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Abstract

The finite Fourier transform of a family of orthogonal polynomials is the usual transform of these
polynomials extended by 0 outside their natural domain of orthogonality. Explicit expressions are given
for the Legendre, Jacobi, Gegenbauer and Chebyshev families.
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1. Introduction

Compendia of formulas, such as the classical Table of Integrals, Series, and Products
by Gradshteyn and Ryzhik [6] and the recent NIST Handbook of Mathematical
Functions [11], do not contain a systematic collection of Fourier transforms of
orthogonal polynomials.

Special cases do appear. For instance, [11, formula 18.17.19] contains the identity

! 1Ax n 27T
| et ar=i [ Fam (1)
-1

for the finite Fourier transform of the Legendre polynomial P,. Here J, is the Bessel
function defined by

k 2k+a
Jo() = Z( D) leC.

KTk+a+1)’

The use of formula (1.1) in developing algorithms for the convolution involving
Legendre polynomials is described in [8].
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146 A. Dixit, L. Jiu, V. H. Moll and C. Vignat [2]

A second example is [4, formula 3.3(7), page 123]

1 .
2 sin vy 11
P, (x)e dx = —— e F[ ;21],
j:l V(e dx v(v+1)e 2y 24y !

where P,(x) is the associated Legendre function.

The more natural situation, where the corresponding weight function appears in
the integrand, is included in the tables. For instance, for the Jacobi polynomial,
[11, 18.17.16] gives

1
n+a+1
[ 1(1 — 0)%(1 + )PP ()™ dx = X,(A; o, B)1 Fy st far —m], (1.2)
with
/l n A
X, (L, B8) = %2’“@*‘“‘ XxBn+a+l,n+B+1)
n!

Here B(a, b) is the classical Euler beta function.

The work presented here was stimulated by a result of Fokas et al. [5] involving the
Fourier transform of Chebyshev polynomials of the first kind. In turn, this was needed
for a project involving Fourier expansions of Zagier polynomials [2]. Properties of
these polynomials appear in [1, 3]. It was surprising to the authors that the finite
Fourier transform of classical orthogonal polynomials was not readily available in the
literature. Some of the results presented here also appear in [5] and [7].

The goal of this project is to produce closed-form evaluations of definite integrals
of the form

b
P) = f e P(x) dx

for a variety of polynomials P, orthogonal on the interval [a, b]. The function F(/l) is
called the finite Fourier transform of the polynomial P. The cases considered here
include the Legendre polynomial P,(x) and the Jacobi polynomial PS,“’B )(x), from
which the Gegenbauer polynomials C f,v) (x) and both types of Chebyshev polynomials
T,(x) and U, (x) are derived.

Naturally, depending on the representation given of the polynomial P, it is possible
to obtain a variety of expressions for P. For instance, if an expression for the
coeflicients of P is available, the identity in Lemma 1.1 and a simple scaling give
directly a double-sum representation for F(/l).

It is convenient to introduce the notation

L

En=) %
=R
for the partial sums of the exponential function. Many of the results may be expressed
in terms of E,. The following result is elementary and it appears in [6, formula 2.323].
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Lemma 1.1. Let k > 0 be an integer and A be indeterminate. Then, for A # 0,

1 k
—1*k!
f e dx = =D [ Ep(—1d) — e EL(1)]
-1

(l /l)k+l
and | .
kil (=D
f(; xeMdx = D [e" E(—11) — 1].
Proor. This is obtained by integration by parts. O

Note 1.2. The notation employed here is standard. The symbol (a),, denotes the raising
factorial, defined by (a), =a(a+1)---(@a+n—-1) and (a)g = 1. For n, k € N, the
elementary properties

(Dn =n!,
_Tla+n)
(@) = Ta
1\ Qa,
(“ " 5),, M),
_1\k
(=n); = ! for n > k and O otherwise, (1.3)
(n-k)!
(n+ 1y = ;k)!, (1.4)
(@) = (=) (@a-n+1), (1.5)

are used throughout. These can be found in [14, page 72].

Section 2 contains the results for Legendre polynomials P,(x) and Section 3 gives
explicit formulas for the Fourier transform of Jacobi polynomials P,({Y’ﬁ )(x). Several
special cases of this Fourier transform of Jacobi polynomials are given in Section 4:
the first one confirms the values for Legendre polynomials and the other two cases give
Fourier transforms of Gegenbauer and Chebyshev polynomials. Section 5 describes
consequences of Parseval’s identity for Jacobi polynomials Pf,a -+ )(x). This is made
explicit in the cases @ = 8 =0, where the result is expressed in terms of Bessel
functions, and @ =8 = —%, where Parseval’s identity is given in terms of Ménage
polynomials, a class of polynomials connected to the hypergeometric function 3F.
Finally, Section 6 presents an alternative procedure for the evaluation of Fourier
transforms of polynomials.

2. Legendre polynomials

This section contains a variety of formulas for the finite Fourier transform of the
Legendre polynomials P, (x). These are orthogonal polynomials on the interval [-1, 1],
with weight w(x) = 1. The next theorem gives all the results.
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TueOREM 2.1. The finite Fourier transform of the Legendre polynomial P,(x) is given,
for 1 # 0, by one of the four equivalent forms:

n l _ _ k
Fnu)=2"2(”)(2("+k 1))( D (e B = e E)]

P
Zi\k n (L
2w

=1 TJn+1/2(A)

B (n+k)! [eE () — e
B £ (n —k)!k! (=21 )k+!1

(I’l + k)' [(_1)n+ke—t/l _ ez/l]
Li(n—htkl (<2

For 1 =0, the value is

=~ |2 ifn=0,
Pn(O)_LPn(x)dx_{O 0

Proor. The first formula follows from Lemma 1.1 and the explicit representation
n 1
sm+k-1
Pn(x) — 2n2(”)(2(" ))xk,
= k n

which follows from (n + 1)P,.(x) = 2n + 1)xP,(x) — nP,_1(x), the threeierm
recurrence satisfied by the Legendre polynomials. The second expression for P, (1)
comes from their Rodrigues formula

2nn!(Ec) =D

(see [6, formula 8.910.2]) and it appears as entry 7.242.5 in [6]. Then

1 n
P,(2) = ! f e'“(i) (F = 1)"dx
2'n! J_y dx

and integrating by parts n times yields

Py(x) =

_ N\ 1
By = 2 f (x> — 1)"e" dx.
-1

2"n!
Entry 3.387.2 of [6] states that

2 \v=(1/2)
) I'MJy—a2), Rev>0.

1
f (1 - x*) e dx = ﬁ(—
-1

7

The result is obtained by choosing u=Adand v =n + 1.

https://doi.org/10.1017/51446788714000500 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788714000500

[5] The finite Fourier transform of classical polynomials 149

The third form of the finite Fourier transform of the Legendre polynomials is
obtained from their hypergeometric representation

-n n+l1 1-x N (—n)p(n+ D1 = x\k
P"(x)zzFl[ 1 T2 ]: ( zig k! )k( 2 )
k=0 k&
which gives
~ g+ D 1= xy
2O E

k=0
The change of variable x = 1 — 2¢ and the formulas (1.4) and (1.5) give

k 1
P,(1) = 2e ”Z —((1)_(]:1);{']?' f(; e 2 dy.

Lemma 1.1 now gives the stated re/s\ult.

To produce the last form for P,(1), let t = 2i4 in the third expression for this
transform. Then, after multiplication by ¢ and some simplification, the claim is
equivalent to the polynomial identity

k

2n—k N 2n — k)!
Z (2n — ) Z L Z @n-Rt .
kl(n— k)' ‘= J! kl(n —k)!
To simplify the sum, let v = k + j on the 1eft—hand side to show that the desired identity
is equivalent to

Z[ (-D*2n - k)! ]ﬂ— o (2n—k)!
Lk (=R (v =R Lk (k)

v=0
Matching coefficients, the result follows from

O @n-i)  Qn-k)!
Z(;j!(n—j)!(k—j)! T k(- k!

for every 0 < k < n. This is equivalent to the binomial identity given in Lemma 2.2
below. The proof is complete. O

Lemma 2.2. Forn e Nand 0 <k <n,
L n\(2n—j n
-1y’ =] 2.1
> i) i) =) @

Proor. The proof uses ( ) =(- l)k(k "~ 1) to write

2n—j\ _[2n— ik —2n—
oo o) = (7))

and then (2.1) is converted into the Vandermonde identity

20-(12) :

k=0
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3. Jacobi polynomials

The Jacobi polynomials PEL”’B )(x), defined by

LRSS (“ . ”)(ﬁ N Z)(x — et DY G.1)

are orthogonal on [—1, 1] with respect to the weight
wx) = (1 -1 +xP, « B>-1.

This section contains expressions for their finite Fourier transform. The hypergeometric
representation

+1) -n n+a+p+1 1-x
pah - @ Dn o : ,
I a+1 2

is used in the calculations.

TueoreM 3.1. The finite Fourier transform of the Jacobi polynomials Pf,a A )(x) is given

by one of the two equivalent forms
nm+a+p+ 1) e M E(2id) - 1
=k a+ 1)y (—21)k+1

o n
PP = 2eM @+ 1)y ).
k=0

n

= w _ n—k _—id _ il
_2;(—21/1)"+1(n—k)![( D™ (B+k+ Dyg — e (@ + k+ 1)yl

for A 0. For A =0,

2

@By _
Pu (0)‘(n+a+,3)

(a+n)+(_1)n(ﬂ+n)
n+1 n+1

Proor. The first statement comes from the hypergeometric form

(@.p) _(a'+1)n [—n n+a/+,8+1'1—x
P, 7 (x) = ————F; ot ] )
(@+ 1Dy o (—n(n+a+B+ 1) '
= 1_
! 2 @t D 47

k=0

and uses Lemma 1.1 to produce

1
k!
k _1dx _ 11 —2i1
[1(1 —x)edx=—e e [e ™" Er(211) — 1]

and then (1.3) to simplify the result.
Now we use the identity (the case m = 1 of [6, 8.961.4]):

d +a+p+1
L p = TP ]

- P (32)
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and integrate by parts to obtain

U m+a+p+1)
-1 211
Introduce the notation for the boundary term,

— 1Ax —
PP = — P ) PP,

@B gy = € pas |
a, () = — P, (x)
i1 -
to write the previous computation as the recurrence
n+a+p+ I)P(mﬂ) 1
21 n-l @.

>

1

PP = a P () -

Iteration yields

n
N +a+6+1),- - -
Pff’ﬁ)(/l) — Z(_l)nfk n+a ﬁ )n ka(a/+n k,B+n k)(/l)

o (21ayr* k
(n+a+,8+ l)n (m+n)
1) P "),
+(=1) 2 0 ()

Evaluate the last term as a(()a‘ﬁ )(/l) and use
PO = (" and POP1y = 1y P TT
" n " n
from (3.1) to obtain
dP) = l[em(a + n) ~ (—1)”e”(ﬁ + n)]
11 n n

Some algebraic simplification now gives the stated result. The value for A = 0 comes
directly from (3.2). O

The next statement represents a hypergeometric rewrite of the last formula in
Theorem 3.1.

TueoreMm 3.2. The finite Fourier transform of the Jacobi polynomial, for A # 0, is
given by

@)(ﬂ) — (ﬁ+ l)n(_l)n+le—l/l3F1|:n+a+ﬂ+1 —-n 1 __1

" 1An! B+1 211
(a+1), MF[n+a/+,B+l -nl 1
TR a+1 “2ual

Proor. The first term in the expression of the last formula in Theorem 3.1 is simplified
using (1.3) and (B8 + k + 1), = ((B + 1),/(B + 1);) to obtain

Dt a+ B+ DBk + Dok _ D™ B+ Dy (n+ @ + B+ Di(=n)(Dy 1

(=2t (n — k)! 2iAn! B+ 1) k!
with # = —1/2:4. Summing from k = 0 to n gives the first term in the answer. A similar
argument simplifies the second term in Theorem 3.1. O
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Note 3.3. Define
nta+B+1 —-nl1 17

k) bl

(a+ 1)"3F
a+1 t

AP = —
n:

1
then the finite Fourier transform of the Jacobi polynomial Pﬁ,“”g )(x), for 1 #0, is
given by

— 1

PP = <L) e AT (<) + AT Qi)

4. A collection of special cases

This section presents a collection of special cases of the Jacobi polynomials and
their respective finite Fourier transforms.

4.1. Legendre polynomials. These polynomials were discussed in Section 3 and
correspond to the special case a = 8 = 0; that is,

P,(x) = POO(x).

The first formula in Theorem 3.1 reproduces the third formula in Theorem 2.1.
Similarly, the second formula in Theorem 3.1 gives the last expression for the finite
Fourier transform of Legendre polynomials in Theorem 2.1.

4.2. Gegenbauer polynomials. These polynomials are also special cases of
PP(x), wherea =B = v — 1

(2v)n /2
C(V) - pv 1/2,v-1/2) )
n ('x) (V + 1/2);1 n (-x)

TueoreM 4.1. The finite Fourier transform of the Gegenbauer polynomial CE,V)(x) is
given, for A # 0, by one of the three equivalent forms

5% n+ 2V (") [e‘mEk(Zl/l) - 1]
T (n=RI2vnl (F20)k!

=22v), Z 22 n +2v) (V) [(—1)""(@‘” _ e”l]

CVW) = 22v)et Y

= (n—=K)!'2v)x% (=21)k+1
and
P 2v), _ n+2y —nl1 1
C,(,,V) ) = [_1 n+l _—id F [ ;__]
@ 1An! D™ ey v+% 211
a n+2yv —nl 1
+e 3F1[ 1 ,—”
v+ 5 v

For A = 0, the Fourier transform is

2v), 201+ (—1)")(n +v- %)
v+(1/2), n+2v—-1 n+1 |

€)=
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4.3. Chebyshev polynomials. The Chebyshev polynomials are related to
Gegenbauer polynomials by

forn > 1.

c,”
Un(x) = CD(x) and Tp(x) =1i1‘1(l)n : @)

These formulas are now used to evaluate the finite Fourier transform of Chebyshev
polynomials. The proof is omitted.

THeOREM 4.2. The finite Fourier transform of the Chebyshev polynomials is given, for

A#0, by
— u +k+1\[e?E (2i1) - 1
Un ) = 11 22k+1k! n [
WD=e ; n—k (=21)k+
_ Z 22 (n 4+ k+ DK (=) et — o]
B L 2k + D! (n k) (=21 )k+1
and

n2%n + kKl [(=1)"ke 1 — 1]
(n=©)!Q2k)!(n + k) L)k

L@ =) (1!
k=0

For A =0, the values are

1 2 l.fn:O9
T/n(ﬁ)zf T,(x)dx =10 ifn=1,
-1 1+ (1) s 1
-5 ifn
1 —n?

and

1 1\
U/n(\0)=f Un(x)dxzu_
-1

1+n

5. Bi-orthogonality for the Jacobi polynomials

The sequence of functions {(1/ V2)e™i* : j e Z) forms an orthonormal family on
the Hilbert space L?([—1, 1]). Therefore, every f € L*([—1, 1]) may be expanded in the
form

R ,
f(x) = 7 Z aj(f)e,

J=—0

where the Fourier coefficients are given by

1
o= [ Fwemrs
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Parseval’s identity [9, Theorem 14] states that

(e8]

1 — —
[ o= Y ariam.

Jj=—o
This identity is now made explicit for the case
f@ =P and g = 07" = (1 =071+ 0P P ().

The Fourier coefficients a j(Qﬁff"B )(x)) are given in (1.2) and aj(P,(f"ﬁ )(x)) have
been evaluated in Theorem 3.2. Parseval’s identity and the orthogonality of Jacobi
polynomials give

D7 PP ai QP (x) =

Jj=—o

2984 T+ a+ DI(n+ B+ 1)
Qu+a+pB+nTm+a+p+1) """

where 6,,,, is Kronecker’s delta (1 if n = m and 0 if n # m). Only the case n # m leads
to an interesting relation. A direct calculation shows that aO(Qif,”ﬁ )(x)) =0, so that
Parseval’s identity is written as

> a PP 0)a Q5P () =0 fornm.
JEZ,j#0
Now replace A = —xj in (1.2) to obtain

— e @)y
m!

a QP = B2 By 4 o+ 1,m + B+ 1)

« [ m+a+1 ) ]
;=2mj|.
! 12m+a/+ﬂ+2 /

Similarly, Theorem 3.2 with 1 = —xj gives

o (-1)/ " n+a+B+1 —nl1 1
aiPe?) = = ayg e by, iR L
271 jn! B+1 2mj
n+a+p+1 —nl 1
- 1), 3F —— |-
@+ Dus 1[ a+1 ZmJH

Parseval’s identity now produces the next result. Kummer’s identity

u v
1F1[ ;Z]=€Z1F1[ ;—Z]
u+v u+v
is used in the simplification.
TuEOREM 5.1. Define
Wil () = (@ + 1"

n+a+p+1 —-nl 1 m+a+1 )
><3F1[ ;—.]1 1[ s2mij|.
a+1 271 2m+a+L+2
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Then, for n # m,

1)n+m+l Z Wr(L',Ba)( ) _ Z W((l ,3) (51)
JEZ JEZ
Jj#0% Jj#0%

In particular, if n and m have opposite parity, then

> WhOGy =D WP G,
Jjez Jjez
Jj#0™ j#0™

Two special cases of the result in Theorem 5.1 are described next. Both examples
have @ = and n = m mod 2. Theorem 5.1 reduces to the next statement.

COROLLARY 5.2. Assume that a > —1,n # m and n = m mod 2. Then

D Wi =0
=
J#0%

where

. o n+2a+1 —-n1 1 m+a+1
W,(lf’,;l“)(J):(a+ D, j" 13F1[ ] [

o — ;2 ]
a+1 27'rzj1 2m+2a +2° g

To simplify these expressions, use the identity

a 1 Z
e =22a711~( ) 1/2-a,2/2] ( )
1] ,7] “*3 =2\3

where I,(z) is the modified Bessel function of the first kind (see [13, formula 7.11.1.5,
page 487]), to obtain

[ m+a+1 ] 22T (m 4+ @ 4+ 3/2) (= 1) Lysarj2) (7L j)
LTy =
Wom+20+2 (rr)ym+a+1/2 jmrati/2

In the general case, the term involving 3F| does not simplify. Moreover, the usual
tables do not contain many occurrences of this function.

ExampLE A. Take @ = 8 =0 and let z = 2mzj. Then

n+1 —nl 1

WG =nt™ s T Bt

2m+2’ (5.2)

The reduction of | F; described above gives

m+1 1 22T (m +3/2) (—1)71m+1/2(mj)
1F1[ ;Zﬂlj] = -
2m+2 (7Tl)m+l/2 Jm+l/2
For a = 0, there is the reduction
n+l —-n11 n+l —n 1
3F1[ ;—]=2 o[ ;—]
1 Z - Z
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and now use [13, formula 7.17.1.4, page 614]:

n+l —n e~ 1/@w) 1
2 0[ B W] —Knip(=3;

This needs to be evaluated at w = 1/2m1j. Here K,,.(1/2) is the modified Bessel function
of the second kind.

In order to simplify these expressions, the values 1,41 /2(m1j) and K11 /2(—m1j) are
now expressed in terms of the Bessel J function.

Lemma 5.3. Let j,n,m € N; then
. 1+ .
L1 2y (i j) = Wemm/zfm(l/z)(ﬂj)

and

- n n =\ Tin - N _—TTINn .
K12 (—mmij) = (=1) —2[<1 + )™y = (1= D™ 2 T (@],

22

Proor. This follows directly from the power series representation of J,, I, and the

identity
nl,(z)—1,(z
K= 2O LE g
2 sinmy
that appears in [6, formula 8.485]. O
COROLLARY 5.4. Forn # m and n = m mod 2,
1 . .
D s Ks (=) = 0. (5.3)
JezZ J
j#0®

Proor. The term W,(,?,;? )( J)in (5.2) is given by

. Cy . .
Wr(z(,)r’r?)(J) = % (172 (T K172y (=71 f)

with a constant C,,,, independent of j. The result now follows from (5.1). O

Using the values given in Lemma 5.3, the identity (5.3) reduces to

1 . . _ )
Z T @DIL + D™ T2y () = (1 = D™ s (7 )] = 0.
ez
J£0%®

Now split the sum over j > 0 and j < 0 and use J,(—x) = (—1)*J,(x) and the fact
that » = m mod 2 to obtain

172 (7)) o . . .
2 T 0 ) = (1= 0y ()
j=1

o I (172) (7)) . . —m .
= 2, T 0 B (e + (1= 0 )
j=1

https://doi.org/10.1017/51446788714000500 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788714000500

[13] The finite Fourier transform of classical polynomials 157

The terms containing J_,_(;,2)(rj) cancel and the remaining ones lead to the following
identity. It is the limiting case of entry 5.7.24.4 in [12].

COROLLARY 5.5. Let n # m and n = m mod 2. Then

> 1 . .
Z ;Jm+(1/2)(7TJ)Jn+(1/2)(7TJ) =0.
=

ExampLE B. The elusive function 3F| appears in the next special case of the Fourier
transform of the Jacobi polynomials, for @ = 8 = —%, in terms of the polynomials

- 1 1
a0 =201 " |
2

named Ménage polynomials in [10]. These polynomials extend the classical
combinatorial problem of counting the number of ways in which n married couples
can sit at a circular table so that no wife sits next to her husband. These numbers are
given by Touchard [15] with the so-called Ménage numbers

- 2n (2n—-k
M,,zzn!;(—l)kznfk( ”k )(n—k)!, n>l.

The Ménage polynomials are also given by

2n (2n —k

- k)! >1.
s B )(n k!, teRn>1

du() =2n1 > (1 = D
k=0
Observe that M,, = ¢,/(0). The result in Corollary 5.2 now gives the identity

>

=1

(-1y I .
= a1 = 5701ty = 0
for n = m mod 2.

6. An operator point of view

The previous results may also be obtained via a different approach outlined here.
To obtain the finite Fourier transform of a polynomial, start with

1
f e dx = (—iDY*(2 sinc 2),
-1

where the sinc function is )
) sin A
sinc A = —
A

and D = (d/dA). The action is extended by linearity to obtain

P(1) = P(—D)(2 sinc A).
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For instance, for the Chebyshev polynomial,
- n+k+1
Un(0) = Z<—2>’<( )(1 - 0t
= n—k
leads to

— < (k1 oo
U,,(A)_;( 2)( i )(1+1D) (2 sinc )
= U,(—1D)(2 sinc A).

It is elementary to check that
d n
(a) sinc A = A,(1)sin A + B, (1) cos 4,

where A,,, B, are polynomials in 1/A that satisfy the recurrences
Apr1(2) = AL(D) = B,(),
By () = Ay(D) + B, (W),

with initial values Ag(1) = 1/1 and By(1) = 0. An explicit expression for these
polynomials can be obtained from

dY' . xn onlosin(+ 0+ j)(r/2)
(ﬁ) smc/l—;(n_j)! .

/U+1

It follows from here that
n!
(E,(d) + En(—12)),
2 An+1 ( 6. 1)

n!
S (Ed) = En(=1)

The use of this method is illustrated with the evaluation of the finite Fourier
transform of Legendre polynomials:

Ap()=(=1)"

B,()=(-1)"

1
f P, (x)e"* dx = P,(—1D)(2 sinc 1)

1

n 1 _

=+l Z (Z)(z(” +nk 1))(—z)ka( sinc )
k=0

k=0 k

n 1
_y Y (”)(5(" +nk - D)[Ak(/U sin 1 + By(4) cos A]

and (6.1) then gives the second formula in Theorem 2.1.

Acknowledgements

The authors wish to thank T. Amdeberhan, A. Fokas and T. Koornwinder for
discussions on the topic presented here.

https://doi.org/10.1017/51446788714000500 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788714000500

[15]

[1]
[2]
[3]
[4]
[5]
[6]
[7]

(8]
[91

[10]
[11]
[12]
[13]
[14]

[15]

The finite Fourier transform of classical polynomials 159

References

M. Coftey, A. Dixit, V. Moll, A. Straub and C. Vignat, “The Zagier modification of Bernoulli
polynomials. Part II: arithmetic properties of denominators’, Ramanujan J. 35 (2014), 361-390.
A. Dixit, L. Glasser, K. Mahlburg, V. Moll and C. Vignat, The Zagier polynomials. Part III. Fourier
type expansions, in preparation (2014).

A. Dixit, V. Moll and C. Vignat, ‘“The Zagier modification of Bernoulli numbers and a polynomial
extension. Part I, Ramanujan J. 33 (2014), 379-422.

A. Erdélyi, Tables of Integral Transforms, 1st edn, Vol. I (McGraw-Hill, New York, 1954).

A. S. Fokas, A. Iserles and S. A. Smitherman, ‘The unified method in polygonal domains via the
explicit Fourier transform of Legendre polynomials’, in: Unified Transforms (eds. A. S. Fokas and
B. Pelloni) (SIAM, Philadelphia, PA, 2014).

I. S. Gradshteyn, I. M. Ryzhik and D. Zwillinger, Table of Integrals, Series, and Products, 7th edn
(ed. A. Jeftrey) (Academic Press, New York, 2007).

N. Greene, ‘Formulas for the Fourier series of orthogonal polynomials in terms of special
functions’, Int. J. Math. Models Methods Appl. Sci. 2 (2008), 317-320.

N. Hale and A. Townsend, An algorithm for the convolution of Legendre series, Preprint, 2014.
G. H. Hardy and W. W. Rogosinski, Fourier Series, 2nd edn (Cambridge University Press,
Cambridge, 1950).

T. Neuschel, ‘Asymptotics for Ménage polynomials and certain hypergeometric polynomials of
type 3F\’, J. Approx. Theory 164 (2012), 981-1006.

F. W.J. Olver, D. W. Lozier, R. F. Boisvert and C. W. Clark (eds) NIST Handbook of Mathematical
Functions (Cambridge University Press, Cambridge, 2010).

A. P. Prudnikov, Yu. A. Brychkov and O. I. Marichev, Integrals and Series, Special Functions, 2
(Gordon and Breach, 1986).

A. P. Prudnikov, Yu. A. Brychkov and O. I. Marichev, Integrals and Series, More Special
Functions, 3 (Gordon and Breach, 1998).

N. M. Temme, Special Functions. An Introduction to the Classical Functions of Mathematical
Physics (John Wiley, New York, 1996).

J. Touchard, ‘Sur un probléme de permutations’, C. R. Acad. Sci. Paris 198 (1934), 631-633.

ATUL DIXIT, Department of Mathematics,
Tulane University, New Orleans,
LA 70118,

USA

e-mail: adixit@tulane.edu

LIN JIU, Department of Mathematics,
Tulane University, New Orleans,
LA 70118,

USA

e-mail: ljiu@tulane.edu

VICTOR H. MOLL, Department of Mathematics,
Tulane University, New Orleans,
LA 70118,

USA

e-mail: vhm@tulane.edu

https://doi.org/10.1017/51446788714000500 Published online by Cambridge University Press


mailto:adixit@tulane.edu
mailto:ljiu@tulane.edu
mailto:vhm@tulane.edu
https://doi.org/10.1017/S1446788714000500

160 A. Dixit, L. Jiu, V. H. Moll and C. Vignat [16]

CHRISTOPHE VIGNAT, Department of Mathematics,
Tulane University, New Orleans,

LA 70118,

USA

e-mail: cvignat@math.tulane.edu

and

LSS-Supelec, Universit’e Orsay Paris Sud 11, France

https://doi.org/10.1017/51446788714000500 Published online by Cambridge University Press


mailto:cvignat@math.tulane.edu
https://doi.org/10.1017/S1446788714000500

	Introduction
	Legendre polynomials
	Jacobi polynomials
	A collection of special cases
	Legendre polynomials
	Gegenbauer polynomials
	Chebyshev polynomials

	Bi-orthogonality for the Jacobi polynomials
	An operator point of view
	References

