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1. Introduction. The list of known finite simple groups other than the 
cyclic, alternating, and Mathieu groups consists of the classical groups which 
are (projective) unimodular, orthogonal, symplectic, and unitary groups, the 
exceptional groups which are the direct analogues of the exceptional Lie 
groups, and certain twisted types which are constructed with the aid of Lie 
theory (see §§3 and 4 below). In this article, it is proved that each of these 
groups is generated by two of its elements. It is possible that one of the 
generators can be chosen of order 2, as is the case for the projective unimodular 
group (1), or even that one of the generators can be chosen as an arbitrary 
element other than the identity, as is the case for the alternating groups. 
Either of these results, if true, would quite likely require methods much more 
detailed than those used here. 

As a model on which the construction for all groups is based, the situation 
is now described for the group G of (n + l)th order unimodular matrices 
taken modulo the scalar multiples of the identity. Let k be a generator of the 
multiplicative group K* of the finite field K; h the diagonal matrix with entries 
k, hr1, 1, 1, . . . ; x the matrix with 1 in all diagonal positions and the (1, 2) 
position and 0 in all other positions; and w the matrix with 1 in the (i, i + 1) 
position for 1 < i < n, (— l)n in the (n + 1, 1) position, and 0 elsewhere. 
Then if K has more than three elements, G is generated by the elements 
represented by h and xw, while if K has two or three elements, x and w will do. 

The two-element generation of all of the above groups is covered by 3.11, 
3.13, 3.14 and 4.1 below. 

With the exception of the complex field, all fields considered in this paper 
are assumed to be finite. 

2. Roots and reflections. Let J2 ~ {au a2l . . . , an) be a simple (also 
called fundamental) system of roots corresponding to a simple Lie algebra 
over the complex field. Throughout the paper we assume that the elements 
of S f° r the various possible root systems are so labelled that (a, a) = 2 
and (a, b) = 0 for each pair of roots in ^ with the following exceptions: 

An: (at, ai+i) = — l f o r l < i < w — 1 
Bn: (ai, ai) = 1, (a<, ai+i) = — l f o r l < i < ^ — 1 
Cn: (au at) = 1 and (au o>i+i) = —1/2 for 1 < i < n — 2, 

(An-l, 0 » - l ) = — (cLn-lj CLn) = 1 

Received January 10, 1961. 

277 

https://doi.org/10.4153/CJM-1962-018-0 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1962-018-0


278 ROBERT STEINBERG 

Dn: (ah a 3) = (au a<+i) = — l f o r 2 < i < w - l 
Ew: (a*, a i+i) = (aw_3, a») = — 1 for 1 < i < « - 2 
^4: (ai, ai) = (a2, a2) = 1, (ai, #2) = - 1/2, (a2, a3) = (a8l a4) = - 1 
G2\ (ahai) = 2/3, (ai, a2) = — 1. 

Whenever it is convenient, the notation a, b, . . . is also used for ai, a2, . . . . 
The reflections wr reversing the various roots r generate a finite group W (the 
Weyl group) which is at the same time generated by the reflections Wi corres
ponding to the simple roots a*. As is well known, any two roots of the same 
length are congruent under W. 

2.1 Let w = W1W2 . . . wn (operations from right to left), (a) W is generated by 
w and w\ with the exceptions: type Bn (n > 3) or Dn (n even) when w, W\ and w2 

will do, Cn (n > 3) when w, wn-\ and wn will do, F* when w, w2 and Wz will do. 
(b) W contains the central reflection — 1 (defined by (— l)r = — r for each r in 
X)) if W is not of type An (n > 2), Dn (n odd) or E6. (c) If — I is in W, it is a 
power of w. 

Proof. Let V be the subgroup of W generated by the given elements. If W 
is of type Any then V contains each wt = wl~lWiWl~\ hence all of W. If W is 
of type B2 or G2, then F contains W\ and w2 = W\W, hence all of W. If W is of 
type Bn (n > 3), V contains W\ and each wt = wi_2w2w2~i for 2 < i < n, 
hence all of W. If W is of type Cn (n > 3), the situation is similar. If W is of 
type Dn, V contains w2 even if n is odd since then w2 = wn~1WiWl~n; thus V 
contains w% = w2wwxw~1w2l wt = w^WzW*"1* for 3 < i < n, hence all of W. 
If W is of type En, V contains wt = w^WiW^1 for 1 < i < n — 3, then 
wn-2 = ww_3w~2^ize;2w;n_3, wn_i = ^ ^ _ 2 ^ _ 1 and ww = wn-i. . . w2W\W, hence all 
of IF. Finally, if IF is of type F±, V contains w2l W\ = w~lw2w, w% and W4 = 
wwzW~x, hence all of IF. Thus (a) is true. Now if Wo is the element of IF such 
that Wo X) = ~~ Zl 1 then — WQ is an orthogonal transformation which per
mutes the roots of S • If S is not of type Ani Dn or £6 , the only possibility is 
that — Wo is the identity, whence — 1 = Wo is in W. If IF is of type Dn (n 
even), one can verify that wn~1ai = — at for each i, whence — 1 = wn~l is 
in IF. Thus (b) is proved. For the proof of (c), see 4.1 and 4.5 of (6). 

3. The normal types. Following Chevalley, let us consider a Cartan 
decomposition of a simple Lie algebra over the complex field, choose a generat
ing set {Xri Hr\r = root} to fulfil the conditions of Theorem 1 of (2) (so that 
the structural constants are all integers), transfer the base field to a finite 
field K, and then define xr(k) = exp(ad kXr) for each root r and each k in 
K, T£r = {xr(k)\k in K}, and G as the group generated by all Hr. Excluding the 
cases in which the corresponding simple system of roots ^ is of type Ax, B2 

or G2 and K has two elements and the case in which X) ls of type Ai and K 
has three elements, we obtain a simple group G and call it a normal type. 
Henceforth we also exclude explicit mention of the group G of type Cn con-
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structed over a field of characteristic 2 since it is isomorphic to the corres
ponding group of type Bn. 

The following properties are shared by the normal types. 

3.1. G is generated by those HLrfor which ± r is in £ . 

3.2. If r and s are roots such that r -\- s is not a root, then Xr and %s commute 
elementwise. 

3.3. Let r and s be roots such that r -\- s is a root and (r + s, r + s) = e(r, r) 
= e(s, s) with e > 1. Then there holds the commutator relation (xT(k), xs(l)) = 
xr+s(eekl) with e = =h 1 depending only on r and s. 

3.4. For each root r and each k in K*, the multiplicative group of K, there 
exists h = hrjk in G such that hxs(l)h~~l = xs(k

2{s,r)l{r,r)l) for each root s and 
each I in K. The elements hrfk generate an Abelian subgroup § . 

For each h in § , we also use h to denote the character on the roots defined 
by hxs(\)h~l = xs(h(s)). Thus hxs(l)h~l = xs(h(s)l) for every root s and 
every / in K. 

3.5. For each w in W, there is œ(w) in G such that ù)(w)xr(k)oo(w)~l = xwr(ek) 
for each k in K and each root r with e = ± 1 independent of k. 

3.6. &œ(W) is a group 2B which contains § as a normal subgroup and œ(W) 
as a system of coset representatives relative to § . Further, the map w —* &u(w) 
is an isomorphism of W on 2B/§. 

3.7. For each positive root r, we can (and do) choose œ(wr) = xT(l)x—r(— l )x r( l ) . 

For the proof of these results, see (2). 

3.8. If G is a normal type, then G is generated by any system of coset repre
sentations for SB over p̂ together with T£a except when G is of type Bn over a field 
of characteristic 2, or of type F± over a field of characteristic 2, or of type G2 over 
afield of characteristic 3, in which case u3Êa" is to be replaced by li%a and £6", or 
llHb and 36c", or ' % and 3Ê&", respectively. 

Proof. Since W is transitive on roots of the same length, the result is clear 
from 3.4, 3.5 and 3.6 if all roots have the same length. For the same reason 
if G is of type Bn, a system of representatives for SB over § and Ha and Ï& 
generate G. But if the characteristic is not 2 in the latter case, then ï ô may 
be omitted since the other elements generate 3La, £a+& and then (3E_Œ, ïa+&) 
= ï& by 3.3 with e = 2. The argument is similar in the other exceptional 
cases. 

3.9. Let r be a root, I in K*, and h in § such that h(r) is either a generator 
or the square of a generator of K*. Then h and xr(l) generate T£r. 

Proof. By repeated conjugation by h, we get from xT(l) all elements of the 
form xr(lk

2), and then by multiplication, xT(l X) ki2)- The numbers inside the 
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last brackets form an addi t ive subgroup which contains more than half the 
elements of K, hence must be K. 

3.10. Let r be a root, w in W, and h in § such that h(r) and h(w~lr) are genera
tors or squares of generators of K* and different from 1. Then h and xr(l) œ(w) 
generate Hr and œ(w). 

Proof. Set h(r) = k, h({w~~lr) = I, xr(l) œ(w) = x. Then y = xhx~l = 
xr(l — l)hi with hi in § by 3.4 and 3.5. Since (y, h) = xr(l — I) (1 — k)) 
= xr(m) with m =|= 0, the desired result follows from 3.9. 

We can now prove our first principal result. 

3.11. Let G be a normal type, but assume that G is not of type Dn (n even), or 
of type Bn or F± if the underlying field K is of characteristic 2, or of type G2 if 
K is of characteristic 3. Let k be a generator of K*, a = a,\, h = ha<k except that 
for type Bn h = hr% k with r = 2a 1 + a2 + . . . + an, and w = W\W2 . . . wn. 
Then G is generated by h and xa(l) œ(w) if K has more than three elements and 
by xa(l) and u(w) if K has not. 

Proof. Let F be the group generated by the given elements. By 3.10, F 
contains Ha and œ(w). By 2.1, 3.5, 3.6 and 3.8, it suffices to prove t h a t F also 
contains an element congruent to œ(wi) mod § , unless G is of type Bn, Cn, 
or F4 in which respective cases elements mus t be produced which are congruent 
to co(wi) and w(w2), to co(wn-i) and œ(w?l), or to a>(w2) and co(w3). If G is of 
type An, F contains ï a , 36& = u(w)Hau{w)-1, . . . , and then by commuta t ion , 
3Er with r = a + b + . . . and 3La = œ(w)Xru(w)~l, hence also co(wa) = œ(wi) 
by 3.7. If G is of type Bn, F contains £a , la+J) = u(w)Xaœ(w)~l, X2a+b = (Xa> 
ï a + &) by 3.3, and 3La and 3E_2a-& by 2.1 and 3.5, thus also œ(wa) and œ(w2a+b) 
by 3.7, and co(wa)o:(w2a+b)co(wa)'~

1 which is congruent to œ(wb) mod § . If G is 
of type Cn, set 5 = a\ + a2 + . . . + an-\, t = an-\, u = an. Then F contains HLT 

for r = ai, a2, . . . , an-\ and then for r = s, the first by conjugation of Ha by 
03 (w) and the second by commuta t ion . T h u s F also contains œ (w)~lHsœ (w) = 
H-t-u, X-u = ( ï t , X-«-0 , %-t and %u by 2.1 and 3.5, and then w(wt) = <a(wn-i) 
and co(wu) = œ(wn) by 3.7. If G is of type Dn (n odd) , F contains 3Ea, Hb+C = 

0i{w)la03(w)~l, £_& = w(w) n - 1 3£ a w(w) 1 - n , %-a-c = CO (w)3L&C0 {w)~l, %c = ( ï ô + c , 

3L&), 3La = (3EC, 3L a - c ) , hence also Gi(wa) by 3.7. If G is of type E&, F contains 
Ha and 3La = (co(«;)43Êaco(îi;)_4, co(w)8ïaco(^) -8), hence also (x>(wa) by 3.7. If G 
is of type £7 or E 8 , T7 contains 3La by 2.1 and 3.5, hence also co(wa) by 3.7. 
If G is of type F4, F contains %b = co(^)ïaco(w) -1 , Xa+b+c = co(w)X&co(w)_1, 
3La and 3L& by 2.1 and 3.5, ï_a-& = (3La, X-&), ï c = (ïa+&+c, ï-o-&) by 3.3 
with g = 2, ï_ c by 2.1 and 3.5, and then œ(wb) and co(wc) by 3.7. Finally, if 
G is of type G2, F contains 3ÊŒ and ï_ a by 2.1 and 3.5, and then w(wa) by 3.7. 

In order to t r ea t the normal types excluded by 3.11, we require the following 
s t a tement . 

3.12. Assume that r and s are roots such that X7 and %s commute element-wise, 
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and that w in Wand h in § are such that h(r) = 1 and, setting h(s) = k, h(w~xr) 
= I, h(w~1s) — m, h(wr) = n, that each of k, l, m, n is either a generator or the 
square of a generator of K* and different from 1. Then h and x = xT(l)xs(l)o)(w) 
generate ï r , Hs and <a(w). 

Proof. If F is the subgroup generated by h and x, then F contains y = xhx~l 

= xT{\ — l)xs(l — m)h1 with hi in ,£>, then also (y, h) = x s ( ( l — m) (1 — k)) 
and all of Xg by 3.9. T h u s F contains t = xr(l)co(w), h2 = t~lht = co(w)~1hœ(w) 
with h2(r) = h(wr) = n by 3.4 and 3.5, u = thf1 = xr(l. — .l)hi, and 
xr((l — I) (l. — .n)) = (u, h2), thus all of Hr by 3.9 (with h replaced by h2). 

We can now give two-element generations for the remaining normal types. 

3.13. Let G be of normal type Dn {n even), k a generator of K*, and set h = hbt k 

and w = WiW2 . . . wn. Then h and X-a(l)xc(l)œ(w) generate G if K has more 
than 2 elements, while xa(l)xc(l) and w(w) do if K has not. 

Proof. Let F be the group generated by the given elements. UK has two 
elements, then F contains x a + c ( l ) = (xa(l)xc(l))

2, xb(l) = co(w)-1xa+c(l)co(î£;), 
xb+e(l) = ( ( x a ( l ) x c ( l ) ) - 1 , x 6 ( l ) ) , x a ( l ) = co(ivj-i-Xb+cWwiw), hence x_ 6 ( l ) and 
x-a(l) by 2.1 and 3.5, <o(wa) and u(wb) by 3.7, and all of G by 2.1, 3.5 and 3.8. 
If K has more than two elements, F contains 3La, ï c and œ(w) by 3.12 with 
r = — a and s = c, hence also 3L&-C = co(w)ï_aco(w)_1, X-b = (ï_&_c, ï c ) , 
and then all of G jus t as before. 

3.14. Let G be of normal type Bn, F±, G2, and in these respective cases let K be 
of characteristic 2, 2, 3, and define r = b-\rc-\-...,s= — a; r = c, s = — b; 
r = b, s = — a. Let k be a generator of K*y t = r — 2s, h = htf A- and w = 
W\W2 . . . wn. Then G is generated by h and xr(l)xs(l)œ(w) if K has more than 
two elements and by xr(l)xs(l) and co(w) if it has not. 

Proof. Let F be the group generated by the given elements. UK has more 
than two elements, F contains ï r , Hs and u(w) by 3.12. T h u s if G is of type 
F 4 or G2, F contains 3L r, 3LS, cj(wr) and u(ws) by 2.1, 3.5 and 3.7, thus all of 
G by 3.5 and 3.8; whereas if G is of type Bn, F contains 3La, then w(wa) by 2 .1 , 
3.5 and 3.7, then 3L6 = o^{w(])œ{w)'£rw{w)~lœ{wa)~

l, thus all of G as before. 
If K has two elements, and G is of type Bn, then n > 3, and F contains x = 
xr(l)xs(l), xb(l) = (x, (œ(w)nxœ(w)~n, (x, c o W ^ ^ W " ^ 1 ) ) ) , thus xc(l) = 
o)(w)xb(l)œ(w)-~1, . . . , by commuta t ion xr(l), then xs(l) = x_ a ( l ) and again 
all of G by 2.1, 3.5 and 3.8; whereas if G is of type F±, F contains x = #_&(1) 
x c ( l ) , y = xc+d(l) = (x, (u(w)-2xu(w)2, ù)(w)xœ(w)-1)), xc(l) = 
(œ(w)2yx(w)~2, œ(w)~zyu(w)z), x_&(l) = xxc(l) and all of G once again. 

4. T h e t w i s t e d t y p e s . Each of the groups yet to be considered occurs as 
a subgroup of a normal type and will be t reated as such. Let the simple root 
system J^ possess a permutat ion r —> f such t h a t (f, s) = (r, s) for each pair 
r, s in J2 y a n d let the field K possess an automorphism k —> k of the same 
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period. Then the normal type G constructed from £ and K has an automor
phism a such that xa(k)a = Xâ(k) whenever ± a is in ^ and & is in X. We then 
define: U (respectively 23) is the subgroup of G generated by those HT for 
which r is positive (respectively negative), U1 (respectively 23*) is the subgroup 
of 11 (respectively 23) consisting of the elements invariant under a, and G1 is 
the group generated by U1 and 231. If the period of a is 2, the groups G1 obtained 
in this way are An

l (n > 2), Dn
l (n > 4) and EQ1 (in the notation of (7) and 

(8); see also (3), (11), (12), while if it is 3, one obtains T)4
2, a second subgroup 

of T)4; these groups are all simple except for the type A2
l over a field of four 

elements. Next, the normal type C2 over a field of 22 / + 1 = 2e2 elements has 
an automorphism a such that xa{k)a = xb(k

2e) and xb(k)a = xa(k
e) with 

similar equations for — a and — b (5, Exposés 21 to 24), and one constructs 
as before a subgroup G1 (see also (10)). A similar construction is possible if the 
normal type is F* over a field of 22 / + 1 elements or G2 over a field of 3 2 / + 1 ele
ments (see 4). If / > 1, we get simple groups CV, TV and G2

l in this way 
and call them, as well as the other simple groups constructed in this paragraph, 
twisted types. 

For each twisted type, a simple set (of roots) is one which contains a simple 
root, is closed under addition and the permutation a —•» â used in the con
struction, and is minimal relative to these properties. We label the various 
simple sets S* thus: 

Atn1: S\ = \anj dn+iy an + an+i} 1 S* = {an+i-U an+i}, 2 < i < n 
A^n-X'- Si = {aU 0<2n-i}, Sn = {dn} , 1 < i < U — 1 
Dn1: Si = {ax, a2}, 5< = {a*+i}, 2 < i < n — 1 
-Ee1: 5i = {au a5}, 5 2 = {a2j a4}, ^s = {a3}, 5 4 = {a6} 
P 4

2 : 5i = {ai, a2, a 4},5 2 = {̂ 3} 
C21: Si = (a, J, a + 6, 2a + b) 
FA1: Si = \b, c,b + c,2b + c},S2= {a, d) 
G21: Si = {a, 6, a + ô, 2a + 6, 3a + 5, 3a + 20}. 

For each simple set Su let w*1 be the unique element of W which maps 
Si on — Si and is in the group generated by those wr for which r is in St (cf. 7, 
2.2), and then set w = Wi1w2

1 . . . . Further, define h thus: if k is a generator 
of K* and r is a simple root in Si, then h = hrtkhTt]c

a unless the type is D42 

in which case h = hrtkhrtk
ahrtk

aa. Finally, define x thus: for type A2n-i
1y 

Dn1 or £ 6 \ x = x a ( l )x a ( l ) a with a = ax\ for type D4
2, x = xa(l)xa(l)

axa(l)
aa 

with a = ax; for type A2n
1

f x = xT(l)xs(l)xT+s(k) with r = an, s = an+x and 
k + k = 1 (this is (l|fe) in (9)); for type CV, x = xa(l)x&(l)x2a+ô(l) (this is 
S( l , 0) in (10)); for type TV, x = x6(l)xc(l)x2&+c(l); for type GV, x = x a(l) 
x&(l)xa+6(l)x2a+&(l) (this is a ( l ) in (4)). We can now state our results on 
the generation of the twisted types. 

4.1. Let G1 be a twisted type and let w, h and x be defined as in the preceding 
paragraphs. Then G1 is generated by h and xœ(w). 
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The properties 2.1 and 3.1 to 3.7 for the normal types have analogues for 
the twisted types (see 7 and 4). For this reason, a proof of 4.1 can be patterned 
after that of 3.11. The details are omitted. 

Added in proof. Since the preparation of this paper, I have learned that the symplectic 
groups (groups of type Cn in the above notation) have been considered by several other authors. 
In (13) and (14) a two element generation is given in case the underlying field has a prime 
number of elements, and in (15) the general case is dealt with. 
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