Sv, are summable [(", 0] then Zw,, is summable
(C, 0). For,
N N n
Dnw, = X Ny Uy,
n=0 r=0

I
i M=

N
u, 2 M=r+71)v,_,
0 n=r

N N—r
5 u{V £
r=0

8=0

N » N i
X oV, + Y s, Uy,
r==0 8=0
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Since Tw, is summable [C, 8] for any 8 > 0, it is summable (C, 3) and hence summable
(€, 1). From the identity

N
N+HWP = WP + T nw,,

n=0
we have that W tends to the same limit as W("/E{"’ as N —» 0. Hence Sw, converges.

4. Counterexample 2. Let uwy =%, =0, wu, =(-1)*/(nlogn) (n=2), v,=1{
v, = v, = 0,v; = -3/loglog3, v, = 4/log log 4,
n n—2
o= (=1) {loglogn " loglog (n-2)J"
Then Vy =V, =V, =t, V, = t-(3/log log 3),

V,,=t+(—])"{

for n = 5.

n N n-1
loglogn loglog(n-1))’

forn > 4.

Now ¥V, — tasn -+ o0, so that Sv, is convergent, and hence summable [C, 1] to ¢. As before,
Su, is summable [C, 0] ; let its sum be s. Then

17

W,= 3 % UVp_q = ﬁ wV,_,,
0 r=0

p=0 g=
Hence, since (Vo= = (=) |V, ~t| | Uu_,],
N N n n
S Wa-stl= £ | & V- tirese 8 o}
n=0 =0 |r=0 r=0
N n N | n
= Z 2 (V,—t)ll,,_,. -1 Z Z Up— 8
n=0 | r=0 n=0 | r=0
N " .
= 2 Z ”/r_tl |l"n—rl+0(N)
n=0 r=0
N N—m
= 3 |u,| 2 |V,-t|+0o(N)
m=0 r=0
N-3 N,_m

- ,,Z‘Z mlog mloglog(N —m) +o(N), N >3,

= 8;+8,~8;+0(N),
Nj2 1

where 8y = N,,EZ m log m loglog(N —m)

N ¥z 1
~ loglog N ,,=2mlogm

~N as N — o0,

N-3 1

Sy=N

,,,_,ZN_,., m log m loglog(N —m) >0,

N=3 1
and S,

T §2 log m loglog (N —m)
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N=38 ]
- 0{ 2, rgenf = o0
N
Therefore ¥ |W, - st| # o(N), and Sw, is not summable [C, 1] to st. By Theorem 6, Sw,
n=0

is summable [C, 1 + 8] to sz, so that, by the inclusion theorem, it eannot be summable [C, 1]
to any sum other than st. Hence Zw,, is not summable [C, 1] and so is not summable (C, 0).
This proves that Winn’s Theorem 6 cannot be extended to the case k¥ = 0, I = 1 and his
Theorem 5 cannot be extended to include & =1 = 0.

Further, if $v, were summable [C, 1 - 8] for some & > 0, then, since Tu, is summable
[C, 48], 2w, would be summable [C, 1 — 3] and hence summable [C, 1]. Since this is not the
case, it follows that Zv, is not summable {C, 1 - 8], although it is summable (C, 0) and [C, 1].
This shows that, when k£ = 1, Winn’s Theorem 2 is in a sense ‘‘ best possible "’

5. A multiplication theorem. Following the method of proof of Theorem 6, we have the
THEOREM. If Zu, is summable [C, k), where k > 0, to s, and Zv,, is summable | C, 0 | to
t, then Jw, 1s summable [C, k] to st.

N N
Lemma (Winn {2]). If 3 |«,| = o(N), then 3 n? | o,| = o(N?*) for p > —1.
n=1 n=1

Proof of the Theorem. We have that v, is summable [C, 0]. Suppose that s = 0.
Equating coefficients of & in the identity

w a
(1-=z)* Z Ut Z vat = 3 Uk Van 3y an,

n=0 fn= n=0 n=0
k— k—
we get Wﬁ. 13 ,Z erg '1)‘
Then wE=1 = ngk—l)/ E&-1
— 1 sz(k l)u(L 1)
- E(lc—l) n— n—r ?
n
and
N |v lE(L I)Iu(L 1)
2 w(k-]) < Z r
n=0| " l n=0r=0 ELL b
N N E(L 1)|,L Hu(k 1)|
<X X =D
m=0 r=0 Em+r
= |vgu V] + 8, + 8, + 8y,
< (k—1)
where 8, = l”o | mzl | uly | = o(N)

Ly & Lo
8= 1 ="1 % g
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£ g B

and S, =X X
8 mmiio1 Eﬁ,’f:,l)
NN -]y | [4®-D
<K T l fl Ilc—": I
m=1lr=1 (m+r)

To show that S; = o(XN) it suffices to prove the result for any particular &, > 0 ; it will then
follow for all k = k,, since {m/(m +r)}*~! is a decreasing function of k. If k < 1, we have,
since v, is | C, 0,

N N
Sy > K(2n)'=F 3 mb=t |uk=D| 3 | v, |
r=1

m=1
N
= O{N1F 5 b1 ju-y |}
m=]
=0 (N1-ENk)y = o(N),
by the Lemma. Xw, is then summable [C, k] to O.

If ¢ # 0, put uy = uy-3, 4, = u,(n > 0), so that T, is summable [C, k] to 0. Then
Yw, is summable [C, k] to 0. But Sw, = Sw), +sZv, and Zv, is summable [C, k] to ¢. - Hence
Yw, is summable [C, k] to st.

Whether this result remains true when & = 0 is at present unsettled.
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