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Abstract

The random-cluster model is a unifying framework for studying random graphs, spin systems and elec-
trical networks that plays a fundamental role in designing efficient Markov Chain Monte Carlo (MCMC)
sampling algorithms for the classical ferromagnetic Ising and Potts models. In this paper, we study a nat-
ural non-local Markov chain known as the Chayes-Machta (CM) dynamics for the mean-field case of the
random-cluster model, where the underlying graph is the complete graph on n vertices. The random-
cluster model is parametrised by an edge probability p and a cluster weight q. Our focus is on the critical
regime: p = p.(q) and g € (1, 2), where p.(q) is the threshold corresponding to the order-disorder phase
transition of the model. We show that the mixing time of the CM dynamics is O(log # - log log #) in this
parameter regime, which reveals that the dynamics does not undergo an exponential slowdown at critical-
ity, a surprising fact that had been predicted (but not proved) by statistical physicists. This also provides
a nearly optimal bound (up to the loglog # factor) for the mixing time of the mean-field CM dynamics in
the only regime of parameters where no non-trivial bound was previously known. Our proof consists of
a multi-phased coupling argument that combines several key ingredients, including a new local limit the-
orem, a precise bound on the maximum of symmetric random walks with varying step sizes and tailored
estimates for critical random graphs. In addition, we derive an improved comparison inequality between
the mixing time of the CM dynamics and that of the local Glauber dynamics on general graphs; this results
in better mixing time bounds for the local dynamics in the mean-field setting.
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1. Introduction

The random-cluster model generalises classical random graph and spin system models, providing
a unifying framework for their study [14]. It plays an indispensable role in the design of effi-
cient Markov Chain Monte Carlo (MCMC) sampling algorithms for the ferromagnetic Ising/Potts
model [31, 8, 20] and has become a fundamental tool in the study of phase transitions [2, 12, 11].

The random-cluster model is defined on a finite graph G = (V, E) with an edge probability
parameter p € (0,1) and a cluster weight g > 0. The set of configurations of the model is the
set of all subsets of edges A C E. The probability of each configuration A is given by the Gibbs
distribution:

1
nGpq(A) =5 - p (1= p)FT g s "
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where ¢(A) is the number of connected components in (V, A) and Z:= Z(G,p,q) is the
normalising factor called the partition function.

The special case when g =1 corresponds to the independent bond percolation model, where
each edge of the graph G appears independently with probability p. Independent bond percolation
is also known as the Erdés-Rényi random graph model when G is the complete graph.

For integer q > 2, the random-cluster model is closely related to the ferromagnetic g-state Potts
model. Configurations in the g-state Potts model are the assignments of spin values {1, . .., g} to
the vertices of G; the g = 2 case corresponds to the Ising model. A sample A C E from the random-
cluster distribution can be easily transformed into one for the Ising/Potts model by independently
assigning a random spin from {1, . . ., g} to each connected component of (V, A). Random-cluster
based sampling algorithms, which include the widely studied Swendsen-Wang dynamics [30],
are an attractive alternative to Ising/Potts Markov chains since they are often efficient at ‘low-
temperatures’ (large p). In this parameter regime, several standard Ising/Potts Markov chains are
known to converge slowly.

In this paper we investigate the Chayes—Machta (CM) dynamics [10], a natural Markov chain on
random-cluster configurations that converges to the random-cluster measure. The CM dynamics
is a generalisation to non-integer values of g of the widely studied Swendsen-Wang dynamics [30].
As with all applications of the MCMC method, the primary object of study is the mixing time, that
is, the number of steps until the dynamics is close to its stationary distribution, starting from the
worst possible initial configuration. We are interested in understanding how the mixing time of
the CM dynamics grows as the size of the graph G increases, and in particular how it relates to the
phase transition of the model.

Given a random-cluster configuration (V, A), one step of the CM dynamics is defined as
follows:

i. activate each connected component of (V, A) independently with probability 1/g;
ii. remove all edges connecting active vertices;

iii. add each edge between active vertices independently with probability p, leaving the rest of
the configuration unchanged.

We call (i) the activation sub-step, and (ii) and (iii) combined the percolation sub-step. It is easy to
check that this dynamics is reversible with respect to the Gibbs distribution (1) and thus converges
to it [10]. For integer g, the CM dynamics may be viewed as a variant of the Swendsen-Wang
dynamics. In the Swendsen-Wang dynamics, each connected component of (V, A) receives a
random colour from {1, . .., g}, and the edges are updated within each colour class as in (ii) and
(iii) above; in contrast, the CM dynamics updates the edges of exactly one colour class. However,
note that the Swendsen-Wang dynamics is only well defined for integer g, while the CM dynamics
is feasible for any real g > 1. Indeed, the CM dynamics was introduced precisely to allow this
generalisation.

The study of the interplay between phase transitions and the mixing time of Markov chains
goes back to pioneering work in mathematical physics in the late 1980s. This connection for the
specific case of the CM dynamics on the complete n-vertex graph, known as the mean-field model,
has received some attention in recent years (see [7, 15, 18]) and is the focus of this paper. As
we shall see, the mean-field case is already quite non-trivial and has historically proven to be a
useful starting point in understanding various types of dynamics on more general graphs. We
note that, so far, the mean-field is the only setting in which there are tight mixing time bounds
for the CM dynamics; all other known bounds are deduced indirectly via comparison with other
Markov chains, thus incurring significant overhead [8, 6, 17, 5, 31, 7].

The phase transition for the mean-field random-cluster model is fairly well understood [9, 25].
In this setting, it is natural to re-parameterise by setting p = ¢ /n; the phase transition then occurs

at the critical value ¢ = ¢cr(q), where ¢cr(q) = g when g € (0, 2] and ¢cr(gq) = 2(3—:;) log(g—1)

https://doi.org/10.1017/5S0963548322000037 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548322000037

926 A. Blanca, A. Sinclair and X. Zhang

(a) Phase coexistence
— —
Disordered Ordered (b)
phase phase
' Disordered Ordered
G L G ¢ phase phase
H_/
Metastability window {er 4
q>2 1<q<2

Figure 1. (a): phase structure when g > 2. (b): phase structure when q € (1, 2].

for g > 2. For ¢ < ¢cr(q) all components are of size O(log n) with high probability (w.h.p.); that
is, with probability tending to 1 as n — oo. This regime is known as the disordered phase. On the
other hand, for ¢ > ¢cr(g) there is a unique giant component of size ~ 0n, where 0 = 6(¢, q); this
regime of parameters is known as the ordered phase. The phase transition is thus analogous to that
in G(n, p) corresponding to the emergence of a giant component.

The phase structure of the mean-field random-cluster model, however, is more subtle and
depends crucially on the second parameter q. In particular, when g > 2 the model exhibits
phase coexistence at the critical threshold ¢ = {cr(q). Roughly speaking, this means that when
¢ = ¢cr(q), the set of configurations with all connected components of size O(log n), and set of
configurations with a unique giant component, contribute each a constant fraction of the prob-
ability mass. For g <2, on the other hand, there is no phase coexistence. These subtleties are
illustrated in Figure 1.

Phase coexistence at { = {cr(q) when g > 2 has significant implications for the speed of conver-
gence of Markov chains, including the CM dynamics. The following detailed connection between
the phase structure of the model and the mixing time <M of the CM dynamics was recently
established in [7, 4, 18]. When q > 2, we have:

O(logn) if¢ & (L1, &r)s
oM =10n'?) ifr=¢; )
et if ¢ € (&1, v

where (¢, ¢r) is the so-called metastability window. It is known that ¢ = g, but ¢, does not have
a closed form; see [7, 25]; we note that {cr(q) € (£1, ¢r) for g > 2.

When g € (1, 2], there is no metastability window, and the mixing time of the mean-field CM
dynamics is ©(log n) for all { # {cr(g). In view of these results, the only case remaining open
is when g € (1, 2] and ¢ = {cr(g). Our main result shown below concerns precisely this regime,
which is particularly delicate and had resisted analysis until now for reasons we explain in our
proof overview.

Theorem 1.1. The mixing time of the CM dynamics on the complete n-vertex graph when ¢ =
¢er(q) =qand q € (1,2) is O(log n - log log n).

A Q(log n) lower bound is known for the mixing time of the mean-field CM dynamics that
holds forall p € (0, 1) and g > 1 [7]. Therefore, our result is tight up to the lower order O(log log #)
factor, and in fact even better as we explain in Remark 2.14. The conjectured tight bound when
¢ =¢cr(g)and g € (1, 2) is ©(log n). We mention that the { = ¢{cr(q) and g = 2 case, which is quite
different and not covered by Theorem 1.1, was considered earlier in [24] for the closely related
Swendsen-Wang dynamics, and a tight ®(n'/4) bound was established for its mixing time. The
same mixing time bound is expected for the CM dynamics in this regime.
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Our result establishes a striking behaviour for random-cluster dynamics when g € (1, 2).
Namely, there is no slowdown (exponential or power law) in this regime at the critical thresh-
old ¢ = ¢cr(q). Note that for g > 2, as described in (2) above, the mixing time of the dynamics
undergoes an exponential slowdown, transitioning from ®(log n) when ¢ < ¢, to a power law at
¢ = {1, and to exponential in # when ¢ € (&1, {r). The absence of a critical slowdown for g € (1, 2)
was in fact predicted by the statistical physics community [16], and our result provides the first
rigorous proof of this phenomenon. See Remark 2.5 for further comments.

Our second result concerns the local Glauber dynamics for the random-cluster model. In each
step, the Glauber dynamics updates a single edge of the current configuration chosen uniformly
at random; a precise definition of this Markov chain is given in Section 6. In [7], it was established
that any upper bound on the mixing time <M of the CM dynamics can be translated to one for the

mixing time 7SD of the Glauber dynamics, at the expense of a O(n?) factor; the O notation hides
polylogarithmic factors. In particular, it was proved in [7] that ‘ng < rg\;[ - O(n*). We provide
here an improvement of this comparison inequality.

Theorem 1.2. Forall g > 1 and all ¢ = O(1), 76D < CM. O(n3(log n)z) .

mix — "mix

To prove this theorem, we establish a general comparison inequality that holds for any graph,
any g > 1 and any p € (0, 1); see Theorem 6.1 for a precise statement. When combined with the
known mixing time bounds for the CM dynamics on the complete graph, Theorem 1.2 yields
that the random-cluster Glauber dynamics mixes in on?) steps when g > 2 and ¢ & (1, &r), Or
when g € (1,2) and ¢ = O(1). In these regimes, the mixing time of the Glauber dynamics was
previously known to be O(n*) and is conjectured to be O(n?); the improved comparison inequality
in Theorem 1.2 gets us closer to this conjectured tight bound. We note, however, that even if
one showed the conjectured optimal bound for the mixing time of the Glauber dynamics, the
CM is faster, even if we take into account the computational cost associated to implementing its
steps.

We conclude this introduction with some brief remarks about our analysis techniques, which
combine several key ingredients in a non-trivial way. Our bound on the mixing time uses the
well-known technique of coupling: in order to show that the mixing time is O(log # - log log n),
it suffices to couple the evolutions of two copies of the dynamics, starting from two arbitrary
configurations, in such a way that they arrive at the same configuration after O(log n) steps with
probability €(1/loglog n). (The moves of the two copies can be correlated any way we choose,
provided that each copy, viewed in isolation, is a valid realisation of the dynamics.) Because of the
delicate nature of the phase transition in the random-cluster model, combined with the fact that
the percolation sub-step of the CM dynamics is critical when ¢ = g, our coupling is somewhat
elaborate and proceeds in multiple phases. The first phase consists of a burn-in period, where the
two copies of the chain are run independently and the evolution of their largest components is
observed until they have shrunk to their ‘typical’ sizes. This part of the analysis is inspired by
similar arguments in earlier work [7, 24, 15].

In the second phase, we design a coupling of the activation of the connected components of
the two copies which uses: (i) a local limit theorem, which can be thought of as a stronger ver-
sion of a central limit theorem; (ii) a precise understanding of the distribution of the maximum
of symmetric random walks on Z with varying step sizes; and (iii) precise estimates for the com-
ponent structure of random graphs. We develop tailored versions of these probabilistic tools for
our setting and combine them to guarantee that the same number of vertices from each copy are
activated in each step w.h.p. for sufficiently many steps. This phase of the coupling is the main
novelty in our analysis and allows us to quickly converge to the same configuration. We give a
more detailed overview of our proof in the following section.

https://doi.org/10.1017/5S0963548322000037 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548322000037

928 A. Blanca, A. Sinclair and X. Zhang

2. Proof sketch and techniques

We now give a detailed sketch of the multi-phased coupling argument for proving Theorem 1.1.
We start by formally defining the notions of mixing and coupling times. Let Qrc be the set of
random-cluster configurations of a graph G; let M be the transition matrix of a random-cluster
Markov chain with stationary distribution 1 = g p,q> and let M (X, -) be the distribution of the
chain after ¢ steps starting from Xy € Qpc. The e-mixing time of M is given by

M — : t
Tnix(6) = max min {IIM! (X0, ) = u()lITy <&},

where ||-||Tv denotes total variation distance. In particular, the mixing time of M is tél\i/f( =
M (1/4).

A (one-step) coupling of the Markov chain M specifies, for every pair of states (X;, Y;) €
Qrc X Qre, a probability distribution over (X¢41, Y¢4+1) such that the processes {X;} and {Y;} are
valid realisations of M, and if X; = Y; then X; 1 = Y;41. The coupling time, denoted Tcoup, is the
minimum T such that P[Xr # Yr] < 1/4, starting from the worst possible pair of configurations
in Qgc. It is a standard fact that rr{:i/}t( < Tecoup; moreover, when P[X7 = Yr] > 6 for some coupling,
then tM = O(T871) (see, e.g., [22]).

We provide first a high level description of our coupling for the CM dynamics. For this, we
require the following notation. For a random-cluster configuration X, let L;(X) denote the size
of the i-th largest connected component in (V, X), and let R;(X) := iji Lj(X)Z; in particular,
R1(X) is the sum of the squares of the sizes of all the components of (V, X). Our coupling has

three main phases:

1. Burn-in period: run two copies {X;}, {Y;} independently, starting from a pair of arbitrary
initial configurations, until R (Xr) = O(n4/3) and R1(Yr) = O(n4/3).

2. Coupling to the same component structure: starting from X and Y7 such that R;(X7) =
o(n*/? ) and Ry (Yr) = O(n*/?), we design a two-phased coupling that reaches two config-
urations with the same component structure as follows:

2a. A two-step coupling after which the two configurations agree on all ‘large compo-
nents’;

2b. A coupling that after O(log n) additional steps reaches two configurations that will
also have the same ‘small component’ structure.

3. Coupling to the same configuration: starting from two configurations with the same com-
ponent structure, there is a straightforward coupling that couples the two configurations
in O(log n) steps w.h.p.

We proceed to describe each of these phases in detail.

2.1 The burn-in period
During the initial phase, two copies of the dynamics evolve independently. This is called a burn-in
period and in our case consists of three sub-phases.

In the first sub-phase of the burn-in period the goal is to reach a configuration X such that
R,(X) = O(n4/3). For this, we use a lemma from [4], which shows that after T = O(log n) steps of
the CM dynamics R»(X1) = O(n4/ %) with at least constant probability; this holds when ¢ = g for
any initial configuration Xy and any g > 1.

Lemma 2.1 ([4], Lemma 3.42). Let g > 1 and ¢ = q, and let Xy be an arbitrary random-cluster
configuration. Then, for any constant C> 0, after T = O(log n) steps Ro(Xt) = O(n4/3) and
Li(X7) > Cn*/? with probability Q(1).
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In the second and third sub-phases of the burn-in period, we use the fact that when R,(X;) =
O(n*/3), the number of activated vertices is well concentrated around n/q (its expectation). This
is used to show that the size of the largest component contracts at a constant rate for T = O(log n)
steps until a configuration X7 is reached such that R;(Xr) = O(n4/ 3). This part of the analysis
is split into two sub-phases because the contraction for L;(X;) requires a more delicate analysis
when L;(X;) = o(n); this is captured in the following two lemmas.

Lemma 2.2. Let { =q and q € (1, 2). Suppose R2(Xo) = O(n4/3). Then, for any constant § > 0,
there exists T = T(8) = O(1) such that R,(Xt) = O(n4/3) and Ly(X7) < én with probability Q(1).

Lemma 2.3. Let { =q and q e (1,2). Suppose R1(Xo) = O(n4/3) and that Ly(Xo) <én for a
sufficiently small constant 8. Then, with probability Q(1), after T = O(log n) steps R1(Xt) =
o(n*?).

Lemmas 2.2 and 2.3 are proved in Section 4. Combining them with Lemma 2.1 immediately
yields the following theorem.

Theorem 2.4. Let { =g, g € (1, 2) and let Xy be an arbitrary random-cluster configuration of the
complete n-vertex graph. Then, with probability Q(1), after T = O(log n) steps R1(Xt) = O(n4/3).

Remark 2.5. The contraction of L;(X;) established by Lemmas 2.2 and 2.3 only occurs when g €
(1,2); when g > 2 the quantity L;(X;) may increase in expectation, whereas for g =2 we have
E[Li1(X¢+1) | X¢] & L1(X;), and the contraction of the size of the largest component is due instead
to fluctuations caused by a large second moment. (This is what causes the power law slowdown
when ¢ =¢g¢=2.)

Remark 2.6. Sub-steps (ii) and (iii) of the CM dynamics are equivalent to replacing the active
portion of the configuration by a G(m, q/n) random graph, where m is the number of active ver-
tices. Since E[m] = n/q, one key challenge in the proofs of Lemmas 2.2 and 2.3, and in fact in
the entirety of our analysis, is that the random graph G(m, q/n) is critical or almost critical w.h.p.
since m - q/n = 1; consequently its structural properties are not well concentrated and cannot be
maintained for the required O(log n) steps of the coupling. This is one of the key reasons why the
¢ = cr(q) = q regime is quite delicate.

2.2 Coupling to the same component structure

For the second phase of the coupling, we assume that we start from a pair of configurations Xp,
Yy such that Rq(Xp) = O(n4/3), Ri1(Yy) = O(n4/3). The goal is to show that after T = O(log n)
steps, with probability €2(1/loglog n), we reach two configurations X7 and Yt with the same
component structure, that is, Lj(X7) = L;j(YT) for all j > 1. In particular, we prove the following.

Theorem 2.7. Let ¢ =¢q, q € (1,2) and suppose Xo, Yo are random-cluster configurations such
that R1(Xo) = O(n4/3) and R1(Yp) = O(n4/3). Then, there exists a coupling of the CM steps such
that after T = O(log n) steps Xt and Yt have the same component structure with probability
Q((loglogn)™1).

Our coupling construction for proving Theorem 2.7 has two main sub-phases. The first is a
two-step coupling after which the two configurations agree on all the components of size above
a certain threshold B, = n%/3/w(n), where w(n) is a slowly increasing function. For convenience
and definiteness we set w(n) = log log log log n. In the second sub-phase we take care of matching
the small component structures.

We note that when the same number of vertices are activated from each copy of the chain,
we can easily couple the percolation sub-step (with an arbitrary bijection between the activated
vertices) and replace the configuration on the active vertices in both chains with the same random
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sub-graph; consequently, the component structure in the updated sub-graph would be identical.
Our goal is thus to design a coupling of the activation of the components that activates the same
number of vertices in both copies in every step.

In order for the initial two-step coupling to succeed, certain (additional) properties of the
configurations are required. These properties are achieved with a continuation of the initial
burn-in phase for a small number of O(logw(n)) steps. For a random-cluster configuration X,

let R,(X) = Zj: Li(X)<B, L]-(X)2 and let I(X) denote the number of isolated vertices of X. Our

extension of the burn-in period is captured by the following lemma.

Lemma 2.8. Let { = q, q € (1, 2) and suppose Xy is such that R1(Xo) = O(n*/®). Then, there exists
T = O(logw(n)) and a constant B > 0 such that ﬁw(XT) = O(n4/3a)(n)_1/2), Ri1(XT) = O(n4/3)
and I(Xt) = Q(n) with probability Q(w(n)=P).

The proof of Lemma 2.8 is provided in Section 5.1.

With these bounds on R, (Xt), Re(YT), I(XT) and I(YT), we construct the two-step coupling
for matching the large component structure. The construction crucially relies on a new local limit
theorem (Theorem 5.1). In particular, under our assumptions, when w(n) is small enough, there
are few components with sizes above B,,. Hence, we can condition on the event that all of them
are activated simultaneously. The difference in the number of active vertices generated by the
activation of these large components can then be ‘corrected’ by a coupling of the activation of the
smaller components; for this we use our new local limit theorem.

Specifically, our local limit theorem applies to the random variables corresponding to the num-
ber of activated vertices from the small components of each copy. We prove it using a result of
Mukhin [28] and the fact that, among the small components, there are (roughly speaking) many
components of many different sizes. To establish the latter we require a refinement of known
random graph estimates (see Lemma 3.11).

To formally state our result we introduce some additional notation. Let S, (X) be the set of
connected components of X with sizes greater than B,,. At step t, the activation of the compo-
nents of two random-cluster configurations X; and Y; is done using a maximal matching W;
between the components of X; and Y;, with the restriction that only components of equal size
are matched to each other. For an increasing positive function g and each integer k > 0, define
Nk(t, Q)= Nk(Xt, Y}, g) as the number of matched pairs in W; whose component sizes are in the
interval

O n2/3 ﬂn2/3}

T(g)=| 2 U
k(g) [2g(n)2k g(n)zk

where ¥ > 0 is a fixed large constant (independent of n).

Lemma 2.9. Let ¢ =q, q€(1,2) and suppose Xo, Yo are random-cluster configurations such
that Rq1(Xo) = O(n4/3), Ro(Xo) = O(n4/3a)(n)_1/2), I(Xo) = Q(n) and similarly for Yy. Then,
there exists a two-step coupling of the CM dynamics such that S,,(X2) = S, (Y2) with probability
exp(—0(w(n)’)). ~

Moreover, L1(X;)= O(n2/3a)(n)), Ro(Xp) = O(n4/3), Ro(X2) = O(n4/3a)(n)71/2), I(X) =
Q(n), Nk(z, w(n)) = Q(a)(n)3'2k71> for all k>1 such that 112/360(n)_2k71 — oo, and similarly
for Y>.

From the first part of the lemma we obtain two configurations that agree on all of their large
components, as desired, while the second part guarantees additional structural properties for the

resulting configurations so that the next sub-phase of the coupling can also succeed with the
required probability. The proof of Lemma 2.9 is given in Section 5.2.

https://doi.org/10.1017/5S0963548322000037 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548322000037

Combinatorics, Probability and Computing 931

In the second sub-phase, after the large component are matched, we can design a coupling
that activates exactly the same number of vertices from each copy of the chain. To analyze this
coupling we use a precise estimate on the distribution of the maximum of symmetric random
walks over integers (with steps of different sizes). We are first required to run the chains coupled
for T = O(logw(n)) steps, so that certain additional structural properties appear. Let M(X;) and
M(Y;) be the components in the matching W, that belong to X; and Y, respectively, and let D(X;)
and D(Y;) be the complements of M(X;) and M(Y;). Let

— 2
2= ZCeD(X,)UD(Y,) ICT".

Lemma 2.10. Let { =g, q € (1, 2). Suppose Xy and Yy are random-cluster configurations such that
So(Xo) = Su(Yo), and Ni(0, w(n)) = Q<w(ﬂ)3'2k_l) for all k> 1 such that nBwn) 2" S .

Suppose also that L1(Xop) = O(n2/3cu(n)), Ro(Xo) = O(n4/3), ﬁw(Xo) = O(n4/3a)(n)_1/2), I(Xo) =
Q(n), and similarly for Y.

Then, there exists a coupling of the CM steps such that with probability exp(—O((loga)(n))z))
after T = O(logw(n)) steps: Su(XT)= (YT) Zr = O(n4/3w(n)71/2), Nk(T, a)(n)l/z) =
Q(a)(n )* 2 )for all k> 1 such that n*3w(n)~ -2t o0, R1(Xr) = O(n4/3), I(XT1) = Q(n), and
similarly for Yr.

The proof of Lemma 2.10 also uses our local limit theorem (Theorem 5.1) and is provided in
Section 5.3.

The final step of our construction is a coupling of the activation of the components of size less
than B,,, so that exactly the same number of vertices are activated from each copy in each step

w.h.p.

Lemma 2.11. Let ¢ =g, q € (1,2) and suppose Xy and Yy are random-cluster conﬁgumtions such
that S,,(Xo) = Su(Yo), Zo = O(n4/3a)(n)_1/2), and Nk(O, w(m)'/?) = (a)(n ) for all k>1

such that 112/3a)(n)_2k_1 — 00. Suppose also that R1(Xo) = O(n4/3), I(Xo) = Q(n) and similarly for
Yo. Then, there exist a coupling of the CM steps and a constant B > 0 such that after T = O(log n)
steps, Xt and Y1 have the same component structure with probability Q((log log log n)_ﬂ).

We comment briefly on how we prove this lemma. Our starting point is two configura-
tions with the same ‘large’ component structure, that is, S,,(Xo) = S, (Yo). We use the maximal
matching Wy to couple the activation of the large components in Xy and Yj. The small com-
ponents not matched by Wy, that is, those counted in Zy, are then activated independently.
This creates a discrepancy Dy between the number of active vertices from each copy. Since
E[Dy] =0 and Var(Dy) = O(Zy) = O(n*3w(n)~1/2), it follows from Hoeftding’s inequality that
Do < n?Pw(n)~Y* w.h.p. To fix this discrepancy, we use the small components matched by Wy.
Specifically, under the assumptions in Lemma 2.11, we can construct a coupling of the activation
of the small components so that the difference in the number of activated vertices from the small
components from each copy is exactly Dy with probability €2(1). This part of the construction
utilises random walks over the integers; in particular, we use a lower bound for the maximum of
such a random walk.

We need to repeat this process until Z; = 0; this takes O(log 1) steps since Z; ~ (1 — 1/q)"Zy.
However, there are a few complications. First, the initial assumptions on the component structure
of the configurations are not preserved for this many steps w.h.p., so we need to relax the require-
ments as the process evolves. This is in turn possible because the discrepancy D; decreases with
each step, which implies that the probability of success of the coupling increases at each step. See
Section 5.4 for the detailed proof.
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We now indicate how these lemmas lead to a proof of Theorem 2.7 stated earlier.

Proof of Theorem 2.7. Suppose Ri(Xo)=O(n*?) and Ri(Yo)= O(n*/?). 1t follows from
Lemmas 2.8, 2.9, 2.10 and 2.11 that there exists a coupling of the CM steps such that after
T = O(log n) steps, X7 and Y1 could have the same component structure. This coupling succeeds
with probability at least

p= Q(a)(n)_ﬁl) -exp (—O(w(n)?)) - exp (—O((logw(n))?)) - 2((log log log n)_ﬂz),
where By, B, > 0 are constants. Thus, p = Q((loglog n)™!), since w(n) = log log log log . U

Remark 2.12. We pause to mention that this delicate coupling for the activation of the com-
ponents is not required when { =g and g > 2. In that regime, the random-cluster model is
super-critical, so after the first O(log n) steps, the component structure is much simpler, with
exactly one large component. On the other hand, when ¢ =g and g € (1, 2] the model is critical,
which, combined with the fact mentioned earlier that the percolation sub-step of the dynamics is
also critical when ¢ = g, makes the analysis of the CM dynamics in this regime quite subtle.

2.3 Coupling to the same configuration

In the last phase of the coupling, suppose we start with two configurations Xy, Yy with the
same component structure. We are still required to bound the number of steps until the same
configuration is reached. The following lemma from [7] supplies the desired bound.

Lemma 2.13. ([7], Lemma 24). Let g > 1, { > 0 and let Xy, Y be two random-cluster configurations
with the same component structure. Then, there exists a coupling of the CM steps such that after
T = O(log n) steps, X = YT w.h.p.

Combining the results for each of the phases of the coupling, we now prove Theorem 1.1.

Proof of Theorem 1.1. By Theorem 2.4, after ty = O(log n) steps, with probability (1), we
have R (Xy,) = O(n4/3) and R (Yy) = O(n4/3). If this is the case, Theorem 2.7 and Lemma 2.13

imply that there exists a coupling of the CM steps such that with probability €2((loglogn)™!)
cM _

after an additional t; = O(log n) steps, Xy 4+, = Y ++,. Consequently, we obtain that 7
O(log n - log log n) as claimed.

Remark 2.14. The probability of success in Theorem 2.7, which governs the lower order term
O(loglog n) in our mixing time bound, is controlled by our choice of the function w(n) for the
definition of ‘large components’. By choosing w(#) that goes to oo more slowly, we could improve
our mixing time bound to O(log # - g(n)) where g(n) is any function that tends to infinity arbitrar-
ily slowly. However, it seems that new ideas are required to obtain a bound of O(log n) (matching
the known lower bound). In particular, the fact that w(n) — oo is crucially used in some of our
proofs. Our specific choice of w(n) yields the O(log 7 - log log n) bound and makes our analysis
cleaner.

3. Random graph estimates

In this section, we compile a number of standard facts about the G(n, p) random graph model
which will be useful in our proofs. We use G~ G(n, p) to denote a random graph G sampled
from the standard G(n, p) model, in which every edge appears independently with probability p.
A G(n, p) random graph is said to be sub-critical when np < 1. It is called super-critical when
np > 1 and critical when np = 1. For a graph G, with a slight abuse of notation, let L;(G) denote
the size of the i-th largest connected component in G, and let R;(G) := Zj>i Lj(G)z; note that the
same notation is used for the components of a random-cluster configuration, but it will always be
clear from context which case is meant.
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Fact 3.1. Given 0 < N; < N, and p € [0, 1]. Let G; ~ G(Ny, p) and G, ~ G(Na, p). For any K > 0,
P[L1(G1) > K] < P[L1(Gz) > K]. 0

Proof. Consider the coupling of (Gj, G2) such that Gy is a subgraph of G,. L1(G;) < Li(Gz)
with probability 1. Proposition just follows from Strassen’s theorem (see, e.g., Theorem 22.6
in [22]). g

Lemma 3.2. ([24], Lemma 5.7). Let I(G) denote the number of isolated vertices in G. If np = O(1),
then there exists a constant C > 0 such that

PI(G) > Cn]=1—0(n"").
Consider the equation

e —1—x 3)

and let B(d) be defined as its unique positive root. Observe that 8 is well defined for d > 1.
Lemma 3.3 ([4], Lemma 2.7). Let G~ G(n+ m, d,/n) random graph where |m|=o(n) and
limy_, o0 dy =d. Assume 1 <d, = O(1) and d,, is bounded away from 1 for all n € N. Then, For
A = o(log n) and sufficiently large n, there exists a constant ¢ > 0 such that

P[|Ly(G) — B(d)n] > |m| + Av/n] < e X,
Lemma 3.4 ([4], Lemma 2.16). For np > 0, we have E [R2(G)] = O(n4/3).

Consider the near-critical random graph G(n, 1%) with ¢ = &(n) = o(1).

Lemma 3.5 ([24], Theorem 5.9). Assume e3n > 1, then for any A satisfying2 < A < ~/&3n/10, there
exists some constant ¢ > 0 such that

P |:|L1(G) —2¢en| > A\/§i| = o(e—cA2) .

Corollary 3.6. Let G~ G(n, 1%) with & = o(1). For any positive constant p < 1/10, there exist
constants C > 1 and ¢ > 0 such that if83n > C, then

P[|L1(G) — 2en| > pen] = 0(6_683") .

Lemma 3.7 ([24], Theorem 5.12). Let ¢ < 0, then E[R1(G)] = O(n/|¢]|) .
Lemma 3.8 ([24], Theorem 5.13). Let ¢ > 0 and £3n > 1 for large n, then E[R2(G)] = O(n/¢).

—1/3
1+AZ )

For the next results, suppose that G ~ G(n, , where A = A(n) may depend on n.

Lemma 3.9. If || = O(1), then E [R1(G)] = O(n4/3).
Proof. Follows from Lemmas 2.13, 2.15 and 2.16 in [4]. O

All the random graph facts stated so far can be either found in the literature, or follow directly
from well-known results. The following lemmas are slightly more refined versions of similar
results in the literature.

Lemma 3.10. Suppose |A| = O(h(n)) and let By =n?h(n)~!, where h:-N—>R is a positive
increasing function such that h(n) = o(log n). Then, for any o €(0,1) there exists a constant
C = C(a) > 0 such that, with probability at least «,

2 4/3 —1/2
Zj:Lj(G)thLJ(G) < Cn*PPh(n)~12.
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Lemma 3.11. Let S = {j: B < L;(G) < 2B} and suppose there exists a positive increasing function g
such that g(n) — oo, g(n) = o(n1/3) |A| <g(n) and B < ( )2
81, 82 > 0 independent of n such that

81n 8,B3/2
|SB|_B3/2 =

If B— oo, then there exists constants

The proofs of Lemmas 3.10 and 3.11 are provided in Appendix C. Finally, the following corol-
lary of Lemma 3.11 will also be useful. For a graph H, let Ny (H, g) be the number of components of
H whose sizes are in the interval Z;(g). We note that with a slight abuse of notation, for a random-
cluster configuration X, we also use Ni(X, g) for the number of connected components of X in

Zi(g).
Corollary 3.12. Let m € (n/2q,n] and let g be an increasing positive function that such that
gn) = o(m1/3), g(n) — oo and |1 < g(m). If H ~ G( M) there exists a constant b > 0

such that, with probability at least 1 — O(g(n)~?), Ni(H, g) > bg(n)* 2 for all k>1 such that

n2/3g(n)_2k — 00.

4. The burn-in period: proofs

In this section we will provide proofs for Lemmas 2.2 and 2.3.

4.1 Adrift function

Consider the mean-field random-cluster model with parameters g > 1 and p = ¢ /#. In this subsec-
tion, we introduce a drift function captures the rate of decay of the size of the largest component
in a configuration under steps of the CM dynamics which will be helpful for proving Lemma 2.2;
this function was first studied in [7].

Given 6 € (0, 1], consider the equation

—fx 1 — @

1+(g—1)0
and let ¢(0, ¢, q) be defined as the largest positive root of (4). We shall see that ¢ is not defined
for all g and ¢ since there may not be a positive root. When ¢ and q are clear from the context we
use ¢(0) = ¢(0, ¢, q). Note that 8(¢) defined by equation (3) is the special case of (4) when g =1;
observe that § is only well defined when ¢ > 1.

We let K6, := (1 + (= 19)/q 50 that 9(6, . 6) = B - k(8,)-k(8,). Hence, 9161,
is only defined when ¢ - k(6, q) > 1; that is, 6 € (6min, 1], where Opin = Note that when
¢ =g, $(0) is defined for every 6 € (0, 1].

For fixed ¢ and g, we call f(0):= 6 —¢(6) the drift function. which is defined on
(max{6min, 0}, 1].

(4)

e

§(q 1)

Lemma 4.1. When q = ¢ < 2, the drift function f is non-negative for any 6 € [€, 1], where & is an
arbitrarily small positive constant.

Proof. When ¢ =g < 2, the drift function f does not have a positive root, it is continuous in
(0,1], and f(1) > 0; see Lemma 2.5 in [9] and Fact 3.5 in [4]. Since limg_,¢ f(0) = 0, the result
follows. U

4.2 Shrinking a large component: proof of Lemma 2.2
The proof of Lemma 2.2 uses the following lemma, which follows directly from standard random

graph estimates and Hoeffding’s inequality. To simplify the notation, we let L(X) := L1(X)/n*/>.
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We use A(X) to denote the number of vertices activated by the step CM dynamics from configu-
ration X. Let A; denote the event that the largest component of the configuration is activated in
step t.

Lemma 4.2 ([4], Claim 3.45). Suppose R»(X;) = O(n*/?) and L(X;) > B for a large constant B, and
let C be a fixed large constant. Then

/
1. P[R2<Xt+1><7zz(xt)+ 5@
t

X, At} —1— o(i(xt)—l/z).

2 ]P’|:R2(Xt+1) < Ry(X;) + S
L(Xy)

X, —-At] —1- o(i(xt)—l/z).

Proof of Lemma 2.2. Let T be the first time ¢ when L(X;) < 81!/, let T' be a large constant we
choose later; we set T:= min{T, T'}. Observe that with constant probability the largest compo-
nent in the configuration is activated by the CM dynamics for every ¢t < T’, that is, the event
Ay occurs for every t <T'. Let us assume this is the case and fix t < T. Suppose Ry (X;) <
Ro(Xo)+1t- %n% where C is the positive constant from Lemma 4.2. We show that with high

probability:
i. Ra(Xi+1) < R2(Xo) +t- %n%; and
ii. L1(X¢+1) < Li(X¢) — En where £ is a positive constant independent of ¢ and n.

In particular, it suffices to set T" = (1 — §)/& for the lemma to hold.
First, we show that A(X;) is concentrated around its mean. Let L;(X;):= 6in

and  Li(Xyq1):= Op1n. Let  E[AXy) | Al = = g + (1 - é) O, y:=n"% and
Je:= [t — v, it + y]. Hoeffding’s inequality implies
—2y2 _a(nl/3
PIACG) € | A >1—2 =1— ¢ 207),
AC) €| Al > eXp(Rz(Xt)> e

If A(X;) € Js, then the random graph G(A(X;), p) is super-critical since

n 1
AX) p=(u—y)- 1= [—+ (1—-) ~9tn—n5/6j|-ﬂ=1+(q—1)9t—0(1)> 1.
n q q n
Next, for a super-critical random graph, Lemma 3.3 provides a concentration bound for the
size of largest new component, provided A(X;) € J;. To see this, we write G(A(X;), ¢ /n) as
G(we +m, k(61 9) - 9/ pt) »
where m := A(X;) — jus; notice that |m| <y = o(n). Let H ~ G(Mt -+ m, k(6, q) - q/u,t). Since
KO g)-q=1+(q— Db >1+5(g—1) > 1

holds regardless of n, Lemma 3.3 implies that for ¢(6;) > 0 defined in Section 4.1, with high
probability

Li(H) e [q&(@t)n —/nlogn— |m|, p(O)n+ /nlogn+ |m|] .

Note that L; (H) = Q(n) w.h.p.; hence, since L, (X;) = O(n2/3) we have L1 (X;4+1) = L1 (H) w.h.p.
We have shown that w.h.p.

Jnlogn |m| logn |m]
em—9t5¢(et>+Tg—et——=—f(9t)+,/ f;' S ULY

n n
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where f is the drift function defined in Section 4.1. By Lemma 4.1, we know f(6;) > &; > 0 for
sufficiently small constant &; (independent of n and t). Hence, w.h.p. for sufficiently large n

Li(Xe41) — Li(Xy) < —&n+o(n) < —im;

this establishes (ii) from above. .
For (i), note that for t < T we have L(X;) > 8n'/3, so Lemma 4.2 implies,

7 Cn*/3
]P)|:R2(Xt+1)<R2(XO)+t 7” +fn1/6]

A union bound implies that these two events occur simultaneously w.h.p. and the result
follows. -

—o(1).

4.3 Shrinking a medium size component: proof of Lemma 2.3

In the third sub-phase of the burn-in period, we show that L;(X}) contracts at a constant rate; the
precise description of this phenomenon is captured in the following lemma.

Lemma 4.3. Suppose Ry (X;) = O(n4/3), sn/? > L(X;) > B for a large constant B:= B(q), and a
small constant 5(q, B). Then:

1. There exists a constant o := (B, q, 8) < 1 such that
P [Li(Xi+1) < max{aLi (X0, LX)} | X Ar) = 1= exp(—2(E00) )

2. PIL(Xi1) = L)X = A = 1= 0(1x) ).

Since Lemmas 4.2 suggests R (X;) = O(n*/3) with reasonably high probability throughout the
execution of the sub-phase, Lemmas 4.3 and 4.2 can be combined to derive the following more
accurate contraction estimate which will be crucial in the proof Lemma 2.3.

Lemma 4.4. Suppose g(n) is an arbitrary function with range in the interval [B°, 8n1/3] where B

is a large enough constant such that for x > B® we have x > B(logx)®, and § := (g, B) is a small
constant. ) 0
Suppose Xy is such that g(n) > L(Xo) > B(logg(n))” and Ra(Xo) = O(n*/?), then there exists a

constant D and T O(logg(n)) such that at time T, L(X7) < max{B(logg(n))S, D} and R, (Xr) <

Ra(Xo) + O( ) with probability at least 1 — O(log_lg(n)).

log g(n)

We first provide a proof for Lemma 2.3 that recursively uses the contraction estimate of
Lemma 4.4.

Proof of Lemma 2.3. Let B be a constant large enough so that Vx > B®, we have x > (logx)*®.
Suppose L(Xo) < 8n'/? and R, (Xo) = O(n4/3) for the constant 6 =&(q, B) from Lemma 4.4.

Suppose also L(Xy) > B®; otherwise there is nothing to prove.

Let go(n) := sn'/? and giv1(n):= B(logg,'(n))8 for all i > 0. Let K be defined as the minimum
natural number such that g (n) < BO. Note that K = O(log*n). Assume at time ¢ > 0, there exists
an integer j > 0 such that X; satisfies:

L. gs1(n) < L(Xy) < gj(n), and
ni/3
2. Ro(Xy) = O(n*3) + O(Zk 0 loggk(n))
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We show there exists time ¢’ > ¢ such that properties 1 and 2 hold for Xy for a different index
j > j. The following bounds on sums and products involving the g;’s will be useful; the proof is
elementary and delayed to the end of this section.

Claim 4.5. Let K be defined as above. Vj < K,

1.5¢
log gj(n)

i. For any positive constant ¢, we have ]_[]izo(l - m) >1-

1.5
ii. Zz 0 logg,(n) loggj(n)

By part (ii) of this claim, note that

j=1 4/3 4/3
o}y 2 = o(”—)> =0(n*?).

p log gx(n) log gi—1(n
Hence, Lemma 4.4 implies that with probability 1 — O((loggj(n))_l) there exist a time ' <
t + O(log gj(n)) and a large constant D such that L(Xy) < max {B(loggj(n))8 ,D} and Rr(Xy) <

RZ(Xt) + O(logg n)

LX) e (B%,1og gj+1(n)]. Since the interval (B®, log gj+1(n)] is completely covered by the union
of the intervals [gj 12, gj+1], . - .» [gk> gk—1], there must be an integer /' > j + 1 such that gy 1 (n) <

LXy) < gj(n). Also, notice

). If I:(Xt/) < max {D, B6} we are done. Hence, suppose otherwise that

W43 " LY Ve
R(X/)SR(XH-O( ):On +0 +o( )
2 2 log gj(n) ( ) kg(; log gx(n) log gj(n)

i=1 43

(4/3)—{—0 Z n

— logg(n)

4/3 Z

log gk(n

By taking at most K steps of induction, we obtain that there exist constants C and ¢ such that with

probability at least p := []5,! (l - m) , there exists a time

K-1

tk < Z Clog gi(n)
i=0

that satisfies i(XtK) <gx(n) < Bland R, Xy) = O(n4/ 3). Observe that tx is a time when our goal
has been achieved, so it only remains to show that p = (1) and tx = O(log n). The lower bound
on p follows from part (i) of Claim 4.5:

Iﬁ . < 1.5¢ RN
_ N [ .
P loggi(n) = loggk—1(n) log B®

By noting that K = O(log*n), we can also bound #k since Zf:_ol Clog gi(n) is at most log go(n) +
(K — 1) log g1(n) = O(log n). OJ
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Before proving Lemma 4.4 we provide the proof of Lemma 4.3.

Proof of Lemma 4.3. We start with part 1. Let us := E[AXp)|Ap X¢], yr = ,/I:(Xt) -n?/3, and
Je == [t — vo> e + ve]. Hoeffding’s inequality implies that

2

PIAX) €Ji | AnX]>1—2 exp<7;22&tt)> —1- exp(—sz(i(xt))) .

Let m:= p;+y:, G~G(m, 1) and G ~ G(A(X;), p). Then, the monotonicity of the largest
component in a random graph implies that for any £ > 0

P[L(6) > £1A) € 1]

=Y " P[Li(G) > £1ACX) =a] PIAC:) =a | AKX) €]

acj;

=yp [Ll(é) > 0IAX) = m] PA(X) =a | A(X,) €Ji]
acj;

=PLi(G) > €] ) PIACX) =a| AXX) € 1]

acj;

=P[L(G) > £].
We bound next P[L;(G) > £]. For this, we rewrite G(m, ) as G( ) since

e =100) - 1 + (n = LOOP) 47!

we have
X
e=m g—1: q—1+ 1 (1/;)
" L) "
Thus,
> 3 2 2/3
Lx)3 {» —Lx N
-1 + (nt) (L(Xt)nz/ sy R MXOTT L(Xf)n2/3)
L(Xt) 1
} 3
L(X, n
J + LA
L(Xt) 1

> - . ((q— D’LX)* + gy L(Xy)

w
v

> ¢ L(X;)*? > 100L(X;),

where the last inequality follows from the fact that L(X;) > B, where B= B(q) is a sufficiently large
constant.

Since &3

-m > 1, Lemma 3.5 implies
|:|L1 G) — 2em| > \/L(Xt ). — i| L(Xt
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1+(g—1)3

Letc; =2 2=

. The upper tail bound implies

P [LI(G) <2em+ c1n2/3] >1— e_Q(i(Xt)).

We show next that 2em + ¢;n2/> < aL;(X;) for some « € (0, 1).

28m+c1n2/3

LX) [ - — L(X)n?/3 A
=2lg—1+ 1 (X1) <L(Xt)n2/3 + % + L(Xt)n2/3> +en??
q

L(x .
=z q—1+—Aq _n(l/;) nt | q—14 —L— | Lexpn?? | + en?3
L(Xy) L(Xy)
2
2 q aq | » 23, 2 q v N2,1/3
=—lq-1+—% Tix LX)n™ + = [ q—14+ — L(Xy)™n
1 faxy HX) 1 Lxy)

52 [8 (q -1+ O(i(Xt)—1/2)>2 + (q —1+ O(i(Xt)—1/2)>] Lx)n??,

where in the last inequality we use the assumption that sn'/? > L(X,). For sufficiently small § and
sufficiently large B, 3 o < 1 such that

a>§ |:5<q—1+%)2+(q—1+%)i|.
Consequently, L1(G) < 2em + c;n*/® < aL,(X;) with probability 1 — exp (—Q(i(Xt)). If that is
the case, L1(X;11) < max {aL1(X;), L,(X;)} =: L. Therefore,
P [L1(Xi1) < LT | X, As]
>P[Li(Xep1) <LV | Xp A, A € i) - P[AX) € | X, A
= 1 - exp (~0(E00)),

which concludes the proof of part 1.
For part 2, note first that when the largest component is inactive, we have L1(X¢4+1) > L1(Xy);
hence, it is sufficient to show that L1 (X;41) < L;(X;) with the desired probability.

Let u):= E[AX) | —=AnXi] = (n— LX) g7, y/ = \/@-nw, and J:= [} —
v{> i + v/ 1. By Hoeffding’s inequality,
P[AC) €], | =An Xi] = 1 —exp (—Q(L(X)))).

Let G~ G(A(Xy), p), m= u, + y/ and let G* ~ G(u} + ¥/, p), By monotonicity of the largest
component in a random graph,

P[Li(G) > Li(Xy) | AXy) € J;] <P [L1(GT) > Li(Xy)] .

Rewrite G(i} + ¥/, p) as G(m, LL2), where

m

— L(X)n*? A A .
&= (% + L(Xt)n2/3> : % —1= ( L(Xs)q — L(Xt)) n~1/3,
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From this bound, applying Lemma 3.7 to G, we obtain

E[Ri(GH)]=0(2) = o( 7 ) .

€ L(xy)

Hence, E [L1 (G+)2] = O<n4/ 3 /i(Xt)) and by Markov’s inequality

A : E[Li(G*)] !
P [LI(G+) - L(Xt)n2/3] =P |:L1(G+)2 > L(Xt)2n4/3:| = W = O(i(Xt)3> ’

To conclude, we observe that
PIL1(X¢41) < L1(Xy) | Xi, = As]
> P [L1(G) < Li(Xy) | Xp, = A AXy) €] P [A(X)) €7 | Xp, = A ]

(o) - of k) lity):
L(Xy)? L(Xy)?

as desired. O

We are now ready to prove Lemma 4.4.

Proof of Lemma 4.4. Suppose R,(Xo) < D?n*/? for a constant D;. Let T := B'log g(n), where

B’ is a constant such that B' log g(n) = 2qlog , — 8 ) anda:= «(B,q, ) is the constant
B(logg(n))

from Lemma 4.3. Let T be the first time

L(X;) < max {B(logg(n))s, D},
where D is a large constant we choose later. Let T:= T’ A T, where the operator A takes the
minimum of the two numbers. Define e(t) as the number of steps up to time ¢ in which the largest
component of the configuration is activated.

To facilitate the notation, we define the following events. (The constants C and « are those
from Lemmas 4.3 and 4.2, respectively).

1. Let H; denote L(X;) > max {B(logg(n))s, D};

2. Let F; denote Ry (X;) < Ra(Xi—1) + Cn*3L(X;_1)~1/2; let us assume Fy occurs;

3. Let F; denote R (X;) < R2(Xi—1) + Cn/3 (logg(n))_4B_1/2; again, we assume F6 occurs;
4. Let Q; denote L(X;) < max {ae(i)i(Xo), D};

5. Let Base; be the intersection of {F(’), Qo» Ho}, - {F;_l, Qi—1, Hi_1 }, and {Fl’, Qi}.

By induction, we find a lower bound for the probability of Baser. For the base case, note that
P[Basep] = 1 by assumption. Next we show

P [Basejy 17 | Basejnr] =1 — O((logg(n))_4) :

If T < i, then BasejT = Baser = Base; 11,7, 0 the induction holds. If T' > i, then we have H;.
By the induction hypothesis F;, F), ..., F,_,,
Ra(X;) < Ra(Xo) + i - Cn*/? (logg(m)) *B~Y/2,
Moreover, since i < T < T" = B log g(n) and R2(Xp) < D%n4/3, we have

Ra(X;) < D%n‘l/3 + CB'n*3 (logg(n))_3B_1/2.
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Given R, (X;) = O(n4/ 3 ) and H;, Lemma 4.2 implies that F;{; occurs with probability
1— o(i(x,-)—l/Z) =1- O((logg(n))_4> .

In addition, note that F;; U H; leads to Fl/. 41- Let 1(A¢) be the indicator function for the event A.
Given H;, Q; and R, (X;) = O(n4/3), Lemma 4.3 implies

L1(Xiy1) < max{at 9L (X)), Ly(X))) (5)

with probability at least 1 — O(i(Xt)_3) =1- O((logg(n))_24).

Dividing equation (5) by n?/3, we obtain Q;1 for large enough D. In particular, we can choose

D to be D; + 2. A union bound then implies
—4
P[Base;+1 a1 | Baseiar] = P [Basei+1a7 | Base;, Hi] =1 — O((logg(n)) ) .

The probability for Baser can then be bounded as follows:

T-1 T—1
P[Baser] > 1_[ IP’[BaseiHAT | BaseiAT] = l_[ 1— O((logg(n))_4) =1- O((logg(n))—3).
i=0 i=0

Next, let us assume Baser. Then we have
Ra(Xr) = Ra(Xo) + T+ Cn*/3(logg(m) B/ = R(Xo) + O((n*/*(logg(m) ) .

Notice that if T =T then the proof is complete. Consequently, it suffices to show T < T with
probability at least 1 — g(n) =%,
Observe that K := e(T’) is a binomial random variable Bin(T’, 1/q), whose expectation is T?/ =

% log g(n). By Chernoff bound

B B

Ifindeed T=T and K > % log g(n), then the event Qr implies

log, (B(llgg)" ) ) B(l 8
LX) <o DiXo) <« LX) = %im) < B(logg(n))°,

which leads to T < T. Therefore,
N B
P [T >T| BaseT] <P |:K < % logg(n)] =g(n)79(1),
q

as desired. O
Proof of Claim 4.5. We first show the following inequality:
1.5 1 1.5
+ < .
loggj(n)  loggj+1(n) ~ loggjt1(n)

Note that by direction computation

(6)

1.5 1 1.5(logB + log (loggi(1))*) + log gi(n)

+
log gi(n) = loggj+1(n) log gi(n) log gj+1(n)
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From the definition of K, we know that gj(n) > BS for all j < K. Hence, log B < logg]-(n)l/é. In
addition, recall that B is such that V x > B®, we have x > (logx)48; therefore, gj(n) > (loggj(n))48
Then, log (loggj(n))8 <log gj(n)'/®. Putting all these together,

1.5(logB + log (logg;(n)") +loggi(n) _ 15(}loggi(n) + § loggi(n)) + logg;(n)
log gj(n) log gj+1(n) N log gi(n) log gj+1(n)
_ 1.5log gj(n) _ 1.5
B log gi(n) log gj+1(n) N log gi+1(n)

The proof of part (i) is inductive. The base case (i = 0) holds trivially. For the inductive step note

that
jtl c J
1- =(1-
H( IOggi(n)) ( 10gg]+1(n )11( 10gg1 )

1

(=) (= ggim)
>(1-—
- log gj+1(n) loggj(n

Zl—c( L> + ! )
loggi(n) ~ loggj+1(n)
1.5¢

>1-

where the last inequality follows from (6).
For part (ii) we also use induction. The base case (i = 0) can be checked straightforwardly. For
the inductive step,

jtl

j
I Ly
i

— loggi(n) ~ log g+1(n) = log gi(n log gi+1(n)  loggi(n) ~ loggi(n)’

where the last inequality follows from (6). O

5. Coupling to the same component structure: proofs
In this section we provide the proofs of Lemmas 2.8, 2.9, 2.10 and 2.11.

5.1 Continuation of the burn-in phase: proof of Lemma 2.8

Recall that for a random-cluster configuration X, let A(X) denote the random variable correspond-
ing to the number of vertices activated by step (i) of the CM dynamics from X.

Proof of Lemma 2.8. We show that there exist suitable constants C, D > 0 and « € (0, 1) such
that if R1(X;) < Cn*/? and R (X;) > Dn*3w(n)~1/2, then

R1(Xiy1) < Cn/3, and (7)

Ro(Xir1) < (1 — a)Ro(Xr) (8)
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with probability p = €(1). This implies that we can maintain (7)-(8) for T steps with probability
pT. Precisely, if we let

1y =min {>0:R(X;) > Cn4/3} ,

n=min {t > 0: Ryy(Xy) > (1 — )Ro(Xi-1)} ,

T =min {71, 2, clog w(n)} ,
where the constant ¢ > 0 is chosen such that (1 — &)<°8®" = O(w(n)~1/2), then T = clog w(n)

with probability pClOg @) (Note that pClOg @) — 4)(n)~# for a suitable constant B > 0.) Hence,
R1(X7)=0(n*?) and

Ro(X1) < Ruo(Xo) - O((m) ™) < R1(Xo) - O(w(n)™1/?) = O(n* w(n)~1/?) .

The lemma then follows from the fact that I(X7) = Q(n) with probability 1 — o(1) by Lemma 3.2
and a union bound.
To establish (7)-(8), let 7—[1 be the event that A(X;) € [n/q sn?/3, n/q+ 5n2/3], where

8>0 is a constant. By Hoeffding’s inequality, for a suitable § >0, P[H}!]>1— W since

Ri1(Xy) = ( 4/ 3). Let K; denote the subgraph induced on the inactivated vertices at
the step t. Observe that E[ w(IQ)]:(l—é) ﬁw(Xt). Similarly, E[Rl(Kt)—ﬁw(K})]z
(1 — —) (Rl(Xt) — w(Xt—H))- Hence, by Markov’s inequality and independence between acti-

vation of each component, with probability at least 1/4¢?, the activation sub-step is such that G,
satisfies

Ro(Ky) < (1 - i) Ro(X0),
2q
and
Ru(K) — Ro(Ky) < (1 - %) (RA(X)) = Ro(Xesn) -

We denote this event by 2. It follows by a union bound that 74! and H? happen simultaneously
with probability at least 1/84%. We assume that this is indeed the case and proceed to discuss the
percolation sub-step.

Lemma 3.10 implies that there exists C; > 0 such that with probability 99,/100,

R(ofon )z 20
Hence,

4/3

R (1) = RoK) + R (6(40%0, 1) ) = (1 - %1) R0 + iy = (1= a)Ro (X0,

where the last inequality holds for a suitable constant « € (0, 1) and a sufficiently large D since
Ro(Xp) > Dn*Paw(n)=1/2.
On the other hand, Lemma 3.9 implies E [Rl (G(A(Xt), %))] = O(n4/ 3 ) By Markov’s inequal-
ity, there exists C, such that, with probability 99/100,

RI(G<A(Xt), %)) < Cyn*h3.
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For large enough C,
1
Ri(Xi1) < Ra(K) +Ra (G(AG0, 1) ) < (1 - Z) Ri(X) + Ry (G40, 2))
< (1 — Zi) Cn/3 + C2n4/3 < Cn?/3
q

Finally, it follows from a union bound that (7) and (8) hold simultaneously with probability at

98
least 008" 1

5.2 Coupling to the same large component structure: proof of Lemma 2.9

To prove Lemma 2.9, we use a local limit theorem to construct a two-step coupling of the CM
dynamics that reaches two configurations with the same large component structure. The construc-
tion of Markov chain couplings using local limit theorems is not common (see [24] for another
example), but it appears to be a powerful technique that may have other interesting applications.
We provide next a brief introduction to local limit theorems.

Local limit theorem. Let m be an integer. Let ¢; <--- <¢,, beintegersand fori=1,...,m,let X;
be the random variable that is equal to ¢; with probability r € (0, 1), and it is zero otherwise. Let us
assume that Xy, ..., X,, are independent random variables. Let S, =Y " | X;, s = E[Sp] and
a,zn = Var(S,,). We say that a local limit theorem holds for S,, if for every integer a € Z:
1 (a— ,Uvm)z —1
P[S,, =al]l = ex (—— +o(o . 9)
m mam p 20,7%1 ( m )

We prove, under some conditions, a local limit theorem that applies to the random vari-
ables corresponding to the number of active vertices from small components. Recall that for an
increasing positive function g and each integer k > 0, we defined the intervals

Om23  ym?/3
Ik = —k’ —k >
2g(m)* g(m)?
where ¥ > 0 is a fixed large constant.

Theorem 5.1. Let m be an integer. Let ¢; <--- <c,, be integers, and suppose Xi, ..., Xm are
independent random variables such that X; is equal to c¢; with probability r € (0, 1), and X;
is zero otherwise. Let g:N — R be an increasing positive function such that g(m) — oo and
g(m) = o(logm). Suppose c,y = O(m*3g(m)™1), Y1, 7 = 0(m*3g(m)~1/?) and c;=1 for all
i < pm, where p € (0, 1) is independent of m. Let £ = £(m, g) > 0 be the smallest integer such that
m?Pg(m)= = o(m"/*). Ifforall 1 <k < £, we have |{i: c; € Ty(g)}| = Q(g(m)3'2k_l), then a local
limit theorem holds for S, =Y | X;.

Theorem 5.1 follows from a general local limit theorem proved in [28]; a proof is given in
Appendix A. We provide next the proof of Lemma 2.9.

Proof of Lemma 2.9. First, both {X;}, {Y;} perform one independent CM step from the initial
configurations Xy, Yy. We start by establishing that X; and Y] preserve the structural properties
assumed for X and Y.

By assumption Rl(Xo)zO(n‘V 3), so Hoeffding’s inequality implies that the number of
activated vertices from Xj is such that

AXp) el:= [n/q — O(n2/3), n/q+ O(nz/s)]
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with probability €2(1). Then, the percolation step is distributed as a

1+ )\A(Xo)—l/3>
A(Xo)

random graph, with |A|=0O(1) with probability €2(1). Conditioning on this event, from
Lemma 3.2 we obtain that I(X;) = Q(n) w.h.p. Moreover, from Lemma 3.9 and Markov’s inequal-
ity we obtain that R;(X;) = O(n4/ 3) with probability at least 99/100 and from Lemma 3.10 that
ﬁw(Xl) = O(n4/3a)(n)71/2) also with probability at least 99,/100.

We show next that X; and Y7, in addition to preserving the structural properties of Xy and Yo,
also have many connected components with sizes in certain carefully chosen intervals. This fact
will be crucial in the design of our coupling. When A(Xj) € I, by Lemmas 3.11 and 3.12 and a
union bound, for all integer k > 0 such that n2/3a)(n)*2k — 00, Ni (X1, w) = Q(a)(n)3'2k71) w.h.p.
(Recall, that Ni(X;, w) denotes the number of connected components of X; with sizes in the
interval Zy(w).) We will also require a bound for the number of components with sizes in the
interval

G<A(Xo),

cn®/? 2en?/3
- [w(n)é’ w(n)J

where ¢ > 0 is a constant such that J does not intersect any of the Zy(w)’s intervals. Let Wx (resp.,
Wy) be the set of components of X; (resp., Y1) with sizes in the interval J. Lemma 3.11 then
implies that for some positive constants 81, 8, independent of #,

6\ 3/2 s 2/3 \ 3/2
P |:|WX| >61n <C;(ZTn/)3) } >1— ;2 (%) =1- O(a)(n)—9) .

All the bounds above apply also to the analogous quantities for Y; with the same respective prob-
abilities. Therefore, by a union bound, all these properties hold simultaneously for both X; and Y,
with probability Q(1). We assume that this is indeed the case and proceed to describe the second
step of the coupling, in which we shall use each of the established properties for X; and Y;.

Recall §,(X;) and S,(Y1) denote the sets of connected components in X; and Yj, respec-
tively, with sizes larger than B,. (Recall that B, = n*Pw(n)~!, where w(n) = loglogloglog n.)
Since R1(X1) = O(n4/3), the total number of components in S,,(X;) is O(a)(n)z); moreover, it fol-
lows from the Cauchy-Schwarz inequality that the total number of vertices in the components in
S»(X1), denoted || S, (X1) |, is O(n2/ 3a)(n)); the same holds for S,,(Y1). Without loss of generality,
let us assume that ||S,,(X1)| > [|Se(Y1)]l. Let

I'={CC Wy:|[[Su(Y1) UC| = |Su(XDI}
and let Cyin = arg mincer [|Sy (Y1) U C||. In words, Cpyin is the smallest subset C of components
of Wy so that the number of vertices in the union of S,(Y7) and C is greater than that in S,,(X;).
Since every component in Wy has size at least cn*Pw(n)~% and |[Wy| = Q(a)(n)9), the number of
vertices in Wy is Q(nz/ 3wn)? ) and so I" # (. In addition, the number of components in Cpp is
O(w(n)°). Let S, (Y1) = 8,(Y1) U Ciin and observe that the number of components in S, (Y1) is
also O(w(n)9) and that

0 < IS, (YDl = 180X < 2en*ew(n)~°,
Note that [|S,(X1)|| — [|Sw(Y1)] may be Q(n2/3a)(n)) (i.e., much larger than [|S, (Y1)|l —
|Sw(X1)1). Hence, if all the components from S, (Y;) and S,(X;) were activated, the differ-
ence in the number of active vertices could be Q(nz/ 3w(n)). This difference cannot be corrected
by our coupling for the activation of the small components. We shall require instead that all

the components from S, (Y;) and S,(X;) are activated so that the difference is O(nz/ 3a)(n)’6)
instead.
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We now describe a coupling of the activation sub-step for the second step of the CM dynamics.
As mentioned, our goal is to design a coupling in which the same number of vertices are activated
from each copy. If indeed A(X;) = A(Y1), then we can choose an arbitrary bijective map ¢ between
the activated vertices of X; and the activated vertices of Y; and use ¢ to couple the percolation sub-
step. Specifically, if u and v were activated in X, the state of the edges {u, v} in X, and {¢(u), ¢(v)}
in Y, would be the same. This yields a coupling of the percolation sub-step such that X, and Y>
agree on the subgraph update at time 1.

Suppose then that in the second CM step all the components in S,,(X;) and S, (Y;) are acti-
vated simultaneously. If this is the case, then the difference in the number of activated vertices
is d < 2cn*Pw(n)~°. We will use a local limit theorem (i.e., Theorem 5.1) to argue that there is a
coupling of the activation of the remaining components in X; and Y7 such that the total number of
active vertices in both copies is the same with probability €2(1). Since all the components in S,,(X;)
and S, (Y;) are activated with probability exp (—O(a)(n)g)), the overall success probability of the
coupling will be exp (—O(w(n)°)).

Now, let x1, x2, . . ., X, be the sizes of the components of X that are not in S, (X;) (in increas-
ing order). Let A(X;) be the random variable corresponding to the number of active vertices from
these components. Observe that A(X;) is the sum of m independent random variables, where the
j-th variable in the sum is equal to x; with probability 1/g, and it is 0 otherwise. We claim that
sequence xi, X2, . . ., X, satisfies all the conditions in Theorem 5.1.

First, note that since the number of isolated vertices in X is Q(n), m = ®(n) and consequently
Xy = O(m2/3w(m)_1), o xi2 =R, (X)) = O(m4/3a)(m)_1/2) and x; =1 for all i < pm, where

p € (0, 1) is independent of m. Moreover, since Ni(X1, w) = Q(a)(n)3'2k_l) for all k > 1 such that

n2Bw(n) 2 = oo,

[i:x € T = 2(w(m*> ).
Since Ny(X;, w) = Q(w(n)3/2), we also have
192”4/3

4w(n)?

Z::l x> No(X1, 0) - = Q(m4/3w(m)—l/2) .

Let pux = E[A(Xl)] =q 'Y xjand let

o =Var(AX) =g (1—q7") >} = ©(m*Pew(m)™1/2).
i=1

Hence, Theorem 5.1 implies that ]P’[A(Xl) = a] = Q(o);l) for any a € [ux — ox, ux + ox].

Similarly, we get]P’[A(Yl) = a] = Q(a;l) foranya e [uy — oy, uy + oy], with A(Y)), uy and oy
defined analogously for Y;. Note that ux — puy = O(n2/3a)(n)_6) and oy, oy = ®(n2/3a)(n)_1/4).
Without loss of generality, suppose ox < oy. Then for any a € [ux — ox/2, ity + 0x/2] and
d = 0(n*>w(n)~°), we have

min {IF’[A(XI) = a], IP’[A(Yl) =a— d]} = min {Q(a§1> , Q(O‘;l)} = Q(O’;l) .
Hence, there exists a coupling P of A(X;) and A(Y)) so that P[A(Xl) =a,A(Y))=a— d] =

Q(O’;l) for all a € [ux — 0x/2, wy + 0x/2]. Therefore, there is a coupling of A(X7) and A(Y7)
such that

P[A(X)) — A(Y1) = d] = Q(ox/oy) = Q).
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Putting all these together, we deduce that A(X;) = A(Y;) with probability exp (—O(a)(n)9)).
If this is the case, the edge re-sampling step is coupled bijectively (as described above) so that
Sa)(XZ) = Sw(YZ)'

It remains for us to guarantee the additional desired structural properties of X, and Y3, which
follow straightforwardly from the random graph estimates stated in Section 3. First note that by
Hoeffding’s inequality, with probability €2(1),

_ E _ (q - 1)”8(4)(X1)” — O(n2/3)
q q '

Hence, in the percolation sub-step the active subgraph is replaced by F~

G(A(XQ,%), where |A|=O(w(n)) with probability (1) since |[S,(X1)|=

O(nz/ 3a)(n)). Conditioning on this event, since the components of F contribute to both X;
and Y3, Corollary 3.12 implies that w.h.p. Nx(2, w(n)) = Q(a)(n)3'2k_1) for all k> 1 such that
n2/3a)(n)_2k — 00. Moreover, from Lemma 3.2 we obtain that I(X;)=Q(n) w.h.p. From
Lemma 3.4 and Markov’s inequality, we obtain that R,(X;) = O(n4/ 3) with probability at least
99/100 and from Lemma 3.10 that R, (X3) = O(n*/ 3w(n)~V ?) also with probability at least
99/100. All these bounds apply also to the analogous quantities for Y, with the same respective
probabilities.

Finally, we derive the bound for L;(X;) and L;(Y>). First, notice L; (F) is stochastically domi-

nated by L;(F'), where F' ~ G(A(Xl), %). Under the assumption that |A| = O(w(n)),

if |A| = o0, then Corollary 3.6 implies that L; (F') = O(AA(X))?3) = O(n2/3a)(n)) w.h.p.; oth-
erwise, [A| = O(1) and by Lemma 3.9 and Markov’s inequality, L1 (F') = O(n*?) with probability
at least 99/100. Thus, L;(F) = O(n2/3a)(n)) with probability at least 99/100. We also know that
the largest inactivated component in X has size less than n*Pw(n)~1, so L1(X,) = O(nz/ 3a)(n))
with probability at least 99/100. The same holds for Y,. Therefore, by a union bound, all these
properties hold simultaneously for both X, and Y, with probability €2(1), as claimed. 0

‘A(Xl)

5.3 Re-contracting largest component: proof of Lemma 2.10

In Section 5.2, we designed a coupling argument to ensure that the largest components of both
configurations have the same size. For this, we needed to relax our constraint on the size of the
largest component of the configurations. In this section we prove Lemma 2.10, which ensures that
after O(logw(n)) steps the largest components of each configuration have size O(nz/ ?) again.

The following lemma is the core of the proof Lemma 2.10 and it may be viewed as a gen-
eralisation of the coupling from the proof of Lemma 2.9 using the local limit theorem from
Section 5.2.

We recall some notation from the proof sketch. Given two random-cluster configurations X;
and Y;, W; is maximal matching between the components of X; and Y; that only matches com-
ponents of equal size to each other. We use M(X;), M(Y;) for the components in W; from X, Yy,
respectively, D(X;), D(Y;) for the complements of M(X;), M(Y;), and Zr = Y ¢ pxyun(v,) IC|2.

For an increasing positive function g and each integer k > 1, define Ni(t, ) := Ni(X;, Yy, g) as the
number of matched pairs in W; whose component sizes are in the interval

197’12/3 191’12/3
I =\ — =<1
k(g) {Zg(n)zk g(n)zk :|

where ¥ > 0 is a fixed large constant (independent of ).
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Lemma 5.2. There exists a coupling of the activation sub-step of the CM dynamics such that A(X;) =
A(Y;) with at least Q (ﬁ) probability, provided X; and Y, are random-cluster configurations

satisfying
1. Sp(Xt) = Su(Y1);
2 tho( /3 );

w(n)l/z
3. Nu(Xs, Yy, w(n)) = Q(w(n)3'2k71>for all k> 1 such that n2Pw(n)=2 = oo;
4. I(Xy), I(Yy) = Q(n).

Proof. The activation coupling has two parts. First we use the maximal matching W; to couple
the activation of a subset of the components in M(X;) and M(Y;). Specifically, let £ be defined

as in Theorem 5.1; for all k € [1, £], we exclude @(w(n)“k_l) pairs of components of size in the
interval Z;(w) and we exclude ®(n) pairs of matched isolated vertices. (These components exist
by Assumptions 3 and 4.) All other pairs of components matched by W; are jointly activated (or
not). Hence, the number of vertices activated from X; in this first part of the coupling is the same
as that from Y;.

Let C(X;) and C(Y;) denote the sets containing the components in X; and components in Y;
not considered to be activated in the first step of the coupling. This includes all the components
from D(X;) and D(Y}), and all the components from M(X;) and M(Y;) excluded in the first part of
the coupling. Let A'(X;) and A’(Y;) denote the number of activated vertices from C(X;) and C(Y¢)
respectively. The second part is a coupling of the activation sub-step in a way such that

P[A'(X) =A(Y)] = Q(w(n) ™).

Let my := |C(X;)| = O(n), and similarly for m, := |C(Y;)|. Let C; <--- <Cp, (resp., <
e < C’my) be sizes of components in C(X;) (resp., C(Y;)) in ascending order. For all i < my, let
AX; be a random variable that equals to C; with probability 1/g and 0 otherwise, which corre-
sponds to the number of activated vertices from ith component in C(X}). Note that X}, ..., Xy,
are independent. We check that X7, . . ., X}, satisfy all other conditions of Theorem 5.1.

Assumption S, (X;) = S, (Y;) and the first part of the activation ensure that

X

Cin, < By =O0(nw(n)™") = O(mw(my) ™).

Observe also that there exists a constant p such that C; =1 for i < pm, and |{i:C; € Tx(w)}| =

® (w(n)3'2k71) for 1 < k < ¢; lastly, from assumption Z; = O(%), we obtain
f: 5 ( ) XZ: ont/3 ( )3 k-1
C2 < Z, + O(pmy) + —-O(a)n' )
o L

g

i3 ¢ i
=0l —=2—14+0 X
() oS )
/3 Co A
—0of =2 _ +0 _x
(V w(mx)> <k=1 w(mx)k)

BE /3 /3
=O<W(mx)> +O<w<mx)> =O< w(mx)>' 1o

]
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Therefore, if uy =E [}/ Xi] and o} = Var(}_!™, X;), Theorem 5.1 implies that for any x €
[x — Ox> phx + 0%,

rnr=a-o[§one]- b (58 (1) -o(2)

Similarly, we get that P[A'(Y)) =y]= Q(oy_l) for any y € [uy — 0y, ity + 0y], with p, and
oy defined analogously. Without loss of generality, suppose o), < oy. Since uy=pu,, for x €
[,ux — 0y, x + oy], we obtain

1

min (B [4/(X) = x] . B [A'(Yy) = x]} = sz<_) .

Ox

Hence, we can couple (A'(X;), A’(Yy)) so that P[A"(X;) = A'(Yy) = x] = Q(o;}) for all x € [py —
0y, ix + 0y]. Consequently, under this coupling,

P[A(X) = A'(Y)] = Q<ﬁ> .

Ox

Since X}, ..., X, are independent, o7 =©(}_1* C?), and similarly a; = 6(2?21 C’iz).

Hence, inequality (10) gives an upper bound for o; meanwhile, a lower bound for ayz can be
obtained by counting components in the largest interval:

y 4/3 4/3
Bn n

> iz Y iz—— 3:9( )

i=1 l _i:C’-eL(w) w(n )4 (w(”) ) w(n)

Therefore,

/ / n2/3 w(mx)1/4 1
P[A'(X) =A'(Y)] = Q(a)(n)l/2 . my? > B Q(M) ,

as desired. O

We are now ready to prove Lemma 2.10.

Proof of Lemma 2.10. Let C; be a suitable constant that we choose later. We wish to maintain the
following properties for all t < T':= Cj log w(n):

1. SpXp) =S (Yt);

3. Ni(Xe, Yi, () = Q(w(n).’:-Zkﬂ) for all k > 1 such that i23w(m) 2" — oo;
4. I(X), I(Yy) = Q(n);

5. Ra(Xp), Ro(Y:) = O(n4/3);

6. L1(X¢) < a’'Li(Xo), L1(Ys) < a'Li(Yy) for some constant « independent of t.

By assumption, X, and Yy satisfy these properties. Suppose that X; and Y; satisty these prop-
erties at step t < T. We show that there exists a one-step coupling of the CM dynamics such that
Xi41 and Yy preserve all six properties with probability Q(w(n)™?).

We provide the high-level ideas of the proof first. We will crucially exploit the coupling from
Lemma 5.2. Assuming A(X;) = A(Y}), properties 1 and 2 hold immediately at ¢ + 1, and properties
3 and 4 can be shown by a ‘standard’ approach used throughout the paper. In addition, we reuse
simple arguments from previous stages to guarantee properties 5 and 6.
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Consider first the activation sub-step. By Lemma 5.2, A(X;) = A(Y;) with probability at least
Q(w(n)™1). If the number of vertices in the percolation is the same in both copies, we can cou-
ple the edge re-sampling so that the updated part of the configuration is identical in both copies.
In other words, all new components created in this step are automatically contained in the com-

ponent matching Wy 1; this includes all new components whose sizes are greater than B,. Since
none of the new components contributes to Z;, we obtain Z;y; < Z; = O(%) Therefore,
A(X;) = A(Y:) immediately implies properties 1 and 2 at time ¢ + 1.

With probability 1/g, the largest components of X; and Y; are activated simultaneously.

Suppose that this is the case. By Hoeffding’s inequality, for constant K > 0, we have
K2n/3
Ra (Xt)) '

P[IACX:) — E [AX)]| > Kn*?] < eXp(—

Property 5 and the observation that E [A(X;)] = L1 (X;) + %I(Xf) imply that

P HA(X» L) — LX)

anz/ﬂ =0(1).

By noting that L; (Yp), L1 (Xo) < n*Pw(n), property 6 implies that

P [A(X» A1y - Dﬁ?“ﬂ = Q). (11

We denote A(X;) = A(Y}) by m. By inequality (11), with at least constant probability, the ran-
dom graph for both chains is H ~ G(m, W), where A < w(m). Let us assume that is the
case. Corollary 3.12 ensures that there exists a constant b > 0 such that, with probability at least
1 — O(w(n)™?), Ni(H, w(n)) > be(n)>2 " for all k> 1 such that n2/3w(n)~2" — co. Since com-
ponents in H are simultaneously added to both X;1; and Yy, property 3 is satisfied. Moreover,
Lemma 3.2 implies that with high probability €2(n) isolated vertices are added to X;4; and Y41,
and thus property 4 is satisfied at time ¢ 4 1.

In addition, Lemma 3.4 and Markov’s inequality imply that there exists a constant C, such
that
99
P [Ra(Xe1) = Cor*P] > —;
[R2(Xi41) = Con*P] = 100
By Lemma 4.3, there exists o < 1 such that with at least probability 99/100
L1(X¢41) < max{aL1(Xy), L2(Xe)},

where o is independent of ¢ and n. Potentially, property 6 may not hold when oL;(X;) <
Li(X41) < Ly(Xy) = O(nz/ 3), but then we stop at this point. (We will argue that in this case all
the desired properties are also established shortly.) Hence, we suppose otherwise and establish
properties 5 and 6 for X;;. Similar bounds hold for Y.

By a union bound, X;; and Yy have all six properties with probability at least 92/100, assum-
ing the activation sub-step satisfies all the desired properties, and thus overall with probability
Q(w(n)™1). Inductively, the probability that X7 and Yr satisfy the six properties is

O(a)(n))_cl logaw(n) _ exp <log O(a)(ﬂ))_cl logw(n)) — eXp(—O((loga)(n))z)) )

Suppose X7 and Yr have the six properties. By choosing C; > 1/ log é, properties 5 and 6
imply

Ra(Xr) = Li(X1)? + Ra(Xp) < (acl 1°gw<">n2/3w(n))2 +0(n*?) =0(n*?),
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and Ry (Yr) = O(n4/ ?). While the lemma almost follows from these properties, notice that prop-
erty 3 does not match the desired bounds on the components in the lemma statement. To fix this
issue, we perform one additional step of the coupling.

Consider the activation sub-step at T. Assume again A(Xt) = A(Yr) =: m’. By Hoeffding’s
inequality, for some constant K’, we obtain

K/
P[‘m’-ﬂ—l‘> 1/3:|=P|:m’—2‘>1<’n2/3i|fexp(
n n

q
Let A/ := (m'qn~' — 1) - m'}/3. Inequality (12) implies with at least constant probability the

_K/2n4/3
R1(X1)

) —0(1). (12

random graph in the percolation step is H' ~ G(m/, W), where 2’ < K"and m’ € (n/2q, n).
If so, Corollary 3.12 ensures with high probability Nk(XT+1, Yrit oMV =Q (w(n)3'2k_2) for

all k > 1 such that 3w(n) 2" = .

By the preceding argument, with Q(w(n)™!) probability, the six properties are still valid at
step T + 1, so the proof is complete. We note that if we had to stop earlier because property 6
did not hold, we perform one extra step (as above) to ensure that Nk(XTH, Yri1, w(n)Y 2) =

Q(w(n)3‘2k72> for all k > 1 such that n?3w(n)~2"" - cc. O

5.4 A four-phase analysis using random walks couplings: proof of Lemma 2.11
We introduce first some notation that will be useful in the proof of Lemma 2.11. Let S(Xp) =,
and given S(X;), S(X;+1) is obtained as follows:
i S(Xpy1) = S(Xp);
ii. every componentin S(X;) activated by the CM dynamics at time ¢ is removed from S(X;41);
and

iii. the largest new component (breaking ties arbitrarily) is added to S(Xy1).

Let C(X;) denote the set of connected components of X; and note that S(X;) is a subset of C(X});
we use |S(X;)| to denote the total number of vertices of the components in S(X;). Finally, let

Qxy= > I

CeC(X)\S(Xr)
In the proof of Lemma 2.11, we use the following lemmas.
Lemma 5.3. Let r be an increasing positive function such that r(n) =o(n"/1) and let ¢>0
be a sufficiently large constant. Suppose |S(X;)| < ctn®3r(n), QXy) < tn*Pr(n) + O(n4/3) and
t <r(n)/ log r(n). Then, with probability at least 1 — O(r(n)_l), IS(X;11)] < c(t + 1)n?Pr(n) and
QXe+1) < (t+ Dn*’r(n) + O(n*7).
Lemma 5.4. Let f be a positive function such that f(n) = 0(n1/3). Suppose a configuration X, satisfies

R1(X;) = O(n*3f(n)*(logf (n))~"). Let m denote the number of activated vertices in this step, and
A= (mq/n—1)- ml/3. With probability 1 — O(f(n)fl), m e (n/2q, n) and || < f(n).

Lemma 5.5. Let g and h be two increasing positive functions of n. Assume g(n) = o(n'/®). Let X,
and Yy be two random-cluster configuration such that Nk(Xt, Y, g) > bg(n)3'2k_1 for some fixed

constant b > 0 independent of n and for all k> 1 such that n2/3g(n)_2k — 00. Assume also that
Zy < Cn*Ph(n)~! for some constant C > 0. Lastly, assume 1(X;),I(Y;) = Q(n). Then for every
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positive function n there exists a coupling for the activation sub-step of the components of Xy and
Y; such that

PLACK,) = A(Yp)] > 1 — de=210 __[80n(m) - 8

h(n) gn)’

for some constant § > 0 independent of n.

The proofs of these lemmas are given in Section 5.4.1. In particular, as mentioned, to prove
Lemma 5.5 we use a precise estimate on the maximum of a random walk on Z with steps of
different sizes (see Theorem 5.7).

Proof of Lemma 2.11. The coupling has four phases: in phase 1 we will consider
O(log log log log n) steps of the coupling, O(logloglog #) steps in phase 2, O(log log n) steps in
phase 3 and phase 4 consists of O(log #) steps.

We will keep track of the random variables R (X;), R1(Ys), [(Xy), I(Yy), Z; and Nk(t, g) fora
function g we shall carefully choose for each phase, and use these random variables to derive
bounds on the probability of various events.

Phase 1. We set g1(n) = w(n)/? and h;(n) = K2w(n)'/? where K > 0 is a constant we choose.
Let a;:=1— 2_1q and let T;:= —12log, (logloglogn), and we fix t <T;. Suppose we have

R1(Xp) + Ra(Yy) < Cun*’3, I(X,), I(Yy) = Q(n), and Ni(r, g1) = sz(g1<n)3-2’“) for all k > 1 such

k
that n2/3 1(n)™% — o0, where C; > 0 is a large constant that we choose later.

By Lemma 5.5, for a sufficiently large constant K > 0, we obtain a coupling for the activation
of X; and Y; such that the same number of vertices are activated in X; and Y}, with probability at
least

1/2
162K Kw(n) 8 - 1

1— - -
K2om)l/2  wm)l/2 = 16¢2

By Lemma 5.4, A(X;) € (n/2gq,n) and A := (A(X¢)g/n—1) -AX)Y? = 0(1) with probability at
least 1 — ﬁ. It follows a union bound that A(X;) = A(Yy), A(Xy) € (n/2g, n) and A = O(1) with

probability 1 — ﬁ. We call this event .

Let D) denote the inactivated components in D(X;) U D(Y;) at the step ¢, and M; the inactivated
components in M(X;) U M(X;). Observe that

1 1
2 - 2 __ _
E [ZCED; |C| i| - (1 q> ZCGD(Xt)UD(Y:) |C| - <1 q) Zt-

Similarly,

2| _ 1 - 1
E [ZCEM; Cl ] - (1 - a) ZCEM(X,)UM(Yt) ICI” = (1 - a) (R1(Xy) + Ri(Yy) — Zy) .

Hence, by Markov’s inequality and independence between activation of components in D; and
components in M}, with probability at least 1/4g?, the activation sub-step is such that

2 1
E ACIF=<({1—== )%,
CeD; Zq

and

1
ZCEM; CI? < (1 - Z]) (R1(Xe) + Ra(Yy) — Zy) .
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We denote this event by #7. By a union bound, #} and #H; happen simultaneously with
probability 1/84°.

Suppose all these events indeed happen; then we couple the percolation step so that the com-
ponents newly generated in both copies are exactly identical, and we claim that all of the following
holds with at least constant probability:

L Ri(Xi1) + Ri(Yegr) < Cin®/3;
2. Zyji Zails
3. I(Xe41), I(Yiq1) = Q(n);

4. Ni(t+1,g1) = Q(gl(n)3'2k_l> for all k > 1 such that n2/3g1(n)‘2k — 00,

First, note that Z,; 1 can not possibly increase because the matching Wy can only grow under
the coupling if indeed A(X;) = A(Y;). Observe that only the inactivated components in X; and Y;
would contribute to Z; 1, so

2
Zier1 = oop ICF S @Ze

Next, we establish the properties 3 and 4. For this, notice that the percolation step is dis-

tributed as a H ~ G(A(Xt), %) random graph. Corollary 3.12 implies N(H, g1) =

Q(gl (n)3'2k71) for all k > 1 such that n2/3g1(n)_2k — 00, with probability atleast 1 — O(gl(n)_3).
Moreover, Lemma 3.2 implies that with high probability I(H) = Q(n). Since the percolation step
is coupled, this implies that both X;y; and Y;y; will have all the components in H, so we have
Nk(t +1,4)= Q(gl(n)“IH) for all k> 1 such that n2/3g1(n)_2k — 00, and I(Xy41), I(Yig1) =

Q(n), w.h.p.
Finally, assuming that |A| = O(1), by Lemma 3.9 and Markov’s inequality, there exists C; > 0
such that E [R;(H)] = C;n*/? with probability at least 99/100. Then

RiKer) +Ri(Yer) =, ICP+ 0, ICP + Ri(H)
t t
<ar (R1(X) + Ri(Yy) + Con*? < a1 Cin*? + Cun*? < Cin*P?,

for large enough C;. A union bound implies that all four properties hold with at least constant
probability o > 0.

Thus, the probability that at each step of update all four properties can be maintained
throughout Phase 1 is at least

T —12log, (logloglogn) —12log,, (a1)
0 l=Q 8q, l0gl0glog :( 0 .

loglog log n)

If property 2 holds at the end of Phase 1, we have

4/3 4/3 —121lo logloglog n 4/3
ZT1 =0 " ~a1T1 =0 _7’1 -a, gul( gloglogn) =0 —” .
hi(n) hi(n) (logloglog n)!2

To facilitate discussions in Phase 2, we show that the two copies of chains satisfy one
additional property at the end of Phase 1. In particular, there exist a lower bound for the
number of components in a different set of intervals. We consider the last percolation step in

Phase 1. Then, Corollary 3.12 with g;(n) := (log log log - log log log log n)2 implies N(Ty, g2) =
Q(gz(n)3'2k71) for all k > 1 such that n2/3g2(n)_2k — 00, with high probability.
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Recall $(X) and Q(X) defined at the beginning of Section 5.4. In Phase 2, 3 and 4, a new element
of the argument is to also control the behaviour S(X;) and Q(X;). We provide a general result that
will be used in the analysis of the three phases:

Claim 5.6. Given positive increasing functions T, g, h and r that tend to infinity and satisfy

6.

. g(n) = o(n"/®);

T=o(g);

. r(n) = o(n'/1%);

. T(n)? - r(n)? < g(n)?/log g(n);

T(n) < r(n)/logr(n);
g(n)log g(n) < h(n)'/3.

and random-cluster configurations Xy, Yy satisfying

1.

2.
3.
4.

5.

1S(X0)1, 1S(Yo)| < n*r(n);
Q(Xo), Q(Yo) = O(n*/*r(n));
I1(Xo), I(Yy) = Q2(n);

Ni(0,g) = Q(g(n)3'2k71)for all k > 1 such that n2/3g(n)_2k — 00.

There exists a coupling of CM steps such that after T = T(n) steps, with Q(1) probability,

1.

ok Lo

ISXT)|, [S(YT)| = O(n*3r(n) T(n));

Q(XT), QY1) = O(n*3r(n) T(n));
I(X7), I(YT) = Q(n);

If a function g satisfies g > g and g'(n) = o(n"/?), then N(T,g') = Q(g’(n)3'2k71) for all

k> 1 such that n2/3g/(n)_2k — 00,

Proof of this claim is provided later in Section 5.4.1.
Phase 2. Let a=gq/(q—1). For Phase 2, we set g(n)= (logloglogn -loglogloglog n)z,

g3(n) = (loglog n - log log log n)?, hy(n) = (logloglog 1) 2 r2(n) =13 log, loglogn -
loglog, loglog n and T, = Ty + 12 log, log log n. Notice these functions satisfy the conditions of
Claim 5.6:

L. ga(n) = o(n'/%);

2. T, — Ty = o(g2(n));

3. ra(n) = o(n'/1%);

4. (Ty — T1)*ra(n)? < 10%(log, log log n)*(log log, log log n)? < g,(n)?/ log g»(n);

5. T — T1 = 12log, loglog n < ry(n)/ log r(n);

6. g2(n)/log g (n) < (logloglog n)4 = hy(n)!/3.

Suppose that we have all the desired properties from Phase 1, so at the beginning of Phase 2 we

have:
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1. 21, = O rgreraga) = Ot )

S(X1,) < /Ri(X1,) < n*3r2(n), S(Y1,) = /R1(Y1,) < n*/3ry(n);
I(X1,) = Q(n), I(Yr,) = Q(n);

Q(Xr,) <Ri(X1,) =0(n*?), Q(Yr,) < Ri(YT,) = O(n*/?);

Ll

5. Nk(Tlng) = Q<g2(”)3‘2k_1> for all k > 1 such that ”2/3g2(n)—2k — Q.

Claim 5.6 implies there exists a coupling such that with (1) probability
A4 )
L Zr, = O e )
2. |SX7,)| < 131y (n) log, loglog n, |S(YT,)| < n*3ry(n) log, loglog n;

3. Q(Yr,) = O(n*3ry(n) log, log log n), Q(Xt,) = O(n*/3r(n) log, log log n);
4. I(X1,) = Q(n), [(Y,) = Q(n);

. Nk(Tz,g3) = Q(g3(n)3'2k71) for all kK > 1 such that n2/3g3(n)_2k — 00.

9]

Phase 3. Suppose the coupling in Phase 2 succeeds.
For Phase 3, we set the functions as g3(n)= (loglogn -logloglog n)z, ga(n)=(log n-
log log )%, h3(n) = (log log n) 2 r3(n) =20 log,log n -loglog,log nand T3 = T, + 10log, log n.
Claim 5.6 implies there exists a coupling such that with (1) probability
L Zp, = O( g )
2. |SX7,)| = O(n?3rs(n) log, log ), |S(YT;)| = O(n?3rsy(n) log, log n);
3. QXr,) = O(n*Prsy(n) log, log n), Q(YT;) = O(n?3rs(n) log, log n);
4. 1(Xr,) = Qn), 1(Yr,) = Qn),

. Ni(T3, g0) = Q(ga()*2") for all k > 1 such that n?/3gy(n)~2" — co.

9]

Phase 4. Suppose the coupling in Phase 3 succeeds. Let C, be a constant greater than 4/3.
We set g4(n) = (log n - log log n)z, ha(n) = (log n)lo, r4(n) =2C; log, n-loglog, nand Ty = T5 +
C; log, n. Claim 5.6 implies there exists a coupling such that with (1) probability Zr, < 1. Since
Zr, is a non-negative integer value random variable, P[Zt, < 1] =P[Zr, = 0]. When Z7, =0, X7,
and Y7, have the same component structure.

Therefore, if the coupling in every phase succeeds, X7, and Yr, have the same compo-

nent structure. The probability that coupling in Phase 1 succeeds is (logloglog ) ~Olog,(1/a1),

Conditional on the success of their previous phases, couplings in Phase 2, 3 and 4 succeed
respectively with at least constant probability. Thus, the entire coupling succeeds with probability

B
—O(Iog (l/al)) 1
loglogl ¢ Q- -e)=———| ,
(logloglog ) (1) - (1) - (1) (logloglogn)

where B is a positive constant.

5.4.1 Proof of lemmas used in Section 5.4

Proof of Claim 5.6. We will show that given the following properties at any time ¢ < T(n), we can
maintain them at time ¢ + 1 with probability at least 1 — O(g(n)’l) — O(r(n)~1y:

4/3
1. Zt = O(;:’m),
2. 1S(Xp)1, IS(Yy)| < Cstn?/3r(n) for a constant C3 > 0;
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3. QXy), Q(Yy) < tn*3r(n) + O(n4/3);
4. I(Xy), I(Yy) = Q(n);
5. Ni(t, @) = Q(g(n)>2 ") for all k > 1 such that n2/3g(n)~%" — oo.

By assumption, t < T(n) <r(n)/logr(n). According to Lemma 5.3, X;; and Y;1; retain
properties 2 and 3 with probability at least 1 — O(r(n)~1).

Given properties 1,4 and 5, Lemma 5.5 (with n =log g(n)/2) implies that there exist a constant
8 > 0 and a coupling for the activation sub-step of X; and Y;

P [AGX) = A(Y)] > 1 — 4ot _ [§(WIoggln) &

2h(n) g(n)

_ O(;) _ o(L) 1 o(L)
B h(n)1/3 gn)) gn))’

Note that condition g(n)logg(n) <h(n)'/? is used to deduce the inequality above. Suppose

A(X;) = A(Y}); we couple components generated in the percolation step and preclude the growth
n4/3

of Z;. Hence, Z;11 < Z; = O(W)’ and property 1 holds immediately.

Recall that R;(X) = Q(X) + |S(X)|. Properties 2 and 3 imply that R;(X;) = O(t2n*3r(n)?)
and R, (Y;) = O(#2n*3r(n)?). Since t < T(n) and T(n)? - r(n)? §g(n)2/logg(n), we can upper
bound R;(X;) and R1(Y;) by

4/3 2
4/3 . 2 _ o 81
O(n*”> (T(n) - r(n)) )_o< og ¢(n) )

We establish properties 4 and 5 with a similar argument as the one used in Phase 1.

Let H; ~ G(A(X;), n/q). Due to Lemma 5.4 (with f =g¢) and Corollary 3.12 with probabil-
ity at least 1 — O(g(n)™!), N¢(Hy, g) = Q(g(n)3'2k_l) for all k> 1 such that n2/3g(n)_2k — 0.
In addition, I(H;) = Q(n) with probability 1 — O(n~!) by Lemma 3.2. Since the coupling adds
components in H; to both X;4; and Yy4, properties 4 and 5 are maintained at time ¢ + 1, with
probability at least 1 — O(g(n)_l).

A union bound concludes that at time ¢ 4+ 1 we can maintain all five properties with probability
at least 1 — O(g(n)~!) — O(r(n)~'). Hence, the probability that X7(, and Yy still satisfy the
listed 5 properties above is

1 1 \1¥®
[1‘0(@) ‘O(@)} =1 ol

It remains for us to show the bound for Z and that for a given function g’ satisfying ¢’ > ¢ and
g'(n)=o0(n'?), then N(T,g') = Q(g/(n)3'2k71) for all k > 1 such that n2/3g/(n)’2k — 00.
Conditioned on A(X;) = A(Y;) for every activation sub-step in this phase, a bound for Zr can

be obtained through a first moment method. On expectation Z; contract by a factor of % =1- é

each step. Thus, we can recursively compute the expectation of E[Zr]:

1 1\ 1\ n#/3
E[Z7] =E[E[ZT | Z71]] = P ‘E[Zr_4]=..= <;> E[Zo] = O<<E> : %) . (13)

It follows from Markov’s inequality that with at least constant probability
w413
ZT =0 m .
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Finally, in the last percolation step in this phase, Corollary 3.12 guarantees that with high prob-

ability Ni(T, g') = S2(g’(n)3'2k_1 ) for all k > 1 such that n2/3g’(n)_2k — 00. The claim follows from
a union bound. O

Proof of Lemma 5.3. We establish first the bound for |S(X;+1)|. Suppose s vertices are activated
from S(X;). By assumption

2n*/31(n)?

QX) < tn*r(m) + O(n*?) < logr(n) ’

for sufficiently large n. Hence, Hoeffding’s inequality implies that

— 18X -1
q q

AXy) <s+
with probability at least 1 — O(r(n)™1).
We consider two cases. First suppose that 6(q — 1)s/q > n*/3r(n), where § > 0 is a sufficiently
small constant we choose later. Then,

Ay <"+ a+3)g—1s

=M.

The largest new component corresponds to the largest component of a G(A(X}), q/n) random
graph. Let N be the size of that component, and let Njs be the size of the largest component of
a G(M, lﬁ) random graph, where ¢ =qM/n — 1. By Fact 3.1, N is stochastically dominated by
Nr. Then by Corollary 3.6 there exists a constant ¢ > 0 such that

P [N > 2+ p)eM] < P[Ny > (2 + p)eM] = O(e™"M), (14)
for any p < 1/10. Now,

oy AT9@—Ds (2 N (148)(q— 1)5)
n q q
_(1+8@=1s N O(f)
q n
1+6)(g—1
< M +0(n' Prnm)h),
q
1+28)(g—1
L4429 -Ds (15)
q
where for the second to last inequality we use that s <|S(X;)| = O(n*3r(n)?), and the last

inequality follows from the assumptions @ > n**r(n) and r(n) = o(n'/1). Also, since s=

O(n**r(n)?) and r(n) = o(n/1%),
_ 3 _ 3 4
83M=[(1+5)(‘1 1)1 (g+(1+6)<q ”5>=Q(S_2+5_3)=9(r(n)3). (16)
n q q n n
Hence, (14), (15) and (16) imply

P [N @240 +20)(g - 1)5} _ o0
q

Since q < 2, for sufficiently small p and §

@+p)1+20)g—1) _
q

1.
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Therefore, N < s with probability 1 — exp (—Q(r(n)?)). If this is the case, then [S(X¢41)| < [S(X;)]
and so by a union bound [S(X;41)| < c(t + 1)n?/3r(n) with probability at least 1 — O(r(n)~1).

B(qgl)s < n2/3

For the second case we assume r(n) and proceed in similar fashion. In this case,

Hoeftding’s inequality implies with probability at least 1 — O(r(n)™h,
AKX < 2+ (1 +1/8)nr(n) = M.
q

The size of the largest new component, denoted N’, is stochastically dominated by the size of the

largest component of a G(M’, 1;(4,8,) random graph, with ¢’ = gM’/n — 1. Now, since we assume

r(n) :o(nl/ls),

. q(1+1/8)r(n)
M

I:Z +(1+ 1/8)n2/3r(n)]

— (14 1/8)n23r(n) + O(n3r(n)?) < §n2/3r(n),

where the last inequality holds for large n and a sufficiently large constant c. Moreover,
3
()’ M = Q(M [f + n2/3r(n)D = Q(r(n)).
n q

Hence,

2 + p)en?Pr(n)

P[N > cn2/3r(n)] <P |:N/ > 3

] <P[N'z @2+ p}'M],
where p < 1/10, and by Corollary 3.6
P [N’ >0+ ,O)E/M/] _ e—Q((S/)f’M/) _ e_Q(r(n)3).

Since, [S(Xi+1)| < |S(X¢)| + N’, a union bound implies that |S(X;41)| <c(t + )n?/3r(n) with
probability at least 1 — O(r(n)~1) as desired.

Finally, to bound Q(X;1) we observe thatif Cy, . . ., Cy are all the new components in order of
their sizes, then by Lemma 3.4 and Markov’s inequality:

P | > IGE = n*r(n) | = O(r(m) ™).
j=2
Thus, Q(Xr41) < Q(X;) + n*/3r(n) < (t + 1)n*/3r(n) with probability at least 1 — O(r(n)~1) as
claimed. The lemma follows from a union bound. O
Proof of Lemma 5.4. Since R1(X;) = O(n*/3f(n)*(logf(n)) '), by Hoeffding’s inequality
n—n*3f(n) n+n2/3f(n)]
q q

with probability at least 1 — O(f(n)!). The new connected components in X;;; correspond to
those of a G(A(X;), %) random graph, where ¢ = A(X;)q/n — 1. If A(X;) € ], then

=/,

A(Xt) (S |:

—n_1/3f(n) <e< n_1/3f(n). (17)

Since A(X;) € ] we can also define m:= A(X;) =0n for 6 € (1/29,1), and A:= em!/3, so we
may rewrite (16) as

—f(n) < —0'3f(n) <1 < 0Y3f(n) <f(n),

and the lemma follows. 0
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An important tool used in the proof of Lemma 5.5 is the following coupling on a (lazy)
symmetric random walk on Z; its proof is given in Appendix B.

Theorem 5.7. Let A > 0 and let A <cy,¢2,...,cm <2A be positive integers. Let r € (0,1/2] and
consider the sequences of random variables Xy, . . ., Xy, and Yy, . .., Y, where foreachi=1, ..., m:
X; = ¢; with probability r; X; = —c; with probability r; X; = 0 otherwise and Y; has the same dis-
tribution as X;. Let X=1 " | X; and Y= 1" | Y;. Then for any d > 0, there exist a constant
8:= &(r) > 0 and a coupling of X and Y such that

_sd+A)
AJm

We note that Theorem 5.7 is a generalisation of the following more standard fact which will
also be useful to us.

Pld+2A>X—-Y>d]>1

Lemma 5.8 ([4], Lemma 2.18). Let X and Y be binomial random variables with parameters m and
1, where r € (0, 1) is a constant. Then, for any integer y > 0, there exists a coupling (X, Y) such that
for a suitable constant y =y (r) > 0,
vy
PIX-Y=y]>1 e

Proof of Lemma 5.5. For ease of notation let 7, = Z;(g) and N = N (¢, g) for each k> 1. Also
recall the notations W;, M(X) and D(X) defined in Section 2.2. Let 1(X;) and 1(Y;) be the isolated
vertices in Wy from X; and Y3, respectively.

Let k* := mini{k € Z:g(n)zk > 9¥n'/3}). The activation of the non-trivial components in M(X;)
and M(Y;) whose sizes are not in {1} UZ; U - - - U Iy« is coupled using the matching W;. That is,
c € M(X;) and W(c) € M(Y;) are activated simultaneously with probability 1/q. The components
in D(X;) and D(Y}) are activated independently. After independently activating these components,
the number of active vertices from each copy is not necessarily the same. The idea is to couple the
activation of the remaining components in M(X;) and M(Y;) in way that corrects this difference.

Let Ag(X;) and Ay(Y;) be number of active vertices from X; and Y}, respectively, after the acti-
vation of the components from D(X;) and D(Y;). Observe that E[Ao(X;)] = E[A(Y:)] =: 1 and
that by Hoeffding’s inequality, for any n(n) > 0

P [140(X0) = | = V(m)Z; ] < 2721,

Recall Z; < i’é—:/; Hence, with probability at least 1 — 4 exp(—2n(n)),

2/ Cnn)n?/3
Vh(n)

We first couple the activation of the components in Z;, then in Z, and so on up to Zy+. Without

do == [Ao(Xs) — Ao(Yy)| < 2¢/n(n)Z; <

loss of generality, suppose that dy = Ag(Y;) — Ao(Xy). If dy < Z?TZ)/;’ we simply couple the com-

ponents with sizes in 7; using the matching W;. Suppose otherwise that dy > Z(”—:)/;. Let A1(X})

and A;(Y;) be random variables corresponding to the numbers of active vertices from M(X;) and
M(Y;) with sizes in Z; respectively. By assumption N; > bg(n)?. Hence, Theorem 5.7 implies that
for § = 8(g) > 0, there exists a coupling for the activation of the components in M(X;) and M(Y;)
with sizes in Z; such that

19’,12/3

do > A1(Xy) —A1(Ye) = do — ——
g(n)
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with probability at least

923 =3 - 2/3 = =
Z?Tn)z W Zglzn)Z bg(n)3 9 /Bh(n) ()
where the last inequality holds for ¢ large enough. Let dy = (Ap(Yy) — Ap(Xy)) +

(A1(Yy) —Al(Xt)) If the coupling succeeds, we have 0 <d; < o )/2

19”2/3
( 2g(n)2) 8dy o 48/ Cn(n)g(n) n(n)g(n)

Thus, we have shown

that d; < 19" o > with probability at least

=25 . 77(”) (n) a2 77(”) (”)
(14 )(1 () de “h(n)

Now, let dy. be the difference in the number of active vertices after actlvatmg the components in

Z. Suppose that dy < ’9(") -, for k < k*. By assumption, Ny > bg(n)* 2" Thus, using Theorem 5.7
8(n

again we get that there exists a coupling for the activation of the components in Zy;; such that

O n?/3 O n?/3 Sdy 28
Pl =t | de= o | 21— 2l
(n) g(n) dn?/ bg(n)>2 Vbg(n)
28T
Therefore, there is a coupling of the activation components in 7, Z3, . . . , Zy= such that

P |:dk* < }’11/3

9n23 5
st fl (),
gm* 1= 2 g(n)?
where §' =28/ /b. Note that for a suitable constant §” > 0, we have

k* k*
1_[<1 g(ni ) exp Zln(l— ) > exp —S”Z 12k ,

k=2 =1 g = &(n)
and since
Koo - i R i 1 1
S T g T gk T g —g(n)’
we get

lk_*[ 1—8—/ > ex <_8—//>>1_8—”
g )~ P gm)?—gm)) — gn)? —gn)

k=2

Finally, we couple 1(X;) and 1(Y;) to fix di+. By assumption I(X;), I(Y;) = Q(n), so m:=
|j X)) = |j (Yp)| = (n) Let A;(X;) and Aj(Y;) denote the total number of activated isolated ver-
tices from 1 (X;) and 1 (Y}) respectively. We activate all isolated vertices independently, so Aj(X;)
and Aj(Y;) can be seen as two binomial random variables with the same parameters m and 1/4.
Lemma 5.8 gives a coupling for binomial random variables such that for r < n'/3,

PA(X) — A(Y) =1] > 1 m(#) zl_o(g%n))-
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Therefore,

B ooy | n(n)g(n) (L)
P [A(Xt) —A(Yt)] > 1 4e " —h(n) 0] g(n) 5

as claimed. O

6. New mixing time for the Glauber dynamics via comparison
In this section, we establish a comparison inequality between the mixing times of the CM dynam-
ics and of the heat-bath Glauber dynamics for the random-cluster model for a general graph
G = (V, E). The Glauber dynamics is defined as follows. Given a random-cluster configuration
Ay, one step of this chain is given by:
i. pick an edge e € E uniformly at random;
ii. replace the current configuration A; by A; U {e} with probability
WGpq(Ar U {e}) _
1Gpaq(ArU el + 1Gpqg(Ar\ {e))

iii. else replace A; by A; \ {e}.

It is immediate from its definition this chain is reversible with respect to u = 16,4 and thus
converges to it.
The following comparison inequality was proved in [7]:

gap_l(GD) < O(mlogm) - gap_l(CM), (18)

where m denotes the number of edges in G, and gap(CM), gap(GD) the spectral gaps of the tran-
sition matrices of the CM and Glauber dynamics, respectively. The standard connection between
the spectral gap and the mixing time (see, e.g., Theorem 12.3 in [23]) yields

tSP < O(mlog m) - tM - log Lt (19)
where [imin = mingeq (A) with @ denoting the set of random-cluster configurations on G. In
some cases, such as in the mean-field model with p = ®@(n™!), log ,ur;iln = Q(mlog m), and a factor

of O(m?(logm)?) is thus lost in the comparison. We provide here an improved version of this
inequality.

Theorem 6.1. For any q > 1 and any p € (0, 1), the mixing time of Glauber dynamics for the
random-cluster model on a graph G with n vertices and m edges satisfies

GD
mix

;> LCM
min{p, 1 — p} mix:

We note that in the mean-field model, where m = ®(1n?) and we take p=2¢/nwith £ =0(1),
this theorem yields that 752 = O(n3(log n)?) - <M, which establishes Theorem 1.2 from the intro-
duction and improves by a factor of O(n) the best previously known bound for the Glauber
dynamics on the complete graph.

To prove Theorem 6.1 we use the following standard fact.

T < O(mnlogn + pm?* log n - log

Theorem 6.2. Let P be a Markov chain on state space I' with stationary distribution 7. Suppose
there exist a subset of states o C T" and a time T, such that for any t > T and any x € I" we have
P'(x,T'\Ty) < 1—16. Then

T = O<T +gap~ ' (P) log (87, 1)) , (20)

where 7o := minger, 7 ().
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Note that 7r¢ is the minimum probability of any configuration on I'g. Without the additional
assumptions in the theorem, the best possible bound involves a factor of iy = minger 7(A)
instead. We remark that there are related conditions under which (20) holds; we choose the
condition that P/(x, ' \ T'p) < 1—16 for every x and every t > T for convenience.

We can now provide the proof of Theorem 6.1.

Proof of Theorem 6.1. First note that if p = Q(1), it suffices to prove that

1
8P = O(mn log n + m?* log nlog m) M
min{p, 1 —
This follows from (19) and the fact that
min{p, 1 — p}"”
Hmin = %

since the partition function for the random-cluster model on G satisfies Zg < q" (see, e.g.,
Theorem 3.60 in [19]).

Thus, we may assume p < 1/100. From (18) and the standard relationship between the spectral
gap and the mixing time (see, e.g., Theorem 12.4 in [23]) we obtain:

gap_l(GD) <tM . O(m log n). (21)

mix
Let P denote the transition matrix of the Glauber dynamics. In order to apply Theorem 6.2, we
have to find a suitable subset of states Qg C © and a suitable time T so that PY(A4, Q\ o) < %,
for every A € Q and every t > T.

We let Qo ={A C E:|A| <100mp} and T = Cmlog m for a sufficiently large constant C > 0.
When an edge is selected for update by the Glauber dynamics, it is set to be open with probability
p/(p+q(1 —p)) if it is a ‘cut edge’ or with probability p if it is not; recall that we say an edge
e is open if the edge is present in the random-cluster configuration. Therefore, since p > p/(p +
q(1 — p)) when g > 1, after every edge has been updated at least once the number of open edges in
any configuration is stochastically dominated by the number of edges in a G(n, p) random graph.
By the coupon collector bound, every edge has been updated at least once at time T w.h.p. for
large enough C. Moreover, if all edges are indeed updated by time T, the number of open edges
in X; at any time ¢ > T is at most 100 m p with probability at least 19/20 by Markov’s inequality.
Therefore, the Glauber dynamics satisfies condition in Theorem 6.2 for these choices of T and 2.

It remains for us to estimate 7. Let 77, denote the probability of the configuration where all
the edges are open; then,

m m
Tm = P > P >
ZG qn—l
where the inequality follows from the fact that Zg < g". Moreover, since 1 —p > p when p <
1/100, then 7o > gp'%%"P (1 — p)=190mP /7~ and so

ﬂ - qPIOOmp(l _p)mfloomp _ (1 _p)mIOOmp
Tm P"q p
Using (22), (23) and the fact that p < 1/100, we obtain:

(22)

(23)

l-p

1 1
log — =log — +log Tm <(n—1)logg+ mlogp~! — (m — 100mp) log
T TTm T

= 100mp log p~ ' + m(1 — 100p) log + O(n)

1—p
mp(1 — 100p) 40

<100mplogp~' + =5 (n) = O(n + mp(logp™")).
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Therefore, from (21) and Theorem 6.2 we obtain:

GD
Tmix

< O(mlogm)+ Sy - O(mlogn) - O(n+ mp(logp™"))

=O(mlogn-(n+ mplogp™)) - tM,

as claimed. U
For the sake of completeness, we conclude this section with a proof of Theorem 6.2.

Proof of Theorem 6.2. For x € I" and t > T, we have

1P ) —aOlley= Y, Py -7

yel:P (xy)>n(y)

t
< ¥ n(y)‘l—”"’)”‘+ )3 P%x,y)'l— V)

T Pt(x,
yelo:Pt(x,y)>7(y) (}’ y¢lo:Pt(xy)>m (y) ( }’)

P'(x,y)
7(y)
Pl(x, ) 1

7(y) ‘ 16

1—

< (I'y) max + P'(x, T\ T'p)

ye Iy

<max |1 —

yEF()

>

16

where the last inequality follows from the theorem assumption for ¢ > T.
For any y € I', we have

’ _ Ply)| e

() |~ @)
see inequality (12.11) in [23]. Hence, for any x € I'g we have

o—8ap(P)-t 1 egpP)t 1
IP(x, ) = ()llpy S max ——x+ — < ——— + —. (24)

yelo /7 (x)7 (y) 16 — o 16

Letting rriix(x) = min {t > 0:|P (x, ) — 7w ()|Ipy < 1/4}, we deduce from (24) that for x € I'
2 -1 8
Tpix(¥) < max {T, gap~ " (P)log 71_} . (25)
0

Since rr}:lix = MaXyeTl Tmix(X), it remains for us to provide a bound for tpix(x) when x € I' \ T'.
Consider two copies {X;}, {Y;} of the chain P. For t > T let P be the coupling of X;, Y; such that
the two copies evolve independently up to time T and if X7 = x" and Y7 =y’ for some x’,y' € I'g

then the optimal coupling is used so that
PIX; # Ye | Xp =, Yr =y/1=P7T(, ) = PTG, Dl

recall that the existence of an optimal coupling is guaranteed by the coupling lemma (see, e.g.,
Proposition 4.7 in [23]). Then, for any x,y € I"
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]P[Xt 7é Yt |X0=x, Yo =y]

<PXr¢Tlo|Xo=x]+P[Yr¢To|Yo=y]l+ max PIX; #Y | Xr=x,Yr=)]
x',y'ely

< max PX;#Y; | Xr=x,Yr=y1+

x'y'ely

< max P71, ) — Py, My +
x'y'ely

Xl = oo -

<2 max ||Pt7T(x/, D=7l + 2
x'ely 8

where the last inequality follows from the triangle inequality. Now,

max |[P'(x,) —7()lry < maxP[X; #Y; | Xo=x Yo =y] <2 max |P"T(x,")
xel’ x,yel x'ely

Ol +1<S
—n( -<-.
WTg=3

provided ¢t > T 4 maXser, rr};ix(z). Using a standard boosting argument (see (4.36) in [23]) and

(25)

P
we deduce that 7,

= O(T + gap~1(P) log %) as claimed. O
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Appendix A. Proof of the local limit theorem

In this appendix, we prove Theorem 5.1. First, we introduce some notation. For a random vari-
able X and d € R, let H(X,d) = E[(X*d)?], where (-) denotes distance to the closest integer
and X* is a symmetrised version of X, that is, X* =X — X’ where X’ is an ii.d. copy of X. Let
H,, =inf,_ Z H(Xj, d). The following local limit theorem is due to Mukhin [28] (all

limits are taken as m— 00).

Theorem A.1 ([28], Theorem 1). Suppose that the sequence S'"U_% converges in distribution to a
standard normal random variable and that o, — 00. If Hy, — 00 and there exists o > 0 such that

Yue [H,ln/ , O‘m] we have . 2 > quo,y, then the local limit theorem holds.

i:c; <u
Next, we show how to derive Theorem 5.1 from Theorem A.1. The proof involves the following
two lemmas.

Lemma A.2. For the random variables satisfying the conditions from Theorem 5.1, 0, — 00 and
Sm— o Em converges in distribution to a standard normal random variable.

Proof. Observe that

w3 , /3
l—r)Zc >r(l—r) Zc = ( L -g(m )) (—)—)00,

i:c;el) g(m)

and also

1 & m
— > E[X — E[X 3Zr(1—r§§ e o(;—m>

m2/3g(m)71 _

Hence, the random variables {X;} satisfy Lyapunov’s central limit theorem conditions (see, e.g.,

[13]), and so S’";“ % converges in distribution to a standard normal random variable. O

Lemma A3. Suppose C1» - - - > Cm Satisfy the conditions from Theorem 5.1. For any u satisfying o, >
> 1, Z]C<u > uoy/r(l —r).
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1/3
Proof. We have 02, =r(1—1) Y 1" ¢ = ( m
+/8(m)

U<cy= O(m2/3g(m)_l), there exists a largest integer k € [0, £) such that u = O( D2 ), where

gm?

) . We consider three cases. First, if m!/* <

€ > 0 is the smallest integer such that m?/3 (m)’zl = o(m'/*). Then,
192 4/3 192 4/3

3_2k _ m .
Z Z 2k+2g(m) - 4g(m)2k > Uom;

i:ci<u 1c,€Ik+1

. . /
by >> we mean that uoy, is of lower order with respect to Z &

. Now, when o, > u > ¢,;;, we

have

2 _ZC _r(l—r) r(l—r)

ici<u

Finally, if 1 < u < m!'/4, uo,, is sublinear and so

pm
2 2 1/4
E c,-ZE ci=pm>>m/am2uam,
ici<u i=1
as claimed. O

Proof of Theorem 5.1. We check that the X;’s satisfy the conditions from Theorem A.l.
Lemma A.2 implies o, — 00 and S’”_""’ — N(0, 1); by Lemma A.3 we also have that for any
u satisfying oy > u> 1,3 cj<u ] >

Now, fori < pm, observe that the value of X equals to 1 with probability (1 — r), equals to —1
with probability (1 — r) and equals to 0 otherwise. Then for 1/4 <d < 1/2, (X}d)? evaluates to

d? with probability 2r(1 — r), and 0 otherwise. Therefore, for i < pm and 1/4 <d < 1/2 we have
that E[(X?d)?] = 2r(1 — r)d*. Thus,

uam /r(1 — r). It remains to show that H,, — oo.

Lom] Lom]
H,= inf ZH(Xl,d)> 1nf ZH(X,,d 1mf er(l—r)d2 Q(m) —
j=d<j; d<j 1=d<; o

Since we have shown that the Xj’s sat1sfy all the conditions from Theorem A.1, the result
follows. -

For completeness, we also derive Theorem 5.1 from first principles (i.e., without using
Mukhin’s result [28]) in Appendix D.

Appendix B. Proofs of random walk couplings

Another important tool in our proofs are couplings based on the evolutions of certain random
walks. In this section we consider a (lazy) symmetric random walk (Sx) on Z with bounded step
size, and the first result we present is an estimate on My = max{Sj, ..., Sx} which is based on the
well-known reflection principle (see, e.g., Chapter 2.7 in [22]).

Lemma B.1. Let A >0 and let A <cy,ca,...,cn <4A be positive integers. Let r € (0,1/2] and
consider the sequence of random variables X, ..., X, where for each i=1,...,n: X;=c¢; with
probability r; X; = —c; with probability r; and X; =0 otherwise. Let Sy = ZLI Xi and My =
max({Si, ..., Sk}. Then, foranyy >0

P[M, >y] > 2P[S, >y + 8A +1].
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Proof. First, note that

4An
P[M, > y] = ZP{M >y, Sp=k] + Z P[My > y,Su = k|
k=—4An
y—1
=P[S,=yl+ Y PIMy>yS,=k]. (B.1)
k=—4An

If M,, > y, let W,, be the value of the random walk {S;} the first time its value was at least y. Then,

y+4A—1
P(My >y, Sa=kl= >  PIM,>yS,=k W,=b]
b=y
y+4A—1
= Y PMy>yS,=2b—k W,=b]
b=y
y+4A—-1
= Y PlSi=2b—k W,=b],
b=y
where in the second equality we used the fact that the random walk is symmetric and the last one
follows from the fact that 2b — k > y. Plugging this into (B.1), we get

y+4A—1 —
PIMy >yl =P[Sy=y]+ > Z [Sp=2b—k, W, =b]
b=y k=—4An
y+4A—1
PlSi=yl+ > Z P[S, =k W, =b]
b=y k=2b—y+1
y+44-1
=P[Sy=yl+ Y PlSy=2b—y+1,W,=b]
b=y
y+4A—1
>P[Sy=yl+ Y PlSi=y+8A+1,W,=b],
b=y
since b < y + 4A. Finally, observe that
y+4A—1
> PSyzy+8A+1,W,=b]=P[S,>y+8A+1]
b=y

and so
P[M,, > y] > P[Sy = y] + P[S;, >y +8A + 1] > 2P[S,, > y + 8A + 1],
as desired. 0
We can now prove Theorem 5.7.

Proof of Theorem 5.7. Set § = i/—o;. Let Dy = Zf;l (X; — Y;) for each ke {1,...,m}. We con-
struct a coupling for (X, Y) by coupling each (X, Y) as follows:
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1. If Dy < d, sample Xj.y; and Yy, independently.
2. Ika >d, set Xk+1 = Yk+1.

Observe that if Dy > d for any k < m, then d + 2A > X — Y > d. Therefore,
Pld+2A>X—-Y >d] >P[M,, >d],

where M,, = max{Dy, ..., D, }. Note that {Dy} behaves like a (lazy) symmetric random walk until
the first time 7 it is at least d; after that {Dy} stays put.

Let {D/} denote such random walk which does not stop after 7, and M}, := max {Dj, ..., D, }.
Notice

P[M,, > d] =P[M,, > d|.
Since the step size of {D;{} is at least A and at most 4A, by Lemma B.1 for any d > 0
P[M,, > d] = 2P[D,, > d+8A +1].

Leto?=Y" E[(X;— Y)?|=4rY " dand p=Y 1" | E[|X; — Y;]’ | =4r(1 +2r) )1, c]. By
the Berry-Esséen theorem for independent (but not necessarily identical) random variables (see,
e.g., [3]), we get that forany y e R

B[D}, > yo] BN = y)| < & < 22

>

F T o
where N is a standard normal random variable, and ¢ € [0.4, 0.6] is an absolute constant. Then,
2cA
P[D,, > yo | = P[N > y] - —. (B.2)
o

Notice 0 > 2A/rm.1f d 4+ 8A > o, the theorem holds vacuously since
) s(d+A) ) 10(d + A) . d+8A

o
<1-— <1-— <
Ay/m A\/rm Ayrm — Arm —

If d+ 8A < o, since it can be checked via a Taylor’s expansion that 2P[N > y] > 1 — \/g y for
y < 1, we get from (B.2)

1—-2<0.

d-+8A 4cA
P[Mmzd]ZZJP’[D’m>d+8A]22P[N> + ]_L
[e2 o2

. V2/m(d+84)  4cA

o o
1o 9(d + A)
o
- 8(d + A),
- Aym
as claimed. O

Appendix C. Random graphs estimates
In this section, we provide proofs of lemmas which do not appear in the literature.
Recall G ~ G(n, W), where X = A(n) may depend on n. Both of Lemmas 3.10 and 3.11

are proved using the following precise estimates on the moments of the number of trees of a given
size in G. We note that similar estimates can be found in the literature (see, e.g., [29, 1]); a proof
is included for completeness.
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Claim C.1. Let t be the number of trees of size k in G Suppose there exists a positive increasing

function g such that g(n) — oo, || < g(n) and i, j, k < j, k — 00 as n — oo, then:

i Bl =0 );

. 2/3
ii. Var(ty) <E[t]+ %"

(140(1))An?/3
27 i3/2j3/2

iii. Fori#j, Cov(t;, ;) <

To prove Lemma 3.10, we also use the following result.

Lemma C.2. Suppose ’n — 00 and & = o(1). Then w.h.p. the largest component of G ~ G(n, 1+5)

is the only component of G which contains more than one cycle. Also, w.h.p. the number of vertices
contained in the unicyclic components of G is less than g(n)e ~2 for any function g(n) — oo.

Proof. An equivalent result was established in [26] for the G(n, M) model, in which exactly M
edges are chosen independently at random from the set of all (}) possible edges (see Theorem 7 in
[26]). The result follows from the asymptotic equivalence between the G(n, p) and G(n, M) models
when M = (g)p (see, e.g., Proposition 1.12 in [21]). U

Proof of Lemma 3.10. Let us fix « > 0 and consider first the case when || is large. If A < 0 and
|A| = Q(h(n)/?), then Lemma 3.7 implies that

n }14/3
E [ZjiLj(G)SBh L](G)2:| =< ]E[RI(G)] = O(—An_1/3> = O(W) .

Similarly,if A > 0and A = Q(h(n)'/?), then Lemma 3.8 implies that E[R>(G)] = O(n*/*h(n)~1/?).
We may assume L; (G) < By, since otherwise the size of the largest component does not contribute
to the sum. Then,

A3
E |:Zj:Lj(G)<Bh L]’(G)z] <E[R2(G)] + B%z = O(h( )1/2)

Hence, if |A| = Q(h(n)_l/ 2), the result follows from Markov’s inequality.

Suppose next |A| < +/h(n). Let t; be the number of trees of size k in G and let 7p, be the set of
trees of size at most By, in G. By Claim C.1.i,

By,
2| 2 2
E [Zreﬁh 7| ]_ > " IPElty] = O(nh(n)?) Z KE[t]
k=1 k=|h(n)]
By

1 w3
— 2 —
k=|h(n)]
By Markov’s inequality, we get that > - ’ |T|? < An*/3h(n)~1/2 with probability at least y, for

any desired y > 0 for a suitable constant A = A(y) > 0.

All that is left to prove is that the contribution from complex (non-tree) components is small.
When |A| = O(1), this follows immediately from the fact that the expected number of complex
components is O(1) (see, e.g., Lemma 2.1 in [27]). Then, if Cp, is the set of complex components
in G of size at most By, we have

, ni/3 n4/3
E ClI'|=0(—=——= )E|[|Cp,|[|=0| —= | >
[Zcecsh “ ] (hw) el (h(n)2>
and the result follows again from Markov’s inequality and a union bound.
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Finally, when +/h(n) > || = 00, Lemma C.2 implies that w.h.p. there is no multicyclic com-
ponent except the largest component and that the number of vertices in unicyclic components is
bounded by #n?/3g(n) /A2, for any function g(n) — co. Hence, w.h.p.,

#2/3
g(n)

< ___°* 7
ZCECBh |C| - A2 + Bh'

Setting g(n) = A2, it follows that w.h.p.

}’12/3g(11) 114/3
CP<By|—=—+By)<—.

anzgh ICI" < By ( E h) = h(n)

This, combined with (C.1), Markov’s inequality and a union bound yields the result. U

Proof of Lemma 3.11. Let T be number of trees in G with size in the interval [B,2B]; then |Sg| >
Tg. By Chebyshev’s inequality for a > 0:

P[Tp < E[Tg] —ac] <

SNl —_

where 02 = Var(Tp). By Claim C.1.i,

cln
E[Ts] = kZBE[Tk] > =n

for a suitable constant ¢; > 0. Now,

2B
Var(Tg) = Z Var(t) + Z Cov(t;, t;).
k=B j#isj,ic[B,2B]

By Claims C.1.i and C.1.ii,

(1 + o(1))an?/3 |A|n?/3
ZVar(tk)<ZEt]+Z ‘;k3” _O(B:/2)+O<—1;12 ):o(#),

where in the last equality we used the assumption that A = o(n!/3). Similarly, by Claim C.L.iii

(14 o(1)An?3 (1 +o(1))|r|n?/3 n
> < -of)

> Covltut) < 2P 2B B/

j#i,ic[B2B] j#ij,ic[B,2B]

where the last inequality follows from the assumption that B < Hence, for a suitable constant

()2

>0
Var(TB)< 3/2
and taking a = 5377~ we get
[|S < an ] IP’[T - an ]< 2B3 24 2<4czB3/2
Pl= 2B P=ap2l=\an ) T én
as desired. O

Proof Corollary 3.12. Lemma 3.11 implies that for a suitable constant b > 0

B[ NiXern,9) < bg(n) > | = 0(gm "),
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for any k > 1 such that g(n)zk = o(m?*/?). Observe that

S oy _om).

kZl g(n)3 2k ' i>1 g(f’l)

Hence, a union bound over k, that is, over the intervals Z;(g), implies that, with probabil-

ity at least 1 — O(g(n) ™), Nk(Xi+1,8) = bg(n)3'2k_1 for all k> 1 such that n2/3g(n)_2k — 00, as
claimed. l

Proof of Claim C.1. Let c =1+ An~!/3. The following combinatorial identity follows immedi-
ately from the fact that there are exactly k=2 trees of size k.

= () (5)” 15

Using the Taylor expansion for In (1 — x) and the fact that k = o(n?/?), we get

! Ml ' kR
(nik)‘ —nF l_[ (1—2) :nkexp(—% —F—i-o(l)) (C.2)

Similarly,
c\k-1 1 A 2%k
() = e = g o)
e\ k(n—k)+(5)—k+1 VY SR
(1—;) ZCXP(—]C—W'i‘z +2 1/3 (1)>
Since k — oo, Stirling’s approximation gives

K2 (14 0(1)e

= . C3
k! 2 k52 (©3)
Putting all these bounds together, we get
(14 o(1))n Ak Ak K3 n
Bl ==msn P\ "2er T 2ip e ) = ®(W> ’ €
where in the last inequality we used the assumptions that |A| < g(n) and k < ( )2 This establishes
part (i).
For part (ii) we proceed in similar fashion, starting instead from the following combinatorial
identity:
n! 2k—2 c\m
E[te(ty — 1)] = ————— (Kk2)? 1—-2),
el = V1= =2 & ) (n) ( n>
where m = 2(];) —2(k—1) 4 k% + 2k(n — 2k) (see, e.g., [29]). Using the Taylor expansion for
In (1 — x), we get
n! ok 2k? 4k3
- = _ 1
(n — 2k)! " exp( n 3n? +o(l)

2k—2 1 22k A%k
(;) = 2 P s~ s T

LY ok 2K 20k 20K
(——) =exp| — +7—m+n4—/ +0(1)

n
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These three bounds together with (C.3) imply

(1+ o(1))n? 4k A’k 2AK?
Bt — 1) = 22" ex (‘m S

From (C.4), we get

SO A S
E[t]” = 5 P\t s 3 )
Hence,
(14 o(1))n? Mk Ak? K VY =
Var(tk)zE[tk]—l—Wexp —m—i—m—?’? exp m_ﬁ -1

(14 o0(1))n? VS

1+ o(1))n? AK?
< E[tk] + % I:CXP(W) — ].:I

(14 o(1))An?/?

=E[t] + P TR

where in the second equality we used the assumptions that [A| < g(n) and k < ( )2 and for the last

inequality we used the Taylor expansion for e*. This completes the proof of part (ii).
For part (iii), let £ = i + j. When i # j we have the following combinatorial identity (see, e.g.,

[29]):
Elg]= (n! E)'l 7 ( )Z 2<1_£>ml’

where m' = (1) — (i— 1) + () — (j— 1) +ij + £(n — £). Using Taylor expansions and Stirling’s
approximation as in the previous two parts, we get

(14 o(1))n? <z3 A2l /\£2>

Eltit] = ————— exp( —— — —— + =
[titj] = 25121 X 62 2n23 T 2pd/3

Moreover, from (C.4) we have

2 2 )y 2 2 -3 :3
E[ti]E[tj]:Mexp(_ - + (F+7) P+ +0(1)),

27 i%/2j5/2 2n2/3 2n#/3 6n?

and so
Cov(t;, tj) = E[titj]] — E[t;]E[4]
(14 o(1))n? o Y a2 ij ijl
= xS\ e T o Y on ) | TP T T
(1+o0(1)n’ Mj i)
= 2l l—exp\ -5 + 5.2

(14 o(1))An?/3
- 27Ti3/2j3/2 >

where in the third equality we used the assumptions that |A| < g(n) and i,j < ( )2 and the last
inequality follows from the Taylor expansion for e*. 0
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Appendix D. The second proof of the local limit theorem
In this appendix, we provide an alternative proof of Theorem 5.1 that does not use Theorem A.1.

Proof of Theorem 5.1. Let ®(-) denote the probability density function of a standard normal
distribution. We will show for any fixed a € R,
1
= o(—) , (D.1)
Om
which is equivalent to (9).

lp [Sm__“m _ a} _ %@
Om Om

Let ¢(t) denote the characteristic function for the random variable (S, — f4m)/0m. By applying
the inversion formula (see Theorem 3.3.14 and Exercise 3.3.2 in [13]),

1 o .
®d(a) = — / ef’meftz/zdt,
27 J_o

and

P |:Sm_—Mm — ai| — 1 /JTUm e_im(,b(t)dt.

Om 2nom J-noy

Hence, the left hand side of (D.1) can be bounded from above by

1 TOm X 2 (e%e] 2
|:-/ e ((ﬁ(t)—e_z)‘dt—f—Z/ e_zdti| .
2nom L -zo, Tom
Since |e 4| < 1, it suffices to show that for all & > 0 there exists M > 0 such that if m > M then
Tom
L.
We can bound from above the left hand side of (D.2) by:
A
L.
The division depends on some constant A that we will choose soon. We proceed to bound integral
terms in (D.3) independently.

o0 2
dt +2 / e 2dt <e. (D.2)
b

Om

2
2

P(t) —e”

2 om/2 TOm 0o 2
o(t)—e Z|dt+ 2/ lp(1)] dt+2/ |p(8)| dt + 2/ e 7dt. (D.3)
A A

om/2

Lemma A.2 implies that S"‘;ﬂ converges in distribution to a standard normal. Combined with

2
the continuity theorem (see Theorem 3.3.17 in [13]), we get that ¢(t) — e~7 as m — 0o. The
dominated convergence theorem (see Theorem 1.5.8 in [13]) hence implies that for any A < 0o
the first integral of (D.3) converges to 0. We select M large enough so that the integral is less than
e/4.

The last integral of (D.3) is the standard normal tail that goes to 0 exponentially fast as A
increases (see e.g., Proposition 2.1.2 in [32]). Therefore, we are able to select A large enough so
that each tail has probability mass less than /8.

To bound the remaining two terms we use the properties of the characteristic function ¢(t). By
definition and the independence between X;’s,

_ . Sm— Mm _ . itlm - )
o(t)=E [exp(zt- Y >i| = eXp( > ) 1_[ #;i(t),

m m

where ¢;(t) denotes the characteristic function of Xj/0y,. Since exp (— %

6] < T, 1950

) always has modulo 1,
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We proceed to bound the third integral of (D.3). Note that |¢;(t)] <1 for all j and t.
Therefore,

b <] TIgi01< [T I

j=1 j<pm

Notice that the X;’s for j < pm are Bernoulli random variables. By periodicity (see Theorem 3.5.2
in [13]), |¢;(t)| equals to 1 only when t equals to the multiples of 27 0,,. For t € [014/2, o],
|¢j(t)| is bounded away from 1, and there exists a constant n < 1 such that |¢;(¢)| < 7. Hence,
|@(t)| < n”™. By choosing M to be sufficiently large, we may bound the integral for m > M:

Tom Tom e
/ |¢(t)|dt§/ n"dt < won" <mnf™ < —.
om/2 om/2 8
Finally, we bound the second integral of (D.3). By the definition of X, we have
i cjt .. Gt
¢j(t)=re”om + (1 —r)=r-|cos —+i-sin— | +1—r,
Om Om

where the last identity uses Euler’ formula. Take the modulo of both sides,

cit cit 2
()] = \/rz sin? 2 (rL +1-— r)
Om Om

cit cit cit
=\/r2sin2 L 4 r2c082 L 4+ (1—7)2+2r(1 — 1) cos ——

Om Om Om

cit
=\/r2+(1—r)2—|-2r(1—1’)cosL

Om

=\/l—2r(l—r) (1—cosit)
Om

2
cit 1 cit
=1—r(1-7r) <l—cosL)—Er2(1—r)2 <1—cosi) -,

Om Om

where the last equality corresponds to the Taylor expansion for ,/1 + y when |y| < 1. We can also
Taylor expand cos % as
cj2 2t S8

j j
-1y ¥...
20}  4lo}  6lof

2,2

Observe that if % < 1, then we can bound cos % from above by 1 — 27. Furthermore, if we keep
only the first order term from the expansion for |¢;(t)|, we have
cjzt2 cj2 2
O <1—-r(l—-r)— <exp|—-r(l—r)—]. D.4
;i (D] < ( )4031 <exp| —1( )4031 (D4)

Note that (D.4) only holds if ¢jt < 0,,. However, if we fix 0y, then for every t € [A, 0,,/2], there
always exists a real number u(t) > 1 such that u(¢)t < 0, < 2u(t)t, which implies for all ¢; < u(t),
(D.4) can be established. Now we aggregate all |¢;(¢)| for which we could claim (D.4).

242
ci't

sl = [T 90 <exp| == 3 . (D.5)
Jiej<u(t) jiej<u(t) ™M
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Without loss of generality, we assume A > 1. Consequently, u(t) < o,,,. Lemma A.3 implies for
om>u(t)>1, Zj:cjiu(t) cj2 > u(t)om/r(1 — r). Plugging this inequality into (D.5), we obtain

2
s ) o ) ).

Therefore, for sufficiently large A,

om/2 0 ; o—A/8
f 6(6)] dt < / exp(——) d< <
A A 8 8

Thus we established (D.2) and the proof is complete. U

| ™
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