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1. In this paper we evaluate some integrals involving U-functions by the methods of the
Operational Calculus. The results obtained are quite general and many of them include, as
particular cases, some known results.

A function t/i(p) is operationally related with another function f(t), if they satisfy the
integral equation

ifi(p) = p \ e~vtf(t)dt (1)
Jo

As usual, we shall denote (1) by the symbolic expression

4>{p) =/(<)•

2. THEOREM. / / <j>(p) = f(t)

and <f>(p) = t"«-lf(tn),

then

1 „ 1

provided that the integral is convergent. Here R[a.) > 0, E(p) > 0, n = 2, 3, 4, ..., and £
t,-t

means that in the expression following it, i is to be replaced by -i and the two expressions are to
be added.

Proof. We have
4>iP) =?/(«) (3)

and, by Ragab [7, p. 119],

S i t f (a, « + - , . . . , « + — ::—) = (27r)i<n+»n-»°- »a^e-°1/n j )1 /". (4)
i j t» \ 7b 7b 7b t J

where R(a.) > 0, 2?(a) > 0 and n = 2, 3, 4 , . . . .

Applying the Parseval-Goldstein theorem [2] that if

then
*00

^(x)g2(x)x-1 dx = ft^^Wr1^ (5)
Jo Jo

to the relations (3) and (4), we obtain

f°° t*-H-allntllnf(t) dt
Jo

2
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Now put t = un in the integral on the left and replace a by an, so that

un—1e-auf(un) du
Jo

= (&r)-«-«.a—*—» JJ 1 £ J * («, « 4 a + ̂ i : : 2=£) 00)*.
The theorem follows immediately on multiplying both sides by a and then replacing a by p.

Alternative form of the theorem. If i/)(p) = /(<1/n)

and <f>(p) = ^ / W .

then

J .S.
provided that the integral is convergent, where B(a) > 0, B(p) > 0,n = 2, 3, 4, . . . .

When ?i = 2 the theorem reduces to a known theorem [1, p. 132] by virtue of the relation
[7, p. 122]

Example. If we take [9, p. 133]

/(<) = «"-»£ ( j ; a r : P l , P2> .... pm, J8 : i ) = p 1 ^ £ ( l ; a r : m ; P s : p) = 0(p),

where JB(/3) > 0, iJ(p) > 0, then [10, p. 172]

; a r : P l , P2,...,pm,p:

« ; a r : Pl> p 2 Pm, ]8 :

where i2(a + / ? - l ) > 0, R(p) > 0, and a1+i;+1 = (na+nfi -n + k)/n for k = 0, 1, ..., (n -1).
Applying (2) and replacing (p/n)n by a, we find that

t~*E (I; <xr: m ; p . : <) 2J T JS I a, a + - , ..., a H : : —— I at
Jo i,-i i \ n n t J

= 2?r a %J [I •¥% j a r ; P j , p2) . . . , p m , p '. a), (o)

where R{a. + j9 -1) > 0, R(<x) > 0, n = 2, 3, 4, ..., J?(a) > 0, and al+k+1 is denned as before.

3. We now prove the formula

poo

Jo
r(A)r(8)r(8-«- j )r(y-A) ,_A K , s _ a > 8 _ £ y . 8 . z)) (7)

where R (A) > 0, iJ(z) > 0.

In the proof of (7) we require the integral [10, p. 171]
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/•»

e-uM«-«-0-1(w +v)-YE{«, j8, y : 8 : u +v) du
J o

where J2(S -a - j8) > 0, | arg v | < IT.

Take [8, p. 169]

e -* -y a ( a , J8, y; 8, A; -t) = J^I^)P{p+z)-*E(cc, /?, y : 8

where R(X) > 0, R(p) > 0, R{z) > 0, and [1, p. 294]

1) (1 + M^+^-^Z •*—y

where R{B - « -/S) > 0, -R(p) > 0.

Using these relations in (5) and evaluating the integral on the left with the help of (8),
we arrive at the result.

In particular, when A = a, (7) reduces to

Fe-Hr-Hl+t)'+l>-»E{y-a,&-*-P::(l+t)z}aF1(p,y; 8; -t)
Jo

r(a)r(8)r(r-a)r(8-a-)B)
j8) 2 '

dt

where i?(a) > 0, R(z) > 0.

4. Next we establish the result

J V Ml -ty-Hl + A« +/x(l -<)}—' £ JZ; a r : m ; p.: z ^ + ^ ' ^ dt

= r(8)7i-a(l+A)-"(l+^)-«£{i+7i; a r :m+?i; ps:(l+A)"z}, (10)

where R(y) > 0, i?(8) > 0, R(z) > 0, m is a positive integer, A ^ 0, /x ̂  0, and

y+k y+S+k
^ p = ^ n

for k = 0,1, .... (n -1).

In the proof we shall require the following theorem [3, p. 44].
If

then

where < ^ ( x

J ( ^ ) , ) ^ (11)
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Taking [10, p. 172]

iE(l; ar:m; Pa:

E U +n; <xr:m; Pt: (P±^\n\

where R(y) > 0, R(a) > 0, R(p) > 0, and

h2(t) = ««-ie-« = Pr(8)(p+b)-> =f2(p),

where R(B) > 0, R(b) ^ 0, R(p) > 0, we have from (11)
IT

2 sin26-1 0 cos2*-1 0(p+a cos2 0+b Bin* 6)-y-8

Jo
+a cos2 9+b sin2 0\"

- n-»(p+a)-y(p+b)-T{B)E {l+n; ar : m ; P s : ( ^ ) } , (12)

where R(y)> 0, R(S)> 0, R(p) >0,R(a) > 0, R(b) ^ 0, and af+k+1 = (y + S + fc)/m for

On replacing a by A ,̂ b by ^ an(^ (Pln)n Dy 2» (12) can be put in a more compact form :
IT

2 f2 sin28-1 6 cos2' '-1 0 (1 + A cos2 B + u. sin2 0)- y

Jo
v w J 7 • • ™ • • , / l+Acos20+^sin20\^x £ U ; ar:m; Ps:zl — o V rf0

w; a r : m + ? i ; /?s : (1 +A)nz} (13)

where i?(y) > 0, R(B) > 0, R(z) > 0, A > 0 and p > 0.
The substitution cos2 5 = t in (13) yields (10).
Below we give some particular cases of (10) obtained by giving suitable values to its

parameters.
(i) If we take A = 0 and p = 1, then after sb'ght changes in the variable we get

/I +t\"1; a r : m ; Pa:z(T—) \dt

= r(8)(2n)-sE{l+n; ar:m+n; Pt:z}, (14)

where R{y) > 0, R(h) > 0 and R(z) > 0.
(ii) Similarly when p = 0 and A = 1, we find that

; a r : m ;

« ; ar :m+7i; />,: 2"z}, (15)

where R(y) > 0, R(B) > 0 and 5(2) > 0.
Lastly when A = fi, then (10) reduces to a known result [4, p. 407].
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5. The following results are to be established here :

exp ( -1") E (A, fi: : «»)«•*-! E(l; a<7: m ; Pi: j dt

n - l

r=0
/ _,9-«/nwm-J+lzj

n
r + l

n

n
» Yi> •••> Vas : s - s ( n m - l + 1 z )

r+n Pl+r Pm+r+n-\
» § i 8 ,

.(16)

' n TO • ' n

where n and s are positive integers such that n is odd and s < n, R{z) > 0, i?(A + /?) > 0,

Yk+i =

Yk+s+l

and

TO/3 + sr + wA + nA;

TO/3 + sr + nfi + nk
ns

B+sr +n\+ntx+nk

ns

The asterisk indicates that the parameter n\n is omitted. When n is even, the argument of the
2?-function is to be multiplied by ei*17.

; <xa:m; fi'.^-Adt

n - l

x E J
r + l r+n Pl+r Pm+r+n-l

, . . . * . . . ,
n

.(17)

n n '

where n and s are positive integers such that n is odd and n > 2s, iJ(/3±/x) > 0, R(z) > 0 and

_ ?ij3 + 2sr - n/x + 2wfc

for k = 0, 1, ..., 3 - 1 . For even n, the argument of the ^-function is to be multiplied by

e±»n.
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The following results are required in the proof [10, p. 172], [5, p. 92], [11, p. 116].

du; v; -f ; ar : m ; Ps:

= F(v)z'-*n-"E{l+2n ; a r : m + 2w; ps : (z/n)"}, (18)

where R(v) > 0, R(a + \-v) > 0, i?(a+/i-v) > 0, | argz | < n,z ¥= 0,nxl+k+1 = <x + X-v + k,
nal+n+k+1 = ac+n-v+k, npm+k+1 = «+&, w/3m+n+Jfc+1 = a + A +/x-v + k, for k = 0, 1
(n-1).
/•a

Jo
exp ( - M") E (I; <xa : m ; -1 du

715 ns

l V
I

t + l t+n
n ' n ' n ''"'

:s~' (nm-l+1z)n

Pm+t+n-l
n

(19)

n and s being positive integers such that n is odd, s < n, R (y) > 0. If n is even, then the argu-
ment of the ^-function should be multiplied by e±ilT.

(p ; a r : m;

.(20)

where R(X) < 1,
2na,+i+1 = A + y+
= y + 2k, for Jfc = 0, 1, .... (w-1).

From (19) we deduce that

-/x -1) > 0, iJ(A > 0, 0, | a,rgp | < \n(l-m + l),
= y + l+2k,2nPm+n+k+1

9l{t) = e-Hy-^E (l; oca:m; Pt : ^

«(p +o)~

n - 1

r = 0

my+sr
ns ns

r + 1 r+n
—— , . . . * . . . , n n n

where R(y) > 0, R(p) > 0, R(a) > 0, and [1, p. 212]

gt(t) = « - 1
2 ^ 1 ( A , M ; V ; -tja)

<f>z(P),
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where R(v) > 0, R(p) > 0, R(a) > 0.

Applying (5) to the above relations and using (18), we obtain after a little simplification
and changes in the parameters, the relation (16).

Next take

9l(t) =e-<»^-i

r=0
{(-2s)-2slnnm-l+1}-r(p+a)-2'rln

E

ny + 2sr ny + 2sr + (2s - l)n
2ms '••• ' ^ 7

a,+r+w-l

r+l r+n
n ' ' n

2^7 '~n~''"' n
: (2s)-i'(nm~l+1)n(p+a)2'

pm+r+n-l

where R(y) > 0, and [1, p. 278]

•K

where iS(A) < 1, | arg a \ < n. Again using these relations in (5) and evaluating the integral
on the left with the help of (20), we obtain (17) after a little simplification and changes in the
parameters.

On taking n = 2, s = 1 in (16) we get a result given by Ragab [6, p. 418]. When A or fi
is zero, (16) reduces to (19).

Similarly, taking n = 4 and s = 1 in (17), we get an integral due to Sharma [12, p. 161].
When fi - ± | then (17) reduces to (19).

I am highly grateful to Dr C. B. Rathie for his guidance in the preparation of this paper.
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