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Introduction

Consider a Riemann surface X equipped with a projective structure,
that is, a covering of X with coordinate neighborhoods U and corre-
sponding (holomorphic) local coordinates {¢{} such that in the intersection
UN U’ of any two such coordinate neighborhoods U and U’ change of
local coordinates is mediated by a fractional linear transformation

, at + b

= +d (ad — bc =1).
Because of the presence of this structure it is possible to define for each
integer p > 0 in an invariant manner a differential operator L, which to
(— (¢ — 1)/2)forms (“integrals”) assigns ((z + 1)/2)-forms (“differentials”):
If f=f@)(dt)-+»" then L,f = f»@)(dt)»*»? The existence of the oper-
ator L, is basic for “Eichler cohomology” [E] (see also e.g. [K]) but goes
back to Bol’s paper [B] (cited by Eichler), so it is perhaps appropriate to
speak of the “Bol operator”.? L, is independent of the projective structure:
If z is a local coordinate, defined in some coordinate neighborhood V,
and f = f(2) then L,f = df = f(2)dz. And so is L, = id. Not so for p > 1.
For instance, if f = f(2)(dz)-"* then L.,f = (f"(2) + q(2)f(z)) (dz)** for a
suitable g (depending on V). Conversely, by the knowledge of the func-
tions {q(2)} for a covering with coordinate neighborhoods {V} with corre-
sponding coordinate functions {z} the projective structure is uniquely
determined. In these notes we address ourselves, among other things, to

Received December 23, 1987.

* To be able to define half integer forms additional information is needed, essentially
the choice of a square root of the canonical sheaf # on X. More generally, if 2is a
sheaf on X such that 22 differs from t only by a flat sheaf, one can canonically define
sheaf homomorphisms L,: 21-# — 2172 ) k¥,

2 We have a short exact sequence of sheaves 0— [[,1 > A1* > 2 * @ «* — 0, so the
Eichler cohomology group is defined as HYX, [].-1).
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the problem of expressing L,f in terms of arbitrary local coordinates z.
We show in Section 2 that if f = f(2)(dz)~*~»/* then

Lf = (@) + af*2@) + + +++ + a,f@))(d2)* "

where a; = o, (i >> 2) are certain universal polynomials in ¢(2), ¢’(2), - - -,
q% ?(2). We also write abusively, suppressing z (and dz),

L,,f=f<’” 4 af*d 4 ..+ a,,f.

For instance,

Lf =f" + 4q9f’ + 29'f,
L.f=f" + 10qf” + 10¢'f" + (9¢* + 3¢')f

and so forth. In Section 3 we consider briefly the special case when X
is a complex torus.

For completeness we begin however in Section 1 by reviewing several
proof’s of Bol’s lemma. Section 4 is devoted to the case of several vari-
ables of this result. As an application we obtain (Section 5) a new inter-
esting metric for holomorphic function in the unit ball of C*. In Section 6
we consider the transformation theory of second order total p.d.e. In
particular, we suggest a definition on an n-dimensional analogue of the
Schwarzian.

The remainder of the paper is devoted to somewhat different, but
related issues.

Section 7 begins by recalling a certain bilinear covariant due to
Gordan [Go], known as the transvectant. As a byproduct we recover then
the Laguerre-Forsythe invariants connected with a general pth order
linear differential operator. We obtain also (Section 8) a certain form @
of bidegree (0, (x — 1)/2) associated with any Hermitean metric on the
Riemann surface X. With the aid of ® we can prove a certain integral
formula involving the Bol operator—it is a kind of “Green’s formula” for
L,—which will do us great service in subsequent work [GB] devoted to
Hankel forms on multiply connected plane domains. In Section 9 we
indicate a canonical factorization of the Bol operator in the presence of
a (not necessarily holomorphic) affine connectoin. Finally, Section 10
contains some simple observations about Hermitean metrics of constant
curvature.
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§1. Bol’s lemma

By this we intend the following result.

Lemma. If f is an arbitrary (holomorphic) function and if we set

(1) 8 = f(eONE@®)",
where
_at+ b
W=

(where ad — bc = 1) is a fractional linear transformation and
EO)=c+d,
then

(2) gW(t) = f(HONE@®)~“ .

It is clear that this secures, in particular, the existence of the Bol
operator on a Riemann surface equipped with a projective structure.

Below we review several proofs of this result.

In a way Bol’s lemma is just a reflexion of the well known fact that
the set of all polynomials of degree < u is invariant under the group
(SL(2, C)) action

(3) f(®) —> f(ONE@®)" .

More precisely a proof can be based on Taylor’s theorem. Write for-
mally f= T + R where T is the Taylor polynomial of f at the point ¢,
and R the Taylor remainder, R(f) = O((¢ — ¢,)*). By the previous obser-
vation this formula is invariant under the action (3) so that in particular
R($@))(E@®)*~! must be the remainder of f(¢())(E(2))*~! at the point ¢~'(%,).
This readily gives the desired conclusion.

The simplest proof goes perhaps as follows. It suffices to take

1
u—1t

f® =

Then

1
v—1

g = E(u)E®)

if u=¢), as
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$(v) — ¢(H) = (ct + l:i)(cz +d) - Elzt)——E(tU) '
Also
E@®) = EQ@) + ct—v).
That is,

g = M + polynomial of degree < p,

gw(t) = £ (E (”))w

=t
On the other hand
!
Fo) = s (790 = (B By
Then (2) follows. ¥

Alternative proof. Use more directly Cauchy’s formula

) = f @ _ay. 4

u—t

One can also connect Bol’s theorem with the invariance properties
of Newton’s divided differences. Let us put

F@®) = f@),)

F(t, b, t,) = F(t:, t;) f‘(tl, t,)
2 T U3

It is well-known and easy to prove (see e.g. [N]) that

f(u)
) = 27”' ‘[ (w—1t) - (u—t,)

F(thtZa "”t

du,

integrating over a suitable cycle. This shows in particular that
F(tyt’ * "’t) =f(y)(t)‘

As before we show that if g is given by (1) and G corresponds to g (in
the same way as F corresponds to f) then
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(4) Gty o5 b)) = F($(), -+ -, ¢ NEE) ™ -+ (EQ )

In the limit we obtain (2).
Bol’s theorem can also be obtained as a special case (k = p) of the
following more general result (see e.g. [M], [T]):

Lemma. We have

(5) £0(0) = 3, @ f I GONE@O)F e
where
k
(6) = ()= m— kD ki,

First proof. By induction we realize that there must exist a recursion
formula of the type (5) with coefficients &% given by

ittt = +(u—1—2k 4+ j— Dab_,
and initial condition.
af =1.
Another induction shows that these are precisely given by (6). i
Second proof. Write
&(t + 8) = f(4(t + INEE + s))~

and consider the Taylor development of both sides taking into account
that

_ s
B+ 8) = 9O + 5 PECE

and
E(t + s) = E(t) + cs.
Indeed, the coefficient of s* to the left is

1 (k)
—k-!—g ®

and to the right

; 1 k-J #ﬁl_k—*-j —1-2k+]
Samgrreo(" T T @y

https://doi.org/10.1017/50027763000001690 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000001690

68 BJORN GUSTAFSSON AND JAAK PEETRE

Equating these two expressions the desired expression for of readily fol-
lows. 3

A third proof would imitate the proof of Bol’s lemma we originally
gave but this becomes somewhat cumbersome. Instead we reverse the
procedure and use the lemma to derive a combinatorial indentity.

Take again

—

u—1t

so that

a0 - EOEOY

if u = ¢(v). Then

ey = k=D
f( (t) - (u _ t)k—j+1

and

(f0 0 g)(t) = f_———(v(k_ ‘;)J)' (E())~ (E@) -+

so that the right hand side of (5) is

e B E@y @Oy

r—k — k
(E@) " = (E@) + ct — v)* = ,;, </J . )c”(t — OMEQ) ",
we may write this as

b E (R (B@)I

bl — 7)1 — 1) gen NEAVN)” ©
]%'5 “J(k D! ’g( 1) < 5 )c (v — gye-i-n
or, again setting j + h = [,

P CL(E(C)),,:—L-H

7) CET 5 ot T e
( = (v_ t)k—l+1 J): l—] 7

J=l=(n=k)

On the other hand, writing
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EWNEQ@)" _ EWNEQ) + ot — v))*
v—t v—t

_ E(v) ﬁ <IZ>C‘(Z§ — VHE@)*

v—1 iz

g =

= é}(—‘ 1)1<F;)cl(v — OBt

we find

! e+l
() go0 =" EO

+ 3 (=

l=k+1

B\ Q=D E@E)-
1) U=k=1D! (v— -

Comparison of (7) and (8) gives

—k
5 o= N
—J

Jj=l+k~p
k! for /=10
=<0 for0 <I<k
} 1 —1)!
_1zk<#>_L_W__ fork4+1<1<p.
V) ey frhrisiss
These equations for 0 < I/ < k determine also the af uniquely. t

§2. The Bol operator in general coordinates

Let now z = ¢(¢) be an arbitrary invertible function (change of vari-
able). It is convenient to put

1
Elt) = —.
O= 05w
If we put
(0) &) = f(gONE@®)

then a differential operator L, is defined via the formula

g(t) = L f($O)E®)¥*" .

Our concern is to find an explicit formula for L, To this end we
introduce the quantities

r=E.DE and q= E*-DE (D = d/d),

which are regarded as functions of z. Let us notice that
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%;L — Dr = (DEY + ED'E — E-{(E-DEY + E°D'E) = E-*(* + q),

that is, we have the Riccati equation

= =7 .
s r’+q

Take now two times derivatives in (0)!

(1) g’ =fE"*+ f(u — 1)E**DE
— (f' + (¢ — VDEDEf)E+
=[f"+ (¢ — DrflE**,
(2) g”"=[ YE~+[ lpg—3E**DE
=[f"+ (@—Drf' + (¢ — Dr'f + (¢ — 3" + (g — D(p — )r’flE+*
= [f"+ 2 — 2rf" + (¢ — D — 2r* + (¢ — DQfIE**.
Putting ¢ =0, 1, 2 in (0), (1), (2) we find

Lf=f, Lf=f, Lf=f"+af.

Remark. This shows that the Bol operator on a Riemann surface
corresponding to a projective structure on that surface is independent of
the latter if x = 0, 1 and determines it if x4 = 2. (Given a second order
operator locally of the form Lf = f” + qf then there exist new local co-
ordinates such that it in these coordinates takes the form Lf = f”. See
further the discussion in Section 9.)

Continue the derivation!

(3) g”=1[ TE"+[ J(p—5E"'DE
= [f" + 20— 2rf" + 2 — 2Dr'f" + (£ — D — 2r* + (¢ — D)f’
+ (1 — D — 22rr" + (¢ — D) f + (¢ — B)rf”
+ 2(p — 2)(p = B)r*f’ + (¢ — V(e — 2)(p — B)r’f
+ (¢ — D(p — B)grflE*"
= [f" + 3 — rf" + B — 2)(p — 3r* + Bp — H)Pf’
+ (= D — 2 — 3)r* + 3(w — (e — 3rq + (1 — D) 1E+".

Putting p = 3 gives
Lf = f" + 4af" + 29f .

In the same way we find, for instance,
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Lf = f" + 10gf” + 10¢’f" + (9¢" + 3¢")f .
In the general case it is easy to see that
g® = [f(k) + Aff(k'” + oo AYEr1-2

where the coefficients A% (j > 1) are polynomials in g, 7,q,9’,9”, ---,q"¥™?
determined by the recursion

A = At 4 [D+ (u— 1 — 2B)rlA5, (D = d/d2)

(and the initial condition A¥ = 1). Bol’s lemma (Section 1) suggests that
if £ =y then all terms vanish except those which do not contain any
power of r. In other words:

THEOREM. We have
Lf=f+afe? + - +af,
where a4 (j > 2) is a polynomial in q,q’, ---, q¥™:
af = aq,q’, -+, 99").
Moreover, in af there appear only terms g"(q’)y*(q”)* --- with 3, + 2)n,
=]
Proof. For the proof consider an arbitrary Mébius transformation

as + b

tIC(S)Zm

(with ad — bc = 1) and consider the composed change of local coordinates
2z = Y(s) = @((s)). Denote by 7, § the quantities corresponding to r, ¢ but
formed with v instead of ¢. It is clear that

a=q
and a simple calculation reveals that

c 1

et e d Ve

In particular 7 == r as soon as ¢ = 0. It is also clear that
A%(d? Q', tt d(k_z), F) = Al;c‘(qv Q': ) q(k_z); 7‘) .

Upon varying ¢ we thus see that A% is independent of r.
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Remark. q is nothing but the Schwarz derivative in disguise. More
precisely, one has in more conventional notation (see e.g. [Gul, 2])

(2t = — Zr%?,
(2,8} = {2, 0 = — 2g (%j_)z (Schwarz derivative) .
One has (see again [Gul, 2])
() {z, h(d)" = {2, s}(ds)" + {s, th(d)* (b =1,2)

where now ¢t = {(s) need not be Mé6bius. In particular
{z th(dt)' = — {t, 2l(d2)* (k=12

so that, alternatively, we may define
1 1
r=—2—{t, zh, q=-2—{t,z}2.

It is likewise convenient to put

dz
L 1), = log ==,
2, °8 dt

Then (*) is valid also for & = 0.
Here are some alternative expressions for these brackets if 2 = 1, 2:

- _o/gn. @ 1 _ d ., (9=).
o th = — 240 dt V() dt log(dt>’

28 = = 2/90 ae Vg  dt log 0 =3 <dz 10g<dt )) :

§3. An example

Let X be a compact Riemann surface of genus 1, in other words,
an elliptic curve, presented as a complex torus C/4. The operator L,
corresponding to a projective structure on X must be of the form L, =
d*/dz* 4+ q where now g is a constant (a complex number). A basis for
solutions to the corresponding homogeneous linear partial differential
equation is given by the functions ev-, e-v-2, Thus the corresponding
“geometric realization” (in the sense of [Gul, 2]) is given by t = e2v=a,
The space of the kernel of the operator L, = d*/dt* is spanned by
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{1’ t, ceey t#‘l} X (dt)~(y—1>/2 s
that is, by
{e«/f—i)/z)z ¢~_z1z’ el e"((#“l)/f)le“‘qz} X (dz)‘(#‘”/? i

It follows that
L =T (i —(p— 12V a)
k=0 \dz

= (i)l + Ct (—d—)ﬂ‘z + Ciq* (—d~)P4 4 -+ (only “even” terms).
dz dz dz .

This again entails that also in the general case the “leading” term in
the polynomial a% = a‘(q, - - -, q""?) is
Crgit if j even,
0 if j odd .
Remark. Here one could also have used the general form of the
coeflicients in @/ (see the last sentence of the theorem in Section 2).
Returning to the present case (X a complex torus) we write down
the operator L, in the first few cases (g constant, D = d/dz)
L=D—-y—qD+y—q =D +gq,
L,=D(D — 2/=q)D + 24/ —q) = D* + 4¢gD,
Li=D+3/=9WD + v—@D — V=)D — 3y~ q)
= D* + 10¢9D* + 9¢*,

For a generalization of the above factorizations see Section 9.

§4. Several variables

Consider a fractional linear transformation

F@)
) =
#(2) 30
in C* with points ¢t = (¢, - - -, £,); E(f) and F(f) are thus “inhomogeneous”

linear functions, the former scalar and the latter vector (C") valued.* We
notice that

3 Let (ﬁ) denote the corresponding linear transformation in C**l. Then E, F

can be nomalized by the requirement det (?):1.
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E@t + s) = E(t) + E'(t; s)
and similarly for F' (in an obvious notation for first order derivatives).
This gives
L(t; s)
t = () + —_AboS)
B¢ + s) = ¢(t) + EQOEG 4+ 9)
with L(¢; s) = F'(t; $)E(t) — F()E'(¢; s), a linear function in s. In par-
ticular, the derivative of ¢ is given by

L(t; 9)

P'(t; s) = EO)

Remark. Notice the formula

LG $)(EE; s)m !

$7t5 ) = (= prmt HESEES

for the mth order derivative of .
If f is given (holomorphic) function, we define the function g(¢) as
before by

g = f(FONE@®)" .

Then the formula for the kth derivative ((5), (6) in Section 1) generalizes
as follows

gV D) = 23905 Lt INEQY B s)Y

J
= ]Z aife2(g(t); ¢ (85 INE@R) T I(E(t; s)) .
In particular (k = p) this gives a generalization of Bol’'s lemma:

89(t; ) = [($(O); L(t; NEM@) " = f@(g(t); ¢'(t; INE@) .

Projective formulation. Introduce homogeneous coordinates Z =
(Z, ---,2,) with 2, = Z,|Z, (i = 1, -- -, n). Putting

P(Z) = Z(‘)‘_lf(ZI/ZO, ttty Zn/ZO)

we get a homogeneous function of degree p — 1 on C**', Its uth deriva-
tive at the point Z is a p-linear form P*(Z, -) on C**'. Then our gen-
eralization of Bol’s lemma entails that P®(Z, -) descends to a p-linear
form on the tangent space to P* at the image point z of Z under the
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canonical map C**"\{0} - P*. (One has essentially to repeat the pre-
vious reasoning with Z, playing the role of E and {Z, ---, Z,} the role
of F.)

Explicitly:
P¥(Z, ) =d*P(Z, -)

= gy ML B0 4(7,7) - 4(2,,)7).

i

As

d(zi> _ dZ, _ Zdz,
Z,) " 7 z;

this gives (for Z, = 1, Z, = z,) in obvious multi-index notation:

a#P(]- 2y s R n) 8“f(2,~-~ Z)
’ =(— 1) vez, SR Ty 2a)
BZOJaZ,] . aZTk ( ) aZﬂ:U Pi azax v aza”

ExampLE. Consider, for instance, the case g = 2 so that
P(Z) = Zf(Z|Zy, - - -, Z,]Z,) .
Then, explicitly,

P o, B sl 5,0,

az,. 92, 0Z, Zo 02, 7 azk
#P 1 &f P _ s Z Of =~—~Z o f
0ZJZ, Z, 0202, 0ZoZ, 7 zz 02,02, w5 oz
0P _ _ s Zi Of Z: 3f Z.Z, a?f
0z} - Z: 92, 2 Z: 0z, u Z3 62,02

ZZ, of 1 *f
= = — 2.2 .
& Z: 0202, Z, 2% ' 62,02,

In other words:

no §*P *f
b, = )b, — b )
”Zo 0Z3Z, @05 = Zo = (a a2 (b, — biz) 92,02,

Global consequence. Let X be an n-dimensional complex manifold
equipped with a projective structure and 21 a sheaf on X such that 2**!' =
det 4 (= k, the canonical bundle of X) or, more generally, such that A"*
differs from det 4 by a flat sheaf; A is the cotangent sheaf of X. Then
we have an invariantly defined operator L,: 2'* — 2'"*® 4. This again
gives an exact sequence:
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0—> [[oi—> A —> 2+ ® 4.

Does there exists a natural continuation to a complex of sheaves?

§5. Invariant metrics

We can use the previous considerations (Section 4) to write down
some new (?) interesting (??7) metrics. Let B be the (complex) unit ball
in C*, i.e. B is the image of the Hermitean cone

(1) ”ZHZEZOZO——lel—""—'ZnZnZO

under the canonical projection C"*'\{0} — P". If P is a homogeneous
function of degree y — 1 in C™*' over B we set

IPIF = [ (1ZI1P9@, HIdIz),

where ||P*| is measured in the Hermitean metric induced by the metric
in (1) and I is the SU(1, n) invariant (Poincaré) measure on B (dI(2) =
dE)/1 — (|z|F)"*Y). Explicitly (in terms of f):

a'uf(zl’ ) zn) 2
9z, - 02

I = [, — =P 35— 1)1(’;) 2

dE(2)
a -z

Zzﬂl 7Y
8 ap

ExampLEs 1. p =1, n general.

”le:L(l—HZHZ)(;:: %lﬁ $ 200 2) dE(2)

S0, A=zt

that is, the SU(1, n) invariant Dirichlet integral corresponding to the
Bergman metric on B (see e.g. [R]).

2. p general, n =1, B= 4 = unit disk in C.

dif | dE(2)
dzr | (1 —|zpp’

I = L{(l — |zf)snre
this case appears e.g. in [P].

§6. A p.d.e. approach to uniformization

It is a fact that uniformization in the classical case of one complex
variable is intimately connected with the second order linear differential
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equation f” + af’ 4+ bf = 0. This suggests to try, in the case of several
variables, with total second order partial differential equations:

2
(1) O A, L B—0 (hi=1 - n)
02,02, 0z,

(Here and in the sequel we use, whenever convenient, the Einstein sum-
mation convention.) This may be viewed as a pedestrian version of more
sophisticated approaches (cf. e.g. [Gu3]).

Let z = ¢(?) be a locally invertible map (change of local coordinates)
and m a nonvanishing function (multiplier). Put

8@ = f(e@)m(?) .

The first and the second derivatives undergo the following transformation:

28() _ of(4(2)) ogy om
(2) 5, 52, o, m(?) + f($(®) o
(3) T8O _ F4W) 34 04y,
ot.0t, 92,02, at, at,
f () ( 3. 3¢ Om | 3p, om o’m
+ e (z;;ziatjm+ ot, at, + o, at) + 76O otot,

If we want the first derivatives to drop out in the expression for the
transformed differential equation, we are led to impose the requirement

(4) om 3¢, | dm 3be 4 ¥ p, g
at, ot, | ot, at, = ot

or in more compact notation

md*¢ + dm @ dé + d¢ @dm = 0.
We claim that this entails
(5) m = const.J V@D

where

Proof. Notice first that

aJ —_— aZ¢k 7\co
at, i atot, @5
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So multiplying (3) with (¢')* and summing (over j, k) we obtain

om oJ
J nd +m
ot, + ati + ot;

=0,

which obviously yields (5).

So if the desideratum AL, = 0 can be realized we can, as in the
one dimensional case, henceforth restrict ourselves to the case m =
const- o~V

Return to the case of general A, B. From (2) and (3) follows that
08 A 08
ot.0t, + Ay ot
_ 3f($) o4, ﬁﬁm-l— of (¢) ( 3¢ m+ 0, 6_m+ 0y am)

+ B,g

92,02, ati at, 0z, \otat, at, at,  ot, at,.
of(¢) 3¢, am) 5
A’{‘(—-—«—— m\ B,
+ )2 atat Ao altkm+f(¢) )T uf()m
___am%(azf i B)
= ot o, \3z0m A T wf)

where thus

a¢k 395; Al = A*. a¢r 0%, +%_1.a_m+ﬂf_l§@

ot, ot 7ot ot0t, ot, m at, ot m ot
Tot, o, Y + ”m %t m atot,

or in more compact notation

$*A = A-dp + d’¢ + dg @ m~'dm + m 'dm ® dg,
¢*B = B + Am~'dm + m-'d*m

Comparison with the corresponding formulae in the one dimensional

case suggest now that we as a generalization of the Schwarzian take the
differential form

-1/(n+1)
guesn s 8T g
“wi  0L,0t;

where as before

J = det (ﬁ’&) .
ot;
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The main object of the present section has been precisely to arrive at
this definition. In particular, we find, given A = 0, the conditions for
reduction to the case B = 0 in the form of a total p.d.e. involving that
form.

§7. Bilinear covariants

We return to the case of one variable. We require the following
classical result due to Gordan [Go].

LEmMA. Let f, (B = 1, 2) transform according to the rule

[ ——>f(gONE®) ™  (k=1,2)
where v, e Z (k= 1,2) and

ﬂg:ﬁiz (with ad — be = 1), E@) =ct+d.
Let s > 0 be any integer such that v, +0, —1,---, —(s—1) (k =1, 2).
Then

JB = 3 (— 1y

1=0

(3 ) @) £
i (s (Vz)s—i

transforms according to the rule
J,() > J(GONE@) ™,

where v = v, + v, + 25 and, generally speaking, (x); = x(x + 1) --- (x +1— 1)
stands for the Pochammer symbol.

The bilinear covariant J, 1s classically known as the {¢ransvectant
(German: “Uberschiebung”); it was, nearly one hundred years after the
appearance of Gordan’s book, ‘“rediscovered” in [JP].

On a Riemann surface X with a projective structure it gives rise to
a bilinear map

2 vo/2 2
K”l/ X K 2/ > ICv/ s
where ¢ as before stands for the canonical sheaf.

Proof. For the proof take first v, > 0, v, > 0. Then we can imitate
the first proof of Bol’s lemma (Section 1), taking

1

fk(t) = /———(t )

(k=1,2)
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Everything then blows down to the identity

(u; — uy)’ s IV 1
= — 1)y . —
i —wr - 2TV ) G w
see [JP].
To carry over the result to the case when v, v, have arbitrary sign
we argue as follows. Writing g, = (fic ¢)E* (k = 1,2) we see (e.g. from
the unnamed lemma in Section 1) that the expression

: wif 8\ 800 88700
(1) zZ=O(~ D (L) ) ()¢

a priori comes as a polynomial in ¢ and E (and E-'), whose coefficients
in turn are rational functions in y, and y,. More exactly, only terms E*c/

with 2 =j — v appear. By the previous proof we know that they must
vanish for v, > 0, v, > 0, hence identically, except for j = 0. But this
means that (1) must agree with (J,¢)E . 4

Remark. If we instead of group actions consider the corresponding
infinitesimal actions of the Lie algebra sl(2, C), we get an analogous
result with v, v, arbitrary complex numbers (see e.g. [M]).

As an application consider the case

v=—@—-1, n=2r—s Hv=p+1),

where 0 < s <y — 1. Writing 2 = 4 — s we get for each form 6 of de-
gree k a linear map

Mg gy g

ExampLE. Here are some of the operators of lowest degree (and up
to a constant factor):

Myf = of, M?7=@ﬂ+%@7,

—1
Me-2f = OFf" O'f M L onr ,
=0+ O+ b e

Thus if our Riemann surface X comes equipped with a projective

structure we can, given forms 0,0, --.,0, of degree 1,2, ..., u respec-
tively, form the pth order linear differential operator L: x=®-1/% — glurd/?
given by
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(2) L=L,+ My + Mg, + --- + Mg,

Conversely, an arbitrary pth order linear differential operator, globally
defined over X, can be viewed as a map from a suitable sheaf ¢ into the
tensor product £* ® & and gives in a canonical way rise to a projective
structure on X and another such differential operator corresponding to
E=rk"wV2QE, & a flat sheaf (so that x* ® & = kY2 &), i.e. of the
form (2) but with ©, = 0, = 0.

In this way we happen to recapture the classical Laguerre-Forsyth
invariants of pth order linear ordinary differential equations (see e.g. [W]
or, for a contemporary study, [T]). A different approach to such invari-
ants, directly based on “Bol’s lemma” (Section 1), can be found in [B].

§8. An integral formula

We apply the previous lemma (Section 7) in the case y, =y, =
— (@ —1), s=p—1. Then v =0 and we have thus an ‘“invariant”, not
a “covariant”. In particular, writing f, = F, a form of degree — (1 — 1)/2,
and taking f, = 0*~', where o transforms with degree — 1/2, we have the
invariant expression

( 1) D = #}:j (-— 1)"_&(@#—1)]?(#-1—’0) .
k=0 92"

We can now get a step further and let w be of bidegree (— 1/2, — 1/2).
Thus we do not assume anymore that we are dealing with holomorphic
quantities. Then @ has bidegree (0, (1 — p)/2). If in addition » is positive
(and globally defined on our Riemann surface X), then we can associate
with @ a Hermitean metric ds = |dz|/o.

If z is a projective coordinate, it is clear that

(2) _a_di =@ F® 4 (— 1)#—1i(w#-1)F_

0z o=*
Let g be a holomorphic differential form of degree (u + 1)/2, defined in
some open subset 2 of X. We now multiply the identity (2) with the
conjugate g. As Og is then a (0, 1)-form or, rather, the coefficient of
such an object (that is, #gdz has an invariant meaning over {), we can
write the result as

(3) d(9gdz) = L, Fgw*~'dzdz + (— 1)*'FgL,0* 'dzdz .
Integrating this yields
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(4) f L,Fgor-'dzdz + (— 1)#*} FglLo'dzdz = j Ogds .
2 2 an

Until now o has been quite general. It is now natural to put condi-
tions on o (and the metric), connecting it with the projective structure
and the Bol operator(s) L,: Indeed, we shall from now on assume that

1. Lo**'=0  for all p,
2. 0o=0 on 942 .

Clearly 2. implies that the metric is complete in some sense. On the
other hand 1. is equivalent to Lyw =0 (¢ = 2). (Indeed, this condition
implies that w(z) = a2z 4+ bz + bz + ¢, a, b, ¢ being constants (a, ¢ real
and b complex), in terms of a (any) projective coordinate z, and then
L'~ =0 for all x) Thus 1. implies that the curvature is constant and
also that
2 2
g=— awal)az ’

where g is the coefficient connected with the projective structure (i.e.
L, = 3*/02* + q); here z is any local coordinate, not necessarily one sub-
ordinated to the projective structure. See Sections 9, 10 for further dis-
cussion.

If 1. is fulfilled (3) becomes
L,Fgo*~'dzdz = d(9gdz) .

Thus the left hand side is an exact (1, 1)-form and the integral can be
expressed as a pure boundary integral.

If 2. is fulfilled then on the boundary £ holds

& (=0, O0<k<pu—2,
92"
L g | St [ A2\ G |+
" = - 1 !< ) - - 1 ! - ’ 1( )
0z+! @) = ) 0z (v H=19) dz 0z
Thus (4) in this case becomes
(5) LL,,Fgwﬂ"dzdz 4 (= et j FgL,o'dzdz
Q2

=(p — 1)!i"“J Fgléﬁll‘—l(dz)u—p)ﬂ(dg)m,u/z )
2 0z
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If both 1. and 2. are fulfilled then |6w/0z| = const on 92 (if w = azz +
bz 4+ bz + c then |0/dz| = v|bF — ac on {w = 0}) so that (5) reduces to

(6) _[ L Fgw*'dzdz = constJ Fg(dz)-»7(dz)t+»”
2 a9
For a different proof of this formula, and an application, see [GP].

§9. Factorization of the Bol operator

Let X be an arbitrary Riemann surface. A set of functions {g(2)} (one
g for each coordinate variable 2) is called a projective connection on X if
they, under change of coordinates, transform according to

1@ (Z) = q@ — £z 2.

Similarly, a set of functions {r(z)} is called an affine connection on X if
they tranform according to

F(é)—g—i =r(2) — -;—{2, 2}, .

(The factors 1/2 above are not standard and are introduced here just to
conform with our previous notation). Observe that we do not require the
functions ¢(2) or r(z) to be holomorphic in general.

As is implicit in the foregoing, there is a one-to-one correspondence
between holomorphic projective connections on X and projective struc-
tures on X: if {g(2)} is given, the projective coordinates on {{} are ob-
tained as solutions of

(1) —;—{t, 2} = q(2),

and, conversely, given {¢} the family {q(z)} defined by (1) is a projective
connection. In particular, a coordinate z is projective iff in that coor-
dinate ¢(2) = 0. The corresponding statements with the word “projective”
replaced by “affine” are likewise true. (See e.g. [Gu2], [HS1, 2] for more
details. See also [B]).

The following facts are easily seen to be true.

(i) If f is a (not necessarily holomorphic) 1-form or, more generally
a form of bidegree (1, *), then

10
— 1
2 0z ogf
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is an affine connection (off the zeros of f). In particular, if ds = |dz|/w(2)
is a Hermitean metric on X then

d
uire log w
1s an affine connection.

(ii) If r is an affine connection then g = dr/dz — r? is a projective
connection.

(ii1)) In the presence of an affine connection r one can define a covari-
ant derivative V =V, mapping a-forms into (a + 1)-forms given by

7f=2 _ orf.
0z
We have now the following generalization of the factorization of the Bol
operator L, indicated in Section 3 in a special case. It gives, in particu-
lar, an alternative way of computing L, (cf. Section 2).

THEOREM. Let the Riemann surface X be provided with o projective
structure, let g denote the corresponding (holomorphic) projective connection
and let 4 > 0 be an integer. Assuming that q comes from a not necessarily
holomorphic, affine connection r as in (ii) above we have, writing p =

214+ 1,
L =VV, . .--V_.
In other words:
g=—1
(2) L= 35D = (= 1—2kr)

= (D — 2lrYD — 2 — Or) -+ (D + 2Ir),
with D = djdz.

Proof. By the covariance it is enough to prove (2) in projective co-
ordinates. In a projective coordinate system (2) becomes

(3) D**' = (D — 2IrXD — 2(l — Dr) --- (D 4+ 2Ir).
(Here 1> 0 is an integer or a half integer.) Moreover g = 0, i.e.
(4) Dr=rt.

Thus it is enough to prove (3) under the assumption (4). This will be
done by induction.
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It is straightforward to check (3) for / = 0 and [ = 1/2. Assume that
(3) has been proved for [ — 1, i.e. that

D'={D-2(1—-Dr)---(D+2(l — Dr).
Then we get, for [ itself

(D — 2Ir)D — 2(L — 1r) - - - (D + 2Ir)f = (D — 20r)D*-Y(D + 2Ir)f
= D4 f 4 2D(rf) — 2lrD¥f — APrDP-Y(rf) .

We have to prove that this equals D**'f, i.e. that
(5) D*(rf) = rD®f + 2IrD"-\(rf) .
By (4) D*r = n!r"*'. Thus

21

D*(rf) = kz(:) (il) DErDY-kf

= D 4 32021 — 1) - (2] — k 4+ DrieDu-kf
k=1

i1\ k—1
= rD*f 4+ 2lrD"-'(rf) ,

u (2] — 1
=rD¥f 4+ 2Ir 3, ( D*-'rD%-*f

proving (5). t

If X is compact of genus one, as in Section 3, then every projective
connection comes from an affine connection, as in (ii) above. Hence it
is seen that the factorization of L, in Section 3 is a special case of the
above theorem. However, it is not clear whether, in general, a holomor-
phic projective connection always comes from an affine connection (not
required to be holomorphic). Of course, given the family {g(2)} one can
always solve q = 9r/dz — r? locally for r(z) (even with r(z) holomorphic)
but in general these r = r(z) will not transform as an affine connection.
On the other hand (2) may be of interest also locally (i.e. without each
factor in (2) having a globally covariant meaning). E.g. if ¢ is a fixed
local variable defined on an open subset V of X then the projective con-
nection {g(2)} on V given by q(2) = (1/2){¢, 2}, (in terms of arbitrary local
variables {2}) comes from the affine connection r(2) = (1/2){t, z},. Thus we
have

L= (382‘ — 1, z},)(_a% — (-, z}l) . (_a_a; + 14, z}l)
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for the Bol operator L, belonging to {q(2)}, i.e. to the projective structure
on V for which ¢ is a projective coordinate.

Next, assume that a metric ds = |dz|/w(2) is given on X. By (i) and
(ii) we then get affine and projective connections on X by

2 2
r=_i10ga), q:.a_r—rz—:_a_w/ai.
0z 0z 1)
The curvature of ds is given by
K= 4201080 _ 4. 0r
020z 0z

and derivation of this gives

oK _ 40299

02 0z

Thus we see that r(z) is holomorphic iff the curvature is identically zero
and that ¢(2) is holomorphic iff the curvature is constant.

It is well-known that on any Riemann surface there is, up to a con-
stant factor, exactly one metric ds which is both complete and constant
curvature. This is the metric which, via the uniformization theorem, cor-
responds to one of the metrics with o(f) =1+ |tf, 1 or ¢ on € =
C U{o}, C or {te C: It > 0} respectively.

If X is a compact, any metric is automatically complete. Thus we
conclude that if X is compact then a holomorphic connection on X comes
from a metric only in the above “canonical” case (i.e. with the Poincaré
metric in most cases). The corresponding projective structure then of
course is the one given by the uniformization theorem.

§10. Remarks on ‘“non-Euclidean geometry”’

In this section, which is largely independent of the rest of the paper
but inspired of it, we make some simple observations about Hermitean
metrics with constant curvature on a Riemann surface.

Let X be a Riemann surface equipped with a projective structure.
Then we can define the operator (L, =)L = D* + q (where D = 9/5z is
derivation with respect to local coordinate z) which sends (— 1/2, *)-
forms into (3/2, *)-forms. The conjugate operator L = D®+ G (where
analogously D = §/62) sends (¥, — 1/2)-forms into (*, — 3/2)-forms. We
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can now define a non-Euclidean geometry as an Hermitean metric ds =
|dz|/w(2) such that Lo = 0 = Lw. It is now clear that if ¢ is a projective
coordinate (q(f) = 0) then w(f) = attf + bt + bt + ¢ (a, ¢ real, b complex).
That is, the “absolute” (that is, the set where the metric degenerates) is
a “circle” (possibly imaginary—elliptic geomstry, or degenerate—parabolic
geometry).

We can also fit curvature into this picture. Define the latter as
usual (see Section 9) via

K = 40’DDlog w .

Formula:

dK = 40’D (52) dz + 40°D <&> ds .

@ @
Proof. We may work in a projective coordinate (¢ = 0). Then

wQI_)& :w25<D2w) _ wZ(EDza) . DarD%)
) ) ? ’

w
On the other hand

%DK — o*DD*log  + Da*- DD log o

= oD (222 — (Dczu)z > + 2wDw-D (—D~(—D—>

(O] @ (O]

l

0] * ® 1)

DDaw _ Dw-ﬁaj)

DD Do - Do Do-DDo (Dw)* Do
o* ( — -2 - + 2 - )

1) *

+ 20Dow (

_w2<l_)D2w _ D_w-DZco)
- ) o* )

As d = Ddz + Ddz this completes the proof.

We see thus that K = const in non-Euclidean geometry.
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