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Tubular neighbourhoods for submersions

of topological manifolds

David B. Gauld

Let <p : M •* N be a submersion from a metrizable manifold to

any (topological) manifold, l e t B c M be compact, y Z N and

f c i p (y) be a compact neighbourhood (in <p (y)) of

B n <p {y) . I t is proven that there is a neighbourhood V of

y in N and an embedding e : U * C •*• M such that <pe is

projection on the f i rs t factor, e(y, x) = x for each x € C ,

and B n cp (£/) c e(y x C) . The main application given is to

topological foliations, i t being shown that i f C is a compact

regular leaf of a foliation F on M then every neighbourhood

of C contains a saturated neighbourhood which is the union of

compact regular leaves of F .

1. Introduction

Throughout this paper, by an n-manifold or just manifold we will mean

a topological space in which each point has a neighbourhood homeomorphic to

euclidean space It . In particular, manifolds are not assumed to be

Hausdorff. By a submersion i s meant a map ip : m -*• a between manifolds,

satisfying the following condition: for each x £ M , there are embeddings

/ : ff •* M and g : fP •* N such that /(//") is a neighbourhood of x in

M and g~ iff = #> : fP1 •*• tf1 , where jp is projection onto the f i rs t n

co-ordinates. For each y (. <p(Af) , the set <p (y) , which is an
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(OT-rt)-submanifold of M , i s called the fibre over y .

Our main result i s the following, the differential analogue of which
has been obtained by Short and Smith [4, Lemmas 3 and It].

THEOREM 1 (Tubular Neighbourhood Theorem). Let <? : ti" * if1 be a

submersion where M is metrizable, let y € N , let B c M be compact and

let C c <p (y) be a compact neighbourhood [in <p (y) ) of B n <p—i(i/) .
Then there is a neighbourhood 0 of y in N and an embedding

e : 0 x C •* M such that:

(i) <pe is projection on the first factor;

(ii) e(y, x) = x for each x € C j

(iii) B n tfX(O) c e(0 * C) .

The following definition appears in [5]. A topological space is
strongly p-connected if every compact subset is contained in a compact
p-comoficted subset.

COROLLARY 2. Every svrjective submersion with strongly p-connected

fibres is p-connected.

Corollary 2, which is the topological analogue of Theorem 1 of Smith

[ 5 ] , i s proven in the same way as the proof of Smith's Theorem 1, but with

the topological Tubular Neighbourhood Theorem used in place of the

dif ferent ia l Tubular Neighbourhood Theorem of Short and Smith.

The second application of the Tubular Neighbourhood Theorem is to

(topological) fol ia t ions. Let AT be a metrizable manifold. By a

foliation F of dimension p on M i s meant a collection {ll , (p } £.

where {Ua} i s an open cover of M and <Pa : V •* It* i s a submersion

satisfying the condition: for each x € V r» £/„ ,

<pa1K(x)^ n yB = ' g ^ V * ^ n Va •
For further definitions and elementary properties involving foliations, see

[2]. If x i M , let L(x) denote the leaf of F containing x . A leaf

L(x) is regular if Vj/ € L(x) , 3[u , cp ) € F and embeddings
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f •• d" + Ua , g : //*~P •* dn~P such that f(0) = y , g^vj = g> and

Va € f{lf) , L(z) n ^

is a p-submanifold of M . Let M/F = {L(x) | x € M} . In §3 we
will show that the quotient topology makes M/F into an (m-p)-manifold
and the projection L becomes a submersion. A subset of M i s saturated

i f i t is a union of leaves of F , that i s , if i t is of the form L"1(T)

for some T c M/F .

THEOREM 3 (of. Palais [3 , Theorem VI, page 15]). Let ¥ be a

foliation on a metrizdble manifold M . If C is a oompaot regular leaf

of F and V is any neighbourhood of C then there is a saturated

neighbourhood V of C contained in V such that V is a union of

oompaot regular leaves.

The following corollary follows from Theorem 3 Just as does the

differential analogue in Palais.

COROLLARY 4. Let F be a foliation on a metrizable manifold M .

If each leaf of F is oompaot and regular then Af/F is Hausdorff.

2. Proof of the Tubular Neighbourhood Theorem

LEMMA 5 . Let <p : AT -»• if1 be a submersion, C c M be oompaot and

y € N . Then we can find embeddings f . - . l f + M (i = 1 , . . . , I) and
is

g : tf1 •* N suoh that:

(i) ff(O) = y ;

(ii) C n ^(y) c u f.[f) ;
i

(Hi) for each i , we have g~ <pf. = to -. IC •*• iP .

Proof. Since every manifold is Frechet, cp {y) i s closed in M ,

so C n cp (y) is compact. Thus we can find a f ini te set of embeddings

f.:lF+M and g. : fl" -»• N , where i = 1, . . . . I such that conditions
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(i) , (ii) and (iii) of the statement hold but with g replaced by g. .

One can then proceed as in the proof of Lemma 1 in [2] to alter the
embeddings / „ , . . . , / - to satisfy the requirements of Lemma 5 with

g = 9X • °

We can now prove Theorem 1. Let ip, y, B and C be as in the

statement of Theorem 1. Let the embeddings f. : if •+ M {i = 1 I)

Xr

and g : H •*• N be as in Lemma 5- The neighbourhood 0 will be chosen so

as to l i e inside g[n ) , so we may actually assume that N = Ir and

g = 1 so that y = 0 . Let U. = / . [if) . We may assume that Cl U. is

compact. Refine the cover {ll.} to an open cover {V. : i = 1 l}

of C so that Cl 7..c £/. . We will inductively construct open

i i
neighbourhoods W. of U Cl F. so that W. c U U. , neighbourhoods

% 3=1 ° % 0=1 °

0. of 0 in iP and embeddings e. : Q. * C. •*• M , where

C = "̂"""(O) n W. , so that

(i) <p£. is projection on the first factor and

( i i ) e.(0, x) = x for each x € C. .

Start of the induction. Let P/_ = t/ , 0^ = iP and define
El : °1 * Cl * M t y E l ^ ' X^ = /i[*+^i1(a;M f o r * € d* a n d x

The expression t + f (x) denotes the sum of the vectors t € if c R

and f (x) € i/" . Since the first n co-ordinates of / " (x) are all

zero and iff, = £p , we see that ft is the projection on the first

factor.

Continuation of the induction. Suppose W., 0. and e. have been

constructed. Choose open subsets X, Y, S and T of U so that
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Cl Vi+1 c X c C U c K C U c j / i + i

U Cl V. c S c Cl S c T c Cl T c W. .
0=1 3

Define ^ - + 1 = S u X . Then ff.+. i s an open neighbourhood of

£+1 £+1
U Cl V. and V. c U V. .

0=1 3 V ± 0=1 3

Let Z' = Fr W. n Cl Y n tp" 1 ^) , and Z" = Fr 2" n Cl Y n ip" 1 ^) ,
v

where Fr denotes the frontier of a set. Let Z = Z' u Z" .

The idea involved in constructing E. . is as follows : let e.

agree with e. over T , construct e. from / . as in starting the
If tr"* -L 1 * 1

induction outside of W. and then use the isotopy extension theorem of

Edwards and Ki rby [/] to f i l l in the region between- Z' and Z" .

For t (. it sufficiently close to 0 we can define an embedding

h. : Z •+ ̂ """(O) by

if s € Z1 ,

if z I Z" .

For t sufficiently close to 0 , h. is a proper isotopy having a proper

extension to a neighbourhood of Z . Since Z is compact and <p (0) is

a metrizable manifold, by Corollary 1.2 of ['], there is an isotopy

H. : (p"1^) -»• tp'^O) such that Hn = 1 and h. = H \Z for all £ near

0 . Actually Corollary 1.2 of [7] concerns isotopies parametrized by I ,

but one can easily generalise it to the case of isotopies parametrized by a

neighbourhood of 0 in x .

Letting 0. . be a suitable neighbourhood of 0 in if , we can

define the embedding e. : 0. x C. -*• M by
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e .U , x) if x € Cl T ,

i f

) i f x € C 1 x - wi •

This completes the induction.

3y restriction of the embedding e- , we now have a neighbovirhood 0-

of 0 in s" and an embedding e' : 0- x C •*• M such that

(i) <pe' is projection on the first factor;

( i i ) e '(0, x) = x for each x I C .

To ensure that condition (Hi) in the statement of Theorem 1 is also

satisfied, i t may be necessary, as in Lemma k of [4], to take a

neighbourhood 0 of 0 in K which is smaller than the neighbourhood

0. and then let e = e' | 0 x C . •

3. Foliations

The following notation is fixed in this section, ff is a metrizable

manifold, F = [u , ta}aeA
 i s a foliation of dimension p on M ,

N = W/F , and L : M * N is the projection.

THEOREM 6. If all leaves of F are regular, then N ia a manifold

of dimension m - p and L is a submersion.

Proof. Let x € M . We must find an embedding h : if~p •+ N so that

is a neighbourhood of L(x) . Use regularity to find V with

x € U and embeddings / : if + Ua and ? : i/""P •*• lf~P such that

= x , ff"1*/ = p : Z1 - lTP , and
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Define h : i/"~P * N by h(t) = Lf(t) for t €

( i ) L(x) € ft^P) since h(0) = L/(0) = £(*) .

( i i ) h i s continuous, being a composition of continuous functions.

( i i i ) h is injective, for if s , t € i/""P and fc(8) = 7z(t) then

Lf(e) = I f ( t ) , so that ff~1<pof(a) = g~\^(t) . But

g~ <of = p : i/" -»• ff^'P , so e and t must agree on the f i r s t

(m-p) co-ordinates, that i s , 8 = t .

(iv) It i s an embedding. Although this is not necessarily the case,

one can arrange for i t by res t r ic t ing h to a subset of

if i f necessary and then appealing to ( i i ) and ( i i i ) .

(v) h\jF~P} i s open in N . To prove t h i s , i t suffices to show

that L h[fr~P) i s open in M , which we now proceed to do.

Suppose y € L~ h[rf"~P) . Then for some t € lf~P , we have
L(y) = h(t) . Let w = f(t, 0) . Then L{y) = L(w) . How L(w) i s a
connected, and hence path-connected, manifold. Let TT : I •+• L{w) be a
path with ir(0) = w and ir(l) = y .

Let JO = 8. < 8, < . . . < 8 = l} be a part i t ion of I , and for each

i = 1, . . . , n , l e t (£/., (p.) € F and l e t f.:lf + V. and

gi : rf"~p •* rf"~P be embeddings so that U± c u , /^(O) = i r ^ ) ,

V . and u ^ , 8.] e f.{lf) .

We may assume that for each i and each a € /-.n ("J » the set

L(z) n f-+, (« ) i s non-empty. Indeed, proceed by induction on i .

Given i , l e t

V = •[(<?, r) € /""P x JJP | 3r ' € i^ with /\+1(<7, r ' ) € / i ( ^ ) } •

V is open in i/" since f.{lf) i s open in M . It z Z f..,(V) , then

https://doi.org/10.1017/S0004972700045494 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700045494


100 David B. Gauld

i * 0 » 8 i n c e i f 2 = /£+1(«?> r ) m ^ r' d iP i s such t ha t

/ \ + 1 (<7 , r ' ) € ^ ( i f ) , then L(«) = L ( f i + 1 ( q , r 1 ) ) • Fur the r ,

/ i + 1 (7 ) n L(w) = ,/\+1(if) n L(w) , so by restricting / \ to some subset

of V homeomorphic to if , we can ensure that the condition

is satisfied. Precisely, there is some positive real number p such that

x if c V . Replace fi+1 and g^+1 by the embeddings f\ and

g i v e n b y

• f o r 8

and

for all q

With this replacement, the induction is allowed to proceed.

How notice that / (ir ) is a neighbourhood of ir(l) = y . Moreover,

fn[lT) ^L-hilT-P) , for if z € /M(/^) then L(z) n / ^ (if) * 0 , so

32 , € / ^ (it ) with L(z) = L[z .) . Continuing thus, we obtain a

sequence z = zn, z ^ z± , with zi e fi [if] and i ( s i + 1 ) = ^{z^ .

In particular, 3̂^ € fAd") c V , so that Z, (z1) € fe (if"P) , and

L(a) = £(s1) . Thus L(z) € h (i/""P) , that i s , z € L~V(if~P) .

This proves that h[lf~P} is open and hence completes the proof that

N is an (m-p)-manifold.

With the charts / and h as above, i t is clear that

h Lf : R •* R~P is projection on the first (ro-p) co-ordinates, so that

is a submersion. O
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PROPOSITION 7. Let P? be a nan-empty compact manifold and let <f

be a connected Hausdorff manifold. Then any embedding e : P •*• Q is a

homeomorphism.

Proof. We must show that e i s surjective. Since Q i s Hausdorff,

the compact set e(P) i s closed in Q . On the other hand, e(P) is also

open in Q , for i f x € P then we can find a neighbourhood V of x

which is homeomorphic to fr . Then e(ll) i s a subset of the manifold Q

and e(ll) i s homeomorphic to if . Thus by invariance of domain, e(ll)

is a neighbourhood of e(x) , so e(P) i s open in Q . Since Q is
connected, the open and closed subset e(P) must be the whole of Q , that
i s , e i s a homeomorphism. •

LEMMA 8. Let C be a compact apace, let X be any space, let

x € X and let V be an open subset of X x C containing {x} * C . Then

we can find a neighbourhood 0 of x in X so that 0 x c c U '.

The proof of th is lemma is straightforward and hence omitted. D

We can now prove Theorem 3. As in the proof of Theorem 1 we can find

a neighbourhood X of L{C) in N and an embedding £ : X x C •*• M so

that Le i s projection on the f i r s t factor and Vx € C , we have

e[L(C), x) = x .

e(# x c) = L~ {X) . Indeed, since Le i s projection on the f i r s t

factor, we have e U x C) c L~^~(X) . Conversely, i f x € L~X(X) , then

e|{L(x)} x C gives us an embedding of the compact manifold C in the

connected Hausdorff manifold L{x) . Thus by Proposition 7,

x d E[{L{X)} x c) , and hence e(X x C) = L"1(-f) .

Now applying Lemma 8, we can find a neighbourhood 0 of L(C) in X

so that

L~X(0) = e(0 x c) c y .

Setting 7 = L (0) , we obtain a saturated neighbourhood of the desired

type. O
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