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Abstract

In this paper a scheme of an ‘economical’ embedding of an arbitrary set of groups without involutions
in an infinite group with a proper simple normal subgroup is presented. This scheme is then applied to
construction of groups with new properties.
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1. Main result and its corollaries

Many properties of a group are closely connected with the structure of its subgroups.
In {7] was proved a theorem on embeddability of every at most countable group A
without involutions in a simple 2-generator group in which every proper subgroup is
either a cyclic group or contained in a subgroup conjugate to A, and an embedding
scheme of an arbitrary set of groups without involutions in a simple group G with
‘well-described’ lattice of subgroups was established in [8]. But for the solution
of some group-theoretical problems, we need a generalization of these embedding
schemes giving a group G with a proper normal subgroup.

Let {G;}ics» |I]| > 1, be an arbitrary set of non-trivial groups without involutions.
We denote by Q' the free amalgam of the groups G, i € I, thatis, theset| .., G; with
G:NG; = 1 whenever i # j. We say that the mapping g : Q' — G is an embedding
of Q' into G if it is injective and its restriction to every G; is a homomorphism.

Let @ = Q' \ {1} = {a;, j € J}. Then as in [8], a mapping f : 2%\ {#} — 2% is
called generating on the set €2 if the following conditions hold:

(1) if C € G, forsomei € [ then f(C) = gp{C}\ {1};
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(2) if C is a finite subset of Q and C € G, foreach i € I, then f(C) = B, where
B is an arbitrary finite or countable subset of 2 such that C € B and if D is a
finite subset of B, then f(D) C B;

(3) if C is an infinite subset of Q and C & G, for each i € I, then f(C) =
Uaer f(A), where T is the set of all finite subsets of C.

For example, a generating mapping f on £2 can be defined in the following way:
if C € 22\ {#}and C = |J,_, Ci, where C; = CNG,, i € I, then f(C) =

iel

(Uie[ gp{CiP \ {1}

We denote by G (1) the free product of groups G;, i € I. A group G having the
presentation
(1.1) G=(G()|R=1ReD)

is called (diagrammatically) aspherical ((diagrammatically) atoroidal) if every dia-
gram on the sphere (torus) over (1.1) is either non-reduced or consists entirely of
O-cells. (All necessary information about diagrams can be found in [10].)

Let G = gp{2}, f an arbitrary generating mapping on 2. We say that X is a
minimal word of a group G if it is follows from X = Y in G that | X| < |Y|, where |Z]
denotes the length of the word Z. Let W be the set of all non-empty words over the
alphabet 2 written in the normal form, that is, every element X in W is written in the
form X, ... X, whereeach X, 1 <[ < k, is anon-trivial elementof G, (/) € I,
and u(l) # u(l +1)forl = 1,...,k — 1. Then a mapping F : 2% \ {#} — 2%is
defined in the following way: if C € W and C #  then let V be the set of all letters
occuring in the expressions of words of C. Then we set F(C) = f(V).

The main result of this paper is the following embedding scheme:

THEOREM A. Let m be a sufficiently large odd number orm = 00, g, : G; > Ha
set of arbitrary homomorphisms of groups with kernels N;, i € I, such that a system
of subgroups {g,(G;)}ic; generates H, let {N;};c;,, I, € I, be the set of nontrivial
groups of the set {N;};c;, 2| the free amalgam of the groups N;, j € I, and let f be
an arbitrary generating mapping on Q2 such that f(C) N Q! # @ if C € G, for each
i € I.If|I}| > 1 then the free amalgam Q' of the groups G; can be embedded in an

aspherical atoroidal group G = gp{S2} with the following properties:

(1) the free amalgam Q! is embedded in a normal simple infinite subgroup L of G
suchthat G/L = H;

(2) ifX € LandX isnot conjugate in G to an element of one of the groups G;, i € I,
then either X is equal to a power of an element Y, where Y is of infinite order
and whose homomorphic image in H has even order, or X is of order dividing
m (of infinite order in the case m = 00);

(3) AutL =G (and soOutL = H) and if g € G; \ Q\, i € I, then the mapping
g : L — g~'Lg is a regular automorphism of L (that is, g(a) = a if and only if
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a = 1) if and only if there is no ¢ € G; Ny, where Q, = Q] \ {1}, such that
(g, cl=1;

(4) every subgroup M of G is either a cyclic group or M N L = 1 and the homo-
morphic image of M in H = G /L has an element of infinite order, or M is
conjugate in G to an extension G¢ y of a group H' by a normal subgroup L¢
(thatis,Ge.y/Lc = H'), where H' < H and if every element of L is a minimal
word of G, then C = F(Lc \ {1}) or C =@ in the case L. = {1};

(5) Lc < ReNL,where Re = gp{C}, C € 2%\ {0} or Rc = {1} inthe case C = 0,
andif C € G; foreachi € I, then Lc = Re NLand Ge g < Re;

(6) if C € G, for eachi € I, then for eacha € f(C) N Qy, Lc = gplbab™',b €
f(O)} (in particular, L = gp{bab™"', b € Q}, where a is an arbitrary element of
Q)

(7) if X is a minimal non-trivial word of the group G, then X € R¢ if and only if
F{X}) € f(O);

(8) if {Gjljes, J € 1, is a set of all groups having non-trivial intersections with a
subgroup Rc of G and X € Z7'RcZ, where |Z| is the minimal among all words
inRcZ and G;Z for each j € J, then F({Z})) € F({X});

) ifC € G, foreachi € I, M is a subgroup of G in which every element is a
minimal word of G, then gp{L¢, M}N L = L¢,, where C; = F(CU (M \ {1}));

(10) if H = G, for some s € I and the homomorphism g; : G; — H is trivial for
each j € I \ {s}, then G is the semidirect product of H and L.

The first corollary of Theorem A is devoted to the groups of outer automorphisms
of simple infinite groups. Matumoto [5] proved that every group is isomorphic to the
outer automorphism group of some group, and a scheme of an ‘economical’ embedding
of an arbitrary set of groups without involutions in a simple complete group (that is,
a group with trivial centre and no outer automorphisms) was established in [9]. Now
we have

THEOREM B. Let {G;}ic;, |I| > 1, be an arbitrary set of non-trivial groups without
involutions, H an arbitrary (in particular, trivial) group without involutions, Q' the
free amalgam of the groups H and G;, i € 1, and let f be an arbitrary generating
mapping on 2 = Q'\ {1}, m a sufficiently large odd number or m = oo. Then the
free amalgam Q' can be embedded in an aspherical atoroidal group G = gp{2} with
the following properties:

(1) the free amalgam of the groups G; is embedded in a simple normal infinite
subgroup L of G and G/L = H;

(2) Out L = H and for each g € H \ {1}, g is a regular automorphism of L;

(3) every non-trivial subgroup of L is a cyclic group of order dividing m (an infinite
cyclic group in the case m = 00) or contained in a subgroup conjugate in
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G to some G;, or conjugate in G to a subgroup Lc = Rc N L, where C €
29\2"  Rc = gp{C}, and Lc = gp{bab™',b € f(C)}foreacha € f(C)\ H.

PROOF. Let g; : G; — H be the trivial homomorphism for each i € I, gy :
H — H the natural isomorphism. Then a system {N,};¢; of non-trivial kernels of the
homomorphisms g, and g;, i € /, is the same as the set of the groups G;, i € I, and
hence Theorem A applies to !, f and m and yields the required G.

If the condition ‘a group H has no involutions’ is omitted, then the situation is
more complicated.

THEOREM C. Let{G;}ics, |I| > 1, be an arbitrary set of non-trivial groups without
involutions, H = gplh;};c; an arbitrary (in particular, trivial) group, n; the order
ofhjin H, j € J, let {S; = gp{s;}}jes be a set of infinite cyclic groups, Q' the free
amalgam of the groups {G }ic; and {S;};c;, 2| the free amalgam of the groups {G }ic;
and {gp{s;"}}jE,, where gp{s;"} = {1} ifn; = 00, and let f be an arbitrary generating
mapping on Q = Q' \ {1} such that f(C)NQ # B if C € S, for each j € J. Then
the free amalgam Q' can be embedded in an aspherical atoroidal group G = gp{2}
with the following properties:

(1) the free amalgam X} is embedded in a simple normal infinite subgroup L of G
and G/L = H;

2) Out L=H;

(3) every non-trivial subgroup of L is an infinite cyclic or contained in a subgroup
conjugate in G to some G;, or conjugate in G to a subgroup Lo = Rc N L,
where C € 2%\ {8}, Rc = gp{C}, and L = gplbab™',b € f(C)} for each
ae f(C)ynQl.

PROOF. Let g; : G; — H be the trivial homomorphism for each i € I, and for each
J € J, we define a homomorphism g; : S; — H by setting g;(s;) = &}, t > 1. Then
Theorem A applies to ', f and m = oo and yields the required G.

For countable groups, we have the following important corollary:

THEOREM D. Let {G,}icr, |1} > 1, be an at most countable set of non-trivial finite
or countable groups without involutions, H an arbitrary at most countable group, m
a sufficiently large odd number or m = oco. Then the free amalgam of the groups G;
can be embedded in a simple infinite group L with the following properties:

(1) OutL = H, andif H has no involutions then for each g € H\ {1}, g isaregular
automorphism of L,
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(2) every proper subgroup of L is either an infinite cyclic group (a cyclic group of
order dividing m if H has no involutions and m < 00) or contained in a subgroup
Y (G;) for some y € AutL andi € I.

PROOFE. If H has no involutions, then let Q' be the free amalgam of the groups H
and G;, i € I.If H = gp{h;};c; has involutions, then let ' be the free amalgam
of the groups G,, i € I, and of infinite cyclic groups S, = gp{s;}, j € J. In any
case, we define a generating mapping f on Q = Q' \ {1} in the following way: if
CcCcQ CZG foreachi e /landC € H (and C € §; foreach j € J in the
second case), then f(C) = Q. Then Theorem B or Theorem C applies to ', m and
this mapping f and yields the group G with the required normal subgroup L.

COROLLARY. Let H be an arbitrary at most countable group. Then for any suffi-
ciently large prime number p or p = 00, there exists a simple infinite group L all
of whose proper subgroups are infinite cyclic (cyclic groups of order p if H has no
involutions and p < o0) such that Out L = H, and if H has no involutions then for
each g € H\ {1}, g is areqular automorphism of L.

PROOF. It is sufficient to take G and G, to be cyclic groups of order p and L as
the group in Theorem D for the set {G,, G,} and m = p.

A group G is called a K-group if its subgroup lattice is complemented, that is,
for each A < G there exists B < G such that AN B = 1 and gp{A, B} = G.
The following obvious remark will be used for proving results about K-groups: if
A,B <G, ANB =1andgp{A, B} = G, then the groups Z"'AZ, Z ' BZ satisfy
these conditions for each Z € G.

It is easy to see that a subgroup of a K -group is not, in general, a K-group, as the
following example shows: S, is a K-group with cyclic subgroups of order 4 which
are not K -groups. Further information on subgroups of K -groups is contained in

THEOREM E. Letm be a sufficiently large odd number orm = 00, {G,}ies, || > 1,
an arbitrary set of non-trivial groups without involutions, G, a cyclic group of order
m. Then the free amalgam Q' of the groups Gy and G;, i € I, can be embedded in
a simple infinite K-group G = gp{Q2}, where Q = Q' \ {1}, such that every proper
subgroup of G is either a cyclic group of order dividing m (an infinite cyclic group in
the case m = 00) or conjugate to a subgroup R = gp{C} for some C € 2%\ {#}},
where if CN Gy # 1land C € Gy, then Gy C C,andb € ReNG;, i e TU{0}, if
andonly ifb € CNG,.

PROOF. We set H = {1} and define a generating mapping f on 2 in the following
way: if C € Q, C € Goand C = | J,,) Ci» where C; = CNG,, i € IU{0}, then

f(©) = Gyul ., eplCin\ (1),
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where G = G, in the case Cy # #, for otherwise G;, = {1}. It remains to prove that
the group G taken as the group in Theorem A for {G,}ic;uj0), ™ and the mapping f is
a K -group.

Let M be a proper subgroup of G, 2, = 2\ Gy and Gy = gp{a}. We consider the
following cases:

(1) if M = Rc and 2, € C, then Gy N C = @ (since for otherwise M = G) and by
Theorem A, Rc Na~'Rg.a = 1 and gp{R, a ' Rg,a} = G;

(2) f M = R and there is b € €, \ C, then it follows from Theorem A that
ReNb'a'Rg,ab = 1 and gp{Rc, b'a™'Rg,ab} = G,

(3) if M = gp{X}isacyclic group, thenitis obvious thatthereis Y € G suchthata €
F({Y'XY}),and by Theorem A, MNY R, Y ' = land gp{M, YRs, Y~ !} = G.

The proof of Theorem E is complete.

The following result is devoted to construction of K -groups having proper normal
subgroups.

THEOREM F. If in the statement of Theorem A the map g; : G; — H is an iso-
morphism for some i € I, the homomorphism g; . G; — H is trivial for each
J € I\{i}, Hisa K-group and a generating mapping f on Q is defined in such a
way that F(H U{a}) = Q for each a € Q, then G is a K-group.

PROOF. It follows from the statement of Theorem F that G is the semidirect product
of H and L. Let M be a proper subgroup of G. Then the following cases are
possible.

(1) M NL =1 and M, is the homomorphic image of M in H, then there is a
subgroup M, of H such that M, " M, = 1 and gp{M,, M,} = H. Hence by
Theorem A, M N M,L = 1 and gp{M, M,L} = G.

(2) fMNL #1and M N H = M|, then there is a subgroup M, of H such that
My N M, = 1 and gp{M,, My} = H. Then it follows from Theorem A that
M N M, =1and gp{M, M,} 2 gp{H, M N L} = G, as required.

By Theorem E, every group without involutions is a subgroup of some simple
K-group. The situation with normal subgroups of K-groups is less clear. Emaldi
asked in {4, problem 11.128] whether normal subgroups of K -groups are K-groups.

COROLLARY. There exists a K-group G containing a normal simple infinite sub-
group L such thatif A, B < L and gp{A, B} = L, then either A=LorB=1L.

PROOE. Let m be a sufficiently large odd number or m = 00, {G; = gpla;}}i»
a set of cyclic groups of order m (of infinite cyclic groups in the case m = 00), 2}
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the free amalgam of the groups {G,};>3. Then Theorem E applies to the set {G,;};5;3
and m and yields the K-group H = gp{€,}, where @, = @] \ {1}, in which every
proper subgroup is either a cyclic group of order dividing m or conjugate to a subgroup
R¢ = gp{C} for some C € 2%\ {#}}, where if CNG; # 1 and C € G3, thenG; C C,
anda € RceNG;, j=3,ifandonlyifa € C N G;.

Let Q' be the free amalgam of the groups H, G, and G,. A generating mapping f
on = Q'\ {1} is defined in the following way: if C is a finite subset of Q, C € H
and C € G;, i =1, 2, then k is the maximal index of letters of ' = {a;},>, occurring
in the expressions of words of C (over the alphabet '), then f(C) = (., G,)\ {1}.
Finally, if C is an infinite subset of Q, C € H and C € G;, i = 1,2, then
f(C) = U,cr f(A), where T is the set of all finite subsets of C. Then Theorem F
applies to the set {H, G, G,} (with trivial homomorphisms g; : G; — H, i = 1,2)
and the mapping f and yields the K -group G with the simple infinite normal subgroup
L.

Let for each k > 2, €, be the free amalgam of the groups {G;},<;<. Then by
Theorem A, every proper subgroup of L is either a cyclic group of order dividing m
or conjugate to a subgroup S, consisting of all minimal words T of L with F({T}) C
Q;, k>2.

Let A and B be proper subgroups of L. For each minimal word D of L, we
denote by M (D) the maximal index of letters occurring in the expression of D
(over the alphabet ©2). Assume first that A = gp{X} and B = gp{Y}, where X
and Y are minimal words in L. Then it follows from Theorem A that gp{A, B} <
Sy, where k£ = max(M(X), M(Y),2). We now consider the second case when
A= Z7'S,Z, B = gp{X}, where Z, X are minimal words in L. Then it follows
from Theorem A that gp{A, B} < §,, where ¢t = max(k, M(Z), M(X)). The case
when A = gp{X}, B = Z7'S,Z can be considered in a similar way. Finally if
A= Zl‘lSkZI, B = Z{‘S,Zz and Z,, Z, are minimal words in L, then by Theorem
A, gp{A, B} < §,, where t = max(k,l, M(Z,), M(Z,)). This completes the proof of
the corollary.

A group G is called normally factorized if for each normal subgroup A of G there
is B < Gsuchthat ANB =1and AB = G. It is obvious that every K-group is
normally factorized. Moreover, these conditions coincide in some classes of groups,
in particular, in the class of all soluble groups (Napolitani [6]), and in [3] it was noted
that there were no examples to show that these conditions were distinct.

COROLLARY 2. The group L in Corollary 1 provides an example of a simple (and
hence normally factorized) group which is not a K-group.

The following result is connected with a question about Frattini subgroups. The
Frattini subgroup ®(G) of a group G is the intersection of all the maximal subgroups
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of G (®(G) = G when G has no maximal subgroups). In [2] and {7] were constructed
countable simple groups without maximal subgroups. Of course, for each such group
G, ®(G) is a simple group. In his report at the Conference on Group Theory (Trento,
Italy, 1993) J. Wiegold asked about the existence of a finitely generated group G with
non-trivial simple Frattini subgroup ®(G).

THEOREM G. Let H be an arbitrary periodic or abelian group withd(H) = k, k >
2, where d(H) is the minimal number of generators of H, and let s be a sufficiently
large odd number or s = 0. Then there exists a k-generator group G such that

(1) G has a normal simple infinite subgroup L such that all proper subgroups of L
are infinite cyclic (cyclic groups of order dividing s if H has no involutions and
s <ooyand G/L = H;

(2) every non-cyclic subgroup of G contains L;

(3) ®(G) is isomorphic to an extension of the group ®(H) by L (that is, (G)/L =
O(H)), in particular, if ®(H) = 1 then ®(G) = L.

PROOF. Let {;};; < be an arbitrary set of generatorsof H,G; = gpla;}, | <i <k,
an infinite cyclic group (a cyclic group of order s#; if H has no involutions and s < 00),
where #; is the order of b; in H, Q! the free amalgam of the groups G,. Then for each
i,1 <i <k, we define a homomorphism g, : G; — H by setting g;(af) = b{, t > 1.
A generating mapping f on = Q' \ {1} is defined in the following way: if C € Q
and C € G, foreachi, I <i <k, then f(C) = Q2. Hence Theorem A applies to
Q!, m = oo (or m = s if H has no involutions) and the mapping f and yields the
k-generator group G satisfying assertion (1) of the theorem.

By the statement of the theorem, H is a periodic or abelian group. Then it follows
from Theorem A and [10, Theorem 33.7] that every non-cyclic subgroup of G has a
non-trivial intersection with L.

Let M be a non-cyclic subgroup of G. Then M N L # 1 and it follows from
Theorem A and the definition of the mapping f that L < M.

It remains to prove that the Frattini subgroup of the group G is isomorphic to
an extension of the group ®(H) by L. It is sufficient to show that every maximal
subgroup M of G is an extension of a maximal subgroup of H by the group L. But M
is not cyclic, for otherwise, G is an extension of a cyclic group by L, which contradicts
the hypothesis of the theorem. Then by assertion (2) of the theorem, L < M. The
homomorphic image M, of M in H is amaximal subgroup of H, since M is a maximal
subgroup of G; hence M is an extension of M; by L. This completes the proof of the
theorem.

Another application of Theorem G was noted by H. Smith and J. Wiegold. It is
devoted to the solution of the following problem of J. C. Lennox. Let 7 be an arbitrary
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set of prime numbers, G a finitely generated group such that if M < G and G/MC is
a finite 7 -group, where MY is the normal closure of M in G, then |G : M| is a finite
m-number. Lennox asked in [4, problem 8.32] whether the group G is nilpotent and
noted that it is true for finitely generated soluble groups. A negative answer to this
question follows immediately from

COROLLARY. There is a 2-generator group G having a normal simple infinite
subgroup L such that all proper subgroups of L are infinite cyclic, G/ L is isomorphic
to the free abelian group of rank 2 and if G/MFC is a finite group for some subgroup
M of G, then M is a normal subgroup of G.

PROOF. It is sufficient to take H to be the free abelian group of rank 2 and G as
the group in Theorem G for H and s = oo. Then if M < G is such that G/MC is a
finite group, it is easy to see that M is not cyclic, and by assertion (2) of Theorem G,
L < M. Now it is follows from the commutativity of G/L = H that M = M°©.

A subgroup L of a group G is said to be dual-standard if for any subgroups X, Y
of G, gp{X,Y}NL =gp{X NL,Y N L}. Dual-standard subgroups of finite groups
were studied by Zappa [12], those of torsion-free locally soluble groups by Ivanov [1],
and Stonehewer and Zacher [11] gave a characterization of dual-standard subgroups
of non-periodic locally soluble groups. One more type of dual-standard subgroups is
given by the following theorem.

THEOREM H. Let H be an arbitrary non-trivial, at most countable, periodic group,
s a sufficiently large odd number or s = 0o. Then there exists a group G having
a normal dual-standard infinite subgroup L such that H = G /L and all proper
subgroups of L are infinite cyclic (cyclic groups of order dividing s if H has no
involutions and s < 00).

PROOF. Let {b;};c; be an arbitrary set of generators of H. We define groups G;,
homomorphisms g;, i € I, aset Q and a generating mapping f on 2 as in the proof
of Theorem G (if we consider the set I instead of {1,...,k}). Then Theorem A
applies to {G,};cy, m = oo (or m = s if H has no involutions) and the mapping f
and yields the group G with the normal infinite subgroup L such that H = G/L and
all proper subgroups of L are infinite cyclic (cyclic groups of order dividing s if H
has no involutions).

By the assumption of the theorem, H is a periodic group; it then follows from
Theorem A that every proper subgroup of G has a non-trivial intersection with L. Let
A, B be arbitrary proper subgroups of G. We consider the following cases.

(1) If gp{A, B} is cyclic then it is not hard to show that gp{A, B} N L = gp{A N
L,BNL}.
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(2) If gp{A, B} is not cyclic then gp{A, B} N L # 1 and it follows from Theorem
A and the definition of the mapping f that L < gp{A, B}. On the other hand,
it follows from Theorem A that gp{A N L, B N L} is not cyclic, and hence
L =gp{AN L, BN L}, as required.

In this paper we use the results from [9} and the geometric method of graded
diagrams developed by Ol’shanskii (see [10]). Unless otherwise stated, all definitions
and notation may be found in [10].

2. Construction of the group G

As in [10], we introduce the positive parameters «, 8, y, 8, &, &, n, t, where all
the parameters are arranged according to ‘height’: that is, the small positive value 8 is
chosen after «, y after 8, and so on. Our proofs are based on a system of inequalities
involving these parameters. The value of the parameters can be chosen in such a way
that all the inequalities hold. We then use the following notation:

o =124a, B=1-8, y=1—y, h=6"'" d=n'n=0"

We also use the notation introduced at the beginning of Section 1 and fix a suffi-
ciently large odd integer ng such that n = [(h + 1)"'n,], where (k] denotes the integer
part of k. We set m = ng in the case m < oc.

On the set W we introduce a total order such that | X| < |Y| implies X < Y.

We may assume that /; is a well-ordered set, #; and ¢, are the minimal and the
maximal elements of I, respectively (if such a #, exists), and ; = Q, U 25 I'is the
union of two subsets 2, and §;' such that Q, N Q;' =Pand Q;' = {a~ ', a € Q).
We also may assume that 2, is a well-ordered set such thatif a € N, and b € N,
where i < j, thena < b.

By the statement of Theorem A, there is a homomorphism of the free product G (1)
of groups G;, i € I, onto H such that its restriction to every group G; is equal to g;.
Suppose that the kernel of this homomorphism is N.

Let D, = #, and suppose, by induction, that we have defined the set of relators
D1 CN,i>2andsetG(Ii —1)=(G(1) | R=1;R € D; ).

A word X is called free in rank i — 1 if X is not conjugate in rank ; — 1 to an
element of !, that is, to an image in G (i — 1) of an element of one of the free factors
G;. A non-empty word Y is said to be simple in rank i — 1 if it is free in rank i — 1,
not conjugate in rank { — 1 (that is, in G(i — 1)) to a power of a shorter word and not
conjugate in rank { — 1 to a power of a period of rank k < i.

Now let P; denote a set of words of length i which are simple in rank i — 1 with
the property that A, B € P, and A # B implies that A is not conjugate in rank i — 1
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to B or B~'. The words in P; are called periods of rank i. We may assume (see [9,

Lemma 3.1]) thatif a, b € N, N, ¢ € N;NQ,, d € N, N Q,, where | < j (if

such a j exists), s # [ and a < b, then the words ac, A, = adbd, la,c], A, =

ala,c), Ay =ala,cl™, Ay =cla,c]™, As = c 'a, c]™, As = [(ac), ], A7 =

(ac)"A‘6, Ag = (ac)* A;' are periods of some ranks for each k, ¢z, where 100" <

k < 10°¢72, £no/300 <t < ng/2.

For each period A € P, N N, we fix a maximal subset Y, such that:

(1) if T € Yq,thenl < |T| < d|A|;

(2) eachdouble coset of the pair gp{ A}, gp{A} of subgroups of G (i) contains at most
one word in Y, and this word is of minimal length among the words representing
this double coset;

(3) if TeY,, thenT € Nand F({T}) € F({A)).

We may assume (see [9, Lemma 3.1]) that if a period A of some rank is conjugate
to a word (BC')*, where C is a period not equal to [a, c] or A, || =1, &ne/300 <
t <ng/2and B € Yc,thene = 1.

For each period A € P, N N, we introduce the ordering of the set of natural
numbers (or a finite segment of it) on the set Y, such that the first element of the set Y,
belongs to €2; (it follows from the statement of Theorem A that Y, N 2, # ©) and if
A=A, 1 <k <8,0orA =[a,c]forsomea, b € NNNQ,, c € N;NQ,, d € N;NQ,,
where a < b, s # [ and ! < j, then a is the first element of the set Y,. We denote
this order by <,4.

The set of relators S; of rank / is constructed as follows. Firstly,if A € P;, m < o©
and there is a minimal positive integer k such that A* € N, then in the case that & is
an odd number, we include in S; a word of the form A*™ (a relator of the first type)
and call a relation

2.1 Afm =1

a defining relation of the first type of rank i.

Foreach period A € P, N, i > 3, we now construct some relations of the second
type. Let a be the minimal element of the set F({A}). If A = A;, j € {2, 3}, for
somea € NN, ¢ € NN, where! < s, then foreach k, 5 < k < 15, we
introduce the following relations:

(22) C—lAnCAn+kCAn+30+k . CAn+30(h«2)+k — 1,
and
(23) a-lAnaAn+kaAn+30+k . aAn+30(h—2)+k =1.

IfA=A4;, jel7 8}, forsomea e NN, c € N;,NQ,, where! < s, then for
each k, t, where 16 < k < 25, 100z~ <t < 10°272, we consider the relation

(24) acAn(ac)tAn+k(aC)1An+3O+k .. (ac)!An+30(h—2)+k = 1.
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LetT € Yoand T # a,c inthe case A = A;, j € {2, 3}. If a is not contained in
gp{A} C GG — 1), T is outside gp{A}a gp{A}, then we introduce the relation

2.5) QATT AMFIOT ArH40 T An+30Gi-24+10 _ |

’

and if T belongs to gp{A}a gp{A}, then it follows from [10, Lemma 25.18] that T is
not contained in gp{A}a~! gp{A}in G(i — 1), and we set

(2.6) a TATT ATTOT AnH90 LT AnH30GB-D410

IfT e Yyand T # (ac)’, 100! <t < 10°¢72, in the case A = A;, je{7,8},
then we introduce the relation

(27) a—lAn TAn+20TAn+50 .. TAn+30(h—2)+20 = 1.

And if T € Y, then let 7| be the minimal element of the set Y, such that 7} is not
contained in neither gp{A} C G(i — 1) nor in gp{A}a*' gp{A} and T <, T, (if such
an element T, exists). Then we consider the relation

(2.8) T AT A"POT AnHO0 .. T AnH30G-D —

Relations (2.2)—(2.8) are called defining relations of the second type of rank i, and
their left-hand sides are called relators of the second type of rank i, and are included
in §;. Foreachi > 2, we set D; = D;_, U §;, and the group G (i) is defined by its
presentation:

2.9 G@ =G| R=1;R e D).

Finally, we define G = (G(1) | R=1; R € D = ., D)).

By a diagram of rank i, where i > 2, we mean a diagram over the presentation
(2.9). Relators of the first type (in the case m < 00) correspond, in the diagrams
under considerations, to cells of the first type whose contour (that is, boundary path)
is taken as one long cyclic section. But if a cell IT corresponds to a word of the
form (2.2)—(2.8), then it is called a cell of the second type. Its contour splits into
sections according to (2.2)—(2.8). Those sections of IT with labels (A"**)*! are called
long sections while the others (with labels T*!, a*!, (ac)*' and T*') are called short
sections of the contour.

3. Auxiliary lemmas

Immediate verification shows that the above presentations of the groups G (i) satisfy
condition R (see [10, §§25, 34]). So we can apply to diagrams over the presentation
(2.9) all the results in [10, Chapter 11].

https://doi.org/10.1017/51446788700000252 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700000252

[13] A new embedding scheme for groups and some applications 279

LEMMA 1. Let X = Y in G, where Y is a minimal word of the group G. Then
F({Y}) c F({X)).

PROOF. Let A be a reduced circular diagram of some rank with contour p; p,,
where ¢ (p;) = X!, ¢(p;) = Y. If r(A) = 0, then we derive the conclusion of the
lemma from the definition of the mapping F.

If r(A) > 0, then by [10, Theorem 22.1], there is a y-cell ¥ in A. We proceed
by induction on |A(2)|. It follows from [10, Lemma 21.7] that there is a contiguity
submap I' of @ to p, such that (=, I, p;) > &, since y’ — a’ > ¢. Repeating the proof
of {10, Theorem 22.2], we obtain that there is a long section p of a D-cell IT in A and
a contiguity submap I'; of p to p; such that »(I')) = O and (p, I', p;) > €. By the
definition of the relations of G, if I is a cell of the second type and ¢,, t, are its short
and long sections, respectively, then F({¢(1,)}) € F({¢(%,)}). Therefore, excising
1 from A together with ", we obtain a diagram A, of an equation X;'Y = 1
with [A;(2)] < |A(@)}, and F({X,}) € F({X}). By the induction hypothesis we can
assume the lemma is true for this equation. Hence F({Y}) € F({X,}) € F({X}), as
required.

LEMMA 2. Let T be a contiguity submap of q| to q, in a B-diagram A and
¢ (q;), ¢(q;) minimal words in G, where q, and q;, are sections of cells or of contours
of A If3(q;, T, q5) = p1q1P2qa, then the following conditions hold:

(1) Fo(p)) € F({p(g))) for eachi, j € {1,2};
(2) Fo@)) = F({og)}.

PROOF. We denote by E| and E, the bonds defining I'. If E| and E, are 0-bonds,
then |p,| = | p2| = 0, and we derive the conclusion of the lemma from Lemma 1.

Let  be the principal cell of E; and r(7) = k > 0. By definition of the bond,
there are contiguity submaps I';, I'; of long sections #; and ¢, of 7 to g; and g, such
that (1, T, ¢)) > ¢, i = 1,2. We denote by piqi p;q; the standard decomposition of
the contour dT;, where I'; A g/ = ¢, T At; = g}, i = 1,2. Since I'; and I'; have
fewer D-cells than A, then by the induction hypothesis,

3.1 F¢@)) =F(e¢@)h. i=12

and

3.2) F({¢(pDD) S F(p (gD

foreachi, j € (1, 2}. It follows from the definition of the mapping F and the relations
of G that

(3.3) F(lp(®m)}) = F{p(g)D
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foreachi € {1, 2}.
The path p, has the form p?up), where u~! is a subpath in 7. Then by the definition
of the mapping F,

(3.4 F({p(w)}) € F({op(@m)})).

It follows from (3.1)—(3.4) that

Fl¢(ph S Flo(pD), o), d(p)H) € FUd(g))

foreachi € {1, 2}. Hence F({¢(p)}) € F{e#(g)D, i =1,2.
Similarly we obtain the required assertion for F({¢(p;)}). Now it follows from
Lemma 1 that

F({¢ (gD € F{d(gs-). d(p1), ¢(p2)}) € F({(g5-)D

for each i € {1, 2}. This completes the proof of the lemma.

LEMMA 3. Let V be a minimal word in G and V = Z7'A'Z, where A is a period
of some rank, Z is a minimal word in G, or V = Z‘lajZ, where a; € G, for some
i € I and Z is of minimal length among the words representing a coset G;Z. Then
F{VhH =F({Z, A) (F{V}) = F({Z, a;})).

PROOF. Consider, for example, the first case (the other case of the lemma can be
considered in the same manner).

By Lemma 1, F({V}) € F({Z, A}): hence it is necessary to show the reverse
inclusion. We note that for this purpose it is sufficient to find X € G such that V =
X 'A'X and F({V}) D F({X, A}), since by [10, Lemma 34.9] ZX ™! € gp{A}, and it
follows from Lemma 1 that F({Z}) € F({X, A}), hence F({Z, A}) C F({X, A}) C
F{VD.

Let V = Y~'V|Y in the group G(1), where V/ is cyclically minimal in G(1). Then
there is a reduced annular diagram A of some rank with contours p and g, where
¢(p)=Viand ¢(q) = A™".

Repeating the proof of Lemma 1, we obtain that foreachcellr in A, F({¢(07)}) €
F({V\}) and

(3.5) F{A}) € F({viD.
Therefore, there exists a word L such that V; = L~'A’L and

(3.6) F{L} < F({Vi, AD <€ F({("1D).
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We have that V = (LY) 'A"(LY) = X" 'A’X, and by Lemma 1 and (3.5), (3.6),
FAX,A) C F({Vi,L, YD) € F{VD.

The proof of the lemma is complete.

A reduced diagram A of rank i on a sphere with three holes with contours ¢?, g2, ¥
is called /-diagram if the following conditions hold:

I1. sections ¢ and ¢ have labels A* and A~*, respectively, where A is either a
simple word in rank i or a period of rank j < i, 100! < k(and k < ny/2if A
is a period of the first type);

I2. the section g} is cyclically reduced;

I3. if I is a contiguity submap of q,.°l to qg, where i|,i, € {1,2} and i; # i,, then
(¢.T,q)) < 1/100and (g2, T, g) < 1/100;

4. ifT isa contiguity submap of a long section p of acell ITto g}, then (p, T, ¢9) <
€.

LEMMA 4. In any I-diagram A, there are contiguity submaps 'y and T of ¥ to g3
and 3 to q?, respectively, such that r(T';) =0 and (¢°, T, ¢3) > 1/10, i =1, 2.

PROOF. We consider the following cases.

(1) Let 5 be a section of a cell r or a subpath of a section q,.o, i=1,2,and T a
contiguity submap of s to g3. Then by condition I4, T" is the 0-contiguity submap with
contour p;s|p,s,, where |p;| = |p.] = 0 and s, s, are subpaths of sections s and
g7, respectively. If r(I") > O then by [10, Theorem 22.1], there is a y-cell ITin T.
It follows from [10, Lemma 21.7] that for any contiguity submap I'y of I to s, the
", -contiguity degree of I to s, is less than «’; hence there exists a contiguity submap
I, of IT to ¢ such that (T1, I', ¢3) > &, and we arrive at a contradiction to condition
I4. Thus r(I') = 0.

(2) Let T be a contiguity submap of ¢} to ¢3. Then by condition I4 and [10, Theorem
22.1], we obtain, as in case 1, that »(I") = 0, since 2¢ < y’.

(3) We define the distinguished contiguity submaps in an I-diagram in the same way
as for E-maps. The Q-edges of the contiguity arcs of ¢° to ¢°, where i € {1,2}, i’ €
{1, 2, 3}, for the distinguished submaps are called outer edges in A while all the other
edges are called inner. The construction of the estimating graphs and the weight
function is left unchanged. We obtain estimates for the sums H’, C’, D’ and G’ in the
same way as in [10, Lemma 24.6].

Let K’ be defined for an I-diagram in the same way as in {10, Lemma 23.8] for a
C-map. If ¢, = ¢} then by case 1 and condition I4, |g,| = |¢1| < €|q;| (notation from
[10, Lemma 23.8]). Then, as in [10, Lemma 23.8], we obtain K’ < 10s**M.
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Now L’ can be defined as the sum L in [10, Lemma 23.12] (sections of the contour
of the first kind are now replaced by ¢?, ¢ and ¢2). If ¢ = ¢? then by case 1,
lg2l = |q11 < dk (notation from [10, Lemma 23.12]). As in that lemma, we have
L’ < aM. Then as in [10, Lemma 24.6], immediate verification shows that

3.7 M < av(A).

(4) Let T be a contiguity submap of ¢J to ¢ and 3(¢q?, T, g7) = pis)p2s2. Then
by case 2, r(I') = 0, and it follows from condition 12 that A consists of two annular
subdiagrams A; and A, with contours #,q, and #,q,, respectively, where ¢,, t, are
subpaths of g?, such that A, and A, are joined in A by subpaths sy, s of ¢0. Applying
condition 14, [10, Theorem 22.1 and Lemma 21.7] to A;, i = 1, 2, we obtain, as in
case 1, that r(A;) = 0, which completes the proof of the lemma in this case.

(5) It remains to consider the case when A has no contiguity submaps of g to
q?°. Tt follows from [10, Lemma 25.8] that there is no contiguity submap T'; of ¢’ to
q?, i = 1,2, such that (g°, T, ¢") > 1/100. Then by (3.7) and condition I3, there
are distinguished contiguity submaps I';, T, of g7, ¢J to g7, respectively, such that the
sum of the weights of the contiguity arcs s; = I') Ag} and s, = I'; A g} is greater than

(3.8) (1 —a—4/100)v(A) > 9v(A)/10.
But by condition I1 and the definition of the weight function,

(3.9) v(g)) = v(gy) = v(A)/2.

It follows from (3.8) and (3.9) that I'; exists for each i € {1, 2}, and in the light of
case 1, we have the conclusion of the lemma.

LEMMA 5. Let A and C be periods of the group G, V = C*, where 100" < k
(and k < no/2 if C is a period of the first type), W a word which does not commute
with 'V in G and whose length is minimal among all words in the double coset
gp{C*}W gp{C*}, and also let C*WC* W' = Z-1A'Z, where Z is a minimal word
in G (and |l| < ny/2 if A is a period of the first type). Then |I| < 100¢~! and, by
a simultaneous conjugation in G, we can bring ([C*, W1, C*) to the form (A', B),
where B is a minimal word in G, |B| < djA| and

(3.10) F({A}) = F({C,W}), F({B}) < F({A}).

PROOE. By [10, Lemma 25.21], it remains to prove only (3.10). It follows from
Lemmas 1 and 3 that F({A, Z}) € F({C, W}); hence

(3.1hH F({A}) ¢ FUC, W).
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Now let A be areduced annular diagram (of some rank) with contours p and g such
that $(q) = A™, p = pip2pspa. #(p1) = ¢(ps') = C*, o(p) = p(p;) = W.
Pasting together paths p, and p;', we obtain a diagram A’ on a sphere with three
holes whose reduced form (that is, with j-pairs removed) is denoted by A,. The
cyclic sections p;, p; and g can be assumed smooth in A, if we modify their labels in
accordance with {10, Lemma 13.3].

Itis obvious that A satisfies conditions I1 and 12. Suppose that there is a contiguity
submap I of p;, to p;,, where i, i, € {1,3} and i; # i, such that (p;, T, p;,) >
1/100. We have that |C| = |C™!|; then by [10, Lemma 25.10], p, and p; are C-
compatible in Ag, and using [10, Lemma 24.9], we arrive at a contradiction to the
choice of the word W. Thus A, satisfies condition I3.

Now we assume that there is a long section ¢ of a D-cell 7 in A, and a contiguity
submap T of ¢ to g such that (¢, T, ¢) > ¢. Then repeating the proof of [10, Theorem
22.2], we obtain that there is a cell ; and a contiguity submap I'; of a long section
t; of 7y to g such that r(I';) = 0 and (4, I'y, ¢) > &. Excising the cell 7, together
with "} from A,, we obtain a diagram A; on a sphere with three holes with cyclic
sections p;, p; and ¢, such that |[A;(2)] < |A(2)|. We can assume that the section
qi is cyclically reduced, and by the definition of the relations of G, F({¢(q1)}) €
F({¢(q)}). Then, by repeating the same trick several times, we obtain an I-diagram
A, with cyclic sections p;, p; and g, such that

(3.12) F{ChH € F({¢@@)D) € Fdo(g}h) = F{AD.

Moreover, the initial points of p; and p; can be joined in A, by a path s of the form
s18's3, where ', s; and s, are subpaths of g,, p; and p;, respectively. Then by [10,
Lemma 24.9], a word ¢ (s) is contained in gp{C*}W gp{C*}, and it follows from the
choice of the word W, Lemma 1 and (3.12) that

(3.13) F({W} c F({AD.

It follows from (3.11)—(3.13) that F({C, W}) = F({A}), and by Lemmas 1 and 3
that F({Z, A}) € F({C, W}) = F({A}). Hence

(3.14) F({Z}) € F{A)).

But the word B is minimal in G and equal in G to the word ZC*Z~'. Then by Lemma
3,(3.12) and (3.14), F({B}) = F({Z, C}) < F({A}), which completes the proof of
the lemma.

LEMMA 6. Let R = gp{C*, W}, where C is a period, C* € N\ {1} and W is a
minimal word in G such that W is not contained in gp{C}. Then R contains a period
C, € N such that F({C,}) = F{C, W}) and n|C| < |Cy|.
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PROOF. We can assume that C* € RN N, where ny/5 < t (and ¢t < ny/2 if C
is a period of the first type). By [10, Lemma 34.9], [C’, W] # 1. It follows from
Lemma 1 that we can assume W has minimal length among all words in the double
coset gp{C'}W gp{C'}, and by Lemma 5 and [10, Lemma 34.7}, [C*, W] = Z7!A/ Z,
where A is a period, Z is a minimal word in G, | f| < 100!, |B| < d|A| for a word
B which is minimal in G and equal in G to the word ZC'Z~", and condition (3.10)
holds. Moreover, it follows from the proof of [10, Lemma 25.21] that

(3.15) |A] > 1072¢%C"| > &%ne|C|/600
and
(3.16) |Z| < 400 72| A|.

Raising A’ to a suitable power we consider the subgroup gp{B, A”} of the group
R, = ZRZ™', where ny/3 < p < 2ny/3. Repeating the proof of [10, Lemma 27.3],
we obtain that BA? = Z,‘leZI, where |¢| = 1, C, is a period of some rank such
that C, € N, Z, is a minimal word in G and

(3.17) 12| < 2|Cyl, nolAl/100 < |C,].

Now let A denote a reduced annular diagram for this conjugacy. Let z/ and g be
the contours of A, where ¢(z) = B, ¢(I) = AP, ¢(¢') = Ci. Then, as in the
proof of [10, Lemma 27.3], there is a contiguity submap I" of / to ¢ in A such that
(1,1, q) > B'. Hence by Lemma 2, F({A}) € F({C,}). But it follows from Lemma
3 and (3.10) that

F({Z,,C\})) C F({B, A}) C F({A}).
Thus
(3.13) F({C\}) = F{AD, F({Z\}) € F({A}D).

We consider the subgroup gp{C,,Z,} of the group R, = Z;RZ;' =
(Z\Z)R(Z,Z)™", where Z, is a minimal word in G which is equal in G to the
word Z,BZ;". It follows from the proof of [10, Lemma 27.3] that | Z,| < 3|C,|, and
by Lemma 1 and (3.10), (3.18),

(3.19) F({Z:}) € F({Z,, B}) € F{C\}.

It follows from Lemma 1, (3.10) and (3.16)—(3.19) that there are Z; € Y,, i €
{1,2}, and Z’ € Y, such that Z; € gp{C,}Z]gp{C:}, i € {1,2}, and Z € gp{C\}Z’
gp{C,}. By the definition of the relation (2.5) for C, and Z}, the minimal element a
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of the set Y, is contained in R,. Now using the defining relation (2.8) for C; and a,
we obtain that @, € R,, where g, is the minimal element of the set Y, \ {a}, and so
on. Thus we have that Z’ and Z| are contained in R;; hence Z, Z, € R, and R = R,.

Finally, it follows from (3.15) and (3.17) that #n{C| < |C,|, which completes the
proof of the lemma.

4. Proof of Theorem A

Let L be the homomorphic image of the group N in G. Then L is anormal subgroup
of G, and it follows from the definition of the relations of G made in Section 2 that
G/L = F/N = H. By [10, Lemma 34.13], a group gp{,} is infinite; hence L is
an infinite subgroup of G. It follows from [10, Lemma 25.1] that the group G is
aspherical and atoroidal.

If X € L and X is not conjugate in G to an element of any G,, i € [, then, by
[10, Lemma 34.7], X is conjugate to a power of a period Y, and it follows from the
definition of the relation (2.1) that either X is of order dividing m (of infinite order in
the case m = 00) or the homomorphic image of ¥ in H has even order and Y is of
infinite order.

Repeating the proof of [9, Theorem A], we obtain that every automorphism of L
is induced by an inner automorphism of G; hence Aut L = G and OutL = H. The
claim about regular automorphisms of L follows from [10, Lemmas 34.9 and 34.11].

Let M be an arbitrary non-cyclic subgroup of G. If M has no free elements, then
by the proof of [10, Theorem 35.1], M is conjugate to a subgroup M, of a group
G;, i € I, and so M is conjugate to a subgroup G¢ y;, where C = (M, N L)\ {1}
and M| is the homomorphic image of M, in H.

Let M contain a free element X of G. By [10, Lemma 34.7], X is conjugate to a
power of a period A. If M N L = 1, then it follows from the definition of the relation
(2.1) that the image A in H has infinite order. In the opposite case, the group M is
conjugate to a subgroup M, containing A* and W, where 1005~ < k (and k < n,/2 if
A is a period of the first type), W is a word which does not commute with A* in G and
whose length is minimal among all words in the double coset gp{A*}W gp{A*}, and
moreover, [A*, W] is contained in L. It follows from Lemma 5 that M, is conjugate
in G to a subgroup M, = gp{C', {W,},,}, where C is a period, C' € L and for each
J € J, W, is aminimal word in G such that W; is not contained in gp{C}.

Of course, M, is an extension of a group A’ by a normal subgroup L' = M, N L,
where H' is the homomorphic image of M, in H. Let K = F({C} U {W;};c,). By
Lemmal, M, < Rgand L' < Lg = RgNL.

Now we prove that Ly < L’. Let X be an arbitrary element of L. Then by
the definition of a generating mapping on 2, there are W,,,... ,W,, ¢t > 1, such
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that F({X}) € F({C,W,,...,W,}). Applying Lemma 6 to the group gp{C’, W, },
we obtain that the group L’ contains a period C; such that F({C\}) = F({C, W, }).
Similarly, gp{C,, W} contains aperiod C, € L’suchthat F({C,} = F({C, W,,, W,,}),
and so on. As a result, we have a period C, € L’ such that F({X}) € F{C}). If
|X| > d|C,|, then by Lemma 6, the subgroup gp{C,, C'} contains a period C,,, such
that F({X}) € F({C,41}) and n{C,| < |C,1,|. Repeating the same trick several times,
we have that L’ contains a period B such that F({X}) € F({B}) and |X| < d|B|. We
may assume that C' € Y3, and it follows from the definition of the relation (2.5) for
B and C' that a € L', where a is the minimal element of the set Yz. Now using the
defining relation (2.8) for B and a, we obtain that a; € L', where q; is the minimal
element of the set Yp \ {a}, and so on. As a result, we have that X; € L', where
X, € Yp such that X is contained in gp{B}X, gp{B}. Then X € L'and Ly < L'.

If C € G; for each i € I, then by the statement of Theorem A, f(C) N, # @.
Leta € f(C)N, and L, = gp{bab™',b € f(C)}. It is obvious that L. < L.
Now we prove that L < L.. We have that C € G, for each i € [; then, by
[10, Lemma 34.11] and the definition of the relations of G, there is b € f(C) and
g, le| = 1, such that [a, b]° is a period. Let X be an arbitrary element of L. Then

by the definition of a generating mapping on €2, there are by, ... , b,, t > 1, such that
F({X}) < F({la,bl, bjab;!, ... , b.ab7'}). Repeating the previous considerations
for X and the set {[a, b], bjab;", ... , bab]'}, weobtainthat X € L. ThenL¢ < L,

as required.

Assertion 7 of Theorem A follows from Lemma 1.

Let C € G, foreachi € I, M be a subgroup of G in which every element is a
minimal word of G, L., = gp{L¢, M} N L and C, = F(C U (M \ {1})). It follows
from Lemma 3 that L;. < L,. Now we prove that L¢, < L¢.. We have that C Z G;
foreachi € I; then L. contains a power A’ of aperod A. Let X € Lc,. Then by the
definition of a generating mapping on 2, there are W, ... , W, € L., t > 1, such
that F({X}) € F{A',W,,...,W,}) and foreach s, 1 <s <1, W, is a minimal
word in G not belonging to gp{A}. Repeating the proof of assertion 5 of Theorem A,
we obtain that X € L. and L¢, < Lg,.

Assertions 8 and 10 of Theorem A follow from Lemma 3.

It remains to prove that L is simple. Let M be an arbitrary normal subgroup of L.
If M is a proper subgroup, then we can assume that either M is a subgroup of some
group G;, i € I, or M = gp{A’}, where A is a period, or M = R, where C € G;
for each i € /. We consider these cases.

(1) If M is a subgroup of some group G;, i € I, thenthere is Z € L \ G,, with
ZMZ ' = M, contradicting [10, Lemma 34.11].

(2) IfM = gp{A'}, thenthereis Z ¢ L\gp{A}suchthat ZM Z~' = M contradicting
[10, Lemma 34.9].

(3) If M = R, where C € G, for each i € I, then there is Z € L such that
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F{Z}) € f(C). The group M contains an element A’, where A is a period;
hence by Lemmas 3 and 1, ZA'Z~! is not contained in M, and we arrive at a
contradiction to the choice of the group M.

Thus L is simple, and the proof of Theorem A is complete.
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