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00

1. Introduction. Given a series 2 an we define An, A^\ E^ (k> -1) , by the

relations

)a" ^ n - \ n )' • » ~ A» •

The series ]£«„ is said to be summable (C, k), where k > - 1 , to the sum s if

-+s as w -^ oo ;

to be summable (C, - 1) to s if it converges to s and nan = o(l) ; to be absolutely summable
(C, k), or summable | C, k | , to s if it is summable (C, k) to s and

S \a^-a^_x\<ao;

and to be strongly Cesaro summable to s with order k > 0 and index j>, or summable [C ; &, »̂]
to 5, if

| j * 1 ) |

Hyslop [1] has shown that necessary and sufficient conditions for 2«n to be summable
[C ; k, p], where k > 0, p ^ 1, to the sum s are that it be summable (C, &) to the sum s and that

These conditions suggest that summability [C ; 0, p] be defined as convergence together with
the condition

| n* | a* |" = o(tf),
n = 0

and on the basis of this definition Hyslop [1] has proved the inclusion theorem that summability
[C ; k, p] (k ^ 0, p ^ 1) of a series implies summability [C ; & + 8, q] of the series to the
same sum for any 8 > 0 and q < p. He has also noted that, for k ^ 0, summability | C, k \ of
a series implies its summability [C ; k, 1] to the same sum.

It will be shown that, with the above natural definition for summability [C ; 0, p],
certain known results involving multiplication of [C ; k, l]-summable series with k > 0
cannot be extended to include k=0.

2. The following results were proved by Winn [2]; his [C, k] is the [C ; k, p] as defined
above with p = 1.

THEOREM 2. If 2wn is summable (C, k -1), tvhere k > 0, then it is summable [C, k] to the
same sum.

This result also holds for k = 0.
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30 A. V. BOYD

THEOREM 5. If 2« n *« summable [C, k] to s, and if 2>,, is summable (C, I) to t, where k > 0
and 1^0, then ~Zwn = "2{uovn +u1vn_1 + ... +unv0) is summable (C, k+l) to st.

THEOBEM 6. Swn is summable [C, k] to s and 2>n is summable [C, I] to t, where k > 0 and
I > 0, then 2w>n is summable [C, k+l] to st.

3. The Case k = I = 0 of Theorem 6. If 2« n and 5>n are summable [C, 0] then, by
Hyslop's inclusion theorem, each of these series is summable [C, |8] for any 8 > 0 and ao, by
Winn's Theorem 6, 2wn is summable [C, 8], That ~Lwn need not be summable [C, 0] is shown
by the following

Counterexample 1. Let

Then 2i*n
 a n ( i 2«n

 a r e e a c n summable (C, -1) , and so also summable [C, 0], but

(-Dnff ff

2«>«l= 2
n = 0 n = 5

y
77. - r) log log (n — 5

AT-3 ] N w 1

f f 2 rlog r „=r+3 n - r log log (n - r)

rf2 rlogrN -rnJ?+3 loglog(n-r)
ff-3 I

> cN 2 -• 5—j—7T7—>» wherec> 0,
r=2 »• log r loglog (N - r)

cN * - ' 1
log log JV r = 2 r logr

Hence Ewn is not summable [C, 0].
It can, however, be proved that if 2« n and 2«\, are summable [(', 0] then 2"'n is summable

(C,0). For,
N N n

,,=0 n=U r=0

ff ff

2 « ,S (n-r + r) vn_r
r=0 n-T
ff f ff-r

= 2 uJrVx_r + 2
r=0 I. « = 0
ff ff

= 2 rurVN_r + 2 s
r=0 «=0

ff ff

2 »-|«rl + 2 «l»»
r=o «-0
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STRONGLY SUMMABLE SERIES 31

Since Ett>o is summable [C. 8] for any 8 > 0, it is summable (C, 8) and hence summable
(C, 1). From the identity

A'

• £ nwn,

' as N -*• oo. Hence £w;n converges.we have that W^ tends to the same limit as

4. Counterexample 2. Let w0 = nx = 0, ?<„ = ( - 1)"/(»log n) (n > 2), v0 = «,
Vl = v2 = 0, r3 = - 3/log log 3, v4 = 4/log log 4,

w-2 1
, for w ^ 5.loglog (TI-2)

Then Fo = F t = F2 = I, F3 = t- (3/log log 3),

?i 7b — J.

^loglogTi loglog ( f t -1 ) / ' ""

Now F n -> t as M -> oo, so that 2>n is convergent, and hence summable [C, 1] to /. As before,

X«n is summable [C, 0] ; let its sum be *. Then
>i j) n

Hence, since (Fr - t)x
X A'
V IW «/l — V

= 0 r = 0

n , J V » 1

r=0 " r lr=0 J
n

S (Vr-t)vn_r
r=0

A7

- < s(1 = 0

n

2 "̂r ~s

r = 0

m—0 r=0

_ *
- 2 7» log m log log (iV - TO)

where

and

J/2 1
1 ~ ^ m=2 W log TO ]0gl0g(iV - TO)

iV

>N

1
wi-lAM-1 '"' l o 8 m loglog(iV - ?n)

*£ 1
IN =2 log TO loglog (2V- TO)
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= o(N).

y

1=2 log mj

, is not summable [C, 1] to st. By Theorem 6,Therefore £ | Wn - st\ ¥= o(N), and
n=0

is summable [C, 1 + S] to st, so that, by the inclusion theorem, it cannot be summable [C, 1]
to any sum other than st. Hence ~Zwn is not summable [C, 1] and so is not summable (C, 0).
This proves that Winn's Theorem 6 cannot be extended to the case k — 0, I = 1 and his
Theorem 5 cannot be extended to include k = I = 0.

Further, if ~Zvn were summable [C, 1 - S] for some S > 0, then, since ~2,un is summable
[C, £S], -£wn would be summable [G, 1 - ^8] and hence summable [C, 1]. Since this is not the
case, it follows that Evn is not summable [C, 1 - 8], although it is summable (C, 0) and [C, 1].
This shows that, when k = 1, Winn's Theorem 2 is in a sense " best possible ".

5. A multiplication theorem. Following the method of proof of Theorem 6, we have the
THEOREM. IfZun is summable [C, k], where k > 0, to s, and 2^n *s summable \ C, 0 \ to

t, then 2/wn is summable [C, k] to st.

LEMMA (Winn [2]). / / S I «n| = o(N), then £ n" \ «n\ = o(N»+l)for p> - 1 .

Proof of the Theorem. We have that 2«n is summable [C, 0]. Suppose that s = 0.
Equating coefficients of xn in the identity

-x)~k 2 unxn £ vnxn = S
n-0 n=0 n=0 n=°0

we get
r = 0

Then

1 y ,. jP(*-iUi—D

and

n = 0
y y ' f | "~r ' "~r l

, = 0r=0 Ar

where = | » 0 |
m = l

bo- |w0 l
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,.,irj o V V m r W m
<m(X * 3 = 2J ZJ w t - n

mk-1 I , . I | M ( * - D |

»n = l r=l

To show that S3 = o(N) it suffices to prove the result for any particular A;o > 0 ; it will then
follow for all A; ^ k0, since {mj(m+r)}k-y is a decreasing function of k. If k < 1, we have,
since £>„ is | C, 0 | ,

N N

by the Lemma. 2wn is then summable [C, fc] to 0.
If s =t 0, put «Q = Mo ~s> un ~ un(n > 0)> s o *na* ^wr> ' s summable [C, A] to 0. Then

£iv'n is summable [C, k] to 0. But Ewn = 2w^ + «S^n and 2«n is summable [C, A;] to t. • Hence

2>,, is summable [C, k] to st.
Whether this result remains true when k = 0 is at present unsettled.
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