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Abstract  Suppose that G is an abelian group and that A C G is finite and contains no non-trivial
three-term arithmetic progressions. We show that |A + A] > |A|(log |A[)1/3~<.
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1. Introduction
In [6] Freiman proved the following qualitative theorem.

Theorem 1.1 (Freiman). Suppose that A C Z is finite and contains no non-trivial*
three-term arithmetic progressions. Then (by slight abuse of notation) |A+ A|/|A| — oo
as |A| — oco.

The best known quantitative version of this theorem is achieved by inserting Bourgain’s
most recent bound for Roth’s theorem (see [3]) into a result of Ruzsa’s (see [20]).

Theorem 1.2 (Bourgain—Ruzsa). Suppose that A C Z is finite and contains no
non-trivial three-term arithmetic progressions. Then

log|4] \/°
A+ A> A'((loglogADB) '

This theorem is interesting in its own right but has also been applied (independently)
by Schoen in [23] and Hegyvari et al. in [17] to give a witty proof of the following result
regarding restricted sumsets.

If A, B are subsets of an abelian group then we write

A¥B:={a+b:ac A be Banda#b},

and call this the restricted sum of A and B.

* A trivial three-term arithmetic progression is one in which all three elements are the same.
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Theorem 1.3 (Schoen—Hegyvari—-Hennecart—Plagne). Suppose that A and B
are two finite non-empty sets of integers, or residues modulo an integer m > 1, and set
n:=|A+ B|. Then

A+ B| L+ O<(loglogn)3>1/6
|A+ B| logn '

Recently, a lot of work has been done on generalizing additive problems in the integers
to other abelian groups (see, for example, [9,13,14,18]) and in this paper we not only
improve the bounds in Theorems 1.2 and 1.3 but we also extend them to cover arbitrary
abelian groups. Specifically, our main result is the following theorem.

Theorem 1.4. Suppose that G is an abelian group and that A C G is finite and
contains no non-trivial three-term arithmetic progressions. Then

log|A| \/*
E)

A+ Al> Al 77—
> 4 g

This translates easily to an improvement of Theorem 1.3.

Theorem 1.5. Suppose that A and B are two finite non-empty subsets of an abelian
group G and set n := |A + B|. Then

in 3\1/3
|A+ B| 110 (loglogn) .
|A + B logn

There are three main aspects to our arguments. Firstly, to effect a complete passage
to general abelian groups we have to work slightly harder when the sets in question have
elements which differ by an element of order 2. To deal with this we use a generalization
of the Bohr set technology of [2], as developed in [10].

Secondly, we use an energy increment argument in the style of Heath-Brown [16] and
Szemerédi [25] to prove a local version of Roth’s theorem that is particularly efficient
(essentially because of limitations in the modelling results of Green and Ruzsa [9]) in our
situation; this type of argument was previously deployed in [21].

Finally, we use a result which might be called a weak partially polynomial version of
the celebrated Freiman—Ruzsa theorem. This type of result was first proved for finite
fields in [15]; the more general case we use was proved in [10].

The paper now splits into seven further sections. In §§3 and 4 we set up the basic
machinery of ‘local’ Fourier analysis, which lets us prove our local version of Roth’s
theorem in §5. In §6 we prove the partially polynomial version of the Freiman—Ruzsa
theorem, before completing the main arguments in § 7.

In the final section, §8, we discuss improvements for particular groups G and possible
further questions.

2. Notation

The book [19] serves as a general reference for the Fourier transform, which we use
throughout the paper.
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Suppose that G is a finite abelian group. G denotes the dual group of G, i.e. the group
of homomorphisms v : G — S1, where S := {z € C : |z| = 1}, and we write M (G) for
the space of measures on G endowed with the norm || - || defined by ||u| := [ d|u|.

There is one element of M (G) worthy of particular note: the Haar probability measure
- This measure is used to define the Fourier transform which takes a function f : G — C
to

Froocas [ e die = 3 1o

We use the Haar probability measure, g, on G to define an inner product on functions
f,9:G— Cby

Fa)i= [ f@a@ duc(o).
e
Since p is normalized to be a probability measure, Plancherel’s theorem states that

(f,9)=>_ fa().

veQ

Similarly, we use ug to define the convolution of two functions f,g: G — C:
Frat) = [ o=@ duc(o).
xTE

and a simple calculation tells us that f % g = fg.
Finally, it will sometimes be necessary to consider the Fourier transform of a particu-
larly complicated expression E. In this case we may write E” in place of E.

3. Bourgain systems

In [2], Bourgain showed how to extend some of the techniques of Fourier analysis from
groups to a wider class of ‘approximate groups’; in [10] this was taken further when the
notion of a Bourgain system was introduced. We refer the reader to that paper for a
more comprehensive discussion of Bourgain systems and limit ourselves to recalling the
key definitions and tools that we shall require.

Suppose that G is a finite abelian group and d > 1 is real. A Bourgain system B of
dimension d is a collection (B,),c (0,2 of subsets of G such that the following axioms are
satisfied.

Nesting. If p’ < p we have B, C B,.

Zero. 0 € B, for all p € (0, 2].

Symmetry. If x € B, then —z € B,.

o Addition. For all p, p’ such that p+ p’ < 1 we have B, + By C B,y .

Doubling. If p < 1 then there is a set X with |X| < 2% and

By, C | J 2+ B,
reX
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We define the density of B = (B,), to be ug(B1) and denote it by pg(B). Frequently

we shall consider several Bourgain systems B, B’,B”,...; in this case the underlying sets
will be denoted (B)),, (By,),, (By)p,- .., and we shall write B, B, B",... for the sets
Bi,B,Bl,....

Example 3.1 (Bohr sets). There is a natural valuation on S! defined by |z| :=
(27)~!|arg 2|, where arg is taken as mapping into (—,7|. If I' C G and § € (0, 1], then
we set

B(I,6) :={zx € G : ||y(x)|| < I forall y € T'},

and call such a set a Bohr set.

It turns out that the system (B(I',pd)), is a Bourgain system of density at least sirl
and dimension 2|I'|, as the next lemma shows. By a slight abuse we call this the Bourgain
system induced by the Bohr set B(T,4).

Lemma 3.2. Suppose that B(I,d) is a Bohr set. Then
pa(B(I,6)) = 6"
and there is a set X of size at most 4/”'| such that
B(I,26) ¢ | J =+ B(I6).
zeX

The proof of this lemma is a simple averaging argument which may be found, for
example, in [26, Lemma 4.20].

Returning to Bourgain systems in general, we say that a Bourgain system B’ is a
subsystem of B” if B, C By for all p. We shall be very interested in subsystems and
consequently the following dilation and intersection lemmas will be important. The first
lemma is immediate.

Lemma 3.3. Suppose that B is a Bourgain system of dimension d and X € (0,1] is a
parameter. Then AB := (B),), is a Bourgain system of dimension d and density at least

(A/2)?uc(B).
Lemma 3.4. Suppose that BV, ... B®*) are, respectively, Bourgain systems of dimen-
sions dq, . ..,d;. Then
k k
Ao (1)
i=1 i=1 P
is a Bourgain system of dimension at most 2(dy + --- + di) and density at least

g~ (dit--+di—1)9—dy, Hle e (BD).

Proof. The conclusmn is trivial apart from the doubling and density estimates. For

each ¢ with 1 <4 < k there is a set T; with |T | < 4% such that B( DT+ B( ) . Define a
set T as follows. for each (t1,...,t;) € T1 x - - - x T}, place one element of ﬂz 1 (t + BL/)Q)

in T if and only if that set is non-empty.
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Now, if tg € ﬂl 1 (i —|—B(/)) then the map t — t — ¢ maps ﬂl 1 (t; +B/(>/)2) into
ﬂl 1Bp)7 whence

cT+ﬂB
=1

HD»

and the intersection has dimension at most 2(d; + - - - + dg).

The density estimate proceeds similarly. For each twith 1 <7< k—11let T; be
a maximal subset of G such that the sets (t+B1/4)t€Ti are dlsJ01nt. It follows that
IT| < 4% g (BO) and

(1) (1)
GCB1/4 By +T; C Byjy + T

Thus, there are some x1,...,xr_1 € G such that

k—1 k
MG( m (xi + Bil/)2> N By;)g) > 4—(d1+"'+dk—1)2—dk HMG(B(Z))

i=1 i=1

Now, for fixed ¢ € ﬂl (i + BY yn B*)

1/2 1/2) the map x — x — z¢ is an injection from

k—1

7 k
(z; + B! )2) n B! /;
1

.
Il

into ﬂ 1 B1 @) The result follows. O

Not all Bourgain systems behave as regularly as we would like; we say that a Bourgain
system B of dimension d is regular if

pa(Br) 3
1—2%dn| < ———~ < 1+2%|n
S e (Bren) g

for all n with d|n| < 273. Typically, however, Bourgain systems are regular, a fact implicit
in the proof of the following proposition.

Proposition 3.5. Suppose that B is a Bourgain system of dimension d. Then there
isa A € [1,1) such that AB is regular.

Proof. Let f : [0,1] — R be the function f(a) := —(1/d)logy pg(Ba-a) and note
that f is non-decreasing in a with f(1) — f(0) < 1. We claim that there is an « € [}, 2]
such that |f(a + ) — f(@)| < 3|z| for all || < . If no such « exists, then for every

o € [£, 2] there is an interval I(a) of length at most ¢ having one endpoint equal to o

and with
/ df > / 3dzx.
I(@) I(@)

5> 6] which has total length . A simple covering lemma allows
us to pass to a disjoint subcollection I U---U I,, of these intervals with total length at

These intervals cover [%
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least % However, we now have

1 n n
1>/ df>2/df>2/3dx>1,
0 i=171i i=171i

which is a contradiction. It follows that there is an « such that |f(a + z) — f(a)] < 3|z|
for all |z| < %. Setting A\ := 2% it is easy to see that

(14 fy) 50 < Gl

< — 2 < (L[]
pe(Banr)

whenever || < £. But, if 3d|n| < 3, then (1 + |n|)73¢ < 14 6d|n| and (1 + |n|)~3¢ >
1 — 6d|n|; it follows that AB is a regular Bourgain system. O

4. Fourier analysis local to Bourgain systems

Regular Bourgain systems are the ‘approximate groups’ to which we extend Fourier
analysis; there is a natural candidate for ‘approximate Haar measure’ on B: if (B,), is a
Bourgain system, then we write 3, for the normalized counting measure on B, and simply
3 for 1. We adopt similar conventions to before for the Bourgain systems B',B”,.... It
is worth noting that the normalized measures introduced here are different from those
in [10], where positivity of the Fourier transform was also desired.

Lemma 4.1 (approximate Haar measure). Suppose that B is a regular Bourgain
system of dimension d. If y € B,,, then ||(y + 3) — 8| < 2*dn.

Proof. Note that supp ((y + 8) — 3) C Bi4y \ Bi—y, whence we obtain

pc(Bity \ Bi—y) < 24y,
,UG(Bl)

by regularity. (|

[y +8) =Bl <

The next two lemmas reflect two ways in which we commonly use the property of
regularity.

Lemma 4.2. Suppose that B is a regular Bourgain system of dimension d. If f : G —
C, then

1f %8 = f* B(@) L= o8,y < 22N f Lo ucydn-

Proof. Note that

[f* Bz +y) = [ B(x)| = [+ ((-y + B) = B)(«)|
S llzee e l(=y + 8) = BIl-

The result follows by Lemma 4.1. |
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Lemma 4.3. Suppose that B is a regular Bourgain system of dimension d and k > 0
is a parameter. Then

{71180 = K} € {v: 1 —~(x)| < 2*dx ™" for all x € By}
Proof. If v € {v: |3(y)| > x} and y € B,, then
K1 =) <IBOIT =)
‘/ d((y + B) = B)(x)| < 2%dn
by Lemma 4.1. The lemma follows. 0

The final result of the section is a version of Bessel’s inequality local to Bourgain
systems. Such a result was essentially proved in [11, Corollary 8.6], and serves to replace
some of the many applications of Parseval’s theorem in the local setting.

Proposition 4.4 (local Bessel inequality). Suppose that B is a regular Bourgain
system of dimension d. Suppose that f : G — C and ¢ € (0,1] is a parameter. Write
Ly := ||f||L1(B)Hf||L2 . Then there is a Bourgain system B’ of dimension 2%¢ 2L?c such
that B' := B' N B has

HG(B') > 472D g (B)

and

(v 1FABO)| = ell fllors} € {v: 1L —~(2)| < 27(1 +d)e 2Ly for all x € B)}.

To prove this we require an almost-orthogonality lemma due to Cotlar [5].

Lemma 4.5 (Cotlar’s almost-orthogonality lemma). Suppose that v and (w;)
are elements of an inner product space. Then

D 1w, w)? < (v,0) m;LXZ |(ws, wy)].
j i
Proof of Proposition 4.4. Let
S={yeG:|B()| > L%}
and
A={y:|fdB()| Z el fllrp)}-

Pick A C A maximal such that all the sets (A 4+ S)xea are disjoint. Now if v € A, then
there is a A € A such that A+ SN~y +S # @ by maximality. It follows that v € A+ S5 -5,
ie. ACcA4+S-S.

By Cotlar’s lemma (Lemma 4.5) we have

D IF BV < (1729 max D7 15— X))

xeA Nea
< flZ2gs) (1 + 31Al2LF2),
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since \, N € A and A — X' € S implies that A = \. Since A C A, we conclude that

AN FI32 e < Y IFABOV

€A

Combining all this we obtain |A[ < 2672[/2
Let B’ be the Bourgaln system mduced by the Bohr set B(A,1) so ug(B') = 1 and
dim B’ < 2|14] € 2L2. Recalling that

1 —(2)| = V2(1 — cos(dn|[y(x)[])) < 4n[|y ()],

we certainly have
AC{y:1—~(z)] <21 +d)e 2Lin for all z € B }.
By Lemma 4.3 S is contained in
{7:]1 =~(x)] < 25de_2L3177 for all z € B},
and so, by the triangle inequality,
S—Sc{y:]1—~(x)] <2 2LnforalleB}
It follows that
ACA+S—8C{y:|1—~(x) <271 +d)e *Lin for all x € B, N B} }.

The result follows by Lemma 3.4 on letting B’ := B’ N B. d

5. A variant of the Bourgain—Roth theorem

If G is a finite group and A C G, then we can count the number of three-term arithmetic
progressions in A using the following trilinear form:

A(f,g.1) /fw— V(e + y) de () dua (y). (5.1)

This form has a well-known Fourier expression gained by substituting the inversion for-
mulae for f, g and h into (5.1):

At 9,0 = fiv ().
veG
In this section we shall prove the following result.

Theorem 5.1. Suppose that B is a regular Bourgain system of dimension d. Suppose
that A C G has o := |14 * (|| Lo () (that is, the relative density of A on the translate
of B on which it is largest) positive, and A — A contains no elements of order 2. Then

a 224dlog a”'+2°2a 3 (loga™
)) na(B).

Alaada) > (2
(1a,14,14) (2(1+d
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We prove Theorem 5.1 by iterating the following lemma.

Lemma 5.2 (iteration lemma). Suppose that B is a regular Bourgain system of
dimension d. Suppose that A C G has a := ||14 * 3| g (us) > 0 and A — A contains no
elements of order 2. Then at least one of the following is true.

(i) (Lots of three-term progressions.)

3 3

d
(6% (6%
A(lA,lA,lA) > 25(244(1—%6[)3> NG(B)2'

(ii) (Density increment 1.) There is a regular dilate B” of B with

a2

d
pc(B") = (225(14'602) 1 (B)

such that |14 * 8" Lo (ue) = a(142712).

(ili) (Density increment II.) There is a regular dilate B of ({2x : x € B,}), with

[0 a3 d
/1!
e B") > 5 (gt ) e B)
such that |14 % 8" || e (ug) = a(1+278).

(iv) (Density increment III.) There is a Bourgain system BUY) of dimension at most
213073 and a dilate B” of ({2z : x € B,}), such that their intersection, B1), is
regular with

213 -3

such that |14 * B9 || o (ue) = (1 +278).

Cases (ii)—(iv) are the outcomes of different parts of the proof; we separate them for
ease of understanding.

The proof of the lemma requires the following technical result, which converts energy
on non-trivial Fourier modes into a density increment.

Lemma 5.3 (¢2-density increment lemma). Suppose that B is a regular Bourgain
system of dimension d. Suppose that A C G has o := 14 % $(0g) > 0 and ¢ > 0 is a
parameter. Write n := ca/2'°(1 + d) and suppose that B’ is a subsystem of nBB and that
there is a set of characters

Ai={y: 1 —~(z)| % for all x € B’}

such that

Do l((La = a)1p) NP = ca’uc(B).
AeA

Then ||14 % 3'|| oo (ue) = (1 +¢/2%).
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Proof. Write f := 14 — a. The triangle inequality shows that if A € A, then

GOl [as - [11-xas > 4,
whereupon (from the hypothesis of the lemma)

co’ug(B) /2% < Z ‘f/l\B(’Y)B\'(V)‘Q

"/EC

Plancherel’s theorem (and dividing by pg(B)) then gives

2

(f1p) =B, (fdB) xB) = 02%

We expand this inner product as follows:

(f1p)* B, (fdB) * B') = ((1alp) * B, (14 dB) * 3')
—allp*3,(14dB) * 3"
—a(lalp) 3", B+ ')

+a*(1p* 3, B*p3).
We estimate the last three terms: by Lemma 4.1 we have

18+ 3+ 8 — B < / Iy + B) — Blld( * ) (x)

< sup [y +B) -8l

yEsupp B[’
< sup [[(y +6) — Bl
yeB)
< sup (y+B) - Bl
Y€ Bay
ca
< %
Now
(Ip*fB,(1adp)« ) = (B * 5, (1alB))
and

(BB %3, 1alp) — (8,1alp)| < ‘;i;‘
by (5.3); (8,141p) = a, so

ca
(1p* ', (LadB)  5) — ] < oo
By symmetry,
ca
((Lalp) * B, 8% ) — o < 55
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and, similarly,
ca
(15 %88+ 6) — 1 < 55-

Inserting these last three estimates into (5.2) we get

(fip)* B, (fdB)*B) < ((1alp)* B, (1adB) x f') — a® + —.

We conclude that
c
Oé2 (1 + 23> g <(1AlB) * ﬁ/, (1A dﬁ) * ,8/>

Finally,
(Qalp) * B, (1adB) * B') < [[(1alp) * Bl L (ue) (L4 dB) * )|
<N(Aalp) * Bz ueyIlallLi 18]
= [(1alp) * B'll Loe ey
< a* Bl e (uey s
we get the result on dividing by a. a

Proof of Lemma 5.2. Suppose that we are not in case (ii) of the lemma, so we may
certainly assume that, for all regular dilates B” of B with

a2

d
neB") > (s ) w8,

we have
a8l ey < a1 +2712), (5.4)
Apply Proposition 3.5 to pick X' so that B’ := M B is regular and
a a
— <N < .
261 +d) S ~2B(11d)
Apply Proposition 3.5 to pick A\ so that B” := \’B’ is regular and
a a
N < .
25(1 + d) <1+ d)

Suppose that A € [\ X, X']. A trivial instance of Young’s inequality tells us that
[Ta*BxBx—1ax*Bllre(ue) < [11allLeue)llB* Br — Bl
< [l +5 - slasw)
< sup ||(y+8) = B

yEB
< 2%d)\
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by Lemma 4.1 and the fact that A < X. Let 2’ € G be such that 14 *3(z") = a. It follows
from the previous calculation that

a
[(1a* By — ) x B(2)] < o
Moreover, by assumption (5.4) (applicable by Lemma 3.3 and the fact that A > A”))
we have

«

For functions g : G — C we write g4 := 1 (|g| + ¢) and g_ := %(|g| — 9) = g+ — g. Now,
combining our last two expressions yields
Naxfy—al«B(z)=0ax0y—a)r*B(x') + (1ax* By —a)_x[(z)
2(1a % Br — )y * B(z") — (1a * Bx — ) * B(a")
a

21

N

Applying this expression with A = M and A = X', we get

% > (laxp —al+]1ax8" —al) xp(z")
> inf ([La # 8(2) — o + [Lax #'(2) o).

By translating A we may assume that the infimum on the right-hand side is attained at
x = Og; we write

o ==14%x00g), o :=14%8"0q), f =1a—a and f':=14-a"

and note that

"_ /

o
—al < =

o
al < = and |« 59

| 59

Now by trilinearity of A we have

A(Lalp,1alpr, 1alp) = A(lalp, 1alpr,a'lp) + A(Q'1pn, 1alpr, f'1p)
+ A(f'1p, " 1pr, f'1p) + A(f'1p:, f'1pn, f'1p/). (5.5)
We can easily estimate the first two terms on the right-hand side using the following fact.

Claim 5.4. Suppose that g : G — C has ||g| e (us) < 1. Then

OZHO/,UG(BN),UG(B/)
22 '

N

|A(g1p,1alpr, 1) — g % B'(0q) pna (B )ua(B')| <

Proof. Recall that A(glp/,1alp~,15/) equals

/ 9z — 9) e (@ — Y)La(@) g (2)Lp (= + ) duc () dua(y)
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by definition. By the change of variables © = x — y and symmetry of B’ we conclude that
this expression is in turn equal to

[ 960 )14 0 L (o) L (0 20) o) dpc ).
Now the difference between this term and
[ gt @)1 (@) 1)1 () dpic ) duc(z) (= g B0 e (B ua (B)
is at most
lall2gucr [ ()L ) Lo () L (1 = 22) = Lo ()] dp) dc ()

in absolute value. But if z € B”, then 2z € B{+B{ C By = B),,,, whenceif u € B]_5,,,
then 15/ (u) = 1p/(u — 2z). It follows that this error term is at most

o' ue(B")pa(By \ By _py) < 2% dN" ua(B" )pua(B')
by regularity of B’. The claim follows in view of the earlier choice of A and the fact that

o > %a. O

It follows by applying this claim with g = 14 that

", 12 B// B/
ALaLp Lalp,a'Ly) — a”ap(B o (B)] < o toBreE) (5 )
Moreover, since f’ * 3'(0g) = 0 the claim applied with g = f gives
"2 B// B/
|A(0[/1B/,1A13//,f/13/)| < o a ,LLG( )MG( ) (57)

22

In view of (5.6), (5.7) and the decomposition (5.5) we conclude (by the triangle inequality)
that

(1)

|A(1alp 1alpr, 1alp)| > CVHO/Q,UG(QB;H),MG(B/)’
and we are in case (i) of the lemma, or
(i)
|A(f'1p:,a"1pn, f'1p/)| > 0//0/2,UG(25;")#@(B’)7

and it turns out that we are in case (iii) of the lemma, or

(iii)
OZNO/2,U/G B/l e B/
|A(f" L, f"1n, f1p:)| 2 (23 Jua( )7

and it turns out that we are in case (iv) of the lemma.
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The first conclusion is immediate. The second and third are verified (respectively) in the
following two claims.

Claim 5.5. If

a"a”ug(B")uG(B')

‘A(fl].B/,Ol”].B”afllB’)l > 23 )

then we are in case (iii) of the lemma.

Proof. In view of the Fourier expression for A we get

O/QMG(BH)MG(B/
23

) < S T )| [P ()P, (5.8)
'yeé

It turns out that the characters for which |15 (2v)| is large support a lot of the mass of
the sum on the right: let e = o//2* and set

A={y€G:|Ipn(27)| > epa(B)}.

Then

S s N F 1 (WP < enc(B") Y [F1e (1)
YEA 'yeé
= enc(B")uc(B)If'I72s,
by the triangle inequality and Parseval’s theorem. Now ||f'||%2(ﬂ,) = o/ —a'?, so it follows
that this last expression is at most e’ ug(B”)puc(B’) and hence by the triangle inequality
and (5.8) we have

O/2 a B/ P
CeB) S PP
yeA

Note that ({27 : x € B}/}), is a Bourgain system of dimension d. Apply Proposition 3.5
to pick A"’ so that B := \"'({2z : x € B}}), is regular and

Y e >
211 (1 4+d) 210(1 +d)’

since B” is a dilate of B, B is a dilate of ({2z : z € B, }),. By Lemma 4.3 we have that
Ac{y: 1= 2y (@) <3 forallz € B} ={y:|l —y(z)| < 5 forall z € B"'}.

Now B is a subsystem of (a//2'(1 + d))B’ so we apply Lemma 5.3 with ¢ = 274 to see
that
11 % 8" || oo ey = ' (1+ 277 > a(l1+278).

It remains only to verify the bound on the density of B"”’. Note that

|14 % B3 % B =14 % B'|| Lo (uer) < 24NN < zo
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by Lemma 4.1. Whence we obtain

« o
Lax B B (a) > 1ax B (a) = 5 > 5.

By averaging, it follows that there is some 2" € G such that 14 x 35, (z") > /2. Since
A — A contains no elements of order 2 we have that x — 2x is injective when restricted
to A; we conclude that
HnaG (233\1///) = MG(2($H + B;\I///))
1o (2(AN (@ + B))),
!
| %] (A N (x” + B;\I///)) > ?MG(BK///)

o )\/)\// )\///
22 < 2

WV

WV

)dm(rs),

by Lemma 3.3. The claim follows. O
Claim 5.6. If

O/IO/2/.LG(B”),UG(B/)
23 ’

|A(fllB’a leB”a fllB')| >
then we are in case (iv) of the lemma.

Proof. In view of the Fourier expression for A we have

O/’OZ/Q,LLG (B//),LLG (B/)
23

<1 @) Ts (). (5.9)
'yeé

Pﬁ_ﬂ the previous claim we may ignore the characters supporting small values of
1 (y): let € = o’/ /2* and set

A={y e G |15 (29)] > euc(B")}.

Then

S 1T 2 Lo ()P < ena(B") 3 [FTm ()P
YEA vea

= epuc(B" (B f'II22(51):

by the triangle inequality and Parseval’s theorem. Now || f/ ||2LQ( gy = o' — a2, so it follows

that the latter expression is at most o”a’?ug(B”)uc(B’)/2*, and hence by the triangle
inequality and (5.9) we have

o"aug(B")uc(B')
24

> 1 @) [P ()P >
yEA
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Since
1" 1Bl Lt ey = 2(a” = &) (B"),

we have |m/(2’y)| < 20" pg(B") and so

2 /

T2 < @ e (B)

> s )P > R
YEA

We apply Proposition 4.4 to obtain a system B” with
dim B;/// § 2100//—10/—2 < 2130473’
such that B” N B” has
B" B> 4—(1—212(1’3 B’
pa(B"NB") = pa(B”)

and
AC{y:|1—(2v)(z)] <2¥a3dn for all z € B;,” NnBy}.

Apply Proposition 3.5 to pick A(¥) so that
B™ =\ (({22:2 € B)'}),n ({22 : 2 € BJ}),)
is regular and
al ; al
[ < )\(IV) < -
220(1+d) 2191+ d)
Set BUV) .= XM ({22 : z € B;”})p and B” := AV)B". Now
AC{y:|1—2y)(x)| < 3 forall € By, N BYi}
={y: |l —y(z)| < 5 forallz € BV,

Bv) is a subsystem of (o//2'*(1 + d))B’ so we may apply Lemma 5.3 with ¢ = 2% to
see that
114 % B | ooy = /1 +277) > a(1+275).

It remains only to verify the bound on the density of B1Y). Note that
114 % Byt % B — 1a % B oo () < 22NN < Lo/
by Lemma 4.1. Whence,
a3y xB'(@") 2 1ax ' (2)) — = > 2.

By averaging it follows that there is some 2 € G such that 14 % 8}, (¢) > «/2%. Since
A — A contains no elements of order 2 we have that x — 2x is injective when restricted
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to A; we conclude that

:U’G(2 /A/(,iV)) = /,LG(Q(Z'H + j\/éiV) ))
> pc(2(An (" + BYG)))
= pc(AN (2" + Bliv))
@
> gzha(BYiw)
a /\(1v) d+2"a~? 1?3 O d
25() () e
by Lemma 3.3. The claim follows. O
The lemma is proved. O

Proof of Theorem 5.1. We construct two sequences of Bourgain systems B, and B;;
we write dj, for the dimension of By, Byt for the intersected system By N By, dj for
the dimension of By, 0y for the density of By, Op for the measure on By and «ap :=

Ly * Bl Lo ()
For k < 2'%*1log a~! we shall show inductively that these sequences satisfy the following
conditions:

() dk: 213 —3

(i

B, is a dilate of either By_1 or ({22 : 2 € (Bi—1)p})p;

(iii) By is a regular Bourgain system;

k> (af(2(1+ d))) @ d+20a loga Dk o (B);
(vi) ag = (1+2712)ka

(v

i)
)
(iv) dp < 2d+2"a=3k;
) 0
i)

We initialize the set-up with By = B (or, if preferred, B_; as the trivial system and
B, = B) so that the properties are trivially satisfied. At stage k¥ < 2'%loga~! apply
Lemma 5.2 to By,. It follows that either

ap oy e 9
A(1a,14,14) > 55 (244(+d)3) e (B) (5.10)

or there is a (possibly trivial) Bourgain system By, with dimension dj, < 2'3a; * < 2133

and another By which is a dilate either of By or of ({2z : x € (By), })p such that
Bri1 = BN B; is regular,

PRV SR S S G S Y
792\ 9221 + dy) 298(1 + dj )3

a (28d+2%a 3 log a™ 1) (k+1)
> JEE—
> (sa5g) o (B)
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and

app1 = (14272, > (142712 g,

It remains to check the bound on dj1, which follows by Lemma 3.4 on noting that By41
is the intersection of a system of dimension d and k + 1 systems of dimension at most

213q73,
In view of the lower bound on «j and the fact that a; < 1, it follows that there is
some k < 213 loga! such that (5.10) holds; this yields the result. O

6. An argument of Bogoliouboff and Chang

In this section we shall prove the following proposition, which draws on techniques of
Bogoliouboff [1] as refined by Chang [4]. An argument of this type is contained in [10].

Proposition 6.1. Suppose that G is a finite abelian group. Suppose that A C G has
density o > 0 and that |A+ A| < K|A|. Then there is a regular Bourgain system B with

1 24K10gof
. 5 —1
d1mB<2 Kloga and /J/G(B)> (214K2(1+10ga1))
such that
1
A Bllre(ue) 2 57

We require Chang’s theorem [9, Proposition 3.2].

Proposition 6.2 (Chang’s theorem). Suppose that A C G is a set of density o > 0
and € € (0,1] is a parameter. Let A := {~y € G : |1a(y)| > ea}. Then there is a set of
characters I with |I'| < 2¢~2?loga™! such that A C (I'), where we recall that

(Iry := { Y oarioe {—1,0,1}F}.

Aer

Proof of Proposition 6.1. Let ¢ be a parameter to be chosen later. Apply Chang’s
theorem (Proposition 6.2) to the set A with parameter \/6/73 to obtain a set of characters
I with || < 6etloga and A := {v: |Ta(y)| = \/e/3a} C (I).

Write B’ for the Bourgain system induced by B(I',¢/25(1 + |I'|)) and apply Proposi-
tion 3.5 to pick n € [%, 1) so that B :=nB’ is regular. It follows that B has dimension at
most 2|I"| and density at least

() i) > (e
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IfAeA then A=3" oy so
1= A<D 1 =~(h)
yerl
= > V2(1 = cos(dx |y (R)I]))
ver
<Y axfy(h)
yerl

< Ax| L] sup [|y(h)]-
~yel

So if A € A, then

11— B < sup [1 = A(B)| < e
heB

Hence, [(14x14,1a%14) — (1ax14,14 %14 %) is at most

‘Z“A 1—(7))‘<su1/)1|1— IS Taly |4+2sup\1A 2> " Ta(y)
YE

yeG ve@ ~eG
< gea? Y ITa0)P +2(56)0% 3 [Ta(y)
’yEG —yeG
< ea’.
Moreover,
2 OLS
(1ax1a,14%14) > pe(suppla x14)7" (/ Tax1g due) > i

by the Cauchy—Schwarz inequality and the fact that |4+ A| < K|A|. It follows from the
triangle inequality that if we take e = 1/2K, then

a3

ok S <|(Laxla,1a*x14%Brs)]

=[(la*xla*x1_a,14*0prs)]

[\

<1 * Brsll e (uey o

Dividing by o2, the result is proved. O

7. The main arguments
In this section we prove the following theorem, which is the real heart of the paper.

Theorem 7.1. Suppose that G is an abelian group and that A C G is finite with
|A+ Al < K|A|. If A — A contains no elements of order 2, then A contains at least
exp(—CK?3log®(1+K))|A|? three-term arithmetic progressions for some absolute positive
constant C'.
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Recall that if G and G’ are two abelian groups with subsets A and A’, respectively,
then ¢ : A — A’ is a Freiman homomorphism if

ar+ag =a3+ay = ¢(a1) + ¢(az) = ¢(as) + P(as).

If ¢ has an inverse which is also a homomorphism, then we say that ¢ is a Freiman
isomorphism. For us the key property of Freiman isomorphisms is that if A and A’ are
Freiman isomorphic, then the three-term arithmetic progressions in A and A’ are in
one-to-one correspondence. It follows that each set has the same number of these.

To leverage the work of §5 we need A to be a large proportion of G. This cannot be
guaranteed, but the following proposition will allow us to move A to a setting where this
is true.

Proposition 7.2 (Green and Ruzsa [9, Proposition 1.2]). Suppose that G is an
abelian group and A C G is finite with |A + A| < K|A|. Then there is an abelian group
G’ with |G| < (20K)'9K*| A| such that A is Freiman isomorphic to a subset of G.

Proof of Theorem 7.1. We apply Proposition 7.2 to obtain a subset A’ of a group
G’ with density at least (20K )_10K2 such that A’ Freiman isomorphic to A. Since A’
is Freiman isomorphic we have [A| = |4, |A’ + A’| < K|A’| and A’ — A" contains no
elements of order 2. We apply Proposition 6.1 to get a regular Bourgain system B with

dimB < 2°K?log(1 + K) and pg (B) > (ZK)_QIBK3 log(1+K)
such that ||1as* B Lo () = 1/2K. We now apply Theorem 5.1 to obtain the result. [
The proof of Theorem 1.4 is now rather straightforward.

Proof of Theorem 1.4. Write K := |A + A|/|A| and suppose that a,a’ € A have
a — o' of order 2. Then a + a = 2a’ is a non-trivial three-term progression in A which
contradicts the hypothesis. It follows that we may apply Theorem 7.1 to conclude that
A contains at least exp(—CK?log®(1 + K))|A|? progressions; however, we know this to
be at most |A|, whence
exp(CK3log (1 + K)) > |A|.

The result follows on rearranging. O

Proving Theorem 1.5 simply requires us to apply Theorem 1.4 in more or less the same
manner as Schoen applies Theorem 1.2.

Proof of Theorem 1.5. Write
S:={ac ANB:Ad € A, VV € B with a’ # V' such that o’ + b = 2a},
and note that crucially we have

(A+B)\ (AT B) =28, (7.1)
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and, moreover, that S contains no three-term progressions (a, b, c) with a + b = 2¢ and
a #b.

Let S’ be a subset of S such that for all s € 25 there is exactly one s’ € S’ such that
2s’ = s. It is easy to see that |S'| = |25|.

We claim that S’ contains no non-trivial three-term progressions. Suppose that a, b, ¢ €
S’ have a+b = 2c. Since S’ C S we conclude that a = b, but in this case we have 2a = 2c,
which, by choice of S/, implies that a = ¢. The claim follows.

Consequently, we may apply Theorem 1.4 to conclude that

log |.5] 1/3
S’ + 9 SN ——2=" .
157+ 51> <<1oglog|5f|>3

Recalling that n = |A + B|, we can rearrange this expression to give

log 1 ’ 11\3\1/3 log 1 3\1/3
S| < |8 + 8] (loglog |S" + 57)) < |A+ B (loglogn)
log |S” 4 57| logn

since the middle expression is an increasing function of |S’ + 5’| and S’ + 5" C A+ B.
The result follows from (7.1) and the fact that |S’| = |25]. O

8. Concluding remarks

The extension of Theorem 1.2 to the groups Z" and Z/NZ (with the same bound) is
implicit in [2,20,24]. Moreover, since there are particularly good versions of the mod-
elling proposition (Proposition 7.2) for these groups, it seems very likely that our Propo-
sition 6.1 could be used in conjunction with a more traditional ¢>°-density increment
argument [2] to prove the following.

Theorem 8.1. Suppose that G is Z" or Z/NZ and that A C G is finite with |A+ A| <
K|A|. Then A contains at least exp(—CK?+t°(1))|A|? three-term arithmetic progressions
for some absolute C' > 0.

Indeed, it appears that with the methods of [22] one could replace K2t by
K?log(1l + K), thereby directly generalizing Bourgain’s version of Roth’s theorem
from [2].

We have not considered how the ideas in [3] might come into play to give an even
stronger result; the following is a natural question.

Problem 8.2. Find a direct generalization of the result of [3] to sets with small sumset.
That is, show that if A C Z/NZ is finite with |A + A| < K|A|, then A contains at least
exp(—CK?3/?1og?(1 + K))|AJ? three-term arithmetic progressions for some absolute C' >
0.

Among other things Theorem 1.4 immediately improves a result of Stanchescu [24],
who, answering a further question of Freiman [6], used Theorem 1.2 to bound from below
the size of |A+ A|/|A| when A C Z? is finite and contains no three collinear points. This
is an intriguing question because one appears to have so much extra information to play
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with: not only does A not contain any three-term progressions but it also avoids any
triples (a,b,c) with Aa + ub = (A + p)c for any positive integers A and p.

Problem 8.3. Find a constant an absolute constant ¢ > % such that if A C Z2 is

finite and contains no three collinear points, then |A + A| > |A|log® |A].

Moves to generalize additive problems to arbitrary abelian groups have also spawned
the observation (see, for example, [8,12]) that some arguments can be modelled very
cleanly (and often more effectively) in certain well-behaved abelian groups. It would be
surprising if one could not prove the following theorem using the methods outlined above.

Theorem 8.4. Suppose that G is a vector space over F3 and A C G is finite with |A+
A| < K|A|. Then A contains at least exp(—CK)|A|? three-term arithmetic progressions
for some absolute constant C' > 0.

In a different direction it may be that the following problem captures the essence of
Roth’s theorem in a natural general setting.

Problem 8.5. Suppose that A C Z has at least §|A|® additive quadruples. Find
a good absolute constant ¢ > 0 such that we can conclude that A contains at least
exp(—C¢)|A|? three-term arithmetic progressions.

It is immediate from the quantitative Balog—Szemerédi-Gowers theorem (see [7]) that
there is some ¢ > 0; the problem is to find a good value.
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