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Abstract

Region-based type systems provide programmer control over memory management without
sacrificing type-safety. However, the type systems for region-based languages, such as the
ML-Kit or Cyclone, are relatively complicated, and proving their soundness is non-trivial.
This paper shows that the complication is in principle unnecessary. In particular, we show that
plain old parametric polymorphism, as found in Haskell, is all that is needed. We substantiate
this claim by giving a type- and meaning-preserving translation from a variation of the region
calculus of Tofte and Talpin to a monadic variant of System F with region primitives whose
types and operations are inspired by (and generalize) the ST monad of Launchbury and
Peyton Jones.

Capsule Review

Languages with regions are normally specified using a type-and-effects system to ensure
safety. Because these formulations involve sets of regions and subset checks, it is not obvious
that types for a region calculus can be faithfully encoded into the familiar polymorphism of
System F. In this paper, the authors provide just such a translation.

The key steps are to view Haskell’s state transformers as computations on independent
regions, to add extra function arguments that witness the “outlives” relation between regions,
and to observe that if regions have properly nested lifetimes then any set of coexisting regions
contains one that outlives the others.

The ideas are quite interesting, and Sections 1-3 do a very good job of providing intuition.
The formal translation from regions to monads that follows is technically very involved,
however. Nevertheless, the monadic account of regions is deserving of further study.

1 Background

Tofte and Talpin introduced a new technique for type-safe memory management
based on regions (Tofte & Talpin, 1994; Tofte & Talpin, 1997). In their calculus,

* This is a revised and extended version of the paper that appeared in the Ninth ACM SIGPLAN
International Conference on Functional Programming (ICFP’04) (Fluet & Morrisett, 2004).
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regions are areas of memory holding heap allocated data. Regions are introduced
and eliminated with a lexically-scoped construct:

letregion p in e

and thus have last-in-first-out (LIFO) lifetimes following the block structure of the
program. In the example above, a region corresponding to p is created upon entering
the expression; for the duration of the expression, data can be allocated into the
region; after evaluating e to a value, all of the data allocated within the region are
reclaimed and the value is returned. The operations for memory management (create
region, reclaim region, and allocate object in region) can be implemented in constant
time and thus regions provide a compelling alternative to garbage collection.

The key contribution of Tofte and Talpin’s framework (hereafter referred to as
TT) was a type-and-effects system that ensures the safety of this allocation and
deallocation scheme. The types of allocated data objects are augmented with the
region in which they live. For example the type:

((int7 Pl) X (intv pZ)v pl)

describes pairs of integers where the pair and first component live in region p; and
the second component lives in region p,.

Region polymorphism makes it possible to abstract over the regions a computation
manipulates. Furthermore, function types include an effect which records the set of
regions that must still be allocated in order to ensure that the computation is safe
to run. In general, any operation that needs to dereference a pointer into a region
will require that region to be live. For example, a function fst that takes in a pair
of integers and returns the first component without examining it could have a type
of the form:

. . 3} .
£5t 1 ¥y, po, pa((int, p1) X (int, p2), p3) —> (int, 1)

Such a function is polymorphic over regions p1, p2, and p3 so the caller can effectively
re-use the function regardless of where the data were allocated. However, the effect
“{p3}” on the arrow indicates that whatever region instantiates p; needs to still
be allocated when fst is called. In principle, neither of the other regions needs to
be live across the call since the function does not examine the integer values. In
practice, p; will be live assuming the caller wishes to use the result.

A unique feature of this scheme is that evaluation can lead to values with dangling
pointers: a pointer to data in some region that has been reclaimed. This is allowed
when the effect of the continuation does not contain the dangling pointer’s region,
for then we know the computation never dereferences the dangling pointer. For
some programs, this allows a region-based memory manager to reclaim strictly more
objects than a trace-based garbage collector. Consider, for example, the following
program:

letregion p, in
let g = letregion py, in
let p = (3 at p,,4 at p,) at p,
in Az:unit. £st [p4, Pp> Pa) P
ing ()
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The pair p and its first component are allocated in the outer (older) region p,
whereas p’s second component is allocated in an inner (younger) region pj. The
closure bound to g is a thunk that calls £st on p. Note that the region p; is
deallocated before the thunk is run, and thus g’s closure contains a dangling pointer
to an object that is never dereferenced. The TT system is strong enough to show
that the code is safe.

Variations on the TT typing discipline have been used in a number of projects. The
ML-Kit compiler (Tofte et al., 2002) uses automatic region inference to translate
Standard ML into a region-based language instead of relying upon traditional
garbage collection. In contrast, the Cyclone Safe-C language (Grossman et al., 2002)
exposes regions and region allocation to the programmer. Furthermore, the type-
and-effects system of Cyclone extends that of TT with a form of region subtyping—
pointers into older regions can be safely treated as pointers into younger regions.
This extra degree of polymorphism is crucial for minimizing the lifetimes of objects,
as they would otherwise be constrained to live in the same region. Region subtyping
also simplifies the interfaces for abstract datatypes because the regions of the ADT
can be encapsulated by an upper bound.

Unfortunately, the type-and-effect systems of TT and Cyclone are relatively
complicated. At the type level, they introduce new kinds for regions and effects.
Effects are meant to be treated as sets of regions, so standard term equality no
longer suffices for type checking. Finally, the typing rule for letregion is extremely
subtle because of the interplay of dangling pointers and effects. Indeed, over the
past few years, a number of papers have been published attempting to simplify or at
least clarify the soundness of the construct (Crary et al., 1999; Banerjee et al., 1999;
Helsen & Thiemann, 2000; Calcagno, 2001; Calcagno et al., 2002; Henglein et al.,
2005). All of these problems are amplified in Cyclone because of region subtyping
where the meta-theory is considerably more complicated (Grossman et al., 2001).

Overview

The goal of this work is to find a simpler account of region-based type systems.
In particular, we wish to explain the type soundness of a Cyclone-like language
via translation to a language with only parametric polymorphism, such as
System F (Reynolds, 1974; Girard et al., 1989) extended with appropriate region
primitives. The essence of the translation is that parametric polymorphism alone
provides the power needed to model region effects.

Our work was inspired by the ST monad of Launchbury and Peyton Jones (1995;
1994) which is used to encapsulate a “stateful” computation within a pure functional
language such as Haskell. Indeed, the runST primitive turns out to be a good
approximation of letregion in that it creates a new store, allows one to allocate
values in the store, and upon completion, deallocates the store and returns a value
that may have dangling pointers. The runST primitive can be assigned a conventional
polymorphic type, which, through the magic of parametricity, ensures that dangling
pointers are never dereferenced. Unfortunately, runST is not sufficient to encode
region-based languages since there is no support for nested stores. In particular,
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a nested application of runST cannot allocate or touch data in an outer store.
An extension to ST that admits a limited form of nested stores was proposed by
Launchbury and Sabry (1997) but, as we discuss in Section 2, it does not provide
enough flexibility to encode the region polymorphism of TT or Cyclone.

In this paper, we consider a monad family, called RGN, which does provide the
necessary power to encode region calculi and back this claim by giving a translation
from a novel region calculus to a monadic version of System F which we call FRGN,
The central element of the translation is the presence of terms that witness region
subtyping. These terms provide the evidence needed to safely “shift” computations
from one store to another. We believe that this translation sheds new light on both
region calculi as well as Haskell’s ST monad. In particular, it shows that the notion
of region subtyping is in some sense central for supporting nested stores.

The remainder of this paper is structured as follows. In the following section, we
examine more closely why the ST monad and its variants are insufficient for encoding
region-based languages. This motivates the design for FRN, which is presented more
formally in Section 3. A key aspect of FRGN is that no extension to the type system
of System F is required. We give dynamic and static semantics for the language,
and prove the soundness of the type system. Encapsulation of region computations
in FRGN is ensured by the type system, using parametric polymorphism. We feel
that Sections 2 and 3 develop sufficient intuition to reasonably establish our goal of
finding a simpler account of region-based type systems.

However, the skeptical reader may well wonder if the simplicity of the FREN type
system points to some deficiency, failing to capture all of the idioms available in
type-and-effect systems for region calculi. In the interest of rigorously demonstrating
that we have lost no power in adopting FREN, Section 4 returns to region calculi,
developing a source language that captures the key aspects of TT and Cyclone-like
region calculi. Then, in Section 5, we show how this language can be translated to
FRGN in a type- and meaning-preserving fashion, thereby establishing our claim that
parametric polymorphism is sufficient for encoding the type-and-effects systems of
region calculi. Much of the technical complexity stems from our desire to establish
the correctness of the translation, in addition to the simpler property of type
preservation. Section 6 considers the expressiveness of our region calculi. Some
readers may prefer to skip Sections 4-6 on a first reading.

In Sections 7 and 8, we consider related work and summarize and note directions
for future work. Due to space limitations, the proofs of the theorems stated here
can be found in a companion technical report (Fluet, 2004).

2 From ST to RGN

Launchbury and Peyton Jones (1995; 1994) introduced the ST monad to encapsulate
stateful computations within the pure functional language Haskell. Three key insights
give rise to a safe and efficient implementation of stateful computations. First, a
stateful computation is represented as a store transformer, a description of commands
to be applied to an initial store to yield a final store. Second, the store can not be
duplicated, because the state type is opaque and all primitive store transformers use
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the store in a single-threaded manner; hence, a stateful computation can update the
store in place. Third, parametric polymorphism can be used to safely encapsulate
and run a stateful computation.

The types and operations associated with the ST monad are the following:

T = ...|STrty1,|STRef 75 17,

returnST :: Vs.Vaa — STsa
thenST :: VsVa,b.STsa— (a—>STsb)—>STsbh
newSTRef :: VsVa.a — ST s (STRef s a)
readSTRef :: Vs.Va.STRef sa — ST sa
writeSTRef :: Vs.Va.STRef sa—a— ST s ()
runST :: Va.(Vs.STsa) —a

The type ST s a is the type of computations which operate on a store and deliver a
value of type a. The type s behaves like a name (or index) for the store and serves to
distinguish computations operating on one store from computations operating on
another. The type STRef s a is the type of references allocated from a store indexed
by s and containing a value of type a.

The operations returnST and thenST are the unit and bind operations of the ST
monad. The former yields the trivial store transformer that delivers its argument
without affecting the store. The latter composes store transformers in sequence,
passing the result and final store of the first computation to the second; notice that
the two computations must manipulate stores indexed by the same type.

The next three operations are primitive store transformers that operate on the
store. newSTRef takes an initial value and yields a store transformer, which, when
applied to a store, allocates a fresh reference, and delivers the reference and the store
augmented with the reference mapping to the initial value. Similarly, readSTRef and
writeSTRef yield computations that respectively query and update the mappings of
references to values in the current store. Note that all of these operations require
the store index types of ST and STRef to be equal.

In this section, we will write short code examples in pseudo-Haskell syntax!
using the do notation, which provides a more conventional syntax for monadic
programming. This notation allows do x <- e; stmts as shorthand for thenST
e (Ax. do stmts) and do e as shorthand for e.

Here is a function yielding a computation that adds the contents of two references
into a new reference:

add :: Vs. STRef s Int — STRef s Int — ST s Int
add v w = do a <- readSTRef v

b <- readSTRef w

newSTRef (a + b)

Finally, the operation runST encapsulates a stateful computation. To do so, it
takes a store transformer as its argument, applies it to an initial empty store, and
returns the result while discarding the final store. Note that to apply runST, we

1 We use Haskell as a convenient and familiar notation, but the correspondence is quite weak. In
particular, all of the calculi presented in the remainder of this paper will evaluate under a call-by-value
semantics.
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instantiate a with the type of the result to be returned, and then supply a store
transformer, which is polymorphic in the store index type. The effect of this universal
quantification is that the store transformer makes no assumptions about the initial
store (e.g., the existence of pre-allocated references). Furthermore, the instantiation
of the type variable a occurs outside the scope of the type variable s; this prevents the
store transformer from delivering a value whose type mentions s. Thus, references or
computations depending on the final store cannot escape beyond the encapsulation
of runST.

All of these observations can be carried over to the region case, where we interpret
stores as regions. We introduce the type RGN r a as the type of computations which
transform a region indexed by r and deliver a value of type a. Likewise, the type
RGNLoc r a is the type of (immutable) locations allocated in a region indexed by r
and containing a value of type a. Each of the operations in the ST monad has an
isomorphic analogue in the RGN monad:

returnRGN :: Vr.Va.a — RGN r a
thenRGN :: Vr.Va,b.RGN r a — (a > RGN r b) > RGN r b
newRGNLoc :: Vr.Va.a —» RGN r (RGNLoc r a)
readRGNLoc :: Vr.Va.RGNLoc r a > RGN r a
runRGN :: Va.(¥r.RGN r a) — a

Does this suffice to encode region-based languages, where runRGN corresponds to
letregion? In short, it does not. In a region-based language, it is critical to allocate
locations in and read locations from an outer region while in the scope of an
inner region. For example, an essential idiom in region-based languages is to enter
a letregion in which temporary data is allocated, while reading input from and
allocating output in an outer region; upon leaving the letregion, the temporary data
is reclaimed, but the input and output data are still available.

Unfortunately, this idiom cannot be accommodated in the framework presented
thus far. For example, consider this canonical example of region-based memory
management usage:

letregion p; in
leta=1atp;in
let ¢ = letregion p, in
leth=7atp,in
letz=(a®b) at p; in
z in
. Cul

where we think of a as an input, b as a temporary, and ¢ as an output. A naive
translation fails to type-check:

runRGN (Ary .
do a <- newRGNLoc [r{] 1
c <- runRGN (Ar;.
do b <- newRGNLoc [r,] 7
z<-a®b
newRGNLoc [r;] z)

https://doi.org/10.1017/5095679680600596X Published online by Cambridge University Press


https://doi.org/10.1017/S095679680600596X

Monadic regions 491

The error arises from the fact that allocating a temporary in the younger region
(newRGNLoc [r,] 7) yields a computation of type RGN r,, while allocating the
result in the older region (newRGNLoc [r{] z) yields a computation of type RGN r;.
These computations cannot be sequenced, since their region indices differ.
Launchbury and Sabry (1997) argue that the principle behind runST can be
generalized to provide nested scope. They introduce two additional operations

blockST :: Vs.Va.(Vr.ST (s,r) a) > ST s a
importSTRef :: Vs.Vr.Va.STRef s a —» STRef (s,7) a

where blockST encapsulates a nested scope and importSTRef explicitly allows
references from an enclosing scope to be manipulated by the inner scope. Similarly,
Peyton Jones” suggests introducing the constant

liftST :: Vs.Vr.Va.STsa— ST (s,7) a

in lieu of importSTRef, with the same intention of importing computations from an
outer scope into the inner scope. In essence, liftST encodes the stack of stores using
a tuple type for the index on the ST monad.

Should we adopt blockST and IiftST in the RGN monad as IetRGN and iftRGN?
At first glance, doing so would appear to provide sufficient expressiveness to encode
region-based languages. We can “fix” our previous translation as follows:

runRGN (Ar;.
do a <- newRGNLoc [r] 1
c <- letRGN (Ai‘z.
do b <- newRGNLoc [r,] 7
z<-a®b
liftRGN (newRGNLoc [r{] z))
.c..)
However, another critical aspect of region-based languages is region polymorphism.
For example, consider a generalization of the add function above, where each of the
two input locations are allocated in different regions, the output location is to be
allocated in a third region, and the result computation is to be indexed by a fourth
region; such a function would have the type:
gadd :: Vry,rp,r3,74.
RGNLoc r; Int — RGNLoc r, Int — RGN ry; (RGNLoc r; Int)
However, there is no way to write gadd with IiftRGN terms that will result in
sufficient polymorphism over regions. For example, if we write
gadd v w = liftRGN (do a <- readRGNLoc v
b <- IliftRGN (readRGNLoc w)
liftRGN (liftRGN (newRGNLoc (a + b))))
then we produce a function with the type:
gadd :: Vry,rp,r3,74.
RGNLoc ((ri, 1), r3) Int — RGNLoc (r;, r) Int —
RGN (((ry, 1), r3), r4) (RGNLoc r; Int)
The problem is that the explicit connection between the outer and inner regions in
the product type enforces a total order on regions, which leaks into the types of

2 private communication
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region allocated values. The function above only works when the four regions are
consecutive and the output location is allocated in the outermost region, the input
locations are allocated in the next two regions, and the computation is indexed by
the innermost region.

However, the order of the regions should not matter. The only requirement is
that if the final computation (indexed by r4) is ever run, then each of the regions
ri, 2, and r3 must be live. To put it another way, the three regions are older than
(i.e., subtypes of) region r4. Hence, we adopt a simple solution, one that enables
the translation given in Section 5, whereby we abstract the liftRGN applications and
pass evidence that witnesses the region subtyping.

gadd :: Vri,ra,r3,74.
(Vb.RGN r; b —» RGN r4 b) —
(¥b.RGN r, b — RGN r, b) —
(Vb.RGN r3; b - RGN r4 b) —
RGNLoc r; Int — RGNLoc r, Int —
RGN ry (RGNLoc r; Int)
gadd evl ev2 ev3 v w = do a <- evl (readRGNLoc v)
b <- ev2 (readRGNLoc w)
ev3 (newRGNLoc (a + b))

While this evidence can be assembled from IiftRGN terms, we find that the key
notion is subtyping on regions and evidence that witnesses the subtyping. The
product type used in blockST is one way of connecting the outer and inner stores,
but all the “magic” happens with liftST. Therefore, we adopt an approach that fuses
the two operations into IetRGN:

rn<r, = VbRGNr b—>RGNmb
letRGN 1 Vr.Va.(Vryry <r, > RGN 1 a) > RGN 1y a

The argument to IetRGN is given the evidence that the outer (older) region is a
subtype of the new (younger) region, which it can use in the region computation.
The same parametricity argument that applied to runST applies here: locations and
computations from the inner region cannot escape beyond the encapsulation of
[etRGN. We no longer need a product type connecting the outer and inner regions,
as this relationship is given by the witness function.

We note that much of the development in this paper could be pursued using
[etRGN and liftRGN with types analogous to blockST and IliftST (i.e., using a
product type) and appropriately assembling evidence from liftRGN terms. However,
we have adopted the approach given above for a number of reasons. First, the
types are smaller than under the alternative scheme. Looking forward to Section 5,
we trade the number of terms in scope for the size of the types in scope. Second,
one is encouraged to write region polymorphic functions with the fused IetRGN,
whereas one can write region constrained functions with liftRGN. Third, 1etRGN
makes it clear that the only witness functions are those that arise from entering a
new region. Finally, although we have made the type i < r, a synonym for a witness
function, we can imagine a scheme in which this primitive evidence is abstract and
we provide additional operations for combining evidence and operations for taking
evidence to functions for importing RGN computations or RGNLoc locations. The
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latter corresponds to pointer subtyping in Cyclone, where a pointer to region r; may
be coerced to a pointer to region r, when ry outlives r;.

3 Target language: FRCN

The language FREN is an extension of System F (Reynolds, 1974; Girard et al.,

1989) (also referred to as the polymorphic lambda calculus), adding the types and
operations from the RGN monad. As described in the previous section, the design
of FRGN takes inspiration from the work on monadic state (Launchbury & Peyton
Jones, 1995; Launchbury & Peyton Jones, 1994; Launchbury & Sabry, 1997; Ariola
& Sabry, 1998; Semmelroth & Sabry, 1999; Moggi & Sabry, 2001). Essentially, FRGN
uses an explicit region monad to enforce the locality of region allocated values.

We present the full formal language FR®N and (sketch) a syntactic proof of
type soundness. We begin with a presentation of the language (surface syntax,
computation syntax, dynamic semantics, and static semantics) and then proceed to
the proof.

The dynamic semantics defines a large-step (or natural) semantics, which defines
an evaluation relation from towers of stacks of regions and expressions to values.
Our main reason for adopting a large-step operational semantics is to simplify the
theorems and proofs of Section 5; establishing the correctness of the translation
would be more difficult using small-step operational semantics, due to differing
numbers of intermediate small-steps.

To prove type soundness, we adopt a proof method using natural transition
semantics (Volpano & Smith, 1997; Smith & Volpano, 1998), which models program
execution in terms of transitions between partial derivations. Although the language
presented here can only describe terminating programs, this proof method can be
extended in a straight-forward manner to handle non-terminating executions, as
will arise from adding a fixRGNLoc command. Adopting this method allows us to
prove type soundness with the familiar progress and preservation theorems, without
needing define a small-step operational semantics nor establish its correspondence
with the large-step operational semantics we wish to use in Section 5. We remark
further on this proof method at the end of Section 3.5.

3.1 Syntax of FRCN

Figure 1 presents the syntax of “surface programs” (that is, excluding syntax and
semantic values that will appear in the operational semantics) of FREN In the
following sections, we explain and motivate the main constructs of FREN,

3.1.1 Types

Types in FREN include all those found in System F (function and product types

and type abstractions) along with the primitive types int and bool. The RGN 7, 7,
and RGNLoc 1, 1, types were introduced in the previous section. We add the type
RGNHandle 1, as the type of handles for the region indexed by the type 7,. A value
of this type is a region handle — a run-time value holding the data necessary to
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i € Z
opf,y € TVars
f,x € Vars

Surface types
T = int|bool |t > 1|1 X - X1, ]|0a|Vour]
RGN 7, 7, | RGNLoc 7, 7, | RGNHandle 7,

Surface terms
e = ile®@e|e Qes|tt|ff]|if e then e else e; |
x| Ax:te e e (er,...,e,) | sel;e| Aae|e [1] ]
letx=e;ine | K | K
Surface commands
K, = runRGN [z,] v
k= returnRGN [z,] [t,] v | thenRGN [z,] [t.] [ts] v1 V2 |
IetRGN [z,] [z,] v | newRGNLoc [z,.] [z.] v1 vy | readRGNLoc [7,] [7.] v
Surface values
v = Q|tt|ff|x]|ixte]| (v1,...,00) | Ave | K, | K

Fig. 1. Surface syntax of FRGN

allocate values within a region. Region indices (types) and region handles (values)
are distinguished in order to maintain a phase distinction between compile-time and
run-time expressions and to more accurately reflect implementations of regions. The
original Tofte-Talpin region calculus (1994; 1997) distinguished between put and
get effects; a put entails allocating in a region (and requires a handle), while a get
entails reading through a pointer (and does not require a handle). This ensures that
region indices, like other types, have no run-time significance and may be erased
from compiled code. On the other hand, region handles are necessary at run-time to
allocate values within a region.

Region indices could be introduced as a distinct kind, but doing so unnecessarily
complicates the type system. Hence, we allow an arbitrary type in the first argument
of the RGN monad type constructor. While the type RGN bool int is well-formed,
a value of such type cannot arise during the execution of a well-typed program.
Furthermore, surface programs will never require a region index to be represented
by anything other than a type variable.

3.1.2 Terms

As with types, terms in FRGN include all those found in System F; constants,
arithmetic and boolean operations, function abstraction and application, tuple in-
troduction and elimination, and type abstraction and instantiation are all completely
standard.

We let k, and x range over the syntactic class of monadic commands. (Equivalently,
and as suggested by the explicit type annotations and the restriction of sub-
expressions to values, we can consider the monadic commands as constants with
polymorphic types in a call-by-value interpretation of FREN_ Presenting monadic
commands in this fashion avoids intermediate terms in the operational semantics
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I € Locations

Region names r €  Rnames
Region placeholders p = r|e
Stack names s €  Snames
Stack placeholders g = S|o
Computation types T o= ...|aofp
Computation terms e = ...|(l)ss | handle(a#p)
Computation commands  « = ...| witnessRGN c#p; ofp> [t.] v
Computation values v = ...](l)sz | handle(ap)
Regions R == {h-uv,...,L,— v}
Stacks S == -|S,r— R (ordered domain)
Towers T := -|T,s— S (ordered domain)

Fig. 2. Computation syntax of FREN

corresponding to partial application.) Each of the commands has been described
previously.

3.1.3 Computation Syntax of FRGN

Figure 2 presents the syntax of “computation programs,” which extends the syntax
of the previous section with semantic values that appear in the operational semantics.

Stack names, region names, and locations are used to represent pointers to region
allocated data. Because runRGN computations can be nested, we need a means to
distinguish data allocated in regions that belong to different runRGN computations;
stack names serve this purpose. Each runRGN computation is associated with a
unique stack, which collects and identifies all regions belonging to that computation.
Stack and region placeholders distinguish between live and dead stacks and regions;
a dead stack (o) or region (e) corresponds to a deallocated stack or region.

The computation syntax adds one new type form and two new expression forms.
The type o%p is the instantiated form of a region index (hence, offe corresponds to
a dead region in a dead stack). Such a type identifies the stack and region in which
a monadic region computation is executing. The expression (/)sz, is the runtime
representation of a RGNLoc a%p 7,; that is, it is the pointer associated with a region
allocated value. Likewise, the expression handle(a%p) is the runtime representation
of a region handle (RGNHandle o%p).

The computation syntax also adds a new command form. The command
witnessRGN a#p; ofp,> [14] v casts a computation from the type RGN o#p; 1,
to the type RGN d%p, 1,. (This command is used to construct terms of the type
7, <1, = YB.RGN 7,, f — RGN 1,, f§ introduced in Section 2.) Operationally, such
a command is the identify function, so long as the cast is valid. The static semantics
of the next section ensure that all such casts in a well-typed program are valid.

Thus far, we have talked about region allocated data without discussing where
such data is stored. Storable (i.e., closed) values are associated with locations in
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T;él‘—>l)1 U1 iq T;€1L>l)1 v =i
T;e, > v, V=i T;e; > v, V=i
WD =i i ©i,=b
T;i—i T:eiPe —i T;el©eg‘—>b T;tt—tt

T;e, = vy v, = tt T;e, — vy v, = ff
T;e, —>v T;ef —>v

T;ff — ff T;if e, then ¢, else ef —> v T;if e, then e, else ef — v

. J— . /
T;e — vy U] = AX:T1.€]
Tiey = vy Tieplon/x] =03

T;lx:T.e <= Ix:T.e T;er ey >3

T;e—>v v=(vg,...,0,)
T;er = vy T;e, — v, 1<i<gn

T;(eq,...,e,) = (v1,...,0,) T:sel; e = v;

T;e v v = Ao T;e; < vy
T;e'[t/a] = T;exfvi/x] = v;

T;Ao.e = Ao.e T;e[t] = T;letx=-¢; ine > vy

s & dom(T)
T,s+— (,r— {});v [sfr] handle(sgr) — v/ v =K
Tﬁs'—’("r'—’{});K, . 8" S"=-r— R’

T;runRGN [1,] v = v"[of e /str] T;k K

T;(Dozp = (Dozp T;handle(c%p) — handle(s%p)

Fig. 3. Dynamic semantics of FRGN (expressions)

regions R; regions are ordered into stacks S; finally, stacks are ordered into towers
T. We use the notation S(r,[) and T'(s,r,!) for iterated lookups of values in stacks and
towers, repectively. Again, towers are a technical device that serve to distinguish nes-
ted runRGN computations from one another. Intuitively, executing a runRGN com-
putation adds a new stack to the top of the tower (the new stack is deallocated upon
finishing the computation), while executing a letRGN command adds a new region to
the top of the topmost stack (the new region is deallocated upon finishing the com-
mand). These intuitions are formalized in the dynamic semantics of the next section.

3.2 Dynamic semantics of FRCN

Two mutually inductive judgements (one for pure expressions (Figure 3) and one
for monadic commands (Figure 4)) define the dynamic semantics. We state without
proof that the dynamic semantics is deterministic; it is syntax-directed, taking T';e
configurations modulo a-conversion, including conversion of stack names, region
names, and locations, which are (uniquely) bound in the tower T.
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T,s— S;xk—>,.S";v

T, = S§r
T,s— S;returnRGN [z,] [1,] v <=, S;v
=5 v =K T,s+— S;K; <=, S50
T,s+— S vy v] > 0" v =« T,s— S k" <, 8":v"

T,s+— S;thenRGN [t,] [t.] [ts] v1 v2 <= S ;0"

T, = s§r; ry € dom(S) 1 & dom(S)

T,s— (S,r2— {});v [s#r2] w handle(sfr,) — v’ v =K
T,S — (S,Vz — {})’ K/ o, S///;v// S/// = S”,VQ — Ré’
T,s+— S;1etRGN [t,] [t.] v <> S"[s5 ® /str];v" [s% @ /str)]
where w = (AS.Ak:RGN sgr; f.witnessRGN sfry sgr, [f] k)

afp1 = shry o3py = shr V=K
S =8,r1 = R, 8,12 Ry, 83 T,s+— S;i =, S0

T,s— S;witnessRGN c£p; c£p, [t,] v =, S';v

T, = SEr vy = handle(sgr) r € dom(S) I ¢ dom(S(r))
T,s+— S;newRGNLoc [1,] [t.] v1 v2 =, S{(r,]) — v2}; (Dstr

T, = sgr v= (D r € dom(S) I € dom(S(r)) S l)y=1v
T,s+— S;readRGNLoc [t,] [ta] v = S;0

Fig. 4. Dynamic semantics of FR®N (commands)

The judgement T ;e — v asserts that evaluating the closed expression e in tower
T results in a value v. Likewise, the judgement T,s — S;x < S’;v asserts that
evaluating the closed monadic command x in a non-empty tower whose top stack
is S results in a new top stack S’ and a value v.

The rules for T ;e — v for expression forms other than runRGN are completely
standard. The tower T is passed unchanged to sub-evaluations. The rule for
runRGN [7,] v runs a monadic computation. The rule executes in the following
manner. First, fresh stack and region names s and r are chosen. Next, the argument
v is applied to the region index sfr and the region handle handle(sfr) and evaluated
in the extended tower T,s+ (-,r — {}) (that is, the tower T extended with a stack
consisting of a single empty region (bound to r) bound to s) to a monadic command
k’. This command is evaluated under the extended tower to a modified region and
a value v”. The modified region is discarded, while occurrences of sfr are replaced
by ofe in v”, because the stack and region have been deallocated and are no longer
accessible.

The rules for T,s+— S;x — §’;v peform monadic operations that side-effect the
top stack. The monadic unit and bind operations are standard; in particular, note
the manner in which the rule for thenRGN threads the modified top stack through
the computation.

The rule for IetRGN [s#r;] 7, v executes in much the same way as the rule for
runRGN. First, a fresh region name r; is chosen. Next, the argument v is applied to
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the region index s#r,, a witness function, and the region handle handle(s#r;) and
evaluated under an extended tower that adds an empty region bound to r; to the top
of the stack. This evaluation yields a monadic command «’, which is also evaluated
under the extended tower to a modified top stack and value v”. The modified top
region is discarded, while occurrences of sfr, are replaced by sfe in the modified top
stack and in v”, because the region has been deallocated and is no longer accessible.

The rule for witnessRGN permits a monadic computation to occur when the
region names r; and r, appear in order in the top stack.

The rules for newRGNLoc and readRGNLoc respectively allocate and read region
allocated data. The rule for newRGNLoc requires a region handle for a region in
the top stack, chooses a fresh location in the region, and returns a modified top
stack (with the value stored at the freshly chosen location) and the location. The
rule for readRGNLoc requires a location into a region in the top stack, and returns
the value stored in the location.

It is important to note that the execution of a monadic command is predicated
upon the command’s region index corresponding to a live region in the top stack.
While it will be possible to have commands that reference deallocated stacks and
regions, it will not be possible to execute them. Furthermore, the restriction to the
top stack corresponds to the fact that while runRGN computations can be nested,
the inner computation must complete before executing a command in the outer
computation. The type system of the next section ensures that these invariants are
preserved during the execution of well-typed programs.

3.3 Natural Transition Semantics of FRCN

While the dynamic semantics presented thus far suffices to describe the complete
execution of a program, it cannot describe non-terminating executions or failed
executions. To do so, we adopt a natural transition semantics (Volpano & Smith, 1997;
Smith & Volpano, 1998), which provides a notion of attempted or partial execution.
The key idea is to model program execution as a sequence of partial derivation trees,
which may or may not converge to a complete derivation. The advantage of the
natural transition semantics is that it is directly related to the large-step operational
semantics of the language, while being capable of describing the evaluation of
programs that (a) diverge, (b) terminate with a value, and (c) “get stuck.”

Before defining partial derivation trees, we distinguish between complete judge-
ments (T;e —vand T,s— S;k <, S’;v, introduced in the dynamic semantics) and
pending judgements, which are judgements of the form T;e — ?or T,s— S;x < ?
and represent expressions and commands that need to be evaluated.

A partial derivation tree is an inductively defined structure given by the following
grammar:

Predicates P
Complete derivations * J [T;e—>v]|[T,s+— S;k —,S";v] | P
Partial derivation trees D = J|[[T;e > 7() | [T,s+ S;x =, ()
|
|

[T;e = AT s Jum1.Dp) T
[T,s— S;x ¢ NTtree > Tne1,Dp) F
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where

* A complete derivation represents the entire derivation tree (comprised of
instances of the evaluation rules) that terminates with the eponymous complete
judgement.

1 There is an instance of an evaluation rule with the form

Ji oy
T;e—>v
where 1 <k <n and
— fori<k, 3 =[Ji].
— ifJy=T;e > v, then Dy =[T;e > v] or Dy =[T;e > (...).
—if Jy = T,s — S;k <, S;v, then Dy = [T,s — S;k <, S';v] or
D =I[T,s— S;x >, (...).
— if Jy = P, then ©, = P.
I There is an instance of an evaluation rule with the form
J1 e JIn

. /.
T,s— S;xk >, S;v

where 1 < k < n and

— fori<k, 3= [Ji].

— ifJy=T;e > v, then Oy =[T;e > v] or Dy =[T;e > 7(...).

—if Jy = T,s = S;k <, S;v, then Dy = [T,s — S;k <, S';v] or
D =I[T,s— S;x >, (...).

— if Jy = P, then ©, = P.

Note that the definition of a partial derivation tree requires that a node labeled
with a pending judgement must have children that are “compatible” with the
corresponding complete judgement. Furthermore, each node of a partial derivation
tree can have at most one pending judgement amongst its children; the pending
judgement must be the rightmost child and the parent node must also be a pending
judgement.

Figure 5 gives (a representative sample of) the rules for the natural transition
semantics. The rules are derived systematically from the judgements of Figures 3
and 4. In addition, note the two “congruence” rules. Finally, it should be clear that
each transition moves a partial derivation tree “closer” to a complete judgement.
Let —* be the reflexive, transitive closure of the — relation.

The natural transition semantics enjoys soundness and completeness properties
demonstrating that it accurately models the dynamic semantics in the case of
terminating computations.

Lemma 3.1
If © is a partial derivation and © — @', then @’ is a partial derivation.

Lemma 3.2 (NTS Soundness)

(1) If [T;e = ?() —" ©' and @' contains no pending judgements,
then @’ is a complete derivation for a judgement of the form T;e — v
(e, D =3 =[T;e > v]).
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D— 9

[T;ixte = () — T;ix:T.e > /lx:r.e]
[Tier ea = () — [T;e1 e2 = A([T;e1 = ()

v = Ax:11.€)
[T;e1 ex > N([Tse1 = v1]) — [Tse1 e = N([Tseq — v1],01 = ix:11.€])

[T;e1 eg > N([T;e1 = vi],v1 = Axity.€)) —
[Tier ex = N([Tser = vilvr = Axirpel, [Trex = ()

[T;er ex = N([T;er = vil,vy = ix:rrel, [Tier = 0y]) —
[Tse1 e2 > N([T;e1 = vi],01 = Axitre, [Ties = 03], [T €] [v2/x] = ?0()

T;ey >0 T;eéj[va/x] = v
[T;er & 0], [T € [v2/x] > v3] S eilva/x] = vy

T;e1 — v v = lerl.ell
T;e; < v1],v1 = Ax:71.€]
[T;e) ex— 7 <[ t 1l.u1 1-€1,

T;e; e3> v3

s & dom(T)
[T;runRGN [z,] v = ?]() — [T ;runRGN [t,] v & (s & dom(T))

[T;runRGN [t,] v & (s & dom(T)) —
[T;runRGN [tq] v = (s ¢ dom(T),[T,s— (-,r— {});v [s#r] handle(sgr) — ?]())

v =K
) o (s & dom(T),
(T:runRGN [ra] v = 7] <[T,s>—> (r=> {});0 [sgr] handle(sgr) — v’]) —
] s & dom(T),
[T;runRGN [z,] v = 7] ([T,sr—> (,r— {});v [sgr] handle(sgr) = v'],0' = K')
) ’ s & dom(T),
[T;runRGN [7,] v <= 7] <[T,s»—> (7 {});0 [s#r] handle(sgr) = v'],0’ = K’) -

[T.s (re ()i < 20

s & dom(T),
[T;runRGN [t,] v < 2 [ [T,s— (,r— {});v [s#r] handle(sfr) = v'],0" = «/,

s = BN R’

s & dom(T),
[T;runRGN [t,] v < 2] [ [T,s (,r— {});v [s#r] handle(sgr) <= v'],0' = «/, | —
[T.s (re (1)K =, 87507
s & dom(T),
[T;runRGN [t,] v ] [ [T,s— (,r— {});v [s#r] handle(sgr) = v'],0" =1/,
[T,s— (,r— {});K/ S S”;U”], [S” =1 R”]

>

s & dom(T),
[T;runRGN [t,] v < 2] [ [T,s (,r— {});v [s#r] handle(sgr) <= v'],0' = «/, | —
[T,s— (,r—= {});K = 8"0",8" =r—> R’

s ¢ dom(T)
T,s+ (-, r— {});v [s#r] handle(sgr) = v v =K
T,SH(',I‘H{});K, S, S”;b‘” S”E',VHR”

T;runRGN [1,] v < v [of @ /s%r]

D—2 D—2
[T;e = @1, 3kD) — [T,s—> S;x >k Q15+ 5 kD) —
[T;e— N3, 39" [T,s+— S;x = N315-.- > 3D)

Fig. 5. Natural transition semantics of FR®N (abbreviated)
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(2) If [T,s— S;x —, 7]() —" ©" and ®’ contains no pending judgements,
then D’ is a complete derivation for a judgement of the form T,s+— S;x <, S';v
(e, =3 =[T,s— S;x >, S;0)]).

Lemma 3.3 (NTS Completeness)

(1) If T;e — v and © is a complete derivation for T;e < v, then [T;e — ?]() —" D.

(2) If T,s+— S;Kx <, S';v and ®, is a complete derivation for T,s+— S;k —, S';v,
then [T,s+— S;k =, () —" D,.

For each tower T and expression e, we define an execution of e in T as a sequence
[Tie =) — D1 — Dy — -
Thus, an execution has three possibilities:

(1) Suppose that for all ®, such that [T;e — ?]() —" D,, there exists ,.; such
that ©, — ®©,+1. Then, we say that e in T diverges.

(2) Suppose that there exists @, such that [T;e — ?]() —" D,, such that there
does not exist ®,.; such that ©,, — ©,.;.

(a) Suppose ®, contains no pending judgements. By Lemma 3.2, ®, = [T ;e —
v]. Then, we say that e in T terminates with the value v.

(b) Suppose ®, contains pending judgements. Then, we say that e in T gets
stuck.

By inspection of the rules in Figure 5, it is clear that the stuck partial derivation
trees correspond to trees in which predicates cannot be satisfied; all other transitions
are unrestricted. Predicates like v = Ax:t.e and v = x are traditional type errors,
where expressions evaluate to values of the wrong form. Predicates like s € dom(T)
also correspond to type errors, where towers have the wrong form. The static
semantics given in the next section and the definitions given in Section 3.5 ensure
that stuck partial derivation trees are not well-typed.

3.4 Static semantics of FRN

Well-typed programs obey several invariants, which are enforced with typing judge-
ments. In addition to the traditional “type-checking” judgements for expressions, we
have judgements that enforce the consistency of towers, and various well-formedness
judgements that serve as a technical convenience.

3.4.1 Definitions

Figure 6 presents additional definitions for syntactic classes that appear in the static
semantics. Type contexts A are ordered lists of type variables and value contexts
I' are ordered lists of variables and types. Tower, stack, and region types mimic
towers, stacks, and regions, recording the type of the value stored at each location.
Tower, stack, and region domains are a technical device that records the locations
in scope. Because proving the well-formedness of tower types requires proving the
well-formedness of types, which requires verifying that stack and region names are
in scope, one cannot easily have tower types serve the dual purpose of recording
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Type contexts = | Aua

Value contexts = | x:t

Region domains v= .y

Region types p= e, Lo 1)

= -|8,r— R (ordered domain)
= -|8,r—R (ordered domain)
= +|T,s— 8§ (ordered domain)
= -|TJ,s— 8 (ordered domain)

Stack domains
Stack types
Tower domains
Tower types

QA» oD D>
|

7, X1, =VBRGN 1, f - RGN 1, f8

dom(8) = dom(g/) A
vr € dom(8).dom(3(r)) = dom(S (r))

x|
1L
<]
I

Tl = 7, s> 8 such that T = f’, S 3’,7/

8§38 = dom(8)=dom(8)N
Vr € dom(8').dom(8(r)) =2 dom(8'(r)) A
vl € dom(8'(r)).8(r,1) = 8'(r,1)

Ts=7,s— 8 suchthat T=7,s— 8,7

Fig. 6. Static semantics of FREN (definitions)

locations in scope. We tacitly assume that all domains are well-formed — containing
distinct stack names, region names, and locations.

We recall the abbreviation 7,, < 7, for the type of a function that coerces any
computation taking place in the region indexed by 7, into a computation taking
place in the region indexed by 7,,.

We define the relation J to describe extensions of stack domains and types. Note
that we consider tower and stack domains and types to have ordered domains.
Hence, dom(S) = dom(S’) indicates that the ordered domain of dom(S’) is a prefix of
the ordered domain of dom(S). Finally, we define restriction operators, which return
a prefix of tower domains and types.

3.4.2 Expressions

Figures 7, 8, and 10 present the typing rules for the judgement A;T;T : T Fexpe i 1,
which asserts that under type context A, value context I', and tower type T with
tower domain T, the expression e has type 7.

The rules for constants, arithmetic and boolean operations, function abstraction
and application, tuple introduction and elimination, and type abstraction and
instantiation are all completely standard. As expected in a monadic language, each
command expression is given the monadic type RGN 1, 1, for appropriate region
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AT;T T hepet

A;T5T 0T begp €g :int

Fet A3 T5T 2 T AT;T T by er 0 int
A;F;‘J’:fl—expi:int A;F;‘J’:fl—expeleaezzint
A;T;T 0T begp ep - int
A;T5T T begp €2 5 int Foxt A;T;T T Fewe ;77T
A;T;T T Feyp €1 @ €3 2 bool A;T;T T beyp tt 2 bool A;T;T 2T Feyp ff 2 booI

AT 2T Fexp € - bool
AT T hepe it AT i Theper it
A;T;T T ke if € then e, else ef 1

Faad M;T:T T x € dom(TD) 7=T(x) AT, x0T T hgpe i
A;TT i T b X 0T AT 0T breyp AXiT1€ 5T > T
AT;T T heper 111 = 1 Foa A T;T 2T
AT T T ke er i1y A;T5T 0T begp € 1 1y S0
AT T T ke er €202 AsT5T 0T e (€1h.ens€0) 1T X o0 X T,y
AT;T T hepe ity X" X1, I—CmA;li;‘T:f
1<i<n Ao TT i Thypert
A;T5T 0T ke seli e o 1 A;T5T 0T begp Ao - Vout
AT Fiype T AT T hap er i1
ATT 0T beyp e 2 Vot AT, x:13T T hep e 112
AT T hegp e [1] 1 7'[2/4] AT;T :Thepletx=ejiner 1

AT Fiype Ta AT T:T Fexp U : V9..RGNHandle y. — RGN 7, 1,
A;T;T 0T begp runRGN [1,] 0 5 74

Fig. 7. Static semantics of FREN (expressions)

index and return type. The typing rules for returnRGN and thenRGN correspond to
the standard typing rules for monadic unit and bind operations. The typing rules
for newRGNLoc and readRGNLoc are straight-forward.

The key judgements are those relating to the creation of new regions. Recall that
we would like to consider a value of type RGN 7, 17, as a region-transformer —
that is, it accepts a region (indexed by the type 7,), performs some operations (such
as allocating into the region), and returns a value and the modified region. However,
this is slightly inaccurate, owing to the fact that a stack of regions admits a region
outlives relationship. Rather, we should consider a value of type RGN 7, 7, as a
region-stack-transformer — that is, it accepts a stack of regions (indexed by the
type t,, corresponding to a particular member of the region stack), performs some
operations (such as allocating into the regions), and returns a value and the modified
stack of regions. Note that the actual stack of regions passed at runtime may include
regions younger than the region corresponding to 7,; 7, simply ensures the liveness
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ATT T hepe it

A;T Figpe T ATT i T bexp 05 T4
A;T;T @ T ke returnRGN [1,] [z,] v : RGN 1, 7,

A;T;T :T ey €1 RGN 1, 7,
A;T;T :T Feyp €2 11, > RGN 7, 15
A;T;T T beyp thenRGN [1,] [1.] [15] v v2 : RGN 1, 15

_ A,? '_lype Tr] A,T '_lype Ta
A;T5T 0T beyp v 0 V9,1, < 7, = RGNHandle y,, - RGN v,, 1,
A;T;T T beyp 16tRGN [1,] [7a] v : RGN 1, 1,

A;F;T:T}_expv - RGN O'#pl Ta T}_calst aﬁpl“"”aﬁPZ
A;T;T 2T Feyp witnessRGN o#p; a2pa [t,] v : RGN ofp) 1,

A;T;T T beyp v1 : RGNHandle 1, AsT5T 0T breyp 02 5 T4
A;T;T T beyp newRGNLoc [1,] [z,] v 12 : RGN 7, (RGNLOC 7, 7,)

A;T;T T bep v s RGNLOC 1, 14
A;T;T : T ke readRGNLocC [1] [t,] v : RGN 7, 7,

Fig. 8. Static semantics of FR®N (commands)

of a particular region (and all regions older than it), without excluding the liveness
of younger regions.
We first examine the typing rule for the runRGN expression:

A;T Figpe Ta A;T;T 0T beyp v : V9,.RGNHandle 7, — RGN 7y, 1,
A;T;T 0T begp runRGN [1,] v 5 74

As stated above, the argument to runRGN should describe a region computation.
In fact, we require v to be a polymorphic function that yields a region computation
after being applied to a (fresh) region handle. The effect of universally quantifying
the region index in the type of v is to require v to make no assumptions about the
input stack of regions (e.g., the existence of pre-allocated values). Furthermore, all
region-transformer operations are “infected” with the region index: when combining
operations, the rule for thenRGN requires the region index type to be the same;
locations allocated and read using newRGNLoc and readRGNLoc require the region
index of the RGNLoc to be the same as the computation in which the operation
occurs. While witness functions (discussed in more detail below) may coerce a region
computation indexed by 7, to a region computation indexed by 7, for a younger
region index 7., this coercion simply “infects” the computation with a younger
region index that implies the older region index. Thus, if a region computation
RGN y, 1, were to return a value that depended upon the region indexed by y,, then
y, (or some younger, as of yet unintroduced, region index y.) would appear in the
type 7,. Since the type t, appears outside the scope of the type variable y, in the
typing rule for runRGN, it follows that y, cannot appear in the type t,. Therefore,
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T Feast J#p > O-#p,

s € dom(T) s € dom(T) T(s) = 81,11 — R, S»
T Feast Off® ~»> offe T Feast SE® ~> ste T Feast S ~> st

sedom(T)  T(s)=81,r+— Ri,85,1m > Ry, 83
T I_c:zlst S#V] td S#’”Z

Fig. 9. Static semantics of FRCN (casts)

it must be the case that the value returned by the computation described by v does
not depend upon the region index which will instantiate y.. Taken together, these
facts ensure that an arbitrary new region can be supplied to the computation and
that the value returned will not leak any means of accessing the region or values
allocated within it; hence, the region can be destroyed at the end of the computation.
Finally, because we require region handles for allocating within regions, we provide
the region handle for the newly created region as the argument to a function that
yields the computation we wish to execute.
The typing rule for 1etRGN is very similar:

o A,T l_typc Trl A,T l_typc Ta
A;T5T 2T Fexp v 2 V9,7, < 7, — RGNHandle y,, — RGN y,, 1,
A;T;T T begp 16tRGN [1,,] [7a] v : RGN 7, 1,

Exactly the same argument as above applies, except that we additionally have an
witness argument of type 7,, < v,,. The operational behavior of |etRGN is ensure that
the newly allocated region is related to previously allocated regions according to the
stack discipline. The witness argument is provided to the computation taking place
in the stack with the inner/younger region allocated in order to coerce computations
(such as allocating a new value in some outer/older region) from a computation
indexed by the outer region to a computation indexed by the the inner region. This
coersion is safe because every region in the stack denoted by 7, outlives every
region in the stack denoted by 7,,. Operationally, such a witness function acts as the
identity function.

The typing rule for witnessRGN formalizes this outlives argument: a withnessRGN
term is well-typed whenever g#p; can be cast to o#p,. The judgement T F .y
atpy ~» ofpy (Figure 9) verifies the casts witnessed by witnessRGN terms. Note
that the judgement T b, s#r; ~» sgr, enforces the requirement that r; outlives r,
in the stack s. The other b, judgements allow casts to deallocated regions, which
can be introduced when deallocating a region at the end of a runRGN or |etRGN
computation. This is a technicality needed to ensure that programs remain closed
and well-typed during their execution.

Figure 10 gives typing rules for location and handle expressions. The judgements
ensure that stack and region names that appear in locations and handles are in
scope; furthermore, a location in a live stack and region points to a value with the
type assigned by the tower type.
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ATT T hepe it

Foad A;T;T T A;T Figpe Ta
A;T5T T begp (Ioze : RGNLOC offe 1,

Few A;T;T: T s € dom(T) A;T Figpe Ta
A;T3T 0T begp ()sze - RGNLOC ste 1,

o A;T;T 0T s € dom(T) r € dom(T(s)) I € dom(T(s,7)) T(s,r, 1) =14
A;T5T 0T begp (Dser - RGNLOC 527 1,

Fot A;T;T 0T
A;T;T : T ke handle(ofe) : RGNHandle ofe

Fet A;T;T T s € dom(T)
A;T;T : T beyp handle(site) : RGNHandle sie

Fot A;T;T T s € dom(T) r € dom(T(s))
A;T;T : T ey handle(sgr) : RGNHandle sgr

Fig. 10. Static semantics of FR®N (locations and handles)

dom(T) = dom(T)
Vs € dom(T). dom(T(s)) = dom(T(s))
Vs € dom(T).Nr € dom(T(s)) dom(T(s,r)) = dom(T(s,r))
Vs € dom(T).¥r € dom(T(s5)).¥I € dom(T(s,7)). ;T |s Feype T(s,7,1)
Frgpe T2 T

Fowe T 1T : T

Frgpe T2 T
dom(T) = dom(T) = dom(T)
Vs € dom(T). dom(T(s)) = dom(T(s)) = dom(T(s))
Vs € dom(T).Vr € dom(‘J'(s)) dom(T(s,r)) = dom(T(s,r)) = dom(T(s,r))
Vs € dom(T).Vr € dom(T(s)).V] € dom(T(s,r)). ;+;Ts : Tls Fep T(s,7,1) : T(s,7,1)
Fower T :T 2T

Fig. 11. Static semantics of FRCN (towers, stacks, and regions)

3.4.3 Towers

Figure 11 presents typing rules that enforce the well-formedness and consistency
of towers. The judgement Fyype T : T asserts that tower type T is well-formed
with tower domain T. In particular, the judgement asserts that T has the domain
specified by T and each type in the range of T is well-formed. Note the use of the
restriction operator; this ensures that types “lower” in the tower cannot reference
stack and region names that appear “higher” in the tower. This corresponds to the
fact that while runRGN computations can be nested, the inner computation must
complete before executing a command in the outer computation. Hence, while an
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inner computation may have references to the outer computation, there can be
no references from the outer computation to the inner computation. Finally, the
judgement Fiwer T : T : T asserts that the tower T is well-formed with tower type
T and tower domain 7. Like the judgement Fitype, it asserts that T has the domain
specified by T and each stored value in the range of T has the type specified by 7.
Again, restriction operators are used to assert that storable values “lower” in the
tower cannot contain references to storable values “higher” in the tower.

3.4.4 Technical details

Figures A1 and A2 in Appendix A contain additional (completely standard)
judgements for ensuring that types t, type contexts A, and value contexts I" are
well-formed. Because types may contain stack and region names, the judgements
Fiype and Fyeixe require a tower domain T.

3.4.5 Surface programs

It is useful to note that the static semantics can be greatly simplified for the
surface syntax presented in Figure 1. Tower types and tower domains are purely
technical devices that are used to prove type soundness. In the static semantics,
they simply collect the names of stacks and regions in scope and assign types
to locations. Note that in every rule, tower types and tower domains are passed
unmodified to sub-judgements. Since surface programs do not admit syntax for
naming stacks and regions, we can type any closed, surface expression with the
judgement -;-;- : - ey e ;7. Pushing these empty tower types and tower domains
through the rules leads to the following simplifications:

AT i bepert = AT ket A Fype T = Abgpet

A; e I = A Feewe T Feut A; ;.- = ko A; r

Hence, we recover a type system equivalent to that of System F, which is sufficient
for type-checking surface programs.

Further simplifications can be made by interpreting the monadic commands as
constants with polymorphic types. For example, the typing judgements for each of
the monadic commands are equivalent to the following typings:

runRGN :: Vo.(Vy,.RGNHandle y, - RGN v, o) — «

returnRGN :: Vy,.Vo.o — RGN y, o

thenRGN :: Vy,.Yo, B.RGN 7, o — (« = RGN 7, /) > RGN vy, f8

IetRGN :: Vy,, Vo.(Vy:,.7,, <7, — RGNHandle y,, —» RGN y,, «) = RGN y,, «

newRGNLoc :: Vy,.Voa.RGNHandle y, — o« — RGN 7, (RGNLoc 7, o)

readRGNLoc :: Vy,.Ya.RGNLoc y, o« — RGN y, o
Treating the monadic commands as syntactic forms simplifies the proofs, as there is
no need to consider partially applied forms.

3.5 Type soundness of FRCN

In this section, we sketch a proof of type soundness. We wish to prove that a well-
typed, closed initial program either succeeds (returning a value of the correct type)
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or diverges. A preservation theorem and a progress theorem make this theorem an
easy corollary.

The Preservation Theorem states that the terminating computation of a well-
typed expression yields a value of the same type. Because the dynamic semantics
are defined by two mutually inductive judgements, the Preservation Theorem also
states that the terminating computation of a well-typed command yields a well-typed
extension of the top stack and a value of the same type. Various substitution lemmas
for dead stacks and regions are required to prove the cases where stacks and regions
are deallocated.

Theorem 3.1 (Preservation)
(1) If
(a) l_tower 7;: ‘I :?a
(b) ;3T : T hexp e i1, and
(c) T;e =7,
then ;5T : T begp v 2 1.
) If
(@) Fower Tos— 8 :T,s+—8 : T, s+ 8,
(b) 33T, s> 8 : T, s> 8 bexp K : RGN 587 7,, and
(€) T,s> S;K" <, S"30/,
then there exists § 8 and 8’ I8 such that Foyer T,5— S’ : T, 50— 8 : T, 5
S and T, s> 8 :T,s— 8 Fexp 0 Ta

Proof
Proceed by mutual induction on the derivations (1c) T;e — v’ and (2¢) T,s —

S;x— S0, O

The Progress Theorem states that a partially evaluated expression can always move
forward towards complete evaluation. Progress Theorems are notoriously difficult
in a large-step operational semantics. Our approach adopts a natural transition
semantics, introduced in Section 3.3. The Progress Theorem states that any well-typed
partial derivation that contains a pending judgement can transition to another well-
typed partial derivation. As usual, the proof of the Progress Theorem depends on a
Canonical Forms Lemma, which describes the forms of values of particular types.

Definition 3.1

(1) A pending judgement T;e — ? is well typed iff there exists T, T, and t such
that Fower T 2T :T and 55T : T begp € 0 T

(2) A pending judgement T,s — S;x < ? is well typed iff there exists T, T, 8,
8, r € dom(8), and 1, such that Fiyer T,s— S : T,s+— 8 : T,s — 8 and
55 T,s> 8 1 T, s> 8 bexp k : RGN sfr 1,.

(3) A partial derivation ® is well typed iff every pending judgement in it is well
typed.

Theorem 3.2 (Progress)
If © is a well-typed partial derivation with pending judgements, then there exists ©’
such that © — ®" and @’ is well typed.
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Proof

Let 9 be the uppermost node of © that is labeled with a pending judgement, either
T;e— ?or T,s+— S;x <, 7. Any transition on © must occur at this node. Proceed
by considering all possible forms of pending judgements. O

Theorem 3.3 (Soundness)

If -5+ - Fexp et 7, then any execution of e (in -) either terminates with a value v
(such that «;-;- 1 - e v 1 7) Or diverges.

Proof

Let [;e = () — ®1 — ©y —> -+ be an execution of e. Note that [-;e — ?]()
is well-typed by Fiower - : - - and -5+ 1 Feyp € @ 7. By Progress, every ©; is well
typed.

(1) Suppose that for all ®, such that [-;e — ?]() —" D,, there exists ®, such
that ©, — ®,+1. Then, e diverges.

(2) Suppose that there exists @, such that [-;e — ?]() —" ©,, such that there does
not exist ;1 such that D, — D, 1.

(a) Suppose ©,, contains no pending judgements. By Lemma 3.2, D, = [-;e < v].
Then, e terminates with the value v. By Preservation, «;-;- : - Fexp v 0 7.

(b) Suppose D, contains pending judgements. By Progress, there exists " such
that ©, — D', contradicting the assumption that there does not exist D,
such that ©,, — ©,.;. Thus, e cannot get stuck. []

Remarks

As stated previously, our main reason for adopting a large-step operational semantics
is to simplify the theorems and proofs of Section 5. However, we believe that the
technique of proving type soundness for languages described by natural transition
semantics shows great promise, particularly for the monadic treatment of effects. In
many ways, natural transition semantics attempts to bridge the gap between large-
step operational semantics and small-step operational semantics. Natural transition
semantics incorporates the advantages of large-step operational semantics (namely,
a concise semantics) and ameliorates some of the disadvantages of small-step
operational semantics. First, there is no need to introduce intermediate terms to
“mark” points of interest in an evaluating program. For example, Semmelroth and
Sabry’s account of monadic state in ML requires a term sto A e, to distinguish
nested runST evaluations.

Second, there is no need to introduce evaluation contexts. While this may appear
to be a minor point (by recognizing that one has effectively defined the evaluation
context by the path through a partial derivation tree to a pending judgement), it has
broader implications, particularly in the monadic setting. For example, Semmelroth
and Sabry’s evaluation contexts are quite complex, requiring four separate contexts.
This complexity is required to express the relative sequencing of pure and monadic
operations; essentially, the contexts must find the sto A [] that corresponds to the
“active” monadic evaluation, then follow commands down to either the “active”
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Surface commands K
Computation commands &

... | writeRGNLoc [7,] [t.] v1 v2
... | writeRGNLoc [7,] [7,] v1 02

. fens
T,s— S;k—,.S";v

7, = sfr v = (D
r € dom(S) I € dom(S(r))

T,s+— S;writeRGNLoc [t,] [t] v1 02 = S{(r,]) > v2};()

|A;F;‘J‘:fl—expe:r|

A;T;T 0T Fep v : RGNLOC 1, 1, AsT5T 0T begp 02 5 74
A;T;T 2T Feyp writeRGNLoc [1,] [t,] 01 2 : 1
Fig. 12. Extensions to FR®N for writeRGNLoc

monadic command or “active” pure expression. In the natural transition semantics,
this is accomplished “automatically” by jumping to the pending judgement of the
partial derivation tree. In our case, the fact that this pending judgement can take
one of two forms (either a pure call-by-value System F judgement or an imperative
monadic judgement), effectively eliminates the need to interleave contexts.

We also believe that the complete soundness proof using natural transition
semantics is easier than the corresponding proof using small-step operational
semantics (for example, the soundness proof for Cyclone’s region system undertaken
by the second author (Grossman et al., 2001)). Eliminating intermediate terms and
evaluation contexts are obvious savings. The proof flavor is also slightly different:
where one was doing case analysis on the form of the active position of an evaluation
context, now one is doing case analysis on the pending jugdement’s children.

3.6 Extensions

We consider two easy extensions to the language FRGN: mutable locations and
fixed-point locations.

3.6.1 Mutable locations

Figure 12 presents the extensions necessary to support mutable locations. The
command writeRGNLoc [z,.] [t.] v1 v, overwrites the value stored at the location vy
with the value v;. All lemmas and theorems can be extended to support mutable
locations in a straight-forward manner. In the special case where programs do not
contain |etRGN, we obtain an alternative proof for the soundness of strict monadic
state (Semmelroth & Sabry, 1999).

3.6.2 Fixed-point locations

Figure 13 presents the extensions necessary to support fixed-point locations. The
command fixRGNLoc [z,] [t,] v; v, allocates a value of type t, in the region indexed
by 7,; the value is produced by the function v, which is applied to the location where
the allocated value is to be stored. This provides a means of allocating recursive
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Surface commands K = ... | fixRGNLoc [7,] [z.] v1 v2
Computation commands « ::= ... |fixRGNLoc [1,] [z.] v vz
Computation values v o= L]0

. Iy
T,s+—> S;xk >, S ;v

T, = S§r v; = handle(sgr)
r € dom(S) ¢ T,s— S
T,s— S{(r,1)— o};00 (Isgr &V
T,s— S;fixRGNLoc [t,] [t4] v1 v2 = S{(r,]) = v'}, (D)szr

AT;T T hepe it

l_ctxt N

A;T;T : T beyp v1 : RGNHandle 1, A;T;T 0T beyp 02 : RGNLOC 7, T, > 1T,
AT:T:T Fexp fixRGNLoOC [7:] [7,] v1 02 : RGN 7, (RGNLoOC 7, 1,)
Fig. 13. Extensions to FR®N for fixRGNLoc

functions. (Recursive structures could be accomodated with the addition of recursive
types.)

The dynamic semantics for fixRGNLoc make use of a dummy storable value ©.
The typing rule for ¢ admits arbitrary well-formed types. (We slightly abuse notation
here; ¢ is not technically an expression form. A ¢ can only appear in the range of
a region.) However, ¢ is not a value and cannot be the result of any computation.
It serves as a place holder in the store, marking the location where the recursive
knot will be tied. It also ensures that the tower is well-formed with respect to the
extended tower type necessary to prove that vy (I)s, is well-typed.

We note that the typing rule for fixRGNLoc requires that the function v, has the
type RGNLoc 1, 7, — 7,. This is a pure function, not a monadic computation. Hence,
it is safe to evaluate with the location bound to ¢ (where the allocated value is to be
stored), because no computation (and, hence, no reading of region allocated values)
can occur during the evaluation of the application of v, to the location. On the other
hand, v, can return a (suspended) computation that reads the allocated value, since
this computation cannot occur until after the knot has been tied. For example, if h
is a variable of type RGNHandle 7,, then the following expression returns a location
of type RGNLoc 7, (int — RGN 1, int), which points to a (monadic) function that
evaluates factorials:

fixRGNLoc [¢,] [int — RGN t, int] h
(4f:RGNLoc 7, (int »> RGN 7, int).An:int.
if n =0 then returnRGN 7, 1
else thenRGN [z,] [int - RGN 7, int] [int]
(readRGNLoc [z,] [int > RGN 7, int] f)
(Ag:int > RGN 7, int.
thenRGN [z,] [int] [int]
(g (n1—1)
(Am:intreturnRGN [z,] [int] (n * m))))
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4 Region calculi

The previous sections have presented FR®N and have (hopefully) developed sufficient

intuition to reasonably establish our goal of finding a simpler account of region-
based type systems. However, while FRGN shares some similarities with region calculi
(e.g., evaluation with a stack of regions), its type system appears to be quite different
from the type-and-effect systems associated with region-based languages. Hence, the
skeptical reader may well wonder if the simplicity of the FRGN type system points
to some deficiency, failing to capture all of the idioms available in type-and-effect
systems for region calculi. Our present task is to rigorously demonstrate that we
have lost no power in adopting FREN; our method for accomplishing this task is
to give a type- and meaning-preserving translation from a source language that
captures the key aspects of Tofte-Talpin and Cyclone-like region calculi into FRGN,

Much of the technical complexity in previous and subsequent sections stems from
our desire to establish the formal correctness of the translation, not simply an
intuitive account of the correspondence. Furthermore, as should be clear, there is
a large “semantic gap” between the type-and-effect system for a traditional region
calculus and the type system for FRGN. The next subsection sketches the major
obstacles to be overcome in the translation. Our conclusion is that the gap is
too large to be bridged by a single translation. Instead, we present an Untyped
Region Calculus (URC) in Section 4.2, which provides a core syntax and dynamic
semantics for a typical region calculus. Sections 4.3-4.5 present a succession of
type-systems for URC. The first is a Traditional Region Calculus (TRC), which
corresponds directly to type-and-effect systems given in the literature (Helsen &
Thiemann, 2000; Calcagno, 2001 ; Calcagno et al., 2002). The second is the Bounded
Region Calculus (BRC), which augments TRC with a form of bounded region
polymorphism. The Bounded Region Calculus can be seen as a core model of early
versions of Cyclone (Grossman et al., 2001; Grossman et al., 2002). Finally, the
Single Effect Calculus (SEC) restricts BRC by admitting only a single region as the
latent effect of an expression. Hence, our roadmap is as follows:

Untyped Region Calculus (URC)
~» Traditional Region Calculus (TRC)

~» Bounded Region Calculus (BRC)
~» Single Effect Calculus (SEC)

Type- and meaning-preserving translations down this chain are relatively straightfor-
ward (meaning-preservation following directly from the shared dynamic semantics),
and will presented as succinctly as possible. After presenting the Single Effect
Calculus, it should be clear that there is a much greater correspondence between the
type system for SEC and FREN than between the type system for TRC and FREN,
However, the translation from the Single Effect Calculus to FREN contains some
subtleties, and will be covered in full detail in Section 5.

4.1 From TRC to SEC to FRON: Translation Sketch

The form of the function type and the form of the expression typing judgement are
defining characteristics of “traditional” type-and-effect systems, such as that to be
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given for the Traditional Region Calculus:

rliwm AT hegpe it
In a region-based language, an effect denotes a set of regions. In the function type,
the effect ¢ is a latent effect: a (super)set of those regions read from or written
to when the function is called. In the expression typing judgement, the effect ¢
describes the regions affected when the expression evaluates.

A typed call-by-value monad translation (Wadler, 1995; Sabry & Wadler, 1997;
Moggi & Sabry, 2001; Wadler & Thiemann, 2003) suggests translating the type
1 515 to T[] — RGN T[¢] T[] and translating the judgement A;T Feyp e 1 7,
to an expression of type RGN T[¢] T[t]. The difficulty with this translation is that
¢ naturally denotes a set of regions, while 7, in RGN 1, 1, only names a single region.

Hence, we would be better served by representing effects by a single region; but,
which region? The key insight is that a LIFO stack of regions imposes a partial
order on live (allocated) regions. Older regions (lower on the stack) outlive younger
regions (higher on the stack). Hence, the liveness of a region implies the liveness of
all regions below it on the stack. Alternatively, we consider a region to be a subtype
of all the region that it outlives. Thus, it is the case that a single region can serve as
a witness for a set of effects: the region appears as a single effect in place of the set.
This will be the defining characteristic of the Single Effect Calculus.

To bridge the gap between the type-and-effect systems of the Traditional Region
Calculus and the Single Effect Calculus, we take inspiration from Cyclone (Grossman
et al., 2001). One key difference (among many) between Cyclone and the Tofte-Talpin
region calculus is that the type-and-effects system of Cyclone extends that of Tofte-
Talpin’s with a form of bounded region polymorphism. The abstraction of a region
variable ¢ may be bounded by a set of regions ¢. At the instantiation of ¢ by a
region p, we must show that the liveness of p implies the liveness of all the regions in
¢. Within the body of the abstraction, we may assume that ¢ is an upper bound on
the set of regions ¢. However, like the Tofte-Talpin region calculus, Cyclone treats
effects as sets of regions affected by the evaluation of an expression. The Bounded
Region Calculus will combine these traits by admitting both latent effects as sets of
regions and bounded region polymorphism.

Hence, a translation from a source region calculus to FRSN must accomplish a
number of objectives: (1) eliminate region subtyping (through explicit coercions), (2)
sequence computations using the monadic constructs, and (3) encode effects using a
single region for the index of the RGN monad. In order to simplify the translation to
FRGN and its proof of correctness, we factor out this third objective in the remainder
of this section by first sketching a translation to the Single Effect Calculus. In terms
of translating types and typing judgements, our path is as follows:

TRC/BRC () SEC (12) FRGN

71 2, T 0 o = g1 2 75 (12 Ao.(T[e = ¢] — T[z1] —» RGN T[e] T[r1])

AiThepe:t,o 3 AT hgpe:r,0 02 DIA]; G Fexp Ee] : RGN T[0] T[]
where 6 bounds ¢
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i € Z

I €  Locations

r €  RNames where H € RNames
3,0 € RVars where # € RVars
f,x €  Vars
Region placeholders
0,p == glr|e
Effects

@ = {pi... pn)
Terms

e = jatple®@eyatp|e ©ey|tt]ff]if e, then e else ey |

X|Ax.eatp|e e ]| (e,e;) atp|fste|snde]
letregion g ine | Ag.uatp|e [p]]

(Dr | (1)

Abstractions
u = JIxeatp]|louatp
Values

v =t x| (D), | (D)

Storable values

w o= i|Ax.e]| (v,02) | dou
Regions
R = (L wy,...,L—>w,}
Region stacks / Stacks
S = -|S,r— R (ordered domain)

Fig. 14. Syntax of URC

4.2 An Untyped Region Calculus

This section presents an Untyped Region Calculus (URC), which is a variation of
the region calculus of Tofte and Talpin (1994; 1997), in the spirit of more recent
direct presentations of region calculi (Helsen & Thiemann, 2000; Calcagno, 2001;
Calcagno et al., 2002; Henglein et al., 2005). This calculus will provide core syntax
and dynamic semantics for the subsequent type systems.

4.2.1 Syntax of URC

Figure 14 presents the syntax of programs in the Untyped Region Calculus.

As in FRGN we distinguish between region variables, region names, and a deal-
located region e. For an external language, it suffices to allows region placeholders
to range over region variables (RVars), which include a distinguished member
A, corresponding to a global region that remains live (allocated) throughout the
execution of the program. Region names and locations are used to represent pointers
to region allocated data.

Terms are similar to those found in the Z-calculus. One major difference is that
terms yielding heap allocated values carry a region annotation at p, which indicates
the region in which the value is to be allocated. We assume that integers, pairs,
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and function closures require heap allocated storage, while booleans do not. New
regions are introduced (and implicitly created and destroyed) by the letregion ¢ in e
term. The region variable ¢ is bound within e, demarcating the scope of the region.
Within e, values may be read from or allocated in the region g.

The term Jg.u at p introduces a region abstraction (allocated in the region p),
where the term u is polymorphic in the region ¢.* Such region polymorphism is
particularly useful in the definition of functions, in which we parameterize over the
regions necessary for the evaluation of the function. The term e [p] eliminates a
region abstraction; operationally, it substitutes the place p for the region variable ¢
in u and evaluates the resulting term.

The expression (I), is the (live) pointer associated with a region allocated value.
Likewise, the expression (I), is the is the (dangling) pointer associated with a region
deallocated value.

Because the introduction forms for region allocated values are not themselves
values, we formalize the syntactic class of storable values. Storable values are
associated with locations in regions R and regions are ordered into stacks S.
Intuitively, evaluating a letregion expression adds a new region to the top of the
stack (which is deallocated upon finishing the expression).

4.2.2 Dynamic semantics of URC

An inductive judgement (Figure 15) defines the dynamic semantics of the Untyped
Region Calculus. We state without proof that the dynamic semantics is deterministic.
The judgement S;e < S';v’ asserts that evaluating the closed expression e in stack
S results in a new stack S’ and a value v'. Note that the rules for S;e — §’;v’ thread
the modified stack through each expression evaluation, imposing a left-to-right
evaluation order. Consider, for example, the following rule:
Sser = Si; )y Si(ri, i) =1y
Si5er = 835 (), Sa(r2, b)) =i
r € dom(S,) 1¢S5, i1 D=1
S;e1 @ ey atr = S {(r,1)— i} (1),

The first line evaluates e; to a live location and reads out the integer stored at (I;),,.
Likewise, the second line evaluates e, to a live location and reads out the integer
stored at (l,),,. Finally, a fresh location in the region r is chosen, and the final stack
with the computed integer stored at the freshly chosen location and the location are
returned. The other rules work in much the same manner.

The rule for letregion introduces (and subsequently eliminates) a new region. Its
execution is similar to that of IetRGN.

Finally, there is a special rule for the evaluation of surface programs. Programs
in the Untyped Region Calculus are simply terms. We distinguish programs because
the type systems presented in the next sections have a special judgement for top-level
programs. Essentially, this judgement establishes reasonable “boundary conditions”
for a program’s execution, an aspect that is often overlooked in other descriptions of

3 Limiting the body of a region abstraction to abstractions ensures that an erasure function that removes
region annotations and produces a /-calculus term is meaning preserving.
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r € dom(S) ¢S
Ssiatr— S{(r,)— i};{l)

S;e; = Si;{lh)n Si(ri,l1) = iy
Si;e2 = Sy;{la)r, S2(r2,b) =iz
i1©ih=>b

Sser = Sti{l)r
Si;e2 = S2;(h)r,
r € dom(Sy) 1¢8,

Si(r, 1) = iy
S2(r2, ) =1z
i1Diy=1

S;e1 ©eyatg— ;b

S;ep, — S';tt S'iep = 80"

S;if ey then ¢; else ef — " ;0"

r € dom(S) ¢S
S;ix.e atr < S{(r,l)— ix.¢'};{l),

S;er = Sy Si;e = S50
r € dom(S3) 1¢S5,

S;e1 @ ey atr < S{(r, 1) i}; ()

S;tt— St S;ff — S;ff

S;ep < §';ff S'sep — 8”50
S;if ep then ¢ else ey < S”;v”

S;er = St; ()
S1;e2 = 82502

Si(r1, 1) = 2x.¢
Sy;€'[va/x] = S3:03

S;(e1,e2) at r = Sp{(r,1) — (v1,v2)};(D)r

r € dom(S) l¢s
S; 204" atr — S{(r,1)— Aou'};{l),

S;er e > S3;03

S;e 8" (D),
8'(r,1) = (v1,02)
S;fste = S';v;

S;e = 8" (D),
8'(r,1) = (v1,02)
S;snd e S';v,

S;e (_’Sl;<l/l>r| Si(r1,11) = Ao
Si;u'[p2/0] = Sa502
Sser [p2] = Sasv2

résS  S,re{}elr/o = S r— R0
S;letregion g in e < S'[e/r];v'[8/r]

“His {Jre[H/#] — sH— R';0'
€ “prog U/[./H]

Fig. 15. Dynamic semantics of URC

region calculi. Programs are evaluated under a stack with a distinguished region H,
which is substituted for the region variable # during the evaluation of the program.
Essentially, one can consider the evaluation of a program e as being equivalent to
the evaluation of the expression letregion 2 in e, where the final stack is discarded.

4.3 A Traditional Region Calculus

Figure 16 gives an abbreviated static semantics for a traditional region calcu-
lus (Helsen & Thiemann, 2000; Calcagno, 2001; Calcagno et al., 2002) applied to
the syntax of the Untyped Region Calculus. The type structure is as follows:

Types Boxed types

T = bool|(up) u o o= int] 1 —(p; T |7 X 12 | [Tp.” 1
A region is associated with every type that requires heap allocated storage. The type
(u, p) pairs together a boxed type (a type requiring heap allocated storage) and a
region placeholder; we interpret (i, p) as the type of values of boxed type u allocated
in region p. The judgement A Fplc p checks that p is well-formed in the region
context A.

Note that the typing rules rely upon set theoretic operations (€, U, and \) to

check and synthesize effects. As our translation to FRN will require witnessing effect
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Region contexts A 1= -|A,p

AT kgpe it

A;F,x LTy l_exp e, LT, (P/ A l_place P

AT Feyp Ax 7,.9¢ at o (1 2, 72,0), {p}

AT Feper 1 (11 5 1,00, 01 AT b 171,02
AT Fexp €1 €2 172,01 Uy U {pi} U @'

Abype T Faa AsT5(0\N0)  AoiThepeit,@
A;T ke letregion gine 17,0\ ¢

Asgar l_exp u’ o T, (P, A '_pluce P
AT by 20U at p = (.1, p), {p}

A; r l_exp e’ (H\Q-(p”fa p/l), P1 A }_place P2
AT b e [p2] 1 tlp2/el, @ U {p}} U @'[p2/0]

Fig. 16. Static semantics of TRC (abbreviated)

subsumption by explicit coercions, the Bounded Region Calculus and Single Effect
Calculus will formalize these relations in separate judgements.

4.4 The Bounded Region Calculus

In this section, we sketch the Bounded Region Calculus (BRC), which can be seen
as a core model of Cyclone. The type structure for BRC is as follows:
Types Boxed types

T = bool|(up) uoon= int|rli>'52|rl><‘cz|l'[gzgo."”r

In a region-abstraction type ITg > ¢.¢'7, the effect ¢ serves as a lower bound on the
lifetime of the region ¢. (Note that the region variable ¢ is bound within ¢’ and =,
but not ¢.) The abstraction can only be instantiated by a region p that has been
pushed on the stack more recently than those regions in ¢. Within the body of the
abstraction, we may safely assume that ¢ is outlived by all of the regions in ¢. Put
another way, if g is live, then all of the regions in ¢ must be live.

Figure 17 gives an abbreviated static semantics for the Bounded Region Calculus.
Region contexts A are ordered lists of region variables bounded by effect sets. We
summarize the main typing judgements in the following table.

Judgement Meaning

At p2 > p1 If region p, is live, then region p; is live.
(Alt.: region p; outlives region p,.)

Abep>=o If region p is live, then all regions in ¢ are live.
(Alt.: all regions in ¢ outlive region p.)

Abe@>p Region p is a region in ¢.

Abee 0 2¢' All region in ¢’ are regions in ¢.

A;T ey e 17,0 | Term e has type t and effect ¢.
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Region contexts A = -|Ao0>¢

A l_rr P2 2 P1

(QE{Pla-n,Pi,n-,Pn})eA Al_placep A}_rrPZEp, AFrrp/z.Dl

Aty o= pi Abyp>=p Aty p2 2z p1
Abepzo Abe@3p Al 929
A }_rr 1Y Z Pi el A l_eﬁ' {pl’--- ,Pn} A I_eﬁ [ i
A"reﬂZ{Pla--an} Al_er{pla~-~apn}9pi Al_erq)api o

At @ 2{p1y...,pn}

AT hepe it

AT, x i1y bogp € 110,00
A I_place P A l_er ¢ > P

’

AT Feyp Ax 7,.7¢ at p (11 N 72,0),

AT ke e 1 (1 = 10010 Abe 93 p)
AT kFeper 111, Abe 0 2 ¢

AT Fegper e i 12,0

A'_lypeT '_ctxtA;F;{pla-'-apn}
Aa\Q = {p19~'~ 9pn}9r l_exp e :Ta{pla-“ 5,0719@}
A;T by letregion g ine : 7, {p1,..., pn}

Ao> " Thepu 17,0
A |_place 14 A |_er ¢ >p

AT Fop Ao > ¢"7u at p : (TTg > ¢".7'1,p). ¢

AT hepe: (o> @' 1,000 Abe 3 p)
A I_place P2 A l_re P2 = QDN A l_ee ¢ =2 (P/ [pZ/Q]
AT Fexp e [p2] < tlpa/0), @

Fig. 17. Static semantics of BRC (abbreviated)

We note that the typing rules for the judgements F,, and k. simply formalize the
reflexive, transitive closure of the syntactic constraints in A, each of which asserts
a particular “outlived by” relation between a region variable and an effect set.
Likewise, the judgements . and b, formalize the set theoretic operations used by
the traditional region calculus. The A Fpjacc p and A ey ¢ judgements check that p
and ¢, respecitvely, are well-formed in the region context A.

The typing rule for letregion ¢ in e relates the new region to the currently live
regions by introducing ¢ into the region context with an appropriate bound: while
¢ is live, all regions in {py,..., p,} are live. The typing rule for region instantiation
requires that we be able to show that the formal region parameter p, is outlived by
all of the regions in the region abstraction bound ¢".
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ARAN R

= | Ix:t

{1}

= {117’_’ M1, e > .un}

= |8 r— R (ordered domain)
= -|8,r— R (ordered domain)

Region contexts A
Value contexts r
Region domains R
R
§
S

Region types
Stack domains
Stack types

Fig. 18. Static semantics of SEC (definitions)

Translation of TRC to BRC

There is a trivial translation from the traditional region calculus into the Bounded
Region Calculus, whereby every region abstraction becomes a region abstraction
with an empty bound. Meaning preservation is trivial, as the languages share the
same dynamic semantics. Type preservation corresponds to the validity of effect
enlargement.

Lemma 4.1 (Translation Preserves Types)
(1) If A;T FIRC ¢ - 7, o, then forall ¢,

exp

if FERCID]A] ; GI] ; ¢’ and DJA] FERC o' 2 ¢,

Ctxt

then D[A] ; G[I'] FERC Ee] : T[], ¢'.

exp

(2) If FTRC p ok, then FBRC TB[p] ok.

prog prog

4.5 The Single Effect Calculus

The Single Effect Calculus (SEC) can be seen as a restricted form of the Bounded
Region Calculus, where latent effects consist of a single region instead of a set of
regions. As a convention, we will use 0 to represent regions that correspond to such
effects. Hence, the type structure is as follows:

Types Boxed types

T = bool| (up) nooo= int\ﬁ;rﬂﬁxrﬂngzgo.”r

Because the Single Effect Calculus will be the source of our translation into FREN,

we present the static semantics in more detail than the previous region calculi.

4.5.1 Definitions

Figure 18 present additional definitions for syntactic classes that appear in the
static semantics. As in BRC, region contexts A are ordered lists of region variables
bounded by effect sets. Stack and region types and domains, as in FRCN, serve a
technical purpose in the proof of type-preservation under evaluation.

The typing rules for the Single Effect Calculus appear in the following figures.

4.5.2 Expressions

Figure 19 present the typing rules for the judgement A;T;8 : 8 Feyp € : 7,0, which
asserts that under region context A, value context I', and stack type § with stack
domain 8, the expression e has type t and effects bounded by the region 0. In
practice, and as suggested by the typing rules, 6 usually corresponds to the most
recently allocated region (also referred to as the top or current region).
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A;T;8 :Shepe:t,0

AiT;8 :Sheper s (int,p1),0  A;Sty 0= py
AT:8:8

Fext A;T38 :8:0 (8 kep e i (int,p2),0  A;SEL0>ps

A;g'_plucep A,gthZP A,S '_placep A,gf‘erZP
A;T;8 1S hepiat p :(int, p), 0 A;T;8 1 S hexp €1 D ey at p : (int, p), 0
A;T;S :EI—exp e; : (int, p;),0 A;El—rrezm B
A;T58 18 bexp a1 (int,02),0 A;8 b 0 > py Fet A;T58 1850
A;T Fegp €1 © €3 2 bool, 0 A;T;8 @8 beyp tt 2 boOI, 0
A;T;8 : 8 Fexp €y : bool, 0
Fot A:T;8 :8:0 A;T;8 i Shexpe i 7,0 A;T;8 i 8 hexp ef i 1,0
A;T;8 @ 8 Feyp ff 2 boOI, 0 A;T;8 : 8 Feyp if € then ¢, else ¢; : 7,0
Foxt A;T:S :8:0 A;E,x:rl;Szgl—eipe/:rz,()/
x € dom(I') I'ix)=r A8 Fplace p A8t 0>p

o

A8 8 ke x 17,0 A;T;8 :Shep x 1.l e at p i (1) — 12, p), 0

AT :Shaper i (11— 12,0)),0  A:S ke 0> p)
AT;8 :8heper it A8k, 0>0
A;T;8 1S bexp €1 €2 1 72,0

A;T58 18 bexp e 11,0
A;T58 18 bexp €2 1 72,0 A8 1S hep et (11 X 12,p), 0
A;8 Fplacep A;S hrHZp A;8 hrHZp
A;T;8 : 8 Fexp (e1,2) at p 2 (71 X 12, p), 0 A;T;8 8 beyp fst e : 11,0
AT;8 :ghxp e (11 X12,p),0 A:S Fiype T Fewt A;T;8 :8:0
A; 8t 0 >p Ao>={0};T;8 :8tepe it
A;T;8 : S heypsnd e 12,0 A;T;8 1 8 ey letregion g in e : 7,0

Ao>@;T;8 i Shept 1,0
A;gl_placcp A,g"rreip
A;T:8 8oy Ao = 0w at p i (g = ¢." <, ), 0

AiT:8 :Shoper i (Mo >0 2. p).0  A:Sky 0> p
A8 tpace P2 ASbepr=9  A;SEy0>01p2/0]

A;T:8 : 8 Fexp €1 [pa] :tlp2/0].0

Fet AsT58 0850 A8 Foyype 1
A;T;8 0§ }_exp <l>o (u,0),0

Fext A;T:8 : 850 r € dom(8) I € dom(8(r)) w=_38(r1)
AsT58 08 bexp (1) 2 (1,7),0
Fig. 19. Static semantics of SEC (expressions)
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A,g I_rr 1% Z P1

g'_rclxl A _ _ gb’cl)iA _
(Q = {pla‘-' s Piseee apr‘l}) €A 8§ = Slarl g RlaSZar2 [ jz2783
A;gl_erZpi A,g w2 Z 1
A;g'_rerz {rla-‘-arn} g'_rctxtA g=gm‘1’—>R1,gz A;g}_placep
A;gl_rrrzri A;gl_rr.zrl A,ghrpzﬂ

A;g'_rr sz/’/ Aag }_rr p/Zpl
A8t pr = py

g l_rctxt A
A,g |_rr P > i iel..n
A;g l_re 14 = {pl’-u ,pn}
Fig. 20. Static semantics of SEC (casts)

Figure 20 reproduces the F, and . judgements of the Bounded Region Calculus,
adding constraints implied by 8, which asserts “outlived by” relations by explicit
ordering of region names.

As in BRC, the typing rule for letregion ¢ in e relates the new region to the
currently live regions by introducing ¢ into the region context with an appropriate
bound. In particular, the new region is outlived by the “old” current region and
becomes the “new” current region for the evaluation of the body of the letregion.

The judgements for locations ensure that region names that appear in locations
are in scope; furthermore, a location in a live region points to a value with the type
assigned by the stack type.

It is worth comparing the treatment of latent effects in the Single Effect Calculus
with their treatment in the other two type systems:

A;F Fexp €1 :(Tl i’ TZap/L)a(pl A’F Fexp € 1T, P2

o 72 TRC
AT Feper e i, 01 Uy U{pi}Ug
A,F l_cxp el :(Tl i”’:Zap/l):(p Al_cr(pap/l
AT l_exp € 1T, Q A}_eeq)ggol BRC
AT Fegper e i 12,0
AsT:S :Shaper (11 > t,p1, 0 A8y 0 p)
AsT;8 1 8 bexp €2 1 11,0 A8, 0=0
SEC

A;T;8 i 8 bexp €1 €2 72,0

In the Single Effect Calculus, the composite effect ¢; U @2 U {p/} is witnessed by
a single region 0 that subsumes the effect of the entire expression. We interpret 0
as an upper bound on the composite effect; hence, 0 is an upper bound on each
of the effect sets ¢; and ¢,, which explains why 0 is used in the antecedents that
type-check the sub-expressions e; and e,. We require p} to outlive the current region
0 by the antecedent A -, 0 > p|. Finally, we require the latent single effect ¢’, which
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S H = {};5 1 Fexp p @ boOOL, A
Fprog P OK

Fig. 21. Static semantics of SEC (surface programs)

is an upper bound on the set of regions affected by executing the function, to outlive
the current region, which ensures that 0 is also an upper bound on the set of regions
affected by executing the function.

In the Bounded Region Calculus, the effect for which 0 is an upper bound is
made manifest as ¢. The antecedents A ¢ ¢ 3 p| and A ¢ @ 2 ¢’ serve the same
purpose as the A k. 0 > p] and A k-, 0 > 0', namely to ensure that the region of the
function closure and the latent effect are subsumed by the effect of the application.

4.5.3 Technical details

Figures B1-B4 in Appendix B contain additional judgements for ensuring that
places p, effects ¢, boxed types p, types t, region contexts A, value contexts I, closed
values v, storable values w, stack types 8 and stacks S are well-formed.

4.5.4 Surface programs

Since surface programs should not admit syntax for naming regions, we adopt the
judgement kg p ok given in Figure 21. The rule for top-level surface programs
requires that an expression evaluate to a boolean value in the context of distinguished
region # that remains live throughout the execution of the program. It also
serves as the single effect that bounds the effects of the entire program. Alternative
formulations of these “boundary conditions” exist; we have adopted these to simplify
the translation in Section 5.

It is useful to note that the static semantics can be greatly simplified given this rule
for surface programs. Pushing these empty stack types and stack domains through
the rules leads to the following simplifications:

ATt bepei1,0 = AT kypeit,0

A Fogpe t = Albpype A Fype T = Abypet
Asrbnprzpr = Abuprzpi |Asbepz9p = Abepzo
A Fplace P = Abpace p Ajrber o = Aba o

et A = b A A Fuo I = Al T

Foxt AT 050 = o A;T;0

4.5.5 Translation of BRC to SEC

We can give a straightforward translation from the Bounded Region Calculus into
the Single Effect Calculus.
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Boxed types
T[[ LA ﬂ — 9> ¢ o] S Tl p)
A , P P
T[Ie = ¢.” 7] , = o= @ (MY > ¢ *T[], p)
Types
Tlwp] = (Tul,.p)
Expressions
E[ix :tveatp], = 19> ¢ r(ix T[] IE[e], at p) at p
R Efe; e2]y, = E[ei], [0] IE[["’}]]()
[Efletregion ¢ in e], = letregion ¢ in E[e],
]lAE[[/lQ > 0.7 u at pl, = Ae=er(9 = @ YE[u], atp)atp
Ele [pll, = E[e], [p] [0]
Programs
Bl = El],
Fig. 22. Translation from BRC to SEC (abbreviated)

At the type level, this transation expands every function type into a region
abstraction and function type:

Tn 5 mp)]| = @19 = /(0] = Tl o))

At the term level, source functions become region abstractions and functions, and
applications become region instantiations and applications. A similar approach deals
with region abstractions in the source language. Essentially, this translation works
by looking for the places where region sets are used in BRC and simply replacing
them by an abstraction bounded by that set. Clearly, this is not the most efficient
translation. For example, in places where we could statically identify an upper bound
on the region set (e.g., a singleton region set), we could elide the abstraction and
simply use the upper bound.

Figure 22 gives an abbreviated translation from the Bounded Effect Calculus to
the Single Effect Calculus (the translation is homomorphic on the other syntactic
forms). The translation witnesses each introduced bounded abstraction with the
current region, which is threaded through the translation by the 6 component of
IE[[e]]g. We can prove that the translation is type- and meaning-preserving. (Note that
we adopt the simplified type-system for the Single Effect Calculus (see Section 4.5.4),
where we assume empty stack types and domains.)

Lemma 4.2 (Translation Preserves Types)
(1) If A;T FBRC ¢ : 7 ¢, then forall A’ and 0,

exp
if }—E‘EE ID[A],A’; G[I'] ;0 and ID[A], A’ F3EC 0 > o,

then D[A], A"; G[IT oy E[e], : T[], 0.
(2) If FBRC p ok, then FSEC IE[p] ok.

prog prog
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5 The translation

In this section we present a type- and semantics-preserving translation from the
Single Effect Calculus to FREN, Many of the key components of the translation
should be obvious from the suggestive naming of the previous sections. We clearly
intend letregion to be translated (in some fashion) to IetRGN. Likewise, we can
expect types of the form (, p) to be translated to types of the form RGNLoc 7, 7.
It further seems likely that the outlives relation p, > p; should be related to the
witness functions 7,, < 7,,. We present the translation in stages, as there are some
subtleties that require explanation.

We start with a few preliminaries. We assume injections from the sets R VarsSE
and VarsSEC to the sets TVars™6N and Vars™ON respectively. In the translation,
applications of such injections will be clear from context and we freely use variables
from source objects in target objects. We further assume two additional injections
from the set RVars®EC to the set Vars™ON; the first, written h, will denote the
handle for the region g, while the second, written w, will denote the witnesses which
coerce the region ¢ to its bounding regions. Finally, as a SEC program requires
exactly one region stack for evaluation, we assume that the corresponding stack in
the translated FR®N program is labelled by the stack name s.

The translation is a typed call-by-value monad translation, similar to the standard
translation given by Sabry and Wadler (1997). We have not attempted to optimize
the translation to avoid the introduction of “administrative” redexes. We feel that
this simplifies the translation, and it does not significantly complicate the proof
that the translation preserves the semantics, owing to the fact that only three
expression forms in the source calculus are value forms. The translation is given
by a number of functions: T[] translates into types, D[] translates into type
contexts, G['] translates into value contexts, [E[-] translates into expressions, and
X[] translates into towers, tower types, and tower domains. Technically, there are
separate functions for each syntactic class in the source calculus, but we elide this
detail as it is always clear from context. Additionally, to reduce notational clutter,
translations from judgements are often written in an abbreviated form giving only
the main component; the corresponding judgement should be clear from context.

Figure 23 shows the translation of types and Figure 24 gives the extension
of the translation to contexts. As expected, the type (u,p) is translated to
RGNLoc T[p] T[u], whereby region allocated values in the source are also region
allocated in the target. The translations of primitive types and product types are
trivial. More interesting are the translations of function types and region abstraction
types. Functions with effects bounded by the region 0 are translated into pure
functions that yield computations in the RGN monad indexed by 0, whereas region
abstractions are translated into type abstractions. Because the target calculus requires
explicit region handles for allocation, each time a region is in scope in the source
calculus, the region handle must be in scope in the target calculus. This explains the
appearance of the RGNHandle g type in the translation. Likewise, the target calculus
makes witness functions explicit, whereas in the source calculus such coercions are
implied by > related regions. Hence, we interpret ¢ > {pi,...,pn} as an n-tuple

C
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Translations yielding types

Pla_ces
T 8 Frot A 0 € dom(A) _
A,g l_place 0 B

S ki A r € dom(8)

IS

T _ —
A;S }_place r 5#r
g '_rclxl A 0#0 if g =

T| 2| = :

A;8 Fplace ® sge  otherwise
Types

g F[Cl)ﬂ A

T|———| = bool

A; 8 Fiype bool

A;g }_btype u A;g l_place p

T ¢
A3 S Fiype (14, p)

ﬂ = RGNLoc T[p] T[y]

Boxed types

g '_rctxl A .
T|———| = int
A58 Fpype int
_A,g }_type T1 A,g I_plzlce 0 A,g l_lype T2
T — 2 = T[r;] » RGN T[0] T[]
L Avs I_blype 10
A:S Fiype A:S Fiype
T wpe ©1 e 20— Te,] x T[]
A;S '_btype T X T2
T A;g}_eﬂ“(ﬂ A,QE(P;g'_placeH A’sz;g'_lypef _
A;g '_blype HQ bt (p'OT B
Vo.T[o > ¢] — RGNHandle ¢ — RGN T[0] T[]
Witneises
T{A;S P2 > pl]] = T[p1] L T[p2] = YB.RGN T[p;] f — RGN T[p,] p
_ S l_l’ClXt A
T A;8bupzpi el = (T[[Pzplﬂ X XT[[.DZPn]])

A,g '_re 14 z {pla“« apn}
Fig. 23. Translation from the Single Effect Calculus to FRGN (Types)

of functions, each witnessing a coercion from region p; to ¢. This interpretation is
formalized by the T[o > {pi,...p,}] translation.*

We extend the type translation to contexts in the obvious way. In addition to
translating region variables to type variables and translating the types of variables
in value contexts, we have additional translations from region contexts to value
contexts. As explained above, region handles and witness functions are explicit
values in the target calculus. Hence, our translation maintains the invariant that

4 Note that we treat {p1,...,pn} as a list with fixed order and not as a set, so we can realize the witness
with an ordered tuple.
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Translations yielding type contexts
Region contexts

D _? Fret ]:| _
St A o¢dom(A) A8 b wﬂ

D

= = ID[A].e

i S Fret A0 >

Translations yielding value contexts
Region contexts

. ]]

G g |_rclxl A Q ¢ dom(A) A,g }_eff ® _
S Fret A0 > ¢ a

G[A] . h, : RGNHandle ¢, w, : T[e > ¢]

Value contexts

g l_rctxt A _
A;g '_vctxl : -
G A;8 byt I jc ¢ dom(I') A8 Fype T — G[I],x T[]
A8yt x0T

Fig. 24. Translation from the Single Effect Calculus to FR®N (Contexts)

whenever a region variable ¢ > {p1,...,p,} is in scope in the source calculus, the
variables h, and w, are in scope in the target calculus. The variable h, (of type
RGNHandle ) is the handle for the region ¢ and the variable w, (of type T[o > ¢])
is the tuple holding the witness functions that coerce to region g.

Figure 25 shows the translation of witness terms. The first six translations map
the reflexive, transitive closure of the syntactic constraints in the source A and §
into an appropriate coercion function. The final translation collects a set of coercion
functions into a tuple; such a term is suitable as an argument to the translation of a
region abstraction. Figure 26 translates a single region place into its corresponding
region handle.

Figures 27 and 28 and Figures C 1 and C2 in Appendix C give the translation of
terms. In order to make the translation easier to read, we introduce the following
notation, reminiscent of Haskell’s do notation:

bind fit, < ej;e; =letk =e; in
thenRGN [7,] [t4] [tp] k (Af i74.€2)
where k fresh

where 7, and 1, are inferred from context. Note that this induces the following
derived rules:
T;e; —>v
T;bind f:1, < e1;e; = thenRGN [1,] [7,] [15] v (Af T4-€2)

A;T;T :T ke e :RGN 1, 17, AT, fieg; T 0T Fep 2 : RGN 1, 15
A;T;T T e bind fiz, <= €162 : RGN 1, 15
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Translations yielding expressions
Witnesses
' § Front A
E| (@@= {pi spinspa}) EAIl =
A;g Fo 0 = pi
AB.2k : RGN T[p;] p.let w =sel; w, inw [f] k
8 Frat A
E gzgl,rlHﬁl,gz,r2H§2,§3 =
A8k =1
) Ap.Ak : RGN sg#r; f.witnessRGN sgr, sgr, [f] k
E A;gl—rejz{rl,...,rn} _
A;Sbtpr>=r
AB.Jk : RGN T[r;] B.letw =sel; E[r > {ri,...,ra}] inw [B] k
E St A 8=8.r—>R.S|
A8k o> -
] A.Ak : RGN s#r; f.witnessRGN sgr sfe [f] k
E A’Sh"a“pﬂ = AB.2k 1RGN T[p] Bk
A8twp=p
E (AiStupr>p  ASkep =pi]]
A8 b py = py B
B AB.Zk : RGN T[p:] Bletk’ =E[p" > pi] [B] k in E[p> > p'] [B] K’
S Frett A
E| A8kwp=p ™ || = (Elp=pi].....E[p > pu])
|AiS b p = {piseee s pu)
Fig. 25. Translation from the Single Effect Calculus to FRSN (Witnesses)

Translations yielding expressions

Pla_ces
8 Frext A € dom(A
E wt A 0 om(A) -
A; ) I_place Q
8 Fret A e dom(8
g[S A redom®) - e(szr)
A; S I_place r
E Skt A | [ handle(oge) if§=-
A;S Foace ® a handle(sge) otherwise

Fig. 26. Translation from the Single Effect Calculus to FR®N (Places)

The translation of an integer constant is a canonical example of allocation in
the target calculus. The allocation is accomplished by the newRGNLoc command,
applied to the appropriate region handle and value. However, the resulting command
has type RGN T[p] (RGNLoc T[p] int), whereas the source typing judgement
requires the computation to be expressed relative to the region 0. We coerce the
computation using a witness function, whose existence is implied by the judgement
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Translations yielding expressions
Expressions
[ Fext A;T;8 : 850
Ef A;S '_placep A;S I—rrHZP =
| AT 8 =8 bexp i at p : (int, p), 0
E[60 > p] [T[(int,p)]] (newRGNLoc [T[o]] [T[int]] E[o] i)

Few AsT58 1850

E| x€dom() T(x)=rt| = returnRGN [T[0]] [T[z]] x
A;T;8 i 8 bexp x 17,0

[ AT, x 17138 1S heyp € 1 12,0

E A;8 Fplace p A;StH0>p _

[ A;T;8 ¢ 8 Feyp Ax 1.0 at p (1 7 5, p),0

E[0 = p] [T [[(11 LR rz,p/)]l]

o
(newRGNLoc [T[p']] [']l"[[fl — ‘L'2:|:|] E[p'] (Zx:T[z1] E[e]))
AiT:8 8 bexp er & (1 D)0 ASE, 0> p)
E A;T;8 08 Fexp €2 1 71,0 A:Sty0 >0 =
A;T;8 i S bexp €1 €2 :72,0
bind f:T |[(z; 4, ‘cz,p’l)ﬂ < E[e] ;

bind g:T ||, i» Tz]l

<E[0 > p,] [T 4, 1—2]]] (readRGNLoc [T[p}]] |_"1F|[7:1 LN T2ﬂ] s

bind a: T[] < E[es] ;
letz=gain

E[0 > 0] [Tx]) =

where f,g,a,z fresh

Fig. 27. Translation from the Single Effect Calculus to FREN (Terms (1))

A;S F 0 > p. Allocation of a function proceeds in exactly the same manner.
Function application, while notationally heavy, is simple. The thenRGN commands
(implicit in the bind expressions) sequence evaluating the function to a location,
reading the location, evaluating the argument, and applying the function to the
argument.

The translation of letregion ¢ in e is pleasantly direct. As described above, we

54

introduce ¢, h,, and w, through A- and Z-abstractions. The region handle and
coercion function are supplied by the 1etRGN command when the computation is
executed.

The translation of region abstraction is similar to the translation of functions.
Once again, region handles and witness functions are A-bound in accordance to
the invariants described above. During the translation of region applications, the
appropriate tuple of witness functions (constructed by IE[[A;g Fre p2 = q)]]) and

region handle are supplied as arguments.
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Translations yielding expressions
Expressions
[ A;8 Fiype T Fet A;T;8:8:0
E Ao >{0};T;8 :Shepe:to =
A;T;8 : 8 Feyp letregion g ine : 7,0
) letRGN [T[0]] [T[z]] (Ag.2w,:T[e > {0}] .Ah,:RGNHandle o.E[e])
Ao>@;T;8 :Shepu 11,0
E A;g}_plucep A;ghrGZP
| AiT:8 8 bexp 20 = " u atp : (Ilg > ¢. 7, p), 0
E[0 > p] [T[(Ig > ¢."7.p)]]
(newRGNLoc [T[p]] [T[ITg > ¢.”7]]
E[p] (Ag.Aw, X[ > 0] .Ah, : RGNHandle ¢.[E[u]))
AiT;8 :Sheper 1 (Mo = 0. 1,0),0 A8ty 0> p)
E A;g'_place P2 A;gl_re Pzzw A;gl_rreze/[pZ/Q] =
AsT58 8 Fexp e [p2] = lp2/0l, 0
bind £ T[(Tle > ¢.” ¢, p})] <= E[e] ;
bind ¢TI > ¢.” <]
< E[0 > pi] [T[He > ¢.”7]] (readRGNLoc [T[p}]] [T Mg > ¢.”<]] f):
let z = (g [Tp2]] E[p> > o] E[p2]) in
E[6 = 0'[p2/0l] [T[clp2/el]l 2

where f,g,z fresh
E

Fox A;T38:8;0  r € dom(S) I €dom(8(r))  u=38(,10)
A;T;S :gl—exp ), = (u,1),0
returnRGN [T[O]] [T[(x, M)]] (Dszr

Fot AsT58 :850  AsSbpype ]|
A58 :Shog (Da i (e)0 ||
returnRGN [T[0]] [T[(x, )] ()eze if 8 ="
returnRGN [T[0]] [T(x, ®)]] (I)sze otherwise

Fig. 28. Translation from the Single Effect Calculus to FREN (Terms (II))

Figures C3 and C4 in Appendix C give the translations of closed and storable
values, which follow directly from the translations of expressions. Figure 29 gives
the translation of stacks, where each stored value is translated according to the
Fso derivation implied by the kg, derivation. There is one minor complication
due to the fact that a Single Effect Calculus program has an implicit region stack,
while FRGN explicitly introduces (and eliminates) a region stack with the runRGN
command. Hence, a stack domain, stack type, or stack may be translated to either
an empty tower or a tower with a single stack. We make this choice based on
whether or not any region is in the stack. A similar issue arises with occurences of
e in the source program, which may be translated either to sfe, within the scope of
the runRGN, where s is the name of the stack introduced by the runRGN, or to ofe,
outside the scope of the runRGN. All of the translations given in this section must
be given via translations on derivations, essentially to propagate the 8 stack domain
to each point where a @ may appear. Again, we make the choice of translation based
on whether or not any region is in the § stack domain (see Figures 23 and 26).
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Translations yielding tower domains
Stack domains
X[5] :{~ B if8=~.
., s+— 8 otherwise
Translations yielding stack types
Stacks types
dom(8) = dom(8)
Vr € dom(S). dom(8(r)) = dom(8(r))
vr € dom(8).Vl € dom(8(r)). ;8 Fotype 8(r,1)
Ftype S : 8

= 8"

where dom(S) = dom(S™)
Vr € dom(S).dom(S(r)) = dom(S”(r))
Vr € dom(S).¥l € dom(8(r)).S*(r,1) = T[8(r,1)]

Translations yielding tower types
Stack types
= : if§=-
X[Fape 8 :8] = { w5 X[rgype 8 : 8] otherwise

Translations yielding stacks
Stacks
X[Foack S :8:8] = 8
where dom(S) = dom(S™)
Vr € dom(S).dom(S(r)) = dom(S*(r))
Vr € dom(S).¥l € dom(8(r)).S"(r,1) = E[S(r,1)]

Translations yielding towers
Stacks
X[}_stackS282gJ] = { if §$=-

5 X[Fgack S 08 : 8] otherwise

Fig. 29. Translation from the Single Effect Calculus to FRGN (Stacks)

Translations yielding terms
Programs
E S H =} i Fexp p i bOOL A
Fprog P OK N
runRGN [T, # > {};-;- : - Fiype bool]] (AK .1h,:RGNHandle .
let wy = () in
E[,# = {};;" : Fexp p : bool, #7)

Fig. 30. Translation from the Single Effect Calculus to FR®N (Programs)

5.1 Surface Programs

Figure 30 shows the translation of programs. An entire region computation is
encapsulated and run by the runRGN expression. We bind w, to an empty tuple,
which corresponds to the absence of any coercion functions to the region .
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When we are only interested in translating surface programs, then neither r nor e
can appear in types or expressions. This simplifies many of the translations. We no
longer require any translations of stack domains, stack types, or stacks. Furthermore,
the translations of region contexts, places (which must be of the form p), types and
boxed types, and value contexts can all be given as syntactic translations (rather
than translations on derivations). The more complicated translation on derivations
given in this section is necessary only to establish the correctness of the translation.

5.2 Translation Properties

The translation is type preserving, in the sense formalized by the following lemma.
The proof is by (mutual) induction on the structure of the typing judgements,
making frequent appeals to various well-formedness lemmas.

Lemma 5.1 (Translation Preserves Types)
(1) TF S Fre A, then Fre D[S Fre A].
(2) If A;8 Fprace p» then D[S et A] 5 XS] Fype T[A;S Fprace £]-
(3) If § Frewe A, then D[[g Fret Aﬂ ;X[[gﬂ Fyetxt Gug Frewt A]] .
(4) If A; S Foyype p then D[S Freie A] 5 XS] Fuype T[A;S Foype 1]
(5) If A; S Fiype T,
then T[S Free A] s T [Fsdom S Fuype T[A;8 Foype 7]
(6) If Faype 8 : 8, then Fype X [Faype 8 : 8] : X[8].
(7) If A;8 Fyee T, then D[S b A] 5 X[[8] Fret GA;S Fyewe T
(8) If A;8 Fyew I, then D[S b A] 3 X[[8] Freoxt G[S Frewt A] L G[A;S Fyeee T
(9) If A;8 b p2 = pi1, then D8 e A 5 X[8] Fiype T[A:S b p2 > p1].
10) If A;8 Fre p = @, then D[S et A] s X[S] Fype T[A;8 Fre p = 0] .
11) If Fgype & 28 and A;8 by pa = p1,
then D8 Frerxe A] 5 G[[S Frexe A] : X [Faype 8 28]+ X[8] Fexp E[A;8 e p2 = pi] -
T[[A;g Fo p2 = ,01]]~
(12) If Fyype 8 : 8 and A;8 ke p > o,
then D[S b A] :G[[S Freva A] s X [Faype $ 18]+ X[8] Fype E[A:S ke p>o]
T[A;S Fee p = @].
(13) If Fyype 8 : 8 and A;8 Fppace P
then D[S Froxt A] sG[S Free A] ;X [Faiype 8 : 8] = X[8] Fexp E[A;8 Fpjace p] -
handle(T[A;8 Fpjace p])-
(14) IfA;T;8 : Sheyp e : 7,0,
then ]D[E Fretxt A]] ;G[g Fretxt A]] ,G[[A;g Fyetxt F]] ;X[[I—Sdom 8 :gﬂ : X[[gj] Fexp
IE[[A;F;S 08 Fepe:t, 9]] : RGN T[A;g Fplace (9]] T[[A;g Fiype r]].
(15) If 8 : S Feyar v : 7,
then ;3 X [raype 8 1 8] : X[8] Fexp E[S : 8 Feyar v 1 7] 1 T8 Fyype 7]
(16) If § : S ko w : 1,
then ;-3 X [Fyype 8 = 8] : X[8] Fexp E[S : 8 Fgo w = ] T3S Fougpe 1] -
(17) If Fyack S = 8 : 8, then Fower X[Fgack S 18 18] : X[Faype 8 : 8] - X[8].
(18) If Fprog p Ok, then ;-5 bFoxp E[Fprog p OK] : T, # = {};- Fiype bOOI].

Furthermore, the translation is meaning preserving, with respect to the dynamic
semantics of SEC and FREN, The essence of this proof relies on a coherence lemma
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stating that the translation of witnesses yields functions that are operationally
equivalent to the identify function:

Lemma 5.2 (Coherence)

Suppose Fgack S : 8 : S and ;8 b1 > 1.

Let X[ﬂ] =5 g*, X[[I—stypes :ﬂ =5 8, X[[I—SmkS 08 :Q] = s S and
]Eﬂ;g e ri]] =v,.

If ;55> 8 158 Fexp K* : RGN s#r; 1, and -, s+ S™; k" <, S0,
then -,s+— S*;v ”

s

w! * ! *
v [1a] K" > k™ and -, s+ ST K" o S0

Coherence is used throughout the proof of correctness to show that every
evaluation derivation for the source can be simulated by a derivation involving
the translation of the source:

Theorem 5.1 (Translation Preserves Semantics)

Suppose Fsuck S 18 18, 338 S Fexp e i 7,1, and S;e > S50

Then there exists § I g and 8 38 such that Fyuu S’ : 8 :S and 8 : 8 et 0/ 5 7.

Let X[ﬂ =5 8, X[[I—stypes :ﬂ =5 8, X[[FstackS 08 :Q] = s S and
E[;:8:8bepe:t,r] =¢"

Then -,s— S*;e* < k"’ and -,s+— S*;k* <, S ;v",

where X[8] = 8" X[runs:8] = 8 X[ruas:8:8] = 57, and
]EHS/ 8 e V' :'c]] =",

We note that the proof is greatly simplified by using large-step operational
semantics for both the source and target languages, since for many expression forms,
a single operational step in the source language is expanded to many operational
steps in the target language.

A simple application of this result shows that the when a source program evaluates
to a value, then encapsulating and running its translation also evaluates to the
value:

Theorem 5.2 (Translation Correctness (Programs))
Suppose Fprog € ok and e — v'.

Let E[Fproq € OK] = €".

Then -;e" < v'*, where [E[ : - Feyy v’ 2 bool] =v'".

Full details of this development are given in the report (Fluet, 2004).

6 Expressiveness

An important issue to consider is the expressiveness of the Single Effect Calculus
relative to Tofte and Talpin’s original region calculus. Tofte and Talpin’s formulation
of the region calculus as the implicit target of an inference system makes a direct
comparison difficult. Fortunately, there has been sufficient interest in region-based
memory management to warrant direct presentations of region calculi (Helsen &
Thiemann, 2000; Calcagno, 2001 ; Calcagno et al., 2002; Henglein et al., 2005), which
are better suited for comparison. Three aspects of the region calculus are highlighted
as essential features: region polymorphism, region polymorphic recursion, and
effect polymorphism. Additionally, we believe that region bounds, presented in
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Terms e = ...|fix fitu

r € dom(S) I ¢ dom(S(r))

S:fix f:(t1 5 1, p)ixt e atr s S{(r, )= Jx:a Ve [, /1) (),

r € dom(S) I & dom(S(r))
S;fix f(Mo = ¢." v, p).he = ¢."u at r — S{(r,1) — 20 = . W' [(1),/f1}; (1),

A;T;8 :Shegpe 0

AT, fr;8 i Shexpui7,0
A;T58 08 beyp fix fru i 1,0
Fig. 31. Extensions to SEC for fix

Cyclone (Grossman et al., 2001) and adopted by the Single Effect Calculus, are a
natural generalization that provide additional insight into region calculi.

6.1 Region Polymorphic Recursion

Region polymorphic recursion can be supported in the Single Effect Calculus by
adding fix and fixing a region abstraction (as is shown by Henglein, Makholm, and
Niss for the Tofte-Talpin region calculus (2005)); Figure 31 presents the extensions
to SEC necessary to support fix.

As an example, consider the following term to compute a factorial (in which we
elide the type annotation on fact):

fix fact (Tlg; > {}.7(Ig, = {}.*/(Tlgp > {py, 0i> Qo)
(4n:(int, g;).2
if letregion ¢ in n < (1 at o)
then 1 at g,
else letregion gy in (letregion g, in
(fact [or] [os] [oo] (letregion ¢ in n—(1 at o) at ¢y))) * n at g,
) at py) at py) at py) at oy

The function fact is parameterized by three regions: g; is the region in which the
input integer is allocated, g, is the region in which the output integer is to be
allocated, and g, is a region that bounds the latent effect of the function. (Region
py is assumed to be bound in an outer context and holds the closure.) We see that
the bounds on ¢; and g, indicate that they are not constrained to be outlived by any
other regions. On the other hand, the bound on g, indicates that p;, g;, and g, must
outlive g5. Hence, g; suffices to bound the effects within the body of the function,
in which we expect regions p; (at the recursive call) and g; to be read from and
region g, to be allocated in. Note that the regions passed to the recursive call of
Jact satisfy the bounds, as g, outlives p; (through ¢; and gp), ¢ is allocated before
(and deallocated after) g, and g, clearly outlives itself.
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This extension of SEC can be translated into FRCN extended with fixRGNLoc (see
Section 3.6.2). The translation of Section 5 is extended with the following:

A;l",f:(rlfi 12,0),X 17158 18 Fexp € 1 72,0
A,S l_placep A78 "rrGZp

AT, f (1) > 12,0)58 8 b Axt.”¢ at p & (v — 12,),0

A;T;8 0 8 Fexp fix fri7g LN . ax:t Ve at p (1 LN 73, 0),0
E[6 > p] T[[(Tl LR T2>P)ﬂ

(fixRGNLoc [T[p]] [lr[[rl < Tzﬂ]

E[p] (f ZTH:(‘L'l 2, p)ﬂ ax :T[o] E[e])

Ag> ¢, fi(llg > ¢ 1.p):8 : S beyyul 17,0/
E AaS }_placep AJS l_1'r92/)
AT, f (Tl = 9. 7,0);8 : S ey 20 > 0. u at p : (Mo = 0.7 7,0),0 ||
A;T58 18 ey fix f:(ITo > 9."1,p).00 > 9.4 at p : (Tg > ¢."1,p),0

E[0 > p] T[(Tle = 9.7, p)] ,

(fixRGNLoc [T[p]] [T[ITg > ¢.”<]]

E[p] (Af : T[(Tle = ¢."7,p)] .
Ag.Aw, Mo > 0] .2h, : RGNHandle ¢.[E[u])

6.2 Effect Polymorphism

Recall that effect polymorphism provides a means to abstract over an effect (a
set of regions). Effect instantiation applies an effect abstraction to an effect. Effect
polymorphism is especially useful for typing higher-order functions. For example, the
type of the list map function should be polymorphic in the effect of the functional
argument. We note that effect polymorphism is most useful in the presence of
type polymorphism. While we have presented the region calculi as a monomorphic
languages, adding type polymorphism is entirely orthogonal to the development
thus far.

Our translation from the Single Effect Calculus to FR®N was simplified by using a
single type (variable) for the index of the RGN monad. As the translation eliminates
subtyping through coercions, we introduced the type of witness functions. One
interesting aspect of the current translation is that there are no terms for nontrivial
witnesses between RGN computations in (the surface syntax of) FR®N. The only way
to acquire a term of type 7, < 7y = VB.RGN 7, f — RGN 74 f is through IetRGN.
The two trivial casts (corresponding to reflexivity and transitivity) can be written in
(pure) System F:

refl i Ny X
refl Ay,.AB.Ak:RGN vy, Bk

trans A%p%p"/ry(yrl < V»'z) - (Vrz < %‘3) - (Vrl < %‘3)
trans AYrys Vi Vry 2 ey =L V0 A Yy X Yy APAKIRGN y,, Bug [B] (f [B] k)
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If we were to adopt a source calculus with effects given by
e :=01{p}lel@iUp

where effects may be any combination of regions and effect variables, then an
“obvious” translation would be something like:

T[0] = unit
Tlpl] = »
T[] = ¢
Tlpi Vsl = Tlei] x T[e.]

Now we would require some interpretation for effect relations. For example, the
rule
A'_ee(PE(Pl A'_ee(Pg(PZ
Abe 9 201U @

needs to translate to a term with the type

(Te1] < Tle]) — (T[e2] < Tle]) — (T[e1 U ¢2] < Tle])
= (T[e:] < T[e]) — (Tle2] < Tle]) — (Te1] x Tlea] < Te])

which can be seen as an instance of the type
V7201 L) = (2 29) > (1 X 92 <)

As there is no (pure) System F term with that type, we would need to introduce a
number of witness terms (at the surface syntax) in order to accomodate all of the
necessary coercions.

Simply put, in witnessing “sub-effecting” through explicit coercions, we need to
introduce additional terms into the language. We note that the situation is really
no better in a language with subtyping (e.g., System F), as the subset relation is
“richer” than the subtype relation on standard types (e.g., product types).

7 Related work

The work in this paper draws heavily from two lines of research. The first is the
work done in type-safe region-based memory management, introduced by Tofte
and Talpin (1994; 1997). Our Single Effect Calculus draws inspiration from the
Capability Calculus (Crary et al., 1999) and Cyclone (Grossman et al., 2001), where
the “outlives” relationship between regions is recognized as an important component
of type systems for region calculi.

The work of Banerjee, Heintze and Riecke (1999) deserves special mention. They
show how to translate the Tofte-Talpin region calculus into an extension of the
polymorphic A-calculus called Fx. A new type operator # is used as a mechanism
to hide and reveal the structure of types. Capabilities to allocate and read values
from a region are explicitly passed as polymorphic functions of types Va.oo — (a#p)
and Vo.(o#p) — o; however, regions have no run-time significance in Fy4 and there
is no notion of deallocation upon exiting a region. The equality theory of types in
F4 is nontrivial, due to the treatment of #; in contrast, type equality on FREN types
is purely syntactic. Furthermore, their proof of soundness is based on denotational
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techniques, whereas ours are based on syntactic techniques which tend to scale more
easily to other linguistic features. Finally, it is worth noting that there is almost
certainly a connection between the Fx lift and seq expressions and the monadic
return and bind operations, although it is not mentioned or explored in their paper.

The second line of research on which we draw is the work done in monadic
encapsulation of effects (Moggi, 1989; Moggi, 1991; Riecke & Viswanathan, 1995;
Launchbury & Peyton Jones, 1995; Wadler, 1995; Launchbury & Peyton Jones, 1994;
Launchbury & Sabry, 1997; Sabry & Wadler, 1997; Ariola & Sabry, 1998; Kieburtz,
1998; Semmelroth & Sabry, 1999; Moggi & Sabry, 2001; Wadler & Thiemann, 2003).
The majority of this work has focused on effects arising from reading and writing
mutable state, which we reviewed in Section 2. While recent work (Wadler, 1995;
Moggi & Sabry, 2001; Wadler & Thiemann, 2003) has considered more general
combinations of effects and monads, only a small amount of work has examined
the combination of regions and monads (Kagawa, 1997; Kagawa, 2001; Ganz,
forthcoming).

We note that Wadler and Thiemann (2003) advocate marrying effects and monads
by translating a type 7, — 1, to the type T[z1] — T° T[], where T° 7 represents
a computation that yields a value of type 7 and has effects delimited by (the set)
a. As with the work of Banerjee et. al. described above, this introduces a nontrivial
theory of equality (and subtyping) on types; the types T° 7 and T? t are equal so
long as ¢ and ¢’ are equivalent sets. However, few programming languages allow
one to express such nontrivial equalities between types.

Kagawa (1997; 2001) anticipates a number of themes from this work, although
a formal treatment is left to future work. As a means of bridging the work of
Wadler (1992) and Launchbury and Peyton Jones (1995), Kagawa (1997) suggests
extending the ST monad with the following type and operations:

T = ...|Mutable 7, 1,

appR :: Vs,t.VYa.Mutable st - STta—STsa
cmpR :: Vs, t,uMutable s t — Mutable t u — Mutable s u
extendST :: Vt.Va.(Vs.Mutable st - ST ta) > STta

The intention is that the type Mutable s t is equivalent to the type (s — t) X (s —
t — s5); hence, it serves as a witness to the embedding of the state t into a larger
state s. extendST generalizes blockST of Section 2 in the same manner as our
[etRGN. appR coerces a state transformer, given the appropriate witness, while
cmpR composes witnesses; hence, the latter is a “proof” of the transitivity of the
state embedding. In our setting, the transparency of the r; < r, type obviates the
need for these explicit operations. The lack of formal dynamic and static semantics
makes a thorough evaluation difficult; in particular, the relationship between the
global state “conjured up” by runST and an individual mutable object is rather ad
hoc. In the computation syntax of FR®N, a witnessRGN term concretely captures the
relationship between an older and a younger region.

In later work, Kagawa (2001) argues that these techniques can be extended to
accomodate region-based memory management. In spite of the title and notation,
the paper does not present an explicitly monadic language. Rather, the language is
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presented with a type-and-effect system, and the connection to a monadic setting is
left (vaguely) implicit in the choice of notation and reference to the previous work.
A dynamic semantics and type system, along with a proof that the new letextend
operator can safely deallocate the extended region, is left to future work. Our present
work addresses all these deficiencies by giving clear descriptions of both the Single
Effect Calculus and FREN, proving the soundness of the FRN type system, and giving
a type- and meaning-preserving translation between the two languages. On the other
hand, Kagawa presents a type inference algorithm for the language, which may sug-
gest a means of reducing the notational overhead of passing witnesses and handles.

Ganz (forthcoming) relates the type-and-effect system of Tofte and Talpin to
monad transformers. Ganz distinguishes among encapsulation with a single monad,
encapsulation with a monad per region, and encapsulation with a monad transformer
per region. He concludes that only a monad transformer per region is expressive
enough to encode nested regions. This corresponds to our presentation where
runRGN introduces a monad per stack of regions and IetRGN introduces a monad
transformer per region. Ganz imposes a peculiar restriction: upward references (i.e.,
allocating a reference to an inner region at an outer region) are not allowed. This is
a severe restriction for a region-based language; it appears to arise from a failure to
distinguish encapsulation of a stack of regions from encapsulation of a single region.
Recall that while runRGN computations may be nested, it is not possible for the
outer computation to have references to the inner computation; on the other hand,
there may be arbitrary references among regions of a single stack. Finally, Ganz
claims to support early deallocation of regions, a facet of region-based memory
management that is not available in FREN,

Finally, other researchers have utilized the power of System F as a target language.
For example, Washburn and Weirich (2003) demonstrate how to encode higher-order
abstract syntax using parametric polymorphism, while Tse and Zdancewic (2004)
show how to encode the dependency core calculus.

8 Conclusions and future work

We have given a type- and meaning-preserving translation from the Single Effect
Calculus to FRGN, Both the source and the target calculi use a static type-system
to delimit the effects of allocating in and reading from regions. The Single Effect
Calculus uses the partial order implied by the “outlives” relation on regions to use
single regions as bounds for sets of effects. We feel that this is an important insight
that leads to a relatively straight-forward translation into the monadic setting. FRGN
draws from the work on monadic encapsulation of state to give parametric types to
runRGN and 1etRGN that prevent access of regions beyond their lifetimes. Explicit
functions witness the outlives relationship between regions, enabling computations
from outer regions to be cast to computations in inner regions. Witness functions
cannot be forged and are only introduced via IetRGN.

There are numerous directions for future work. One idea is to provide the RGN
monad to Haskell programmers and to try to leverage type classes so that witnesses
and handles can be passed implicitly, thereby reducing the notational overhead of
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programming with nested stores. While a direct encoding of subtyping leads to
undecidable and overlapping instances, the use of type-indexed products (Kiselyov
et al., 2004) may provide a partial solution, at the expense of reintroducing a product
type (see comments at the end of Section 2). Obviously, a language that incorporates
subtyping directly, such as F¢, would simplify the encoding.

Finally, as is well known, Tofte and Talpin’s original region calculus can lead to
inefficient memory usage for some programs. In practice, additional mechanisms are
required to achieve good space utilization. Cyclone incorporates a number of these
enhancements, including unique pointers and dynamic regions, and it remains to be
seen whether these features can also be encoded into a simpler setting.
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A Static Semantics of FRGN

Figures A1 and A 2 contain additional judgements for the static semantics of FRCN,
l_tctxt A I_tctxt A AaT l_type ‘EIA;f '_lype (%]
A;T Figpe int A;T Fiype boOI A;T Figpe Tt = T
l_tctxt A A,T }_Iype T i€l l_tctxt A LAS dom(A) Aa IX;T |_type T
AT Figpe Tt X 00 X Ty A;T Figpe o A;T Figpe Vot
A;T }_type Tr A77 l_1ype Ta A,f '_lype Tr A,T l_type Ta
A;T Fype RGN 1, 7, A;T Fype RGNLOC 7, 1,
A;T Figpe T Fremt A Fret A s € dom(T)
A:T + RGNHandle 7, A;T F ofe A;T F ste
Feme A s € dom(T) r € dom(T(s))
AT F sgr
Fig. A 1. Static semantics of FREN (types)
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Fiett A o & dom(A)

Fietxt * Fiewte A, o
A;f FVC‘.X{ r
l_lctxl A Asf l_VC[Xl r X ¢ dom(r) A,T '_type T
A,T }_vclxt : A,f }_vclxt F,X ' T

Fewe A;T:7 0T
I_ttype T :T A,? l_vctxt r
Fewt A;T;T T

Fig. A 2. Static semantics of FREN (contexts)

B Static Semantics of SEC

Figures B1, B2, B3, and B4 contain additional judgements for the static semantics
of the Single Effect Calculus.

The judgement kgype S : S asserts that stack type 8 is well-formed with stack
domain 8. In particular, the judgement asserts that § has the domain specified by §
and each (boxed) type in the range of § is well-formed. Note that the judgement is
made with respect to the entire stack domain 8. This allows types “lower” in the stack

A;g I_p]ace P
8 et A 0 € dom(A) 8 Fret A r € dom(8) 8 et A
A9g I_plalce Q A,g I_plzlce r A’g l_place L4

Sk A A:Shpae p; <"
Aag Fefr {pl,... ,p”}

A;g l_btype u
g l_rctxt A A,g |_type T1 A,g }_place 0 A,g l_type (%]
A;8 Fpiype int A3 8 Foype T1 2, 75

A,g l_type T1 A,g }_type (]

A,S '_btype Ty X Tp

A;gl_eﬁq) A>Q2(p;gl_placeg AaQZQD;g}_typeT
A;8 Frype o = 9.t

A;8 Figpe T

8 Fret A A;g l_btype 1 A;g |_place 14
A; 8 Fiype bool A58 Fipe (14, 0)
Fig. B 1. Static semantics of SEC (types)
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g |_rclxt A Q ¢ dOWl(A) A7g |_eff ®

g l_rctxt : g l_rctxt Aa Q=@
A,g }_vclxl F
g l_rclxl A Aag l_vclxl F X ¢ dom(r) Aag l_lype T
A;g Fyet - A’g Fowa x0T

||—Ctxt A:T;8:8;0

l_stype S :g A’g }_vctxt r A,g |_place 0
Fot A;T:8 :8;0
Fig. B2. Static semantics of SEC (contexts)

Fatype & : 8 Fatype & : 8 Foype § 18 38 Fhuype K
8 : 8 Feyal tt 2 booOI 8 1 8 Feyal ff 2 booI 8 18 eval (D 1 (1t 0)

Faype S 18 1 € dom(S) I € dom(8(r)) w=38(r,1)
S : g I_cval <l>) : (:ua V)

§:Skgw
Fotype S 8 X158 1 8 Fexp € 12, 0
8 18 ko i :int 8 : Sy ax:tle iy N 75
S 8 teal U1 1T S :Steal a2 T2 20> @58 i Shapu 17,0
S 18 Fyo (V1,02) 1 Ty X T2 S : Sty o>l :To> el

Fig. B3. Static semantics of SEC (closed and storable values)

Fotype S 1 8

dom(8) = dom(8)
vr € dom(8). dom(8(r)) = dom(8(r))
Vr € dom(8).Vl € dom(8(r)). -3 8 Fuype S(r,1)

Fslype 8§:8

Fstype & .8
dom(8) = dom(S) = dom(S)

Vr € dom(8). dom(8(r)) = dom(8(r)) = dom(S(r))
Vr € dom(8).Vl € dom(8(r)). 8 : 8 Fgo S(r,1) : (8(r,1),7)
l_slack S:8 Ig
Fig. B4. Static semantics of SEC (stacks and regions)
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to reference region names that appear “higher” in the stack. This corresponds to
the fact that one can have arbitrary pointers between region allocated data. Finally,
the judgement by, S : 8 : S asserts that the stack S is well-formed with stack type
§ and stack domain 8. Like the judgement Fstype, it asserts that S has the domain
specified by § and each stored value in the range of S has the type specified by 8.

C The translation

Figures C1, C2, C3, and C4 contain additional translations from the Single Effect
Calculus to FRGN,

Translations yielding expressions
Expressions
[ Fext A:T:8 :8:0
E A;gl—placep A8k 0>=p =
A;T;8 i Shepiatp:(int,p),0
_ B E[0 > p] [T[(int p)]] (newRGNLoc [T[p]] [T[int]] E[] i
A;T;8 08 beyp €1 2 (int, p1), 0 A;8 iy 0 > py
E|A;T;8 : 8 Fexp ez : (int, p2),0 A8, 0=py|| =
A;F l_exp e1Qe b00|,9
bind a:T[(int, p1)] < E[ei] ;
bind o' T[int] <= E[6 > pi] [T[int]] (readRGNLoc [T[p;]] [T[int]] a);
bind b:T[(int, p2)] < E[e,] ;
bind b"T[int] <= E[6 > p,] [T[int]] (readRGNLoc [T[p,]] [T[int]] b);
letz=d @b in
returnRGN [T[0]] [T[bool]] z

where a,d’,b, b,z fresh
E Pow ;138 : 830 = returnRGN [T[0]] [T[bool]] tt
A;T;8 18 ey tt : boOL, O
g o A:1:5:8:0 — returnRGN [T[6]] [T[bool]] ff
A;T;8 18 by ff : boOOL, O
[ A;T;8 : 8 Fexp € : booL, 0
E|[A;T;8 :Skepe 1,0 A58 08 bexp ef 1 7,0 =
A;T;8 1 8 ey if €, then ¢, else ¢ : 7,0
bind z:T[bool] <= [E[e,] ;if z then [E[e,] else [E[ef]
where z fresh

Fig. C 1. Translation from the Single Effect Calculus to FREN (Terms (III))
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Translations yielding expressions
Expressions
A;T;8 i Shexper 11,0
AT 8 :gl—exp e Ty, 0
A;gl_placep A;gl—rrOEP o
A;T;8 :gl—exp (e1,ez) at p : (11 X 12,p),0
bind a:M[t,] < E[e] ;
bind b:T[r,] < E[e,] ;
E[6 > p] [T[(z1 X 12, p)]] (newRGNLoc [T[p]] [T[z; x 2] E[p] (a,b))
where a, b fresh

E

A;T58 18 bexp €1 (11 X T2,p),0
E A8k, 0>p =
A;T;8 i 8 Fexp st € :11,0
bind xT[(z; X 12, p)] < E[e] ;
bind y Tty x ©2] < E[0 > p] [T[r; % 12]] (readRGNLoc [T[p]] [Tz; x t2]] a);
let z=sel; yin

returnRGN [T[0]] [T[z]] z

where x, y,z fresh
A;T;8 i S hexp e i (t1 X 12,p), 0
A;T;8 : Shepsnd e 1,0
bind x:T[(z; X 12, p)] < E[e] ;
bind y T[r; X ©a] < E[0 > p] [T[r; X t2]] (readRGNLoc [T[p]] [T[z1 X 12]] a);
let z =sel, yin
returnRGN [T[0]] [T[z2]] z

where x, y, z fresh

Fig. C2. Translation from the Single Effect Calculus to FREN (Terms (IV))

Translations yielding closed values
Closed values

Favpe S &S
El|— "% | — g
8 1 8 Feyal tt : bool
E FstypeSIS — 1

8 : 8 Feyal ff 2 bool
Fagpe 8 : 8 redom(S)  ledom(S(r)  p=8(r, z)ﬂ

8 :g}_cval <l>r :('u,r) = <l>srr

E -l_stype 8 :g ,g I_btype 1% _ { <l>o$. lfg ="
8 1 8 Feval (e 2 (1, 0) (I)szo  otherwise

Fig. C3. Translation from the Single Effect Calculus to FR®N (Closed values)
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Translations yielding closed values
Storable values
E i—itype 8§:8 _
S 8 kg i int
[ 5 xi1158 1 8 bexp € 72, 0
E v = AxT[rt,] .[Ee]

— : ]
18 18 by Axit.Ve i1y — 1y

-S:gl_cva : S:gl_cva 2 -
E 101 1T ) Tzﬂ = (IE[v1],E[v.])

8 IgFSm (1)1,112) LT X T

0> ;8 1Skt 11,0
S 8 Fyo A0 > q).H/u' 1o > (p.(’,r

Ag.Aw, Mo > ¢] .2h,:RGNHandle ¢.IE[u']

Fig. C4. Translation from the Single Effect Calculus to FREN (Storable values)
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