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Abstract  We study the sharp threshold for blow-up and global existence and the instability of standing
wave e'“u,, (z) for the Davey—Stewartson system

ige + A¢ + alg’p+ E1(|¢]*)p =0 (DS)

in R3, where u, is a ground state. By constructing a type of cross-constrained variational problem
and establishing so-called cross-invariant manifolds of the evolution flow, we derive a sharp criterion
for global existence and blow-up of the solutions to (DS), which can be used to show that there exist
blow-up solutions of (DS) arbitrarily close to the standing waves.
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1. Introduction
Consider the generalized Davey—Stewartson system:
i¢r + A +alp’o + Er (|6 =0, t>0, z€R?, (1.1)

where ¢ = ¢(t,z) is a complex-valued function of (¢,2) € RT xR3, a > 0, F is the singu-
lar integral operator with symbol o1 (€) = £2/|¢|2, € € R3, and Ey(¢) = F~1(&2/[€)%) Fop,
F~! and F are the Fourier inverse transform and Fourier transform on R?, respectively
(see [4-6,9]). When = € R?, system (1.1) describes the evolution of weakly nonlinear
water waves that travel predominantly in one direction (see [4-6]). More precisely, (1.1)
is the three-dimensional extension of the generalized Davey—Stewartson system in the
elliptic—elliptic case when p = 3, namely

i + Ao + yy + ald[P o + by = 0,}
Yoz + /“pyy = (|¢|2)w7

where \, i > 0, ¢ is a complex-valued function of (t;x,y) € Ry x R? and ) is a real-valued
function of (;z,y) € Ry x R? (see [5]). The Davey—Stewartson system (1.2) is the model

(1.2)
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equation in the theory of shallow-water waves, and the functions ¢ and 1 are related to
the amplitude and the mean velocity potential of the water wave, respectively. A large
amount of work (see [6,10,13,15]) has been devoted to the study of the generalized
Davey—Stewartson system (1.2). In 1990, Ghidaglia and Saut [6] studied the Cauchy
problem of (1.2) and, except for the case when A, u < 0, proved the solvability in the
Sobolev spaces H = H'(R?) when p = 3. In the elliptic-hyperbolic case, i.e. A > 0
and p < 0, Tsutsumi [15] obtained the LP(R?)-decay estimates of solutions of (1.2)
(2 < p < 00). In the elliptic—elliptic case, i.e. A > 0 and p > 0, Cipolatti [3] proved the
existence of the ground state for the N-dimensional extension of (1.2) by reducing the
extension to a single nonlinear equation of Schrédinger type. In [13] Ozawa presented
the exact blow-up solutions of the Cauchy problem for (1.2). Ohta [10] discussed the
existence of stable standing waves under certain conditions.

For system (1.1), Guo and Wang [9] established the local well-posedness of the Cauchy
problem in energy class H'(R?). Moreover, when z € R? Ohta [12] proved that if
a(p — 3) > 0, there exists a blow-up solution of (1.1) arbitrarily close to the standing
wave. When z € RY (N = 2 or 3), Ohta [11] proved that if p > 1+ (4/N), the ground
state u,, is unstable for any w € (0, c0).

In this paper, we construct a type of cross-constrained variational problem and
establish its property, then apply it to the generalized Davey—Stewartson system (1.1).
Through studying the corresponding cross-invariant manifolds under the flow generated
by the system (1.1), we establish the sharp threshold for global existence and blow-
up of the solutions. By this threshold and the property of the cross-constrained varia-
tional problem, we also show the strong instability of ground states in §5. Berestycki
and Cazenave [1] and Weinstein [16] have studied the similar problems of nonlinear
Schrodinger equations. However, in [1, 16], the related variational problems must be
solved and the Schwarz symmetrization and complicated variational computations must
be conducted. But in our new variational argument, we can refrain from inducing the
Schwarz symmetrization and complicated variational computations as well as from solv-
ing the attached variational problem, and can establish directly the sharp criterion for
global existence and blow-up of system (1.1). Furthermore, by using our sharp threshold
for blow-up, the strong instability of the standing waves of system (1.1) is also shown.
Moreover, the argument proposed here may be developed to treat system (1.1) with
3<p<oowhen z€R?and 3 < p <5 when z € R3.

Note that the result about the instability of ground states in the present paper is not
new and the same result was proved by Cipolatti in [4].

For simplicity we denote fR3 -dx by f -dzx throughout the present paper.

2. Preliminaries
We impose the initial data of (1.1) as follows:
¢(0,x) = do(x), x€R (2.1)

From [9] (see also [6]), we have the following local well-posedness for the Cauchy
problem (1.1)—(2.1).
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Proposition 2.1. Let ¢y € H'(R3). There then exists a unique solution ¢(t,z) of the
Cauchy problem (1.1)—(2.1) in C([0,T); H' (R3)) for some T € (0, 00) (maximal existence
time), either T'= oo or else T' < 0o and

i 9] ) = oo
Furthermore, for all t € [0,T), we have conservation of momentum,
/|¢(t,x)|2 di = / (o) ? da, (2.2)
and conservation of energy,
B@) = [IVoPdo = [lotde | [6PEoP) do = BGGo).  (23)

Remark 2.2. From [3, Lemma 2.1] we have E1(¢(A-))(z) = E1(¢)(Az), A > 0. In
addition, from the definition of F; and the Parseval identity,

[ g0 [ FipFGa de=n)*a.
we have
[16PE (o) do = [1oPF 101 ©F(67)ds = [ o (©IF (6P a6 > .

Moreover, by a direct calculation (see [11,12]), we have the following.

Proposition 2.3. Let ¢o(x) € H'(R?) and let ¢(t,z) be a solution of the Cauchy
problem (1.1)—(2.1) on [0,T'). Set

J(t) = / j2[2(6(t, 2)|? da. (2.4)

Then
J"() :8/|v¢|2dx—6a/\¢|4dx—6/\¢|2E1(|¢>\2)dx. (2.5)

3. The cross-constrained variational problem

For u € H'(R?), we define the following functionals:
I(u) = %/|Vu|2dx+%/|u|2dx— %/|u\4dx— i/\u|2E1(|u|2)dx, (3.1)
S(u) ::/|vu|2dx+w/|u|2dx—a/|u\4dx—/\u|2E1(|u|2)dx, (3.2)
2 3a 4 3 2 2
Qu) :== [ |Vul*dz — T |u|* dz — 1 |u|® By (Ju]®) da. (3.3)
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From Sobolev’s embedding theorem, and

/\u|2E1(\u|2)dx</\u|4dx

(see also [11,12]), we see that the above functionals are well defined. Moreover, we define
a manifold N as

N :={uc H'(R?)\ {0}, S(u) = 0}, (3.4)
and a cross-manifold M as

M :={u e H' (R?), Q(u) =0, S(u) < 0}. (3.5)
Then the following results are true.

Lemma 3.1. There exists u € H'(R3) \ {0} such that S(u) = 0 and Q(u) =

Proof. From [11,12], it follows that there exists u € H'(R?)\ {0} such that u is a
solution of the following Euler—Lagrangian equation

—Au+ wu — alu®*u — By (|Ju|*)u = 0. (3.6)

Thus, S(u) . Moreover, from (3.6) we have the Pohozaev identity

/|Vu|2dx+w/|u|2dx— 7/|u\4dx /\u|2E1 lu?) dz = 0, (3.7

which is obtained by multiplying (3.6) by « - Vu, then integrating. Note that S(u) =
Thus, Q(u) = 0. U

Lemma 3.2. M is not empty.

Proof. From Lemma 3.1, there exists u € H(R?) \ {0} such that both S(u) = 0 and
Q(u) = 0. Now we let uy = Au(Az) for A > 0, we get

S(uy) =/\(/Vu|2dx—a/|u4dx—/u|2E1(|u|2)dx> +xlw/\u|2dx, (3.9)
Q) :)\(/Vu|2dx— %T“/|u|4dx— i/|u|2E1(|u2)dx). (3.9)

Thus, S(u) = 0 implies that there exists A* > 1 such that S(ux~) < 0.
On the other hand, from A\* > 1, we still have Q(ux«) = 0. So ux~ € M. This proves
that M is not empty. O

Now we consider the constrained variational problem
dy = inf T 1
~ = inf I(u), (3.10)
and the cross-constrained minimization problem
= 1 . . ].
dpr ulél]{{ I(u) (3.11)

First we have the following two lemmas.
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Lemma 3.3. dy > 0.

Proof. From (3.1), (3.2), (3.4) and (3.10) on N one has

I(u) = %/|Vu|2dx+%/|u|2dx: %/\u|4dx+i/|u|2E1(|u|2)dx>0. (3.12)

It follows from [ |u|*Ey(Jul?)dz < [ |u|* dz and Sobolev’s inequality that

1 2 o 2 _a 4 1 2 2
Z/|vu| dx+4/|u\ do:f4/|u| dx+4/|u| By (Ju)?) da
a 1
<2 4 1 4
\4/IUI dx+4/IUI dz
1 w 2
= 2 w 2
\0(4/|Vu| dx+4/|u| d:c),

where ¢ is a positive constant. Thus, we have

1
i/|vu|2dx+%/|u|2dx> -

so I(u) > 1/c > 0. That is, dy > 0. O

Lemma 3.4. dy; > dy.

Proof. Let
ueM and wuy = u(\x). (3.13)
Then
S(un) :A</|Vu|2dx—a/u|4dx—/|u|2E1(|u|2)da:> +xlw/|u|2dz, (3.14)
2 3a 4 3 2 2
Q(uy) :A</|Vu| dx—Z/M dx—i/|u| E(|ul )dx) (3.15)

Thus, S(u) < 0 implies that there exists a unique 0 < A* < 1 such that S(ux-) = 0,
S(uy) > 0 for A € (0,A*) and S(uy) < 0 for A € (A*,1). It is clear that u # 0 and
uy+ # 0. By (3.10) it follows that

I(uy:) > dy. (3.16)
At the same time, Q(u) = 0 implies that, for any A > 0, Q(uyx) = 0. It follows that
1 w
Iun) = § [(usl + s PEx (s do + 5 [ fus do (3.17)

S(uy) = —i/(|u>\|4+|u>\|2E1(|u,\|2))dx+w/\uA\de. (3.18)
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By (3.17) we have
d

A
AaxHn) = 5 [ (ult + [P Ea(al)) dr. (319)
Then (3.18) and (3.19) imply that
d
)\al(u,\) = —1S(uy). (3.20)

So I(uy) makes the minimal value at A = A* since S(ux«) =0, S(uy) > 0 for A € (0, \*)
and S(uy) < 0 for A € (A\*,1). Thus, for A = 1 > X*, we have I(u) = I(uy) = I(ux~).
Recalling (3.16), we obtain I(u) > dy. Therefore, dy; > dy. O

Now we define a cross-invariant manifold

K :={¢p e H'(R?), I(¢) < dn, Q(¢) <0, S(¢) <0}.
Then we have the following.

Proposition 3.5. K is an invariant manifold of (1.1). More precisely, from ¢o € K
it follows that the solution ¢(t,x) of the Cauchy problem (1.1)—(2.1) satisfies ¢(t,-) € K
for any t € [0,T).

Proof. Let ¢g € K. By Proposition 2.1, there exists a unique
6(t,-) € C([0,T); H' (R?))

with T' < oo such that ¢(¢, z) is a solution of the Cauchy problem (1.1)-(2.1). From (2.2)
and (2.3) we have

I(¢(t,-)) = I(o(x)), tel0,T). (3.21)
Thus, I(¢o) < dy implies that I(¢(t,-)) < dy for any ¢ € [0,T).

Now we show S(¢(t,-)) <0 for ¢t € [0,T). Otherwise, from the continuity, there would
be a tg € [0,T) such that S(¢(tg,-)) = 0. By (3.21), ¢(to,) # 0. From (3.10), it follows
that I(¢(tg,-)) = dy. This contradicts I(¢(t,)) < dn for any ¢ € [0,T). Therefore,
S(¢(t,-)) <0 forallte|0,T).

Finally, we show that Q(4(t,-)) < 0 for ¢t € [0,T'). Otherwise, from the continuity, there
would be a t1 € [0,T) such that Q(¢(t1,-)) = 0. Because we have shown that S(¢(t1,-)) <
0, it follows that ¢(t1,-) € M. Thus, (3.11) and Lemma 3.4 imply that I(¢(¢1,-)) >
dp > dn. This contradicts I(4(¢,-)) < dy for ¢t € [0,T"). Therefore, Q(¢(t,-)) < 0 for all

tel0,T).
By the above we have proved that ¢(t,-) € K for any ¢t € [0, 7).
By the argument in Proposition 3.5, we get the following result. ]

Proposition 3.6. Define
K, :={¢pc H' (R?), I(¢) < dn, Q(¢) >0, S(¢) <0},
R_:={pe H'(R®), I(¢) < dn, S(¢) <0},
Ry :={¢p € H'(R®), I(¢) < dn, S(¢) > 0}.
f (1.

Then Ky, R_ and R, are all invariant manifolds of (1.1).
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By the definition of K, Ry and R_, as well as (3.10) and Lemma 3.4, we can easily
obtain the following result.

Proposition 3.7. {¢p € H'(R3)\ {0}, I(¢) <dn} =R, UK, UK.

4. Sharp threshold for global existence and blow-up
Theorem 4.1. If ¢y € K UR,, then the solution ¢(t, x) of the Cauchy problem (1.1)—
(2.1) exists globally in t € (0,00).

Proof. Firstly we let ¢g € K. Thus, Proposition 3.6 implies that the solution ¢(¢, x)
of the Cauchy problem (1.1)—(2.1) satisfies the condition that ¢(t,-) € K for ¢t € [0,T).
For fixed t € [0,T), define ¢(t,-) = ¢. Thus, we have I(¢) < dn, Q(¢) > 0. If follows
from (3.1) and (3.3) that

%/|V¢\2dx+§/|¢|2dz <dy. (4.1)

From (2.2) and (4.1) we always get

/|v¢>|2 dzr < c. (4.2)

Therefore, Proposition 2.1 implies that ¢(t,x) exists globally in ¢ € [0,T). Thus, for
¢o € K, we have proved that the solution ¢(¢,z) of the Cauchy problem (1.1)—(2.1)
exists globally in ¢ € (0, 00).

Now we see that ¢g € R.. By ¢¢9 € Ry, Proposition 3.6 implies that the solution
¢(t,z) of the Cauchy problem (1.1)—(2.1) satisfies the condition that ¢(¢,-) € Ry for
t €[0,T). We then have I(¢) < dy, S(¢) > 0. It follows that

1
1 /(|V(;5|2 + wl¢]?)dz < dy. (4.3)
Therefore, Proposition 2.1 implies that ¢(t, x) exists globally in t € [0, c0). O

Theorem 4.2. If ¢y € K and satisfies |x|¢o(z) € L*(R3), then the solution ¢(t,z) of
the Cauchy problem (1.1)—(2.1) blows up in a finite time.

Proof. According to Ginibre and Velo [7,8], from |z|¢o(z) € L?(R3), one has |z|¢ €
L?(R3). From ¢ € K, Proposition 3.5 implies that ¢(t,-) € K with ¢t € [0,T). Now we
set

J(t) = / 12 Plo(t, @) da; (4.4)
then (2.4) and (2.5) imply that

J"(t) = 8Q(¢(t,))- (4.5)
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Fix ¢t € [0,T) and define ¢(¢,-) = ¢. ¢(t, ) satisfies the condition that Q(¢) < 0 and
S(¢) < 0. For A > 0, we let ¢y = A\3/2¢(\z). Thus,

S(é) = N2 / Vo da + w / 6 dz — aX? / 6" dar — X3 / OPE(6?) dx,  (4.6)
Q62) = X2 / Vo do — 3an? / 61" dar — 333 / 6P Ex(6]?) da. (4.7)

Since S(¢) < 0, this yields that there exists 0 < A* < 1 such that S(¢x~) = 0 and, when
A€ [A*, 1], S(¢a) < 0. For A € [A*, 1], Q(¢x) has the following three possibilities:

(i) Q(¢x) <0 for A [A",1];
(ii) Q(¢a-) = 0;
(iii) there exist p € (A*,1) such that Q(¢,) =0.

For cases (i) and (ii) we have S(¢x«) = 0 and Q(¢x«) < 0. It follows that I(dx«) = dn-.
Moreover, by

A2 A3
160 =% [I1VoPdo+ [loPde =0 [loftar =2 [167Eu(1oP) da.

we have
I(6) — I(gae) = (1 — A*2) / Vo da — 11— A" / (alé|" + |B2E1(16]%)) da,
(4.8)
Q6) — Q(or-) = (1—A%2) / Vo de — 3(1— A / (alél* + [6PEr(16P)) dz (4.9)
and 0 < A* < 1 implies that

I(¢) = I(¢x-) = 3Q(¢) — 5Q(dr+) = 3Q(0). (4.10)

For case (iii), we have Q(¢,) = 0 and S(¢,) < 0. Thus, Lemma 3.4 implies that
I(¢pp) = dy > dy and

1(¢) = I(du) 2 3Q(9) — 5Q(¢u) > 5Q(¢)- (4.11)
Since I(¢pr+) = dn, I(¢n) = dn, from (4.10) and (4.11), we get
Q(¢) < 2[I(¢) — dn]- (4.12)
From (2.2), (2.3) and (3.1), I(¢) = I(¢p). Thus, by ¢ € K and (4.5), we have
J"(t) = 8Q(9) < 2[1(60) — di] < 0. (4.13)

Obviously, J(t) cannot verify (4.13) for all time. Therefore, from Proposition 2.1 it must
be the case that T" < oo, which implies that

llefg o, )l ey = o0.

From Proposition 3.7 and Theorem 4.2, it follows that if |z|¢g(z) € L?(R3), then Theo-
rem 4.1 is sharp. O
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Corollary 4.3. Let ¢o € H'(R?) and let ¢ satisty [ |Vgo|? dz+w [ |¢o|* dz < 2dy.
Then the solution ¢(t,x) of the Cauchy problem (1.1)—(2.1) exists globally in t € [0, c0).

Proof. From [ |V¢o|>dz + w [ |¢o|>dz < 2dy, we have I(¢o) < dn. Moreover, we
claim that S(¢g) > 0. Otherwise, there would be a 0 < A < 1 such that S(Agg) = 0.
Thus, I(A¢g) = dn. On the other hand,

AQ(/V¢0|2dx+w/|qb0|2dx> < 2dy.

It follows that I(Adg) < dn. This is a contradiction. Therefore, we have ¢g € Ry . Thus,
Theorem 4.1 implies this corollary. O

5. Instability of the standing waves

Using the methods in [1,14], one can easily find that the variational problem (3.10) is
attained. Let u be a solution of (3.10), that is we have

dy = min I'(u). (5.1)

ueEN
Then, by a standard variational computation, we have that u is a solution of the following
nonlinear Euclidean scalar equation

—Au+ wu — alu|*u — By (|u|*)u = 0. (5.2)

Thus, ¢(t,z) = e“tu(z) is a standing wave solution of (1.1). Since u is a minimizer
of (5.1), we call u(x) a ground state solution of (5.2). Using the method in [1] as well
as [2], we can prove the strong instability of the standing wave, but the proof has to rely
on the solvability of the following variational problem:

dq I(u). (5.3)

= inf
{ueH' (R?)\{0}, Q(u)=0}

But here, by Lemma 3.4 and Theorem 4.2, we can refrain from solving problem (5.3),
and show the instability of the standing waves directly. First we give two lemmas.

Lemma 5.1. Let ¢ € H'(R?) \ {0}. There then exists a unique y > 0 such that
S(pe) =0 and I(ug) > I(A¢) for any A > 0 and X # p.

Proof. For A\ > 0, we have

500) =¥ [ V6P o+ X [loP do—axt [loftde = X* [10PE (o) do. (5.0
d
4
D
From (5.4) and (5.5), Lemma 5.1 is obtained. O

(A¢) = A71S(Ag). (5.5)

Lemma 5.2. Let u be a minimizer of (5.1). Then Q(u) = 0.
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Proof. Since u is a minimizer of (5.1), u is also a solution of (5.2). Thus, we have the
Pohozaev identity,

§/|u|2dx+ %/\w?dx— %/|u\4dx— %/\u|2E1(\u|2)dx:0, (5.6)

which is obtained from multiplying (5.2) by x - Vu, then integrating. Note that S(u) = 0.
Thus, Q(u) = 0. U

Now we give the following blow-up theorem.

Theorem 5.3. Let u be a minimizer of (5.1). Then, for any € > 0, there exists
$o € H'(R?®) with |[¢po — ul|gr(rs)y < € such that the solution ¢(t,z) of the Cauchy
problem (1.1)—(2.1) blows up in a finite time.

Proof. By Lemma 5.2, Q(u) = 0. Thus, we have S(u) = 0 and Q(u) = 0. It follows
that, for any A > 1, we have

S(Au) <0, QWu)<0, A>1 (5.7)

On the other hand, from Lemma 5.1, S(u) = 0 implies that I(Au) < I(u) for any A > 1.
Note that I(u) = dy. Thus, for any A > 1 we have Au € K. Furthermore, it is clear that
|z|u(-) € L?(R3), and thus A|z|u(-) € L*(R3). Now we take A > 1, and A is sufficiently
close to 1 such that

[[Aw — uHHl(]Rs) =(\- 1)HU”H1(]R3) < Ee. (5.8)

Then we take ¢9 = Au(z). From Theorem 4.2, the solution ¢(t, z) of the Cauchy prob-
lem (1.1)—(2.1) blows up in a finite time. O
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