SOME INTEGRALS INVOLVING E-FUNCTIONS

by R. K. SAXENA
(Received 26 October, 1959)

1. In this paper we evaluate some integrals involving E-functions by the methods of the
Operational Calculus. The results obtained are quite general and many of them include, as
particular cases, some known results.

A function §(p) is operationally related with another function f{(t), if they satisfy the
integral equation

$(p) = pfo eP() dl. i (1)
As usual, we shall denote (1) by the symbolic expression
$(p) = f(2).
2. TaroreM. If $(p) = f(t)
and $(p) = trmif ("),
then
_ ®1 1 n—-1 pre
d(p) = (2n)tn+lpna—ipl—na E E Gt at S d, ...... 2)
i—i b n n"t
provided that the integral is convergent. Here R(a) > 0, R{p)>0,n = 2,3,4, ..., and T
l -1
means that in the expression following it, © is to be replaced by —1 and the two expressions are to
be added.
Proof. We have
YD) = F() v (3)
and, by Ragab (7, p. 119},
T - lp (a, a +l e+l ‘-‘—e—> = (2n)HntDp-na-igapag=alinptin, @)
=i n n"
where RB(¢) > 0, R{a) > 0 and n = 2, 3,4, ...
Applying the Parseval-Goldstein theorem [2] that if
$i1(p) = g1(x) and  ¢y(p) = gy(2),
then
w0 a0
fo ¢, (Z)g, (x)xt dx = fo G (@) ()1 dZy oo, (5)

to the relations (3) and (4), we obtain
fm ta-1g=atmi ey gy
0

= (277)‘* (ﬂ+1)n§+"aa—a J

e¢-|)_a

1 1 n-1 aqe"
E ; (a,a+;~b,..., a+—n—m)¢(t)dt.

https://doi.org/10.1017/52040618500034122 Published online by Cambridge University Press


https://doi.org/10.1017/S2040618500034122

INTEGRALS INVOLVING E-FUNCTIONS 179
Now put ¢ = u™ in the integral on the left and replace @ by a®, so that

J.w unu—le—auf(un) du
0

1 n-1 anet”
—4(n+1)g—nay na—% - ..
= (2m) a—"en fo 7 'E_,ME<<1 L nﬂt>1/1(t)dt.

The theorem follows immediately on multiplying both sides by @ and then replacing a by p.
Alternative form of the theorem. If §i(p) = f(£/")

and ${p) = tr=1f(t)
then

- notn’
$(p) = (2m)—Hmlyna—ipyl-na 5_; E oz,oz+1 el PP
) t i—i n n"t

provided that the integral is convergent, where R(x) > 0, B(p) > 0,n = 2,3,4, ....
When n = 2 the theorem reduces to a known theorem [1, p. 132] by virtue of the relation
(7, p. 122]

1 ae™\ 1 ae~*" 2-3 “ at
_ e V= e V= % yaj—op—af80 -
iE(a,u+;~.. 4t> iE(a,a+§.. 4t> 2t P rart—e Dza-1(2m)

Example. If we take [9, p. 133]

1
fty =t;1E (l; %y % P1s Pas +ovs Pms B 3

where R(8) > 0, B(p) > 0, then {10, p. 172]

1
gre=1f (i) = grainf-n-1 <l 5 Gyt Prs Pos eees P Bt F)

% (@i BTt B{LEn S a, py, oy oo B (B1)7)

= ¢(p)

where R(e +8-1)> 0, B(p) > 0, and a3, = (Re+nB-n+k)n for k =0,1,..., (n-1).
Applying (2) and replacing (p/n)* by a, we find that

@ 1 n-1 aqe™
_B . . . —_ —_—
fot E(l; a,:m; p,: )tlz_,‘ E(a,a+n,...,oc+ R t)dt

=2na" P El+n; o py, Payeees Py Bi )y vevnvenne (6)
where R(a+B8-1) > 0, R(a) > 0,n = 2,3,4, ..., R(a) > 0, and «, ., is defined as before.

=pPEQl; ap:m; pyip) = Y(p),

[
~—

3. We now prove the formula

f e st1 (1 4480 By -\, 8- B:: (1 +0uFa(e Bry; 8,45 —b)dt
_TIrEIr@-a-Bl(y=2 apis_. 5.8 .5
= T(y)F(S—a)P(S—ﬁ) ZAE(B-a,8-B,y:8:2), crerererirennnn. (7)
where R(A) > 0, B(z) > 0.
In the proof of (7) we require the integral [10, p. 171]
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J.°° evul—e=B-1(y +v)~vE(x, B, y: 8 : u+v) du
0

_ T (B -a-p)
r@-a)rié-4)

where R(3~a—-B)>0,|argv | < .

vVE(8 -, 8-B,y:8:9), cervuinns (8)

Take [8, p. 169]

00)= L Fy(o B yi 8,0 =0 % o p(p 42 B (e B y:5:2+2) = 4i(0)

where R(A) > 0, R(p) > 0, R(z) > 0, and [1, p. 294]

1 at+B—by Amy
galt) = e-tti-a—p=1(g g -y = B J}% - /\)z E{y-28-a-B::(L+p)} = da(p),

where R(8 ~«-B) > 0, R(p) > 0.

Using these relations in (5) and evaluating the integral on the left with the help of (8),
we arrive at the result.
In particular, when A=«, (7) reduces to

fm e=stpe~1(1 +y)etP-C Fly —a S —a-B:: (1 +8)2} Fy (B, y; &; —-t)dt
0

TPy -a)[(3-e-f)  ps s g..5.
T =T g * " FG-a8-Fy:8:2), e 9)

where B(a) > 0, R(z) > 0.
4. Next we establish the result

1 —
ftV-l(l—t)’—l{l+/\t+,u.(1—t)}—>'-°E{l; a,:m;p,:z<1———“”"“ t))n}dt
0

¢
=T@m=2(1+A)"Q+p) B E{l+n; a,:m+n; p: (1 +2)%2}, ...... (10)
where B(y) > 0, R(8) > 0, R(z) > 0, n is a positive integer, A = 0, u > 0, and

y+k y+3+k

Opipyl = 0 Pmik+l =

fork =0,1,..., (n-1).

In the proof we shall require the following theorem [3, p. 44].

If
fi(®) = ky(t) and  fio(p) = Ry(t),
then
f—l(L)fi(ﬁ) = sz(p, cos? §,sin20)sin20dO, ......ocenvenvnenn. (11)
y4 0

where ¢ b, (2t)hy (yt) = F(p, 2, y).
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Taking [10, p. 172]

hi(t) = estr—1 E (l ; Ap M Pyt tl_")

= (2m)i-try—ip(p +a)~ E {l +R; e 1M Pyt (IL:;—(LY}
= fi(p),
where B(y) > 0, R(a) = 0, R(p) > 0, and
ho(t) = =1e™ = pI'(3)(p +b)~° = fo(p),
where R (8) > 0, R(b) = 0, B(p) > 0, we have from (11)

w

2
2 f sin2-1 § cos?r-1 §(p +a cos? 0 + b sin? §)—r-2
0

2 in? n
B T

= n=8(p +a)~*(p +b)~*T(5)E {l+n; aim; py <p;:“)”}, ............... (12)

where E(y) > 0, R(8) > 0, BR(p) > 0, R(a) > 0, R(b) >0, and ofize1 = (y+38+k)n for
k=01,.. (#n-1)

On replacing a by Ap, b by up and (p/n)* by 2, (12) can be put in a more compact form :

m

2
2 J 8in2-1 § cos?r=1 § (1 + A cos® 6 + p sin® §)—r—3
0

A, . _fl+Acos?8+psin? G\"
xE{l,ar.m, Ps~z( cos? 6 >}d0

=I'@m=3(L+A)~"(1+u)BE{l+n; a,:m+n; p: (L+A)"%2}, covinninnnnnnn (13)

where R(y) > 0, BR(8) > 0, R(z) > 0,A >0 and pu = 0.
The substitution cos? 8 = ¢ in (13) yields (10).

Below we give some particular cases of (10) obtained by giving suitable values to its
parameters.

(i) If we take A = 0 and p = 1, then after slight changes in the variable we get

1 n
j t°-1(1—t)V-1(1+t)—7-aE{l; & im; pszzG—j'—;) }dt
0 -

=TB)2n)yPE{l+n; a,:m+n; p, 12}, wrieinrerennnn. (14)
where R(y) > 0, R(8) > 0 and R(z) > 0.
(i) Similarly when p = 0 and A = 1, we find that

fltv-l(l—t)s-l(l+t)—v-8E{l; aim; ps:z<1 +31)"}d¢

0
=T(8)2 " E{l+n; a,:m+n; p,:2%},
where R(y) > 0, R(8) > 0 and R(2) > 0.
Lastly when A = p, then (10) reduces to a known result [4, p. 407].
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5. The following results are to be established here :

fmexp(_t”)E(’\’“::t")t"ﬁ_lE(l; % m; P.-I%)dz
0

n—1 -
= DN (p)nZeo—2e—t+im—sB—4 (27r) —in) G-m)+in—s 3, (—a—slnnm—mz) r

B r=0

o+ gq+r+n-—1 _ _
e AR o » Y1r ees Vog 0 8 s(nm l+lz)n
x B s reensens (16)
r+1 r+n p+r P +T+n—1
T R T po s Opy wuey O

where n and s are positive integers such that = is odd and s <=, R(z) > 0, R(A+B) > 0,

B(u+B) >0,

_nB+sr+nd+nk
Yi+1 ns ’

nf+sr +nu +nk
Yitotr = T
and

8lc+1 -

nf +sr +nA +np +nk
oy .

The asterisk indicates that the parameter n/n is omitted. When 7 is even, the argument of the
E-function is to be multiplied by e*in,

f: tnﬁ—lK“(t”)E (l y g i Pyl ths) dt

n—1 -
- \/Z’_’ nZog—Ip;~hl+im~F (25)8~1(27) G-in) (-m)tin—s 3 {( —25)—28/n n""”lz} ’
2

- r=0

oy +7 gq+r+n-1
L s Pis oo Bos o (28)72 (nm=tHig)n
x B y eeeens (17
r+l r+n p+7 Pmtri+n-1
T,..*-.., 7 3 7 3 eevy 7

where n and s are positive integers such that « is odd and # > 2s, R(B+u) > 0, R(z) > 0 and

_ nf+2sr +np +2nk s _ nB+2sr —np +2nk
¢k+1 - s ’ s+k+1 — ons s

for k =0,1,..., s-1. For even n, the argument of the E-function is to be multiplied by

ek,
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The following results are required in the proof [10, p. 172], [5, p. 92], [11, p. 116].

fw wl(u +2)2,F, (/\, Biov; _E) E {l DG, M pgt <u_+z)"} du
0 z n

=Tz nE{+2n; a,:m+2n; p,:(2/n)"}, .vivevinnninnnn. (18)
where B(v) > 0, R(a +A~v) > 0, R(a+p—v) > 0, ] argz | < m2 # 0,00, = a +A—-v +k,
N ypipsr = @ +p —V+E, Nppigey = a+k, Rppynigy = ax+A+p—v+k, for k=20,1,..,
(n-1).

-]
J exp(-u")E(l; o, :m; p;:zfus)uwdu
0

= nzﬂg—zﬁi—u‘*‘}m—%svl"—* (277) A—in) Q—m)+fn—¢s

(y+is y+is+(s—1)n o +1¢ og+t+n—1 ]
n—1 ns ' ns o 7T n
X B | (=s=timpm-i+ly)—t g : g8 (pm=l+1g)n
¢=0 e S L L S Rt
R R e b PR -
........................... (19)

n and s being positive integers such that » is odd, s < #, B(y) > 0. Ifniseven, then the argu-
ment of the E-function should be multiplied by e+,

@ 2n’
J (p+u)r(u? +2pu)-i/\E{l D e i my pyt (M) }p: (1 +7f) du
0 2n P

: 2n
= ptrA(2n)1E {l +2n; o, im+2n; p,: (%) } ) rereeeriinenns (20)

where R(A) <1, RA+y-p-1)>0, RA+y+p)>0, p #0, jargp| <3wr(l-m+1),
magkg = Aty +p+2k, 2oy = Aty -p =142k, 2nppipey = v +1+2k, 20ppiniin
=y+2k, for £ =0,1,...,(n-1).

From (19) we deduce that

1
g,(t) = eottr-1E (l y xgim; pgc W)

= pnZeo—Zr—iHim—igy—4(2yr) =kn) =m)tin—is(p 1 g)~¥

ny +sr ny+sr+(8-1n o +r o +r+n-—1
y ooy , y eees
w1 ns ns n n
X 3| { —sdinpgm=i+l(p q)sin}~" B 870 ()R (p +a)
=0
’ lr+1 r+n p+r pm+r+n-~1
—_— kL, ) s eees
n n n 7
= ‘/’1(1’)’

where B(y) > 0, B(p) > 0, R(a) > 0, and [1, p. 212]
ga(t) = 1. F (A, psv; ~tfa)
= AL l—vE .

= ¢2(p))
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where RB(v) > 0, R(p) > 0, R(a) > 0.

Applying (5) to the above relations and using (18), we obtain after a little simplification
and changes in the parameters, the relation (16).
Next take

g1(8)

1
= pLeg—Ip;—il+im— *p (p +a)y~ (28)7_*

—1
X (2,”) @—in)l—m)+in—se nz {( _28)—2s/nnm—l+l}-r (p +a)—2srln

r=0

ny +2sr ny +2sr+(2s -1 o, +7 o +r+n—1

o2ns ' 2ns o T n
x B : (28)~20 (nLHYn (p 4 @)2e
r+l T4 ptr Pmtr+n—1
—n-,... e T T T T .y
= ¢1(p):
where R(y) > 0, and [1, p. 278]
(7 A2 ¢
galt) = (%) (£2 + 2at) Pﬁ(l +

== p/\*}'*eal’K“‘*‘}(ap)
= ¢2(p):

where R(A) < 1,|arga| < =. Again using these relations in (5) and evaluating the integral
on the left with the help of (20), we obtain (17) after a little simplification and changes in the
parameters.

On taking n = 2, s = 1 in (16) we get a result given by Ragab [6, p. 418]. When A or p
is zero, (16) reduces to (19).

Similarly, taking # = 4 and s = 1 in (17), we get an integral due to Sharma {12, p. 161].
When g = +} then (17) reduces to (19).

I am highly grateful to Dr C. B. Rathie for his guidance in the preparation of this paper.
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