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A HOMOMORPHISM BETWEEN BOTT-SAMELSON BIMODULES

NORIYUKI ABE

Abstract. In the previous paper, we defined a new category which categorifies
the Hecke algebra. This is a generalization of the theory of Soergel bimodules.
To prove theorems, the existences of certain homomorphisms between Bott—
Samelson bimodules are assumed. In this paper, we prove this assumption. We
only assume the vanishing of certain two-colored quantum binomial coefficients.

81. Introduction

In recent development of representation theory of algebraic reductive groups, the Hecke
category plays central role. Here, the Hecke category means a categorification of the
Hecke algebra of Coxeter groups. One can find the importance of the Hecke category in
representation theory in Williamson’s survey [13].

There are several incarnations of the Hecke category. They can be roughly divided into
two types: geometric ones and combinatorial ones. The geometric Hecke category which
appeared in representation theory first is the category of semisimple complexes on the flag
variety. This category is the Hecke category with a field of characteristic zero. Juteau—
Mauter—Williamson [10] introduced the notion of parity sheaves. The category of parity
complexes on the flag variety is a geometric incarnation of the Hecke category with any
field. When the characteristic of the ground field is zero, parity complexes are the same as
semisimple complexes.

Soergel [12] introduced a category which is now called the category of Soergel bimodules.
Under some conditions, he proved that Soergel’s category is a Hecke category and it is
equivalent to the category of semisimple complexes on the flag variety. This fact is used to
prove the Koszul duality of the category O [3].

Soergel’s definition starts with a certain representation of the Coxeter group and Soergel
assumed that this representation is reflection faithful. However, because of this assumption,
the theory of Soergel cannot apply to representation theory of algebraic reductive group.
In such applications, we take an affine Weyl group as the Coxeter group and also take a
natural representation coming from the root datum. However, it is not reflection faithful. A
combinatorial incarnation which works in this situation was introduced by Elias—Williamson
[7] and the category introduced is called the diagrammatic category. This category is
defined by generators and relations. A priori, the definition seems very different from
Soergel’s category. An approach closer to Soergel’s category was introduced in [1]. This
incarnation is used by Bezrukavnikov—Riche [4] to prove a conjecture of Riche-Williamson
[11] which implies the tilting character formula, and hence an irreducible character formula
of algebraic representations of reductive groups when the characteristic is not too small.
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We remark that these categories are equivalent to each others when they behave well
1], [2], [11]

It is proved that these theories work well very general, including most cases over a
field of positive characteristic. However, we still need some assumptions. The situation is
subtle. In [1], we need one non-trivial assumption which we recall later. One problem is
that this assumption is not easy to check. In [1], a sufficient condition for this assumption
which we can check easier is given. However, the author thought that the assumption holds
more generally. The aim of this paper is to prove this assumption under a mild condition.
In particular, we prove that the assumption is always satisfied if the representation is
obtained from a root system. (The situation is also subtle for the diagrammatic Hecke
category. See [8, 5.1] and also Hazi’s result [9]. We do not discuss about it in this

paper.)

1.1 Soergel bimodules

We recall the category introduced in [1] and the assumption. Let (W,S) be a Coxeter
system such that #5 < oo and K a commutative integral domain. We fix a realization
[7, Def. 3.1] (V,{as}ses,{a)}ses) of (W,S) over K (here, V' corresponds to b* in [7]).
Namely, V is a free K-module of finite rank with an action of W, as €V, aY € Homg (V,K)
such that:

(1) s(v)=v—(a),v)a, for any s€ S and v e V.

(2) (o), as) =2.

(3) Let s,t €S (s#t) and ms the order of st. If m,; < oo, then the two-colored quantum
numbers [ms ] x, [ms,¢]y attached to {s,t} are both zero. (See §3.1 for the definition
of these numbers.)

We also assume the Demazure surjectivity, namely we assume that a,: Homg(V,K) — K
and ) : V — K are both surjective for any s € S.

We define the category C as follows: Let R = S(V) be the symmetric algebra and
Q = Rlw(as)™" |w € W,s € S]. An object of C is (M, (M%)zew) such that M is a graded
R-bimodule, M§ is a @Q-bimodule such that mp = z(p)m for any m € M, p € Q and
M®rQ = @erMcg' We also assume that M is flat as a right R-module. A morphism
o (M,(M§)zew) = (N,(NG)zew) is an R-bimodule homomorphism ¢: M — N of degree
zero such that (p®idg)(ME) C N§. We often write M for (M,(Mg)). For M,N € C,
we define M ® N € C as follows. As an R-bimodule, we have M ® N = M ®r N and
(M2 NY, = @,.—, Mb 20 NG,

For each s € S, we have an object denoted by Bs. As a graded R-bimodule, B; = R®pgs
R(1), where (1) is the grading shift and R* = {f € R|s(f) = f}. Then B, has a unique lift
in C such that (Bs)g =0 unless z = e,s. An object of a form

B, ® By, ® - ® By, (n)
for s1,...,51€ S and n € Z is called a Bott-Samelson bimodule. Let BS denote the category
of Bott—Samelson bimodules.

In [1], we proved that BS gives a categorification of the Hecke algebra assuming the
following. We refer it as [1, Assumption 3.2].
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Let s,t € S, s #t such that mg, is finite. Then, there exists a morphism

Ms t ms,t

Bs®B® - = BiQB;®---

which sends (1®1)®@ (1®1)®---®(1®1) to (1®1)®(1®1)®---®@(1®1).
We introduce the following assumption.

ASSUMPTION 1.1. For any s,t € S such that mg; < oo, the two-colored quantum

binomial coefficients [m]zﬂf]x and [m,jt]y are both zero for any k=1,...,m; — 1.

For the definition of two-colored quantum binomial coefficients, see §§2.1 and 3.3. This
assumption is related to the existence of Jones—Wenzl projectors (see Proposition 3.4 and
[8, Conj. 6.27], which is now a theorem [9]). After this paper was written, Hazi proved that
this condition is equivalent to the existence of rotatable Jones-Wenzl operators [9]. The
main theorem of this paper is the following.

THEOREM 1.2 (Theorem 3.10). Under Assumption 1.1, [1, Assumption 3.2] holds.

Note that to check Assumption 1.1 is easy and it is a very mild condition. For example,
one can easily check that if a realization comes from a root system then Assumption 1.1 is
always satisfied (Proposition 3.7).

1.2 Diagrammatic category

Let D be the diagrammatic Hecke category defined in [7]. We assume that the category D
is “well-defined” [8, 5.1]. (After this paper was written, Hazi [9] proved that if Assumption
1.1 is satisfied then D is well-defined.) In [7], under some assumptions [8, 5.3], a functor
F from D to BS is constructed. The construction of F is deeply related to [1, Assumption
3.2] as we explain here.

The morphisms in the category D are defined by generators and relations. So to define
F, we have to define the images of generators. Except the generators called 2mg ;-valent
vertices (s,t € S), the images of generators are given easily. For 2m, ;-valent vertices, the
images should be morphisms in [1, Assumption 3.2]. Hence, to prove [1, Assumption 3.2] is
almost equivalent to the construction of F. Therefore as a consequence of our main theorem,
we can prove the following.

THEOREM 1.3. Assume that K is Noetherian. Under Assumption 1.1, the category D
is equivalent to BS.

In particular, there is a natural functor from D to the category of graded R-bimodules.

1.3 Localized calculus

In the proof, we use localized calculus. Ideas of localized calculus are found in [1], [7] and
more systematic treatment recently appeared in [8].

Let Cq be the category of (P*)zew, where P? is a graded @Q-bimodule such that
mp = x(p)m for p € Q and m € P*. A morphism (Pf)zew — (P§)zew 18 (¢z)zew, where
Yy PP — PY is a @)-bimodule homomorphism of degree zero for any z € W. Then for
M eC, (Mé)a:GW € Cg. We denote this object by Mg. For M,N € C and a morphism
¢: M — N, we have a morphism ¢g: Mg — Ng. Conversely, assume that pg: Mg — Ng
is given and if pg sends M C M ®rQ = @wech’S to N, then the restriction of g to M
gives a morphism M — N in C.
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Let M,N be two Bott-Samelson bimodules in [1, Assumption 3.2]. A candidate of
wqo: Mg — Ng is given in [8]. Hence, we have to prove that ¢g sends M to N. This is
the aim of this paper.

We check that g gives a desired homomorphism by calculations. One of the things which
we need to prove is the following. Let s,t € S such that m, ; < co. For simplicity, assume that
V' is balanced, namely [m,; —1]x = [ms; — 1]y = 1. Let s;...5,,, , be a reduced expression
of the longest element in the group (s,¢) generated by {s,t}. Then, for any g € (s,t), we
have

s 1 1
el €e;—1 _
E H st .8 <a > = . (1.1)
m 3 e'm,s’ =1 S4
ez(ei)e{ozl} s’tzsil“'smsytt:g v H Sl .. .81;1(0[51.)
i=1

(If V comes from a root system, then this formula can be proved by applying the localization
formula to the Bott—Samelson resolution of the flag variety. The author learned this from
Syu Kato.)

In §2, we calculate the left-hand side of (1.1). Moreover, we give an explicit formula of
the left-hand side for any sequence (si,ss,...) of {s,t}.

For a general element m € M, we first give a formula to express pg(m) using the left-
hand side of (1.1) (with any si,s2,...). We also have an algorithm to check pg(m) e N
(Lemma 3.9). In §3, using this algorithm and an explicit formula obtained in §2, we prove
the main theorem. We also give a remark for an error in the previous paper [1] pointed out
by Simon Riche, see Remark 3.8.

1.4 On Assumption 1.1

In [1], a sufficient condition for [1, Assumption 3.2] was given. In [7], a sufficient condition
for the existence of F was given. Both conditions are stronger than Assumption 1.1. It was
expected that these theorems are proved under the weaker condition but concrete conditions
were not known.

In this paper, we prove these theorems under Assumption 1.1. Moreover, we prove
that the theorems are almost equivalent to Assumption 1.1. More precisely, we prove the
following. Let g : Mg — N¢g be the morphism in Cq introduced in [8] and ¢¢g: Ng — Mg
the morphism obtaining by the same way as ¢g. Then ¢g and 1) give desired morphisms
if and only if Assumption 1.1 holds (Proposition 3.11). Therefore, the author thinks that
Assumption 1.1 is the final form in this direction

82. A calculation in the universal Coxeter system of rank two

Since our main theorem is concerned with a rank two Coxeter system, in almost all part
of this paper, we only consider a Coxeter system of rank two. In this section, we give an
explicit formula of the left-hand side of (1.1). Such formula can be proved in a universal
form. Hence, we work with the universal Coxeter system of rank two in this section.

2.1 Two-colored quantum numbers

In this subsection, we introduce two-colored quantum numbers [6], [7]. Let Z[X,Y] be
the polynomial ring with two variables over Z.
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DEFINITION 2.1 (Two-colored quantum numbers, [7, Def. 3.6]). For n € Z>(, we define
[n]x,[nly € Z[X,Y] by
x =0y =0, [x=[]y=1
+1]x = X[n]y — [n—1]x,
-+ 1]Y = Y[n]y — [n— l]y.

Note that [2]x = X and [2]y =Y. Defineo: {X,Y} - {X,Y}byo(X)=Y ando(Y)=X.
Then for Z € {X,Y}, we have

[n+1]z = [2]z[nlo(z) —n—1]z-

We prove some properties of these polynomials which we will use later. Some of them
are known well or immediately follow from known results. We give proofs for the sake of
completeness.

LEMMA 2.2. Letn € Zxy.

(1) If nis odd, then [n]x = [n]y.
(2) If nis even, [n]x/X,[n]y/Y € Z|X,Y] and [n]x /X =[n]ly/Y.
(3) We have [n]z = [n]on(z) for Z € {X,Y}.
(4) We have [n]x,[n]y #0 if n> 0.

Proof. The first two statements follow from the definition using induction. For the third,
if n is odd then it follows from (1). If n is even then it is obvious. We also have [n]x(2,2) =
[n]y (2,2) = n which follows easily by induction. Hence [n]x,[n]y # 0.

An obvious consequence of (1) (2) which will be used several times in this paper is the
following. For k1,...,k.,l1,...,ls € Z~q such that #(2ZN{k1,.... k. }) = #2ZN{l1,...,ls}),
then ([kx]x ... [k, ]x)/([h]x - - [ls]x) = (Ra]y - (R )y) /[y - (L] )-

LEMMA 2.3. Let m,n € Z>o and Z € {X,Y}. Then we have
[m4n+41on(z) =[m+1zln+1oz) — [Mlo(z)n]2.
Proof. We prove by induction on n. The cases of n =0 and n =1 follow from the
definitions. Assume that the lemma holds for n —1,n — 2. Then
[m+n+1]on(z) = [2on(z)[m+n]onir(z) = [m+n—1]on(z)
= 2lon(z)(Im+1]z[nlo(2) = [m]o(z)[n —1]2)
—([m+1]z[n—=1]oz) = IMlo(2)[n—2]2)
= [m+1]z([2lon2)[Mlo(z) — [P = 1]o(2))
—[Mlo(z)([2on(z)In—1]z = [n—2]2).
By Lemma 2.2(3), we have [n]sz) = [n]sn+1(z) and [n —1],(z) = [0 — 1]gn(z). Hence
2lon(z)[M]o(z) — [0 = Uo(z) = 2lon(z)[Mlon+1(z) — [0 = 1on(z) = [+ 1]on(z)and we have
[n+1]sn(z) = [n+1]5(z) by Lemma 2.2(3). Similarly, we have [2],n(z)[n—1]z —[n—2]z =
2lon(z)[n = Uontr(z) = [0 = 2]on(2) = [nlon(2) = [n]z.

LEMMA 2.4. Let m,n € Z>o and Z € {X,Y}. Then we have

[m]on(z) =[m+nlzln+1oz) — Im+n+1sz)n]z.
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Proof. 1If n =0, then the lemma is obvious. We assume n > 0. Apply the previous lemma
as (n,m,Z) = (m+n—1n,0(Z)), we have [m+n]z[n+1]5z) = [m+2n]omin(z) +[m+
n—1]p(z)[n]z. By Lemma 2.2(3), we have [m +2n],min(z) = [m+2n]sn(z). Hence [m +
n)zn+1]oz) — [m+n+1],(z 0]z = [m+n—1]5z)[n]z — [m+n]|z[n —1]5z). Therefore,
by induction on n, [m+n|z[n+1],(z) — [m+n+1],(z)nlz = [Mlenz)[Uont1(z) — [m +
1]U"+1(Z) [O]J"(Z) = [m]J"(Z)-

LEMMA 2.5. Form,n € Z>o and Z € {X,Y }, we have

(m+n+1]gnz)[m+n]z —[m+1]z[m]onz) = [n]z[2m+n+1]omi1(z)
= [n]gn(z)[Qm—l-n—i-l]gner(Z),
[m+n+1]mez)[m+n+1lz —[m]zmlgniiz) = In+1]z[2m+n+1om(z).
Proof. Applying Lemma 2.3 to [m+n+1],n(z) (resp., Lemma 2.4 to [m],n(z)), we have

[m+n+1]gn(z)[m+n]z —[m+1]z[m]onz)

= (Im+1]z[n+1l,2) — [M]oz)[n]z)[m~+n]z
—[m+1]z([m+n]zln+1],2)— [m+n+1]sznlz)

= —[mly(z)[nlz[m+n]z +[m+1]z[m+n+1],z)nlz

= [n]z([m+n+1],(z)Im+1]z — [m+n]z[m|s(z).

The first formula of the lemma follows from Lemma 2.3. The second follows from the first
and Lemma 2.2(3). The third formula follows from a similar calculation. 0

For m,n € Z>¢ such that n <m and Z € {X,Y}, define the two-colored quantum binomial
coefficient [7"] , [8, Def. 6.1] by

) e

By Lemma 2.6(2) and induction, we have [7'] , € Z[X,Y].
LEMMA 2.6. Let m,n €Z such that 1 <n<m and Z € {X,Y}.

(1)

_ 1] _ -
m] :[m ntlz— | ™ 2oz,
Lz n Jon(z) n—1]z
(2)
1 - _
m :| = |:m [n—l—l]z— m [m—n]an+1(z).
L " 1z Nlgn(z) (n—1]g

Proof. (1) By Lemma 2.4, we have [m —n+1]z = [m+ 1gnz)[n+ 1gni1z) — [m+
2|gnt1(zy[n]on(2). By Lemma 2.2(3), we have [n],n(z) = [n]z and [n+1]ont1(z) = [n+1]2.
Therefore

[m] _[m]z...[m—n+2]y
nl,  Inlz[1]z
mAt1on(zymlz...[m—n+2]z

N [TL]Z[l]Z

([m+ 1]Jn(Z) [n+ 1]Z — [m+2]an+1(z)[n]z)

m
17— [nl]z[mw]awzy
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Therefore, it is sufficient to prove

[m—i—l]on(z)[m]z...[m—n—i—Q]Z _ [m+ l]an(Z)[m]o—n(Z)... [m—n+2]an(z)
[n]Z[l]Z [n]an(z)...[l]an(z) '

If n is even, then we have nothing to prove. If n is odd, then #(2ZN{m,...,m —n+2}) =
#(2ZN{n,...,1}). Hence, it follows from Lemma 2.2.

(2) By Lemma 2.3, we have [m + 1]z = [m —n + 1npn + 1onirz) — [m —
n]on+1(z)[N]on(z). By Lemma 2.2(3), we have [n+1],nt1(7) = [n+ 1]z and [n]on(z) = [n]z.
Hence

[m—l—l] _ [mlz...[m—n+2]z
n Z [n]z[n—l]z...[l]z

[m+1]z

_[m}z...[m—n+2]z[m—n—|—1]an(z)n [ m S
- ... [z [n+1]z [n—l]z[ lont1(z)-

It is sufficient to prove

[m]z...[m—n+2|z[m—n+1],mz) _ [m}
[n]z[l]z n o”(Z)‘

If n is even, we have nothing to prove. If n is odd, then we have #(2ZN{m,m—1,...,
m—n+2}) =#(2ZN{n,...,1}). Hence, we get (2) by Lemma 2.2. 0

LEMMA 2.7. We have

[2m+n—|—1][,m+1(z) |:2m+n] B [2m+n+1
o™(Z)

[m]on(z) m—1 m } )
Proof. Replacing Z with ¢™(Z), the lemma is equivalent to

[2m+n+1]0m+n+1(z)[2m+n]z...[m+n+2]z [2m—|—n—|—l]a(z)...[m—i—n—|—2]o.(z)

[m]Z[m_l]Z"'[l]Z B [m]a(Z)[m_l]a(Z)-'-[1]0(Z)

If m+n+1is even, then we have #(2ZN{2m+n+1,...,m+n+2}) =#(2ZN{m,...,1}).
Hence, the lemma follows from Lemma 2.2. If m+n+1 is odd, then ™" (Z) = ¢(2)
and #(2ZN{2m+n,...,m+n+2}) =#(2ZN{m,...,1}). Hence again, the lemma follows
from Lemma 2.2. 0

2.2 A formula

Let (W, S) be the universal Coxeter system of rank two, namely the group W is generated
by the set of two elements S = {s,t} and defined by relations s? = ¢? = 1. The length function
is denoted by ¢ and the Bruhat order is denoted by <. Let V =Z[X,Y]as ®Z[X,Y ]y, be
the free Z[X,Y]-module of rank two with a basis {as,a;}. We define an action of W
on V by

s(as) =—as, s(lg)=ar+Xas, tlas)=as+Yay, tlag)=—ay.

Let ® = {w(as), w(at) | w € W} be the set of roots and the set of positive roots ®* is defined
by @ = {w(ay) |ws >w}U{w(a;) | wt >w}. For each a € @, we have the reflection s, € W.
By Lemma 2.8, the stabilizer of o € {as, ¢} is trivial. Therefore, for each g € ®, a pair
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(w,0) € W x {av, 0} is unique. Hence, we can define sq, =, Sa, =t, Sy(a) = wsqw ™" for
a€{as, ot} and we W.
The following formula can be proved by induction.

LEMMA 2.8. We have

(st) ey = [2k 4+ 1] x s + [2k]y ay, (st)fa, = —[2k] xas — [2k — 1]y ay,
(ts) oy = [2k] x s + [2k + 1)y ay, (ts)*a, = —[2k — 1] x s — [2K]y .

LEMMA 2.9. Let vy € ®* and g = s,.
(1) If sg>g, then

/(g)—1 [4(g)+1
y (9) o+ | 49 o
2 14X L 2 1Y
(2) Iftg>g, then
0(g)+1] [0(g)—1
Y= @ +1] . |49 .
2 X L 2 1Y

Proof. We have vy = (ts)*(a;) or t(st)*(as) or (st)*(ay) or s(ts)*(as). If v = (ts)*(ay),
then sg > g and ¢(g) = 4k + 1. The lemma follows from the previous lemma. If v = t(st)* (o),
then sg > g and ¢(g) = 4k + 3. We have

Y= t([2]€+ 1]XOéS + [Qk]yat) = [2]€+ 1}){(013 +YOét) — [Qk’]yat
=[2k+1]xas+ (2k+1]xY — [2k]y )y = 2k + 1] x a5 + 2k + 2]y oy

and the lemma follows. The proof of the other cases are similar. U

We define some elements which will be needed for our main formula. We use the following
notation for sequences in S. A sequence in S will be written with the underline like w =
(s1,...,51). We write w =s;...5. For u € S, put (w,u) = (s1,...,5,u). For e=(eq,...,¢) €
{0,1}!, we put w® = s7...s;". We set £(w) =1.

For g,w € W, we put

Xy ={aec®t|sqg <w}.

Let w = (s1,...,51) € S be a sequence of elements in S and g € W. For a real number 7, let
|7] be the integral part of r. We define kg € Z[X,Y] as follows. If s; = 5,41 for some i or
g £ w, then kg = 0. If /(w) =0, then k" =1 and kg =0 if g # 1. Otherwise, we put

[ L(w)-1

| d)=Eo)=1 (s19 > 9),
2

ﬂ otw)=1(7)

Qg

L(w)—1
[ zu(j—e(g) } (519 <9),
| Sl | ot =1(Z)

where Z =X if s;=sand Z=Y if 51 =¢.
Let R be the symmetric algebra of V and R? = ® 'R the ring of fractions. We define an
element a®(g) of R? by

l
" 1 1 1 o, (1 Z ei 1
a*(g) = Ei s, Sil <a$2 832 < Eslill <%) >> = H(Sil ...S,,;_ll) (O[SZ) .

we=gi=1
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LEMMA 2.10. If s; = s;_1 for some i, namely if w is not a reduced expression, then
a*(g) = 0.

Proof. Set A= {e € {0,1}! | w® = g}. Define f: A — A by f(e) = (e},.. ,ef), where

e;=1—e; e;_1=1-e;1and e} =e; for j#i,i—1. Set be j = (s7" - s g <,
—1 j J 1 j—1

then obv1ously we have b j = by ;. If j > i, then since s)_Citglmen = o0 11561, we have

be,j =by(e),;- If j =1, then

e €i— 1
bieyi= (87" 8,9 )8i-1 <a > = —bg(e),i

Sq

since 83_7161.71 =s;"'s;1 and s;_; = s;. Therefore, b, = Hizl be,i satisfies by(ey = —be. Let
B be a set of complete representatives of A/(f). Then a®(g) = > cabe =D . cp(be +
bf(e)) — 0.

The aim of this section is to prove the following theorem.
THEOREM 2.11. For w € S, we have

b
HaGX;” o .

From the above lemma, we may assume s;_1 # s; for any i. By definitions, we also may
assume g < w, otherwise both sides are zero.

a*(g) =

2.3 Proof of Theorem 2.11
In this subsection, we prove Theorem 2.11.
We split the sum in the definition of a®(g) to e; =0 part and e¢; = 1 part. If ¢; =0, then

stt...s,'7' =g. Hence (s7*...5,"7") < L ) :g< 1 ) Therefore

as,

0=l 2 T <O}>_ 5 H ()

- )
g( Sl) ;111_ i=1 sll Sllll—gsl Z
1
_ m(a(sl,...,sl,l)(g) _a(S1,...,8171)(95l)).
S1

We change the notation slightly and we get the following lemma.

LEMMA 2.12. Let w e S' and w € S. Then we have

Q) (g) = g(;u) (a(g) — a(gu)).

To prove the theorem, we need the following lemmas. In the rest of the proof, we
sometimes use the following Deodhar’s “Property Z” [5]. Let v,w € W, s € S and assume
that ws < w. Then we have v < w if and only if vs < w, and, ws < v if and only if ws < wvs.
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LEMMA 2.13. Let w,g € W and u € S such that wu > w, sw<w, g <w and gu < w.

(1) There exists a unique element § € X2 such that sg € {wg™", swg™'}.

(2) There exists a unique element v € X such that s., € {wug™!, swug™}.
(3) We have X\ {B} = X5, \ {7} and X' = XP U{~}.

Proof. Since our Coxeter system has rank two, for z € W, there exists a € & such
that s, = z if and only if /() is odd. One of elements in wg~!, swg~! has the odd length.
Hence, there exists 3 € ®T such that sg € {wg™!,swg™1}. If s5 =wg™!, then sgg =w < w.
If s5 = swg™!, then sgg = sw < w. Hence B € X, and we get (1). The proof of (2) is similar.

We prove (3). Let § € Xg. Then ssg < w. Since our Coxeter system is of rank two, if
U(ssgu) < l(w)—1, we have ssgu < w. Hence § € X,. Therefore, if £(s5g) < £(w) — 2, then
since {(ssgu) < {(ssg) + 1, we have § € X ).

Let v’ be the element in S which is not . Then we have sw < w, wu' < w.

o If /(s59) = £(w) — 1, then ssg = sw or wu'. If s5g = sw, then s5 = swg™!, hence § = 3. If
ssg =wu’ and w # v/, the reduced expression of wu' ends with u. Hence ssgu = wu'u < w.
Therefore § € X, If w= ', then v’ = s since sw < w. We have {(ssg) = {(w) —1 =0,
hence ssg = 1. Since g < w, we have g = u’ or g = 1. Since £(ss) is odd, by ssg =1, we
have g = u’ and s5 = v’ = swg~"'. Hence § = 3.

o If /(s59) = {(w), then ssg = w. Hence ss = wg~!. Therefore § = j3.

In any case, if § € X, then 6 = 8 or § € X,. Hence X"\ {8} C X,. If § =, the element
Ssg is wu or swu. Since wu > w, we have ssg < w only when ssg = swu = w. Therefore
§ = . Hence X"\ {B} C X5 \ {7}. By replacing g with gu, we get the reverse inclusion.
Since wu > w, for any v € W, vu < wu if and only if v < w or vu < w by Property Z.
Hence X3 = X" U X,. Therefore, we get the last part of (3). 0

LEMMA 2.14. Let w,ge W, u € S such that wu > w, sw<w, g<w and gu £ w. Then
Xgu' = X5 U{g(aw)}-

Proof. By Property Z, for any € W, v < w implies xu < wu. Applying this to z = s,g
for v € X, we have X’ C X %. Since g <w, we have s¢(q,)9 = gu < wu. Therefore g(av,) €
Xgu'- Hence X" U{g(an)} C X"

If ¢(g) < ¢(w)—2, then ¢(gu) < f(w)—1, hence gu < w since #S = 2. Therefore ¢(g) =
l(w) —1 or L(w). If £(g) =¢(w)—1, then g = sw since gu L w. If ¢(g) = ¢{(w), then g = w.
Hence g = w or sw.

Let 6 € X0 \X;”. Then ssgu < wu and ssg L w. By Property Z, ssgu < ssg and ssgu < w.
Therefore, from the discussion in the previous paragraph, ssgu = w or ssgu = sw. Combining
g € {w,sw}, we have (g,s5) = (w,wuw™") or (sw,swu(sw)™!). In any case, we have ss =
gug~! and & = g(av,). O

LEMMA 2.15. Let w = (s1,...,5;) € S such that s;_1 # s; for any i and g € W. Set
u=Ssj.
(1) a*(g) = a*(gu).
(2) kg =kgu.
(3) X =X,
Proof. We may assume g < gu by replacing g with gu if necessary. We also may assume

that s; = s by swapping s with ¢ if necessary. By Lemma 2.10, we have a(®%)(g) = 0. Hence,
(1) follows from Lemma 2.12.
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For (2), first we assume sg > g and g # 1. Then the reduced expression of g has a form
g=t...u, where v’ € S is the element which is not u, namely the reduced expression starts
with ¢ and ends with «’. Since w = (s,...,u) and s;_1 # s; for any i, we have ¢(g) = {(w)
(mod 2). Hence. the lemma follows from the definition of kg". The proof in the case of sg < g,
g # 1 is similar.

Assume g = 1. If u=s, then s = s; = s, hence ¢(w) is odd. If u =t, then s; = s and
s; =t. Hence £(w) is even. In both cases, we can confirm kg = kgy, by the definition.

Since wu < w, by Property Z, we have s.,g <w if and only if s,gu < w. (3) follows. [J

Proof of Theorem 2.11. 'We prove the theorem by induction on ¢(w). If ¢(w) = 0, then
this is trivial. Let u € S and we prove that the theorem is true for (w,u) assuming that the
theorem is true for w. If (w,u) is not a reduced expression, then both sides of the theorem
are zero. Hence we may assume (w,u) is a reduced expression. By the previous lemma, we
also may assume gu > g. If g £ w, then by Property Z, g £ wu. Hence, both sides are zero.

Take s1,...,5 € S such that w = (s1,...,s;). If g <w and gu £ w, then a*(gu) =0. By
Lemma 2.12, inductive hypothesis and Lemma 2.14,

g(Oéu) B H*yEXZ]ﬂryg(au) B H'YGXS(I%’U) 7

w Bl k-
a(g,u)(g) — a (g) _ g 9

As in the proof of Lemma 2.14, we have g = w or g = syw (the latter does not happen when
[=0). Hence ky = k:éy’u) = 1 from the definitions. Therefore, the theorem holds in this case.

We assume g,gu < w. Then ¢(w) > 0. We may assume s; = s by swapping (s, X) with
(t,Y) if necessary. By Lemma 2.12 and inductive hypothesis, we have

N B N » 1 kg kgu
al@ )(g) = g(au) (a (g)_a (gu)> - g(au) (HJEX;”(S a HéeX” 5) .

gu

Take 3,7 € T as in Lemma 2.13. Then by Lemma 2.13, the right-hand side is

1 1 1 1 1

— kdy — ko d) = kxy —k:0).
Hagxgr\{5}557g(0‘u)( I g ) ngxéuu(sg(au)( g g )

(w,u)

Hence, it is sufficient to prove that kgy — kgud = kg’ g(ay,). Since gu > g, the reduced
expression of g ends with the simple reflection which is not u. Hence, the reduced expression
of gug~! can be obtained by concatenating the reduced expressions of g, u and g—'.
Therefore, we have £(gug™') = £(g) +£(u) + (g~ ') = 2{(g) + 1. Moreover, if sg > g, then we
have sgug=! > gug—!.

First, we assume sg > g and g # 1. Then ssy(,) = squg~! > gug~!. Hence

glew) = [6(g)]xas +[0(g) + Uy

by Lemma 2.9. Since gu > g and wu > w, the reduced expressions of g and w end with the
same simple reflection. Namely, if u’ € S is the element which is not wu, then the reduced
expression of w is w =s...u’ and the reduced expression of g is g =¢...u since we assumed
sg > g. Since g < w, the last ¢(g)-letters of the reduced expression of w is the reduced

expression of g. Hence, /(wg™1) 4+ £(g) = £(w) and the reduced expression of wg~! starts
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1

with s and ends with s. Therefore, twg™' > wg™" and sz = wg~'. Hence, by Lemma 2.9,

we have 5:[€(W]21)H]Xas+[£(wg;)_l}yat
[ty [ty

A calculation of « is similar. We have £(wug™') = £(g) + £(u) + £(w™') and the reduced
expression of wug~! starts with s and ends with ¢. Therefore, {(swug—!) = {(wug=') — 1,
Land s(swug™!) > swug~!. Hence, by Lemma 2.9, we have

- [lrta-y) | [aatie)

5y = swug~

2 2
Put m = (¢(w)—£4(g) —1)/2 and n = ¥(g). Then we have

glow) = [n]xas +[n+1]yay,

B=[m+1]xas+[m]you,
v=[m+n]xas+[m+n+1]yay.

Therefore, we have
kv — kg B = (kFm~+n]x — kg, [m+1]x)as + (kFm+n+ 1]y — kg [m]y ).

By the definition, we have

i [2m+n] _ [m+n+1]pemin(x) {Qm—l—n]
9 M | p2msn(x) [m]2mn(x) m—1 F2mtn (X)
_ (m—+n+1]on(x) -
[m]an(x) gu
Hence,
kgu

ki — k2 B = i ((Bntnt 1oy [+l x = 1] x [mon )

H(m 0+ 105 1y =y ]z O)a ).

By Lemma 2.5, this is equal to

kgu
Z(X)
kgu
= n(X) [2m+n—|—1]am+1(x)g(au).
[m]o

] ([n]x2m+n+1]gmirxyos + [+ 1]y [2m+n+1]omer x)ar)
m

Hence, it is sufficient to prove

[2m+n+ 1]0-m+1(X)
Z(X)

k2, o

[m]

This follows immediately from Lemma 2.7.
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The case of tg > g and g # 1 is similar. By Lemma 2.9, we have

g(aw) = [l(g) + 1] x s + [€(g)]y vt

The reduced expressions of w and g end with the same reflection, hence £(wg™!) = ¢(w) —
/(g). The reduced expression of g starts with s. Hence, the reduced expression of wg~*
starts with s, ends with ¢. Hence, sg = swg™!, s(swg™') > swg™! and £(s5) = {(w) —€(g) — 1.
Hence, by Lemma 2.9, we have

(w-tg) || . [Mw)-te)]
T L e

We have ¢(wug~') = £(w)+£(g)+ 1 and the reduced expression starts with s and ends with
s. Hence s, = wug™', ts, > s,, and {(s,) = £(g) + £(w) + 1. Therefore, by Lemma 2.9, we
have

8=

ot [S1200)

Put m = ({(w)—£(g))/2—1 and n=4{(g)+ 1. Then

. V(w)M(g)

—i—l}
X

glaw) = [n]xas+[n—1lyay,
B =[mlxas+[m+1]ya,
v=[m+n+1]xas+[m+nlyo.
‘We have
+ Nfgn
o — 000 o
[m+ 1]0.7L(X)

Therefore, by Lemma 2.5, we have

S
kgu
= s (([m A+ non oy [m+n+1]x = [m]x [m+1]on (x)) s
[m+1]5)
(A nly [m+n]on ) = [m+ Uy [m+ 1o x)) o)
kgu
= W([mxmmm Ugm(x) + [n =1y 2m+n+1]pmx)
m o
kgu
= m[QernJrl]am(X)g(%)-

Therefore, it is sufficient to prove

[2m+n—|—1]om(x) w _k(ﬂ,u)
[m+1]n(X) gu - gu ’

which is again an immediate consequence of Lemma 2.7.

We assume g =1 and u = t. Then one can check that the formulas for g(c,,), 3,7 in the
case of sg > g,g # 1 hold. Hence, the theorem follows from the calculations in this case. If
g =1 and u = s, then one can use the calculations in the case of tg > g,g # 1. U
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83. A homomorphism between Bott—Samelson bimodules

3.1 Finite Coxeter group of rank two and a realization

We add the tilde to the notation in the previous section, namely (W S) i is the universal
Coxeter system of rank 2, V is the free Z[X,Y]-module with the action of w, [n] %, [nly €
Z[X ,Y] is the two-colored quantum numbers, etc.

The notation without tilde will be used for non-universal version. Let (W,.S) be a Coxeter
system such that S = {s,t}, s # t. We assume that the order mg, of st is finite. Let K be a
commutative integral domain and (V,{as, o}, {a), ' }) a realization [7, Def. 3.1], namely
V is a free K-module of finite rank with an action of W, a, ¢ € V and o, oy € Homg (V,K)
such that:

o (oY as) = (o) o) = 2.
o s(v) =v—(a),v)as, t(v) =v— () ,v)a; for any v € V.
d [m87t])?(_<a;/7at>v_<a;/7as>) = [mS,t]f/(_<O‘;/7at>7_<a2/7a8>) =0.

We also assume the following (part of) Demazure surjectivity:
e a5, ap #0 and oY, : V — K are surjective.

The map § +— s, t — t gives a surjective homomorphism W — W. Set X = —(a) o),
Y =—(o,as). Then &5 — ag, Gy = oy gives a Z[X Y] module homomorphism V — V which
commutes with the actions of W, where we regard V as a Z[X Y] module via Z[X Y]

K defined by X — X and Y — Y. The image of [n 5 (resp., [n]y) is denoted by [n]x
(resp., [n]y). We also have '] ., [], € K. Note that by [ms]x = [ms]y =0, we have
[ms,t — 1 x[ms .t — 1]y =1 [8, (6.11), (6 12)].

Let R (resp., R) be the symmetric algebra of V (resp., V) We regard R as a graded
K-algebra via deg(V') = 2. We put dy(p) = (p — u(p))/au for p € R. The maps V -V and
71X ,Y] — K induce R — R. We defined an element a2(§) € R[w(dg) " |w€W i€ S). Set
Q = R[w(a,)~ ! | w € W,u € S]. The image of @2(g) in @ is denoted by a®(g) € Q.

As some of them appeared already, objects related to the universal Coxeter system is
denoted with the tilde and the corresponding letter without the tilde means the image in
the finite Coxeter system. For example, if w = (51, 32,...) is a sequence of elements in S ,
then w = (s1,$2,...) is the corresponding sequence in S. As we have already explained, a
sequence is denoted with the underline and removing the underline means the product of
elements in the sequence. Hence w = 5155... € W and w = $189... € W. For each root & € <T>,
we have 55 € W and sqgeW.

Set & = (5,£,...) € 8™+t and = (t,5,...) € 8™t The sequences z and y are the two
reduced expressions of the longest element. In general, for a sequence w = (s1, s2,...,5;) € S',
we put

!
Ty = Hsl...si,l(asi) € R.
=1

The two elements 7, and 7, are not the same in general. By [8, (7.9), (7.11)], m, = m; if ms,
is even and 7, = [mst— 1] xmg if mg 4 is odd. Put € = [mg ¢ — 1] x = [ms+ — 1]y if mgy is even
and { =1 if ms; is odd. Then we have 7, = E[ms i — 1] xmy since [mg — 1] x[ms — 1]y = 1.
In particular, m, € KX, [8, (6.11), (6.12)]. The realization is even-balanced if and only if
£=1.
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LEMMA 3.1. We have [k]z[ms; —1]oe-1(2) = [ms s — k] 7.

Proof. This follows from [8, (6.10)]. [
LEMMA 3.2. Let g€ W such that g <. Then we have

{ms,t—uw—lj

2

i=1
Ty {ms,t;l(g)J

Mooeos |€ 11 [ei=tom Go>9)

(Mt — 1] gi1(x) (35 <g)-

L =1

Proof. We prove the lemma by backward induction on /¢(g). If g = Z, then by
Theorem 2.11, we have a%(%) = (HSEX;? §)~1. On the other hand, for e € {0,1}™=¢, we have
Z¢ =7 if and only if e = (1,...,1). Hence, by the definition of a%(Z), we have a%(7) = 1 /7.

Next, assume that § = 5%. Define §; = 5 if i is odd and § = ¢ if i is even. Then
z = (31,...,8m,,). For e € {0,1}=¢, % = g if and only if e = (0,1,...,1). Hence,
by the definition, a®(g) = 1/as, [[;25" s2...5,-1(as,). Since § = (52,83,...,8m, ,+1), we
have m, = H?;Bt—i—l sg...8i-1(a;) = (1/ai(§))(5253...sms,t(asm_g’ﬁl)/asl). Since §; = 8,
Hence, we have ss3...5,, ,(a

555253..5,”5%(&5% ) > 55253...§m57t(5¢§m5 1) smsﬁﬁl)
[mst — 1] xas + [ms7t]yat = [ms — 1]X,as by Lemma 2.9. Since s; = s, we get 7, =
[mst—1]x/a(3). By m, = &[mg s — 1] x7s, we have £m,a%(§) = 1. By Theorem 2.11, the
left-hand side of the lemma is (aZ(§)m,)~". Hence, we get the lemma in this case.

Assume that § # Z,5%. Then there exists o € S such that & > gt > g. When g =1, we

take u =t.

e First assume that zu < £. By Lemma 2.15, the left-hand side is not changed if we replace
g with ga. We prove that the right-hand side is also not changed. Then this gives the
lemma by inductive hypothesis.

— Assume g # 1. The reduced expression of I is given as & =35...4. Let @’ € S be the
element which is not @. If 3§ > §, then the reduced expression of § is §=t...% . Hence
0(g) = £(Z)(mod 2). If 3G < g, then the reduced expression of § is g = 5...%’. Hence
0(g) =4(z)+ 1(mod 2). Therefore, the right-hand side is not changed.

— If g =1, then by #f < & (recall that we took @ = t), the reduced expression of Z is
T =35...t. Hence, £(Z) is even and the right-hand side is not changed.

e Assume that #a > 7. Take B and 5 such that S5 € {zg',32g7 '} and 355 €
{zug~",5zag"'}. By Lemma 2.13, we have ([];. s 5)/(1_[56)@12 d) = /7. We calculate
B/~. We use calculations in the proof of Theorem 2?11. ’

— If 35G>g, g#1 or g=1, then by the proof of Theorem 2.11, we have = [(ms;—¢(g) +
1)/2]x s + (Mo — 3) — 1)/2]y . and y = [(me + £G) — 1)/2] x s + [(may +£(3) +
1)/2]y ot Therefore, by the previous lemma, we have v = [m; — 1]U(m5,t—u§)_1>/z(x)6.
We have [ms—1]x[ms:—1]y =1 by [8, (6.11), (6.12)]. Hence, we have 3/y = [ms; —
1]a(msit72(g)71)/271(x). By inductive hypothesis, we get the lemma in this case.

— Finally, assume that 5§ < g. By the proof of Theorem 2.11, we have (§ =
[(mas — €@))/2 — Uxas + [(mey — £@)/Avar, 7 = [(meq + €G)/2 + Lxay +
[(mst +€(9))/2]ycw. Hence v = [mg s — 1]0(ms,tfe(g>)/zf2(x)ﬁ. Therefore § = [ms —
1]U(ms,rz(g>)/271(X)7 and we get the lemma. 0
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LEMMA 3.3. Letw < S'. If 0 <1<ms,, then mya®(1) € R.

Proof. By Theorem 2.11, the lemma follows from 7,/ nyef(f’7 € R. If w =z, then it
follows from Lemma 3.2. By swapping s with ¢, ﬂgag(l) € R. Since 1, € K*m,, we get the
lemma for w = 7. In general, we have w < Z or w < 4. If @ < ¥ then X C X¥. Hence
e/ H’ye)?{f’ v = (mg/ H’ye)?f 7)(]_[;/6);—%\);—;5 7) € R. The same discussion implies the lemma
when w < 3. O

3.2 An assumption
To prove the main theorem, we need one more assumption. In this subsection, we discuss
on the assumption. We start with the following proposition.

PROPOSITION 3.4. The following are equivalent.

(1) [™*], =0 forany 1 <k<ms,—1 and Z € {X,Y}.

(2) We have [msgfl]z = Hle[ms’t —1]yi-1(z) for 0<k<m,;—1 and Z € {X,Y}.

(3) The realization is even-balanced and [ms’kt_l]z = Hle[ms,t —1]yi-1(z) for 0 <k <
(mst—1)/2 and Z € {X,Y}.

Proof. Assume (1). By Lemma 2.6 and (1), we have [msg_l]z = —[mljjzl]z[ms,t—i-
Ugr-1(z). We have [mg s+ 1] 6-1(2) = —[Mst — U or-1(2) [8, (6.9)]. Hence, (2) follows from
induction on .

Conversely assume (2) and we prove (1). By Lemma 2.6, we have

Mmst mst_l mst_1:|
o= k+1,—| > mey—k—1],
[ k }z [ k :|ak(Z)[ )2 [ k-1 z[ ! lovsc2)

k k—1
= H[ms’t — 1]Jk+i71(Z) [k+1]z — H [ms,t — 1]0i—1(z) [m—Fk— 1]ak+1(Z)-
i=1 i=1

By replacing i with k —i, we have Hle[ms?t —rri-1(z) = Hf;ol (Mgt —1gi-1(z) = [Ms —
o2 Hi:ll [ms,t — 1] 5i-1(z). Therefore, it is sufficient to prove [m; —1]5(z)[k+ 1]z — [m —
k—1]sx-1(z) =0. By Lemma 2.3, we have [m ; —1],(z) [k + 1]z = [ms ] [k +2]5(2) — [Mms,t +
k+ 1]O-k+1(Z). Since [msﬂg]z =0 and [msi + k4 ”J’“‘H(Z) = —[msﬂg —k— 1]Uk+1(Z) [8, (69)],
we get (1).

We assume (2) and we prove (3). By putting k = m,, — 1, we have H:isl’t_l[ms,t -
yi-1(z) = 1. If mg, is even, by Lemma 2.2 (1) and [m,; —1]% =1 [8, (6.12)], we get
[ms+—1]z = 1. Hence, V is even-balanced and we get (3).

Assume (3) and we prove (2). It is sufficient to prove that Hle[ms,t —1]gi1(z) =
H;isl't_l_k[ms,t —1],i-1(z). By [8, (6.11)], since the realization is even-balanced, we have
H:.rfl’t_l[msvt —1],i-1(z) = 1. Hence, the right-hand side is | ) [mee — 1]

i=ms 1 —k oi-1(z) =
Hle[ms,t — 1]Jms,tﬂ-(z). Here in the last part, we replaced ¢ with ms; —4 and used
[ms,e — 1] x[ms—1]y =18, (6.11), (6.12)]. By Lemma 2.2(3), we have [my— 1] ,m iz =

Mgt — 1],i-1(7) and we get (2).

; (2)
We need the following assumption to prove the main theorem.
AssuMPTION 3.5. The equivalent conditions in Proposition 3.4 hold.

We have a sufficient condition of Assumption 3.5.
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PRrROPOSITION 3.6. If the action of W on Kas+ Kay is faithful, then Assumption 3.5
holds.

Proof. 1f [k]x = [k]y =0 for some k such that 1 <k <mg;—1, then by [6, before
Claims 3.2 and 3.5], (st)* is the identity on Ko, + Kay. This is a contradiction. Hence
[k]x #0 or [k]y #0 for any 1 <k <my;—1. For 1 <k <m,,—1, we have [k]x [m,jt]x
[ms.t] x [ml:le]x = 0. Hence, if [k]x # 0, then [";*] . = 0. Therefore, if [k]x,[k]y # 0 for
any 1 <k <mg;—1, we get the proposition. Assume that there exists k=1,...,ms;—1
such that [k]x = 0. Then [k]y # 0. By Lemma 2.2(1), k is even and by Lemma 2.2(2),
we have [k]y X = [k]xY = 0. Hence X = 0. Therefore by induction, we have [2n]x =0 and
[2n+1]x = (—1)" for any n € Z>¢. Hence, 2n+1]y = [2n+1]x = (—1)" #0 for any n € Z>
by Lemma 2.2 (1). We also have [2n]y # 0 if 1 <2n <mg,—1 since [2n]x = 0. Therefore,
for any 1 <l <mg;—1, [l]y # 0. Therefore [mf’t]y =0.

Since [2n+1]x # 0 for any n € Z>g, ms, is even. Therefore, if [ is even, #(2ZN
{mss,...,msy—1+1}) =#(2ZN{1,...,1}). Hence, by Lemma 2.2, we have [":*] =[],
which is zero as we have proved. On the other hand, if [ is odd, then [l]x # 0. Hence

[mf’t}x =0. i

Maybe more useful criterion is the following.

PROPOSITION 3.7. If the realization comes from a root datum and W is the Weyl group,
then Assumption 3.5 holds.

Proof. We are in one of the following situation:

® Mst = 2) <Oés,062/> = (Oét,Oé;/> =0.

® Myt 3, <a57a2/>:<ataa;/>:_1

e ms =4, (as,)) =—1, (,a)) = =2

e m,; =0, <0487041\€/> =—1, <Ozt,045> =-3

We can check the assumption by direct calculations. 0

The assumption is related to the existence of Jones—Wenzl projectors. If Assumtion 3.5
holds, then [+ ~!] is invertible by [8, (6.11), (6.12)] and Proposition 3.4 (2). By [8, Conj.
6.27] (this is now a theorem of Hazi [9]), the assumption implies the existence of the Jones—
Wenzl projector JW,, 1. Moreover, Hazi proved that this condition is equivalent to the

existence of rotatable Jones-Wenzl projector [9].

3.3 Soergel bimodules

For a graded R-bimodule M = @,., M" and k € Z, we define the grading shift M (k) by
M (k) = M*F,

We define a category C as follows. An object of C is (M, (M§)zew ), where:

e )M is a graded R-bimodule.

e M is a graded @-bimodule such that mp = x(p)m for m € Mg and p € Q.
e M@prQ =,y Mg as graded (R,Q)-bimodules.

e There exist only finite 2 € W such that Mg # 0.

e The R-bimodule M is flat as a right R-module.

By the third condition, M ®pr @ is also a left @-module [1, Rem. 2.2]. A morphism
(M,(Mg)) — (N,(Ng)) is an R-bimodule homomorphism ¢ of degree zero such that
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(p®idg)(Mg) C N§ for any x € W. Usually, we denote just M for (M,(Mg)). For
M,N €C, we define the tensor product M @ N = (M ®@r N,((M @ N)§)) by (M@ N)g =
@yz:m Mg ®q M.

REMARK 3.8. The category introduced here is slightly different from the one in [1]. In
[1], @ is the field of fractions of R and Mg, is a @-bimodule which is not graded. However,
Simon Riche pointed out that it is not clear (probably not true) that the bimodules M*, M,
introduced in [1] are graded. The problem is solved with this modification and arguments
in [1] work with this modification. In particular, one can define the category of Soergel
bimodules inside C as in [1] and prove that this gives a categorification of the Hecke algebra.
We also note that there is a natural fully faithful functor from C here to the category
introduced in [1] (namely the category C defined with the field of fractions). Therefore,
the category of Soergel bimodules defined as a full subcategory of C is equivalent to the
category of Soergel bimodules defined in [1].

Let Cg be the category consisting of objects (P*)zew, where P* is a (-bimodule
such that mp = x(p)m for m € P*, p € Q and there exists only finite z € W such that
P? #0. A morphism (P{") = (P5) in Cq is (¢g)zew, where ¢, : PP — P is a @-bimodule
homomorphism. Obviously, M — (Mg)zew is a functor C — Cq. We denote this functor
by M — Mg. Since M — M ®g Q@ is injective, this functor is faithful. For P, = (P}"), P, =
(P§) € Cq, we define Py ® P, = ((Py® P,)*) by (P1®P2)" =,._, P/ ®q P5. We have
(M®N)g=Mg®Ng.

For x € W, we define Q, € Cq by:

e (Q.)" =Q as a left @-module and the right action of ¢ € Q) is given by m-q = x(g)m.
Q)Y =0ify#ua.
If M is in the category S defined in [1], then Mg is isomorphic to a direct sum of Q,’s. We
have Q; ® Qy ~ Qy via f®g— fz(g).

Let uw e S and we put R* ={f € R|u(f) = f}, B, = R®g« R(1). Then there exists
a unique decomposition B, ®r Q = (By)g © (Bu)g as in the definition of the category C.
Explicitly, it is given by the following. Take §,, € V such that («,/,d,) = 1. Then

(Bu)g = (0. ®1—1®u(éu))Q,
(Bu)$ = (6,01—1®6,)Q.

Therefore B, € C. We have (B,,)g ~ Q. ® Qs and an isomorphism is given by
fg fU(g)>

Qo Oy

f®g»—><

We always use this isomorphism to identify (B,)q with Q. ® Q..

Let M € C and consider M ® B,,. Then (M ® B,)g ~ Mg ®q Qe ® Mg ®¢g Qu. As a
left @-module, this is isomorphic to Mg @ Mg. The right action is given by (mq,ma)p =
(map,mau(p)) for p € Q.

LEMMA 3.9. Let (my,mg) € Mg® Mg. Then (mq1,ms) € M ® B, if and only myo,, € M
and m1 —mq € M.

Proof. Let m € M, p1,p2 € R. Then the image of m® (p1 ® p2) € M ® B, in (M ®
Bu)g =~ Mg & Mg is (mpip2ayt,mpiu(p2)ay, ). Hence (mpipac;t)a, = mpips € M and
(mpip2ag, ') — (mpru(pz)ag, ') = mp18u(p2) € M.
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On the other hand, assume that mia, € M and m; —mo € M. Take §, € V such that
(ay,0,) = 1. Then we have u(d,) = 0, — . Hence the image of (mja,)® (1®1)+ (ma —
m) (0, ®1—-1®4,) € M® B, is (my,m1)+ ((ma —mq)(6u/cw),(ma —m1)(0u/aw)) —
((m2 —m1)(0u/ ), (M2 —ma)(w(éu)/aw)) = (m1,m2). 0

In general, for a sequence w = (81, S2,...,5;) € S’ of elements in S, we put B, = Bs, ® -+ ®
Bs,. Set by =(1®1)®---®(1®1) € By. The main theorem of this paper is the following.

THEOREM 3.10. Assume Assumption 3.5. There exists a morphism ¢: By — By such
that o(by) = by.

3.4 Localized calculus
Since (By)q = (Bu)g ® (Bu)g = Qe ® Qu, for w=(s1,...,s) € S, we have

Bue~ P Quo-2Qa~ P Qu-

e=(e;)€{0,1} ec{0,1}!
We call the component corresponding to e the e-component of (By,)q. As an R-bimodule,
By =(R®ps1 R)®r (R®ps2 R)Qp--Qr(RRps1 R)(l) ¥ RAps1 R@ps2 -+ Qpsi R(1).

The e-component of po@p; @ - @p; € ROps1t RQps2 -+ Qg R(1) is

l
el ei—1 [ Pi—1 el e;
<H51 B ( ))51 .57 (pr)-
i=1 Qs;

We construct ¢: By — By as follows. First, we define pg: (Bz)g = @.cqo,13ms.t Que —
D reio,1yms0 Qur = (By)q explicitly and we will prove that ¢q satisfies pq(By) C By. The

definition of g is given in [8, 2.6]. For w = (s1,...,5,) € S’ and e = (ey,...,e;) € {0, i}l, we
put (w(e) = H§:1 s{t...8: 7 (s, ). Then set

Ty

T (ge = yf)7

0 (z° #y7).

Now, we define ¢gq: @66{071}%,75 Qe — EBfe{O,l}ms’f Qyr by

_ f N
va((ge)) = > Gle| = Cy(f)ngqe

ee{0,1} st ; ;

By the same way, we also define ¢q: (By)g — (Bz)q. From the definition, we have

z ey e €i—1 1
0Q(bz) = C,:(f) Z Hsll"‘si—l <as)

Q‘f:yf =1 g
= f

Define 7: W — W as follows. If w € W is not the longest element, r(w) = 3, ...5;,, where
w = 81...8; is the reduced expression of w. If w is the longest element, then r(w) = Z. Then,
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for e € {0,1}™=t, 2¢ = g if and only if Z° =r(g). Therefore, we have

YQ (by) = (4.:(}) ai(r(yf))> .

PROPOSITION 3.11.  We have ¢q(by) = by and ¢q(by,) = by if and only if Assumption 3.5
holds.

Proof. Set e(f) =1 if r(y/) > r(y/) and e(f) = 0 otherwise. By Theorem 2.11 and
Lemma 3.2, the f-component of ¢g(bg) is

-1
[m,r«gh—e(f)J
2

1 ms7t—1 .
¢ (f)[ mee=tyf)=e(d) } D I e ex
Y 2 mat=1(x) e

On the other hand, the f-component of b, is 1/(,(f). Therefore, v (b,) = b, if and only if

2

ms’t -1 -
[Lms,t_z(yf)_s(f)J] :5 v H [msﬂt_l]ﬂ'i_l(Z% (31)

2 z =1

{ms,t—e(gh—s(f)J

for any f € {0,1}! where Z = o™=¢=}(X). Here, we used [mg,; — gimmai(z) = [ms,e —
1]5i-1(z) which follows from Lemma 2.2(3). With Z = o™=+ ~1(Y’), we have another equation
which is equivalent to (b, ) = b,. Hence, ¢(b;) = b, and (b, ) = b, if and only if (3.1) holds
for any f € {0,1}t and Z € {X,Y}. B N

We assume that pg(b;) = b, and 1¢(b,) = bs. Set fr = (1™=t=F=1 0F+1) € {0,1}™=¢ for
0 <k <mg,—1. Then 3r(y’) > r(y’) and £(y/*) = my, —k—1. Take f = f; in (3.1).

"Ek/til]z = §H}i/12j [ms,t —1]5i-1(z). Let k=0. Then £ = 1. Therefore V is
Mg, ¢—1

even-balanced. Hence, for any 0 <k <mg;—1, we have[ k2] ]Z = Hlti/fj [ms,t —1]5i-1(z2)-

Then we have [

Therefore, we have Assumption 3.5.
On the other hand, assume Assumption 3.5. Then, by Proposition 3.4(3), the realization
is even-balanced. Hence & = 1. Therefore, (3.1) follows from Proposition 3.4(3). 0

For @ = (51,...,5) € S and ¢ = (cy,...,¢) € {0,1}, we define the sequence @ by
removing i-th entry from @ when ¢; = 0. For u € S, we put Déo) =0, and Dq(}) =qu.

LEMMA 3.12. Letw=(51,...,5) e s, geﬁ/ and g the image of g in W. Forpy,...,p; €
R, we have

l
eq €i—1 Pi @) [~ C Ccr—1 c1
SOILst st (2) = 30 o @alD) (rDl (2D 1)) )
ce{0,1}

Proof. We prove the lemma by induction on ! = ¢(w). Set © = (81,...,5—1) and
p(;) = Dgf:l)(pl_ngf:z)(...(pzDgfl)(pl))...)). The e¢; = 0 part of the left-hand side in
the lemma is
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Y i p b 5 /-
(1) % Lot st S () =e(2) X @e6l)
g, A, Qg —
e€{0,1}1 -1 5e=gi=1 ce{0,1}1-1

by inductive hypothesis and similarly the e; = 1 part is

gm(“) S a2 (GR)gsi(Y)) = g<sl(pl)> S a7 (GR)gsi(0Y).

S St

ce{0,1}i-1 ce{0,1}-1
We have
D o) . c si(p 0@ o c
g< ) (@)t >>—g(l“>) 2 G595 (")
Qs A
() () =(e) /o ~(e) o
s, [y —siopy )\ al —a?" (s
=a* (9)g + (9) g l)g«Sz(pzpf)))
asl g(asz)
()~ 0'“,s
=a® " (3)g(Ds, (pip ) +a@ 750 (g )gsi(pips?) by Lemma 2.12
1
=" a2 (@)g(DD (pipl)).
d=0
We get the lemma. []

Therefore, we get the following.

COROLLARY 3.13. Take s1,...,8,, , €S such that z = (s1,...,8m,,). Forpi,...,pm, , €
R, 0o(p1®@p2®--- Q@pm,, ®1) is given by

Ty () (Cmsﬁt) (Cms,tfl) c1
z Z a” (r(y"))y’ (Dt (P, D1 (- {(p2D{ (p1))...)))
Cg(f) 06{071}ms,t f

Hence to prove pq(B;) C By, it is sufficient to prove that ((Wg/gg(f))a@m (r(y")y! (p)) s
is in By for any p € R. To proceed the induction, we formulate as follows.

LEMMA 3.14. Assume Assumption 3.5. Let p € R, w € S* and @' € SU such that
L,I'<mg. We assume that | <mg; or (W0',w) = (Z,7). Then we have

(J@) a2 (r(w ) <p>> b

Proof. We prove the lemma by induction on L If { = 0, then the lemma means 7,a@(1)p
R. This is Lemma 3.3.

Take 31,...,5 € S such that @ = (31,...,5). Put a(g) = a®(g) and © = (51,...,5_1).
Then, by Lemma 3.9, it is sufficient to prove

((@((7;50)) a(r(w " ))uw 0 (p)) a> ey <2 (3.2)
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and
Tz (F 0V, (F20) () T (£ DN, (1)
<cw<<f',o>>“(7“(“’ w0 = gy et e (p)>ffe{o,1}u€Bv'
(3.3)
We have

T2 (OO o o (T (0 0
(et D ) ) =0 (0) o a9 )

and by the definition of ¢y, ((f’,0)), we have v/ (au,)/Cu(f,0) = 1/ (). We also have
w0 = /", Hence, the left-hand side of (3.2) is

f/€{071}lfl

which is in B, by inductive hypothesis.
Put g = v/’ Then w9 =g and w""V = gs;. Since (uW((f,0)) = Cu((f,1)) =
v! (r,)Co(f7), the f/-component of the left-hand side of (3.3) is

(a(r(g9))g(p) —a(r(gsi))gsi(p))
_ T (0 p—si1(p)\ , alr(g)) —a(r(gsi)) .
= o (atron (P2 + =)

Qs g(asl)
orig)-alrigs)) )

We prove that

Tz a(r(v o' Tz a(r(yf,))_a(r@flsl))vf/ S
<U(f’) (r(@” ) (agl(p)))f/, < v (z(p)))fl (3.4)

Cu( ") ol (o)

are in B,. The first one is in B,, by inductive hypothesis.
For the second, we divide into two cases.

e First, assume that [ < mg ;. Then E(gf,) +£(s;) < ms,. Hence r(yf/sl) = ﬁf/s}. Therefore,
by Lemma 2.12, we have (a(r(v!")) —a(r(v! s))) /v’ (o) = a@5) (r(v7")). Therefore if
" < mg then the second one of (3.4) is in B, by inductive hypothesis.If I’ =m;, we have
0(@',5;) = mg s +1. We also have £(r(v/")) < l(v) =1—1<my; —2=L0(&,5)—3. Hence
(@', 5;) —£(r(vf")) > 3. By Theorem 2.11 and Assumption 3.5, a(@-%) (r(v/")) = 0. Hence
the second one of (3.4) is zero which is in B,.

e Next assume that | =m,,. Then we have @’ =z and w = y. In this case we prove that
a(r(v’")) = a(r(v!s;)).If f' # (1,...,1), then the calculation in the case of | < my, is
still valid. Hence (a(r(v!)) —a(r(vf s;)))/v! (ag,) = a@3) (r(vf")). We have £((Z,5;)) =
mes+1 and, since f' # (1,...,1), we have £(r(v/")) < my; — 2. Therefore £((Z,5)) —
¢(r(v/")) > 3. By Theorem 2.11 and Assumption 3.5, we have a(&3) (r(vf")) = 0.We assume
that f' = (1,...,1). By the definition, r(v/"s;) = Z. Hence aZ(#) = 1/m, by Theorem 2.11
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and Lemma 3.2. We have £(r(v/')) = my, — 1 =€(&) — 1. Therefore by Theorem 2.11 and
Lemma 3.2, we have aZ(r(v/')) =1/m, as € =1.

We finish the proof. 1]

Theorem 3.10 is proved.

3.5 Relation with the diagrammatic Hecke category

In this subsection assume that K is a Noetherian integral domain. Let (W,S) be a
general Coxeter system such that #5 < oo (we allow #S # 2) and (V,{aw }ues, {a] Jues)
a realization. We assume the following version of Demazure surjectivity: as # 0 and
a!:V — K is surjective for any s € S. We also assume that for any uy,us € S (u1 # us)
such that the order my, ., of ujus is finite, we have [m“}C’“?]Z =0 for any Z € {X,Y}
and 1 <k <my, 4, —1. We can define the category C,Cq by the same way as in §3.3.
Let BS be the full subcategory of C consisting of objects of the form By, ®---® By, (n). If

Muy,ug

—
ui,u2 € S, uy # ug satisfies my,, 4, < 00, then we put By, 4, = By, ® By, ®--- and By, 4, =

Muq,ug

B,,®B,, ®---. By Theorem 3.10 there exists a homomorphism @, u,: Bu; us =+ Bus,u,
which sends (1®1)® (1®1)®---®@(1®1) to (1®1)®(1®1)®---®(1®1).

Let D be the diagrammatic Hecke category defined by Elias—Williamson [7]. Note that
this is “well-defined” [9] in the sense of [8, 5.1].

We define a functor F: D — BS as follows. For an object (s1,...,5;) € D, we define
F(s1,..-,81) = Bs, ®---® Bs,. We define F on morphisms by

f(i) =(pr—pd,®1—pRu(dy)),

F < T) = (p1 ®p2 > p1p2),

]:(\\H) = (p1®@p2 > p1®1@p2),
f<A\> = (P1 @ p2@p3 = p19u(pP2) @ Pp3),

F(2muyy 0y — valent vertex) = oo, u,-

for u,uy,us € S and p, p1,p2,p3 € R. Here we regard B, ® B, = RQp« RQpu R(2) and §, € V
is an element satisfying (/,d,) = 1.

LEMMA 3.15. The functor F is well-defined.

Proof. In [8], a functor A: D — Cq is defined and it is proved that A is well-defined.
By the construction, we have A = (-)g o F. Therefore (-)g o F is well-defined and since
(1)g: BS — Cq is faithful, F is also well-defined. 0

THEOREM 3.16. The functor F: D — BS gives an equivalence of categories.

Proof. The proof is the same as that of the corresponding theorem in [1]. It is obviously
essentially surjective. In [7], for each object M,N € D, elements in Homp(M,N) called
double leaves are defined and it is proved that they form a basis of Homp(M,N) [7,
Th. 6.12]. In [1], the corresponding statement in BS is proved, namely double leaves in
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Home(F(M),F(N)) are defined and it is proved that they form a basis. By the definition
of F, F sends double leaves to double leaves. Hence F gives an isomorphism between
morphism spaces. O
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