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Abstract. We use an Ulam-type discretization scheme to provide pointwise approximations
for invariant densities of interval maps with a neutral fixed point. We prove that the
approximate invariant density converges pointwise to the true density at a rate C* -
(Inm)/m, where C* is a computable fixed constant and m~! is the mesh size of the
discretization.

1. Introduction
Ulam-type discretization schemes provide rigorous approximations for dynamical
invariants. Moreover, such discretizations are easily implementable on a computer. In [18]
it was shown that the original Ulam method [23] is remarkably successful in approximating
isolated spectrum of transfer operators associated with piecewise expanding maps of the
interval. In particular, it was shown that this method provides rigorous approximations in
the L'-norm for invariant densities of Lasota—Yorke maps (see [18] and references therein).
This method has been also successful when dealing with multi-dimensional piecewise
expanding maps [20], and partially successful§ in providing rigorous approximations for
certain uniformly hyperbolic systems [10, 11]. Recently, Blank [5] and Murray [21]
independently succeeded in applying the pure Ulam method in a non-uniformly hyperbolic
setting. They obtained approximations in the L'-norm for invariant densities of certain
non-uniformly expanding maps of the interval].

Although L' approximations provide significant information about the long-term
statistics of the underlying system, they are not helpful when dealing with rare events

§ See [6] for examples where the pure Ulam method provides fake spectra for certain hyperbolic systems.
9 In [21], in addition to proving convergence, Murray also obtained an upper bound on the rate of convergence.

https://doi.org/10.1017/etds.2013.91 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2013.91

Pointwise approximations of invariant densities 1029

in dynamical systems. In fact, when studying rare events in dynamical systems [1, 15] one
often obtains probabilistic laws that depend on pointwise information from the invariant
density of the system. In particular, extreme value laws of interval maps with a neutral
fixed point depend pointwise on the invariant density of the map [13].

Statistical properties of non-uniformly expanding maps were studied by Pianigiani [22],
who first proved existence of invariant densities of such maps. Later, it was independently
proved in [14, 19, 24] that such maps exhibit polynomial decay of correlations. The slow
mixing behaviour that such maps exhibit has made them good testing tools for real and
difficult physical problems.

The difficulty in obtaining pointwise approximations for invariant densities of interval
maps with a neutral fixed point is twofold. Firstly, the transfer operator associated
with such maps does not have a spectral gap in a classical Banach space. Therefore,
powerful perturbation results [16]f are not directly available in this setting. Secondly,
invariant densities of such maps are not L functions. Consequently, to provide pointwise
approximation of such densities, one should first measure the approximations in a ‘properly
weighted” L°°-norm.

In this paper we use a piecewise linear Ulam-type discretization scheme to provide
pointwise approximations for invariant densities of non-uniformly expanding interval
maps. Our main result is stated in Corollary 3.2. For x € (0, 1] we prove that the
approximate invariant density converges pointwise to the true density at a rate C*/x !¢ .
(Inm)/m, where C* is a computable fixed constant, & € (0, 1) is a fixed constant, and
m~! is the mesh size of the discretization. To overcome the spectral difficulties and
the unboundedness of the densities which we discussed above, we first induce the map
and obtain a uniformly piecewise, expanding and onto map. Then we perform our
discretization on the induced space. After that we pull back, both the invariant density
and the approximate one to the full space and measure their difference in a weighted L*°-
norm. Full details of our strategy are given in §3.2.

In §2, we recall results on uniformly piecewise expanding and onto maps. Moreover,
we introduce our discretization scheme and recall results about uniform approximations for
invariant densities of uniformly piecewise expanding and onto maps. In §3, we introduce
our non-uniformly expanding system, set up our strategy, and state our main results,
Theorem 3.1 and Corollary 3.2. Section 4 contains technical lemmas and the proof of
Theorem 3.1. Section 5 presents an algorithm based on the result of Corollary 3.2 and
discusses its feasibility.

2. Preliminaries

2.1. A piecewise expanding system. Let (A, ‘B, ) denote the measure space where A
is a closed interval, 8 is Borel o-algebra and % is normalized Lebesgue measure on A.
Let 7 : A — A be a measurable transformation. We assume that there exists a countable
partition P of A, which consists of a sequence of intervals, P = {Ii};?io, such that:

(1) foreachi=1,..., 00, f] = f;_ is monotone, C2, and it extends to a C2 function

17

on [;;

T See also [12] for another perturbation result.
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2) f}([i) =A,ie. foreachi=1,..., 0o, fl is onto;

(3)  there exists a constant D > 0 such that sup; sup, .. (|f”(x)|/(f“’(x))2) <D;

(4) there exists a number y such that 1/ |fi’ <y <1.

Let £: L! — L! denote the transfer operator (Perron—Frobenius) [4, 8] associated to T:

Under the above assumptlons among other ergodic propemes it is well known that (see,
for instance, [7]) T admits a unique invariant density f ie L f f Moreover, £ admits
a spectral gap when acting on the space of Lipschitz continuous functions over A [2]f. We
will denote by BV (A) the space of functions of bounded variation defined on the interval
A. Set| - lpva) :==Va + |l - ll1,a, where V denotes the one-dimensional variation over
A. Then it is well known that (BV (A), || - |[pv(a)) is a Banach space and L satisfies the
following inequality (see, for instance, [22]): there exists a constant Cry > 0 such that, for
any f € BV(A), we have

VALf <yVaf+ Cixllfllia- @2.1)

Inequality (2.1) is called the Lasota—Yorke inequality.

2.2. Markov discretization. We now introduce a discretization scheme which enables
us to obtain rigorous uniform approximation of f the invariant density of 7. We use a
piecewise linear approximation which was introduced by Ding and Li [9]. Let n = {c;}/_,
be a partition of A into intervals. Since uniform partitions are the first choice for numerlcal
work, we set ¢; — c;j—1 = |A|/m, where |A] is the length of A. Everything we do can be
easily modified for non-uniform partitions with only minor notational changes. Let

m X
Qi = Xlci—1.ci) and ¢i ()C) = T / Di dxr
Al Jo
Let y; denote a set of hat functions over ,:

Vo:=U0—¢1), Ym:=¢n andfori=1,....m—1 :=(p —dir1). 2.2)

For f € L', weset I; :=[c;_1, ¢;] and

m
f-;=—/fdx, i=1,2,...,m,
VN

the average of f over the associated partition cell. For f € L' we set

Onf = fivo + Z Jit f’“ LI 4 fonim.

Obviously, the operator Q,, retains good stochastic properties, i.e.:
o forf=0,0nf=0;
4 mef = ff

+ In [2], a Lasota—Yorke inequality was obtained for Markov interval maps with a finite partition. The proof
carries over for piecewise onto maps with a countable number of branches satisfying the assumptions of §2.1.
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We now define a piecewise linear Markov discretization of L by
P, := O o L. (2.3)

Notice that PP, is a finite-rank Markov operator whose range is contained in the space
of continuous, piecewise linear functions with respect to . The matrix representation of
P, restricted to this finite-dimensional space and with respect to the basis {1/;} is a (row)
stochastic matrix. By the Perron—Frobenius theorem for stochastic matrices [17], P, has a
left invariant density fm, i.e.

f m = f m P
The following theorem was proved in [2].

THEOREM 2.1. There exists a computable constant C such that, foranym € N,

A oA ~Inm
”f - fm”oo =< c—.
m

Remark 2.2. We recall that in [2] it was shown that the constant c , which is independent
of m, can be computed explicitly.

3. Pointwise approximations for invariant densities of maps with a neutral fixed point

3.1. The non-uniformly expanding system. Let I = [0, 1] be the unit interval, A be the

Lebesgue measure on [0, 1]. Let T : I — I be a piecewise smooth map with two branches.

We assume that:

° T(0) =0 and there is an xg € (0, 1) such that 71 =T |[g,x,), 72 =T |[xy,1] and
Ty : [0, x0) — [0, 1), T : [x0, 1] —=> [0, 1];

° Ty is Clon [0, xp], 71 is C2 on (0, xo] and T» is CZ on [xg, 1]:

° T'(0)=1and T'(x) > 1 for x € (0, xo); |T'(x)| > B > 1 for x € (xp, 1);

° Ty and T| have the form

Ti(x) = x + x4 x5 (),
T{(x) =14 (1 +o)x® + x¥8;(x),

where, 0 < o < 1 and §;(x) — 0 as x — 0 fori =0, 1 with §j(x) > 0.
It is well known that 7 admits a unique invariant density f* [14, 19, 22, 24] and the
system (I, T, f* - A) exhibits a polynomial mixing rate [14, 19, 24]. Moreover, it is well
known [14, 19, 24] that the T-invariant density, f*, is not an L°°-function. In particular,
near x =0, f*(x) behaves like x ™. Despite this difficulty, we will show that, for any
x € (0, 1], one can obtain rigorous pointwise approximation of f*(x).

3.2. Strategy and the statement of the main result. Recall that o € (0, 1). We first define
a suitable Banach space that contains f*. More precisely, let 5 denote the set of continuous
functions on (0, 1] with the norm

Ifllg= sup |x"**f(x)l.
x€(0,1]
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When equipped with the norm | - ||3, B is a Banach spacet. The fact that f* € B follows

from [14, Lemma 3.3]. Our strategy for obtaining a pointwise approximation of f* consists

of the following steps.

(1) We first induce T on A C I and obtain a T which satisfies the assumptions of §2.1.

(2) On A, we use Theorem 2.1 to say that fm, the invariant density of the discretized
operator P, :== Q,, o ﬁ, defined in equation (2.3), provides a uniform approximation
of f the T-invariant density.

(3) Next we write f* in terms of f , and define a function f;, as the ‘pullback’ of fm.

(4) Finally, we use steps (2) and (3) to prove that || f* — f,llg < C*((Inm)/m), and
deduce a pointwise approximation of f*.

3.2.1. The induced system We induce T on A := [x¢, 1]. For n > 0 we define

Xn+1 = Tl_l(xn)-

Set
Wo:=(xo, 1) and W, :=(x,, x,—1), n=1

For n > 1, we define

Zy:=T; (Woo1).
Then we define the induced map T:A—> A by

T(x)=T"(x) forxe Z,. (3.1)
Observe that
T(Zn) = Wn—l and Tz, =n,

where 7z, is the first return time of Z, to A. An example of the map 7 and its induced
counterpart T are shown in Figures 1 and 2 respectively. It is well known (see, for
instance, [24]) that the T defined in (3.1) satisfies the assumptions of §2.1, and, by
Theorem 2.1, one can obtain a rigorous uniform approximation of its invariant density
f . Moreover, by [3, Lemma 3.3], f*, the invariant density of 7, can be written in terms

of f:
cr f(x) forx € A,
[ = e Ayt Dy (3.2)
Cr Z( ACH! _i _(n_lz ) forx e I\ A,
n=1 |DT(")(T2 Tl )C)|
where f is the T-invariant density, c;l = ro Tz i(Zk), and L = f A
3.2.2. The approximate density and the statement of the main result. ~Set
Coum fn () for x € A,
def
fm(x) = [ fm(T271 Tlf(”*])x) (33)
Ct,m Z I p—— forx e I\A,
n=1 |DT(")(T2 Tl X)|

+ In what follows, we only use the metric properties of B. In particular, the completeness of 13 is not needed in
our proofs.
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FIGURE 1. A typical example of a map 7 which belongs to the family defined in §3.1.
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FIGURE 2. This figure shows the induced map T corresponding to the map 7' of Figure 1.

X3 X X1 X0 4 3 22 g

https://doi.org/10.1017/etds.2013.91 Published online by Cambridge University Press

1033


https://doi.org/10.1017/etds.2013.91

1034 W. Bahsoun et al

where fm =P, fm, and P, is the Markov discretization of £ defined in (2.3), c, ,ln =

Y ey Tz m (Zg), and [l = fm . ). The next result shows that the function fm defined in
(3.3) provides a rigorous pointwise approximation of f*.

THEOREM 3.1. For any m € N we have

Inm
I f* = fullg < C*—,
m

where
14+«

c* —é(l +5 4 ma +a)>c :
== ,3 4,

in particular, C is the computable constant of Theorem 2.1,

C11+anCoC12“
M = T,
a(l + o
Co:= ¥[1 + 280 (x0) + 83 (x0)], Cy:= 221 — 1l
Cry 1 1 C 22—«
C41=1+C3< +—>, C3::—+—<a+—>,
l—y Al B BIA] l—«a
and
1 —
Cy = 1:;0 pl+(1/) 1/ _ it/
X,
0

As a direct consequence of Theorem 3.1 we obtain the required pointwise approximation
of f*.

COROLLARY 3.2. For any x € (0, 1] we have

C* Inm

[f*(xX) = fn@)| <

yltao

Proof. For x € (0, 1], we have

* 1 14, %
L7 (x0) = fm ()] = T (x) = fin ()]

x o
1 1 Inm
* *
_x1+"‘”f _fm||B§x1+aC P O

4. Proofs
4.1. Technical lemmas. We first introduce notation of certain functions which appear in
the proof of Theorem 3.1. For x € I\ A, set

(T1x/x)'*
gx) = ——F—,
Tl(x)
14« x1+ot
Gi(x) e r—" and forn >2, G,(x):= g T
IT,(T, %)l |DT (T, T, x)|
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LEMMA 4.1. For x € I\A, we have

1
[1+ x% 4+ x%8o()1' ™ < 14 (1 4+ a)[x* + x%8o(x)] + O‘(T“‘)[x"‘ + x%8o(x)1%
Proof. Let
G1(x) == [1 + x* + x%8o(x)]' ™
and

[x% + x%80(x)]>.

$r(x) =1+ 1+ a)[x* +x%8(x)] + M

Note that ¢1(0) = ¢2(0) = 1. Therefore, to prove the lemma, it is enough to prove that
@1 (x) < ¢ (x). We have

P1(0) =1+ )1 +&(x)*E (%),
$r(x) = (1 + ) (1 + £ ())& (x),

where £(x) 1= x* + x*8p(x) > 07. Notice that £’ (x) > 0. Thus, we only need to show that
(I +EX)* < (1 +aé(x)). 4.1

Indeed, (4.1) holds because (1 + £(0))* = (1 + «£(0)) =1 and

[(1+&0)) = E'(x) <af'(x) =[1+at)]. O

v
(1+&@)t

LEMMA 4.2. For x € I\A, we have g(x) < 1 4+ Cox>%, where

_ oa(l+ )

C
0 2

[1 + 280 (x0) + 83 (x0)].

Proof. Using Lemma 4.1, we have

(Tix/x)1 T [1 4 x% 4 x%8o(x)] 1+
80 = T/(x) 1+ (1+a)x® + 198 (x)
- 1+ (14 a)[x® + x%80(x)] + (e(1 + ) /2)[x* + x*8o(x)]?
- 14+ (1 4+ a)x® 4+ x%51(x)
T+ A4 o)[x +x%0(0)] | (a1 +a)/2)[x* + x¥8p(x)]?

14+ 4+ a)x® 4+ x%51(x) 14+ (1 4+ a)x® 4+ x%51(x)
1
<1+ ww‘ + x50 (x) 2
1
— 14+ @(1 +280(x) + 8200)x2 < 1+ Cox™. 0

LEMMA 4.3. Let x;, = Tl_"xo. Forn > 1, we have x,, < Cin~ V%, where C; = (2[21/0‘ —
e,

¥ It is obvious that £(0) = 0 and for x > 0, £(x) > 0.
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Proof. Observethat C; > 1 > Tl_1 (x0) = x1. Therefore, the lemma is true for n = 1. Next,
for n > 2, we suppose that x,_; < Ci(n — D~V and prove that x, < Cin~ Ve If it is
false, that is x,, > Cin~Y/®, then by our inductive statement on x,_1, we have

Citn =17 > x, = Ti(xy) > Con V[ + CEn™! + CEn~180(C1a~ ")),

This is equivalent to

1/a
n[<1+ ! ) —l]>C‘l"[1+80(C1n1/0‘)].

n—1
By convexity of the function z!/%,
Ll[zl/“ — 11> CZ1 + 8o(Cin~ V)],
n—

that is,
n
Y < — 1[2‘/“ —11/[1 4 8o(Cin~ V)] <2121 — 11 =¥

This represents a contradiction, and therefore, x, < C 1n’1/ %. This completes the proof of
the lemma. O

LEMMA 4.4. For x € I\ A, we have

xé+a
Gi(x) < ,
B

and forn > 2,
Gn(x) < M(n — 1)~ +/e),

where M = (CIH“eZCOCIM)/ﬁ.

Proof. For n = 1, it is easy to see that

xé-‘ra
Gi(x) .
B
For n > 2, we have
G ( ) x1+a
X) =
n |DT(n)(T2—1T1_(n—1)x)|
xl+0(

DTy oTio---o0TyoTo)(Ty T, " Vi)

xl—i—a

T ) - Ty - Ty T T )

B (X/Tl—lx)l—i-ot . (TI_IX/TI_ZX)H_Q N (Tl—(n—z)x/Tl—("—l)x)l+a

(Tlf(nfl)x)l-l-a
’ 1—(n—1
73T T V)
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(T 0=y e

7315 77" V)|

- - —(n—1
= e(T7 %) - g(T7 %) - (17" V) -

(T 10

< g7 ") - g(172x) - (17" V) - 5 4.2)
By Lemmas 4.2 and 4.3, for any £ > 1, x € [0, x¢), we have
T—k 1 —k 2a —k 2a
&I " (x)) < 1+ Co(T; "(x)™ =1+ Co(T; " (x0))
=14 Co(xp)™ <14 CoC*k 2. 4.3)
Therefore, using (4.2) and (4.3), for n > 2, we obtain
n—1 —(n—1) 14«
_ (T (x))
Gu(x) < [ ey () - ——7——
k=1 ﬂ
n—1 4o, 1y—(0+1/a)
C n—1
< ]‘[(1 + CoCk2y . ( )
k<1 B
n—1 4o, 1y—(1+(/a))
C n—1
= exp Zln(] —|—C0C12"‘k2)} G )
k=1 ‘B
n—1 I4a,  y=(+(1/a)
C 1
S eXp Z COCIZak—Z} . 1 (l’l )
k=1 p
1 e, — y—a+0/)
< exp cocf“(z— >} G
n—1 B
< M(n — 1) +/e), m

Finally we estimate the difference between the normalizing constants appearing in
equations (3.2) and (3.3).

LEMMA 4.5.
m A
Y n-i(Zy) <G,
n=1
where . c 5
2 —
C3=—+ <0t + )
B B —xo) l—«a
and

€y = L0/ 1/ _ qpi+1/a)
it
0

Proof. By Lemma 4.3, we have

1—xp
MWo) = Xnot = X = Ti (%) = Xn = — X
%o
< 1 l—xo C11+an7(1+(1/a)) = Cyn~ 1+ /),
x0+a
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Since 15(Z,,) = W,,_1, we have

Y 0wz < x(zl)Jan-M
n=1

n=2 '3
- 1 —xo N i n(Xp—2 — Xp—1)
B — B
_l-x i (n+ 1) (xp—1 — Xn)
B L B
1 —xo - n(Xp—1 — Xp) - (Xn—1 — Xn)
BERLI o £30 Gt — )
’3 n=1 /3 n=1 'B
00 00
< ﬂ + Z gn—l/“ + Z gn—(l—&-(l/a))
’3 n=1 ’3 n=1 ’3

clzx 2(1 + /Oo x‘”"‘dx) + 2(1 + /Oox—“+<1/“>> dx)
B B 1 B 1

—1_x°+9( +2_a)—(1— )-C
=3 5 o e x0) - Cs.

This completes the proof of the lemma since )A»(~) =A()/(1 = xp).

LEMMA 4.6. We have

~Ilnm
|Cr,m — | <C3-C—.
m

Proof. Using the fact that ¢; <1, ¢; » <1 and Theorem 2.1, we have

1 1
PR ——
P YRtz (Ze) e Tz (Zy)

| R KIAZ) — fm(Z0)]
okt Tz bt (Zi) - Y%y Tz A Zi)

<D k| 1f- fm|di>
(2],
<If- fmnoo(z ki<zk>)

k=1

~Inm
<C— - Cj.
m

In the last estimate, we have used Lemma 4.5.

‘We now have all our tools ready to prove Theorem 3.1.
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Proof of Theorem 3.1. Using (3.2) and (3.3), we have
If* = fullp = sup [x"T*(f*(x) = fun (X))

x€(0,1]
< sup [xTECFF) = fn )]+ sup xR (x) = fu ()]
xel\A xeA
e xl+a R (1)
= sup — (c: f(T, T, X)
xel\A r; l)T(n)(Tz—lT1 (n l)x) T 2 *1

A1 —(n—1
_Cr,mfm(Tz 1T] " )X))‘

+ sup [x' T (cr f(x) = com fun (O] (4.4)

xeA

Notice that for x € I\A, and n > 1, z,, := Tz_l Tf("fl)x € A. Then using the fact that
¢t <1, cr,m <1, Theorem 2.1, Lemma 4.6, and (4.4), we obtain

o) 1+«

X A A
1f* = fulls < sup [ ot | - S 1ce f @) = com fin )
xeN\Al,= DT™(T, ' T, x) | z,en

+ sup ler f(x) = Com fn ()]

xXeA

> X
fsupz

renali=l DTO (T, 1" V)

x (sup 1 £ (z0) = fn(za)l + |z — com| sup |f<zn>|>

€A n€A

14«

+ sup | f(x) = fu(O] + ler = coml sup [£(0)]

XEA xeA
~Inm > R R
<C—( sup > 1Ga()I(1+C5 sup | f @)D+ 1+C3sup [F(x)]) ).
m \xel\A ,— €A xeA

4.5)

Since f € BV(A), we have sup,cx | f(x)| < Vaf + (1/(1 —xo)||fll1.a. Therefore,
using the Lasota-Yorke inequality (2.1), we obtain sup,., |f(x)| <Cry/(1 —y)+
1/(1 — xp). Using Lemma 4.4 and (4.5), we obtain

* alnm AR —(1+(1/a))
I f* = fuls < C4C—— 1+ +Y M@n-1)
m ’3 n=2

1+o o0
_ el (1 +30_4m > n<1+<1/°‘>>)
m ’3 n=1

R x(l)+°‘ Inm
< CyCl 1+ 5 +M(1+a)) —. a
m

5. Algorithm and feasibility

Given a map T satisfying the conditions of §3.1, and x* € (0, 1], we provide an algorithm
based on Corollary 3.2 that can be used to approximate f*(x*), the T-invariant density at
the point x*, up to a pre-specified approximation error R.
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5.1.  Algorithm and output.

(1) Compute the constants 8, M, C4 which appear in Theorem 3.1.

(2) Compute an upper bound on the constant C which appears in Theorem 2.1.
(3) Then use (1), (2) to compute C* which appears in Theorem 3.1.

(4) Find m*, number of bins, such that

x*l+a R

In m*
< .
m* — C* 3

(5) Compute an approximate fixed pointt. fm > 0 of P, so that || fm — fm loo <& on
A, where ¢ is chosen such that

~ R
| fm () = fin ()] < 3

where

00 2 p—1gp—(n—1)
- B I (T T, X)
fm(x):"nmz< s e el |
ai N DT (T, T, x)|
E;,ln =) o ki, (Zi) and i = fo - A.
(6) Find N* such that

N* Foom—lp—(n—=1)
- S (T, T x*) ~
* 2 1 *
Cr,m(N ) Z( n —1 —(n—l) % - fm(x )
DT (T, ' T, x|

5 P

n=1 3
where &} (N*) = Y0 kit (Zi).

(7) The approximate value of f*(x*) is given byz:

N*
Fne (%) = Eem(N) Y

n=1

( fm (Tz_l Tl_(n_l)X*) )
IDTO (T, 1" D)

5.2.  Feasibility.

. For (1), once the map T is given, the constants 8, M, C4 can be computed
analytically.
. For (2), the constant C appears in the approximation done on the induced system (see

Theorem 2.1). The induced system is a uniformly expanding map. The computation
of C can be done following the ideas of [2], which is based on the spectral stability
result of [16].

° (3) is a consequence of (1) and (2).

+ Recall that fm is the fixed point of the finite rank operator P, defined in (2.3). Here fm is the computer
approximation of fm i.e. (5) of the Algorithm takes care of the computer roundoff errors in computing the
fixed point of P,. Since fm > 0, we also ask in this computation that f m > 0. Note that the strict positivity
of fu follows from the fact that the induced map Tisa piecewise onto map, which implies that the matrix
representation of P is irreducible, and consequently its Perron eigenvector is strictly positive (see Perron—
Frobenius theorem [17]).

# It is very important to notice that the approximation f~m, N+ (x) is a finite sum.
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) Once C* is computed in (3), with m :=m* we know, from Corollary 3.2, that
| fn(x*) = f*(x")] < R/3.
° For (5) we should find out how small ¢ should be to ensure

~ R
| fin (™) = fn (2] < 3

We propose the following method. To work out explicitly all the constants needed
in verifying (5), we suppose x* € Wy, and T} (x) = x 4+ 2%x!7*. In the following
estimates (5.2), (5.3) and (5.4), we prepare the ingredients to achieve our job. Firstly,
following exactly the argument of [3, Lemma 5.2], for x* € Wy,

o K\ Tk
where
d(k +2) g «
nk—m, d—(1+05)2 W+d1 > 1,
and
1 1
di

“2@e 20+l
Consequently, ng > 1, and for x* € Wy,

o0 n.
3 ! <l(k:2>k k (5.2)

=1 DT, T T B m— 1

Secondly, using the same argument as that in the proof of Lemma 4.6, we have

Eeum — Coaml < C3 - | fn = fnlloo- (5.3)

Thirdly, it is well knownT that for g € BV (A) we have VA Q,,g < g, where Q,, is
the discretization defined in §2.2. Therefore, P, satisfies the same Lasota—Yorke
inequality (2.1) as L. In particular, this implies that f;,, the P, fixed point, satisfies:
Cry 1

+ — (5.4)

- |
I Fnlloo = 72 + %

Consequently, using (5.2)—(5.4) and that ¢; ,, < 1, we obtain
| fin (%) = fon ()]

X A 1/ k+2\"™ k Cry 1
SHfm_fm”OOE(T) nk—1|:l+C3(m+m)i|. (5.5)

Thus, to ensure | fm (x*) — fin(x®] < R/3, f m should be computed to a precision
that satisfies

1 = Foulloo
< 1 R
= WAk +2/0m &/ — 1+ C3(Cy/(L— ) + 1/1AD] 3

1 See, for instance, [9, Lemma 2.3]
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° For (6), as in (5), we also suppose x* € Wy, and Tj(x) = x + 2%x'*_ Firstly, by
(5.1), each term in the sum

i( (T T ) 56
|DT(")(T271 Tlf(nfl)x*)| .

n=1
is bounded above by
z 1 (k+2\™
su —l— .
yeg il p <” + k)

Since ng > 1, the tail of the sum, starting from N + 1, in (5.6) can be approximated
as follows.
Choose N such that

X (NF +k)_'7k+1
sup fo () - ————

R
NS
yeA e —1 6

5.7
Secondly, using Z,fi] kﬁm(Zk) > 1, and recalling that @ € (0, 1) and infyeca
fm(y) > 0, we have

>Nt kim (Z)
X Ny |z
Zl?il ki, (Zk) - Zkil kidy, (Zk)

X Z?\%H ki(zk)
SUp S N
VEA Y2 kil (Zi)
2 YN (Co/B) k- kT
sup fo, R
yea infyeA fm -AMZy)

|5r,m - Erm(N;)l =

IA

IA

Supyer fm G NyCHOH

< — 23 T (5.8)
infyea fo, -A(zp B (/@)=
Thirdly, using (5.2) and (5.8), we have
|Er,m - 5r,m(N;)|f~m,N§‘(x*)
= ] z E.(I/Ol)—l Sm(x™)
infyea fp, - A(Z1)
2
SupyeA fm 2 . Nék(—l/a)'H k+2 LS 5.9)
s ;o3 p*  (1/a)—1 k m—1 '
infyea f, - A(Z1)

Choosef N3 such that the right-hand side of (5.9) is not greater than R/6. Finally,
choose N* =max{N{, N5}. This will lead to the desired estimate | Fn(x™) —

Fnn+(X*)| < R/3.

+ In our analysis we verified many items of the Algorithm analytically. Many of these steps may be verified
iteratively using a computer. For instance, Nik may be found iteratively using a computer. Simply keep

N ~ X ~
Zkil kfip, (Zy) in the denominator on the right-hand side of (5.9) instead of replacing it by infyea f, - A(Z1).
The iterative method may find a smaller value of Né" that achieves the job.
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For (7), using the above six steps, we obtain

LFA %) = fune O] < 155 = fn )]+ [ fn ()
— fn O+ 1 fn (%) = fou v (x| < R;

i.e. the finite sum

N* Fo—lp—(—1)

. ~ fo (T x*)

Fue (%) = e (N Y i( g o )
IDT™(T,7'T, x*)|

n=1

is a rigorous approximation of f*(x*) up to the pre-specified error R.
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