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ON THE ENDOMORPHISMS OF A POLYNOMIAL RING

JOHN DAVID

This paper arises in the attempt to solve the following problem related to
the Zariski Problem. Let 4 be a polynomial ring in three variables over a field,
k. Suppose there is a subring B of A such that # € B and there is variable ¢
over B such that B[f] = A. Then is it true that B is a polynomial ring over k?

The Zariski Problem was raised in 1949 at the Paris Colloquium on algebra,
and is unsolved to this day (see [2] and [4]). The question at hand is still
unsolved (see [1] and [3] for much completed work on this question).

For a review of the ideal-adic topology of a ring, and some properties of
completion, see [5, p. 49; 6, p. 129].

MAIN THEOREM. Let R be a subring of a polynomial ring A, in three variables
x', v, 2" over a field k C R. Let the k-transcendence degree of the quotient field of R
equal two and R be algebraically closed in A.

(1) Suppose that there exists a ring homomorphism o: A — A such that
olr = idg and kernel ¢ = t4 #= (0).

(2) Suppose also that 5’ ¢ R and there exists an infinite subset S of N such that
p € S implies there exists a ring homomorphism 7, : A — A such that 7,(t) =
(' — ¢)? where ¢ € k equals the constant term of o(3') and such that v,|p = idg.

Then R[t] equals A.

Remark. All rings are commutative with identity and all maps are ring
homomorphisms. In addition, all notation in the statement of the theorem
remains constant.

Remark. The proof of this theorem is in two parts. The first shows 4 C
R[[t]]* where R|[[{]]* is the ring of all elements of k[[x, v, z]] that can be written
as > 2ocid?, ¢; € R, for a certain basis x, v, z of A. This part uses assumption
(1), not (2). The second part shows that any element of 4 which does not lie
in R|{], cannot lie in R[[f]]*. This part uses both assumptions.

LEmMmaA 1. If p s prime in A = klx, v, 2], x, y, 2 any basis of A, and plg € A
in k(|x, v, 3]], then plgin A (Assume p € (x, ¥, 3)A4).

Proof. By [5, 17.9], pkllx, v, 2]l N Awy.n = pPAwy.»- Thus there exists

g € 4,s € A\pA such that pg’ = gs, as p4 C (x, v, 2)4. As p is prime and
ptsin 4, plgin A.
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LEMMA 2. There exists a basis x, vy, z of A such thatt € (x,y,z)A (By a basis,
we mean klx, y, z] = A4).

Proof. As 0 = o(t(x', ¥', 2')) = t(e(x’), a(o'), a(2')), t(a, b, ¢) = 0 where
a, b, ¢ € k are the respective constant terms of o(x’), ¢(y’), and ¢(2’) in the
basis x’, ¥’, z’. Now write ¢ as follows:

tix',y',2) = t((x" —a)+a, (¥ —b) +0b, (& —¢c) +¢)
In terms of this new basis x’ — a, ¥’ — b, 2’ — ¢, therefore, the constant term
of tis t(a, b, c) = 0.
Remark. In view of Lemma 2, there exists a basis x, y, z for 4 such that

1,(t) = 2z and ¢t € (x, y, 2)A. From here on, this will be the only basis we will
deal with, and its notation will be preserved.

Definition. Let T be any subring of 4. Then T[[#]]* is the set of all elements
of k[[x, v, z]] that can be expressed as > i2oa¢* where a; € T. This limit is
taken in the (x, v, z)-adic topology.

LeEMMA 3. Let T be any subring of A. Then T[[t]]* is a subring of k[[x, vy, z]],
with the “‘natural” addition and multiplication. Furthermore, for any countable
sequence {a}io of elements of T, D foait® € T([H]]*.

Proof. As t € (x, v, 2), {S, = 2 i=0a#'}i=o forms a Cauchy sequence in the
(x, ¥, z)-adic topology of A. That is,

for all K > 0, there exists Ny > 0 such that N, M > N, implies
Sy — Su € (x, 9, 2)%.
Thus > 2eaitt € kl[x, y, z]].
Now let a;, b; € T. That T[[£]]* is additively closed follows from > a* +
bt = > (a; + b,)t'. That T[[£]]* is multiplicatively closed is seen as follows:
By 17.3 of [5],

(2o (5 ) (5 ) (5 04)

We claim
Z ( Z lljbr>tt = «.
=0 \jfr=1
Let K > 0. Then there exists N, such that N > N, implies
N N
a — <Z (lili) <Z bJ‘) € (x,y,2)%4.
i=0 1=0
Let N, = max (K, Ny). Then for N > N; + 1
N Ni1+1 Ni1+1 ) N
a — Z ( E ajbr>t1 =« _(Z (liti>( Z [)itz) - Z ( Z (ljbr)ti
i=0 jr=1 i=0 =0 i=N1+2 \jtr=1

where j > N, + 1 or r > N; + 1. The difference of the first two terms lies in
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(x,v,3)%A4 because N; + 1 > Ny. The last term is divisible by tXas K < N; +
1. Ast € (x, 9, 2)A4, it is in (x, y, 2)¥4.

Remark. A is considered as a subring of &[[x, ¥, z]] in the natural way, i.e.,
all finite sums of forms from A, with respect to the basis x, ¥, z.

LEMMA 4. o can be extended to o* : A[[t]]* — A. Thatis,o*|4 = o

Proof. Consider any two elements ) a#' = aand > bg' = Bof A[[{]]*, where
a; by € A. Define ¢*(a) = o(ag). If @ = 8 then ay — by = tY_(a; — b,)t*"L
By Lemma 1, there exists ¢ € A such that ag — by = ¢ - g. Apply ¢ to this
difference, remembering ¢(¢) = 0. Thus ¢*(a) = ¢*(8) and hence o* is well-
defined. That ¢* is a ring homomorphism is seen from

a+B=a+bo+ 2 (a+b)t' and
a'ﬁ=aobo+ i ( Z (Ijbr)ti.

=1 \jjr=1

That o* agrees with ¢ on 4 is seen by writing any element a of 4 as a +
210 - £

LEMMA 5. ¢ is transcendental over R.

Proof. Let rt" + .. 4+ rit + ro = 0 be an equation of minimal degree for
t over R. Apply ¢ and deduce that 0 = o(ry) = 7.

LeMMA 6. Image (¢) = R.

Proof. As Image (¢) € A is an affine ring over a field, containing at least
two k-transcendentally independent elements from R, the Krull dimension of
Image (o) is two or three. As ¢ is not an isomorphism, the Krull dimension of
Image (o) is two. Thus q.f. (Image o) has transx degree equal to two, thus is
algebraic over q.f. (R). Thus Image (o) is algebraic over R, and thus equals R
(see [6, p. 193]).

THEOREM 1. A T R[[¢]]*.

Proof. By Lemma 5, tr; q.f. (R[t]) = 3. As tryq.f. (4) = 3, q.f. 4 is alge-
braic over q.f. R[t]. Thus 4 is algebraic over R[f]. Thus 4 is algebraic over
R[[t]]*. Let h, € A, and let

(&) a, X"+ a,_1 X" '+ ...+ ap = 0 be a non-zero equation of
minimal degree for &, over R[[{]]*. Thus a; € R[[{]]*.

We will show this equation has a root > k', h, € R, in R[[¢]]*. As R[[{]]* is
a domain, k&, € R[[{]]*. Let a; = X ;% r;s € R. If the following equations
all hold, for a sequence of k; € R,7 =0,1,...,then X ki’ is a root of (e).
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This is sufficient for 3 _kt* to be a root, as will be seen below.
(89): 7y,0h" 4 7y—1,0h™ . ..+ ri0ho + 700 = 0.
(t1): 7m0 (?)hon_lhx + Tn,lho" +...+ 'l,ohl + 71,1h0 + 701 = 0.

Let

Wy = Ty, (g) kb2 4 1010 (n ; l) o3 4 . A 1o ohy?

+ 721 (111) hihg"™t 4 7,00 (n -i- 1) hiho" 2 4 .. 4 110k

F raohd® + oo 4 110k + 700
(12): 7, ohhy™? (’1‘) + 75o1.0hahe™? (” I 1) + ...+ 7ok + wy = 0.

In general, let wx be the canonical R-coefficient of t¥ in the expression
K—1 n K—1 n—1
a,,( Z hit’) -+ an_l( Z h,t') + ...+ ao.
i=0 =0

(5 : 7y, 0hchy" 1 (;l) + 7p—1,0hxho"? (n I 1) + ... 4+ riohx + wg = 0.

Remark. The following equalities are all valid in k[[x, y, z]] by Lemma 3.
To find £y, we apply o* to the equation a,h,* + ... + ap = 0 to get
w00 (h)" + rno100(B)" 1+ ... + 700 = 0.

By Lemma 6, o(k,) € R. Define by = o(h,). Thus h, satisfies (°).
To find k,, we note the following:

(Ln((h, - h()) + ho)n + PP + dl((hl - hn) + hg) + Ay = 0

As hy is a solution of (e), with coefficients o*(a;), it follows that

i=1

q=a,- Zl (h, — ho)"ho"-’( ’;) + (Z rn,,ﬂ)ho" + . Far(h, — ho)
1=

+ (Z Tl‘itt)h() + Z fo_iti = 0.
i=1 =1
As g(h, — ho) = 0, t|h, — ho in A.
We define k; = o((h, — hy)/t). We now can write ¢/t as a sum of elements
from A[[f]]*:

- n— n hl - h
0 =g/t =ruo (_ht“—t—}&) ho 1(7{) + raahe + ...+ 710 i——t—O)

X AL + riaho + rog1 + (B — ho)gr + tgo,
where ¢y, g2 € t]*.
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Thus o*(g/t) = 0, ¢*(h, — ko) = 0 and ¢*(¢) = 0 implies
(Y 27 Pl (111) + ik + ... rioh 1k + 701 = 0.

So h, satisfies (). By Lemma 6, k, € R.
As

a(}f’——t—h“-hl)=o, z}h‘—}’ﬂ—hl in 4.

Therefore £2|h, — thy — ho in A.

Suppose we have found #&q, by, . . ., hx_1 € R such that they satisfy
t),2=1,2,... K — 1, K22, and such that t¥|h, — 5 1hg_, — (5 2hy_, —
... —thy — hyin A. We will now find %%. Let

Vi1 = 5ty g + t5 2o + ... + ho.

We can assume o((h, — Vx_1)/t") = 0 fori < K.
We have

ay((hy = Vig—1) + Vgo)" + apa((By = Viet) + Vi) P 4. a0 = 0,

as k, is a root of (e). Thus

q' = an( 12—:1 (hz - VK—l)iVK—ln_i( Z )) + anVK—ln + ...

+ (ll(ht - VK—I) + alVK——l + a0 = 0'

where

G Ve "+ ...+ aiVea + ag = wet® + w5 4L
w; € R; w,; is the canonical R-coefficient of t!. We define

hg = o((he = Vi) /t5).

By Lemma 6, kx € R. Then ¢'/t¥ can be written as a sum of elements from

Al[t]]*:

(B2 () )

K-1 .
+ wk + tq1 + Z (k’;“‘fﬁ(:‘l)éh',

=0 t

where ¢1, ¢/ € A[|{]]*. Applying o* to ¢'/i%, as o((h, — Vg_1)/t") = 0,
1 < K we see
n

hK(rn,l)hOn_l (1) + ...+ 7’1,0) + wx =

Thus hg satisfies (¢5). As o((h, — Vg_)/t" —hg) = 0,t|(h, — Vg_1)/t¥ — hx
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in A. Thus t5+1|h, — t¥h, — Vg_,in A. Also o¢((h, — t*hx — Vg_1)/t?) = 0,
1 < K 4 1. This completes the inductive construction of the %; € R. The
expression

B = a, (k)" + (Rt + ...+ a,
(by [5], 17.3) is equal to lim,a, where

= (B i) (S 0e) 4.4 5 o
i=0 =0 1=0
Now let K > 0. For m > K — 1, tX|a,, because our constructed %, are solu-
tions to (¢*). Thus a, € (x, ¥, 2)* and hence lim a, = 0. Thus 8 = 0 in
k[[x, v, z]] and thus in R[[¢]]*. This completes the proof of Theorem 1.

We now proceed to the second part of the proof of the main theorem.

LEMMA 7. If 7: A — A such that 7| = idg and 7(t) = a € R, then for all
a € A\R[f], 7(«) € Rla].

Proof. We first calculate the kernel of 7. This is either of height one or zero,
as transy deg R = 2 and R C image (7). If kernel (r) = (p) # (0) where p
is prime, then by Theorem 1, t = X 2.cp? € R[[p]]*, ¢; € R, and where there
exists a basis xo, ¥o, 20 of 4 such that p € (xo, 90, 20)4, by Lemma 2. Thus
t — co = p - ¢ where ¢’ € k[[x0, y0, 20]]. By Lemma 1, there exists ¢” € 4 such
that t — ¢y = p - ¢”’. Hence 7(¢) — 7(co) = 0, or 7(t) = ¢y € R, a contradic-
tion. Thus kernel (r) = (0).

Leta € A. Suppose 7(a) = r,¢" + ...+ 1o, 7, € R. Then

mla — (rt* 4+ ... 4+ 1)) =0.
Since kernel (7) = (0), a = 7" + ... + ry, it follows that o € R[¢].

LemMMA 8. If 7: A — A such that 7| = idg and 7(t) € (x, v, 2)A, then
7(x), 7(y) and 7(z) € (x,y, 2)A.

Proof. We will do the proof for 7(x) only. By Theorem 1 and Lemma 1,
x=co+c't,coy € Rand ¢ € 4. As t € (x, v, 2)4, ¢y € (x, ¥, z)4. Apply
7:7(x) = ¢o + 7(c"")7(¢). Since both ¢y and 7(¢) belong to (x, y, 2)A4, we are
done.

LEMMA 9. Let 7: A — A be such that 7| = idg and 7(t) € (x, v, 2)A4. If
Stcitt, ¢i € R, converges to an element « of A, in the (x, y, z)-adic topology, then
> cr(8)* converges to T(a), in the same topology.

Proof. For all K > 0 there exists ny such that # > n, implies

a — Z ct’ =g € (x,9, 2)KA.

i=0
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Apply 7:
r(a) — iz:(:) cir(t) = 7(g).

By Lemma 8, 7(g) = g(r(x), 7(¥), 7(2)) € (x,y,2)"4.

LEMMA 10. Let o € A. Then there exists ¢ > 0, K =2 0, and | = 0 such that
p > q implies deg 7,(a) < K - p + 1 (Assume 1,(a) % 0 for all p).

Proof. Here deg 8 € A is the degree of its non-zero form of highest degree.
If « € R[¢], then for ¢ = max {deg ¢},

deg r,(a) = K- p + Lfor p > g, 1 = deg cx, where
a = Cgt® + cx 5 V4 ...+ co,ci € Rycxk #0

Suppose @ ¢ R[t]. As A is algebraic over R[t], we have:

(ee) a,@" + ap1™ '+ ... 4+ ap=0,a, € R[t], not all a; # 0.
For each a;, there exists q;, K4, and I, such that if a; # 0, then

deg m,(as) = Kip + 1y p > ¢4

Let ¢ = max {g,}, and let p > g. Apply 7, to (ee). Two of the summands must
have the same degree; that is, there exists V, # w, such that ay, # 0 # ay,,

and

deg ,(av,a’?) = deg 1,(au,a"").
Thus

deg 7,(av,) + deg r,(a)"» = deg 7,(ayn,) + deg 7,(a)*».
We derive

e

As the differences K; — K, [; — [, and © — j are finite in number, let

_
K = max {[Ki —&:I + 1}
J— i ]
_ +
!l = max {[Zi lj:l + 1}
J—1 i ]

where [w]t indicates greatest positive integer in w, or zero, whichever is
greater.
Then deg 7,(a) < K-p + [, forall p > gq.

and
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TuroreM 2. If & € A\R[t], then o cannot be expressed in the following form,
as an element of k[(x, v, z]]:

Z Citi, Ci € R.
1=0

The limit is taken in the (x, y, z)-adic topology.

Proof. Suppose a = > ci® € R[[¢]]*, ¢; € R. By Lemma 10, there exists
K 20,7 =0,and ¢ > 0 such that

degrp(a) .-—<_K'p+lyp>Q'

By Lemma 9, {3 j—ocim,(£) !} converges to 7,(a), in the (x, y, z)-adic topology.
By Lemma 7, 7,(a) # 0 ¢ R[z”]. Pick n large enough so that » > K. Select
p > gsothatdeg ¢; < p,7 £ n,and [/ < p, and 7, is defined.

As

deg p(a) S K-p+1<n-p+p,
by Lemma 10, in the difference,
mo(a) — (o 4+ a2'? 4+ ...+ 2P + 13" 4 .+ C2™?),

m > n + 1, no form in
Q= 1,(a) — (co+ 15 + ... 4 c,2"?)

can cancel with any form of
Cpp 18" PP + L+ 2™

As m,(a) — X Tociz™? lies in higher and higher powers of (x, v, z)A4 for higher
values of m, @ = 0. Thus 7,(ae) € R[2”]. This contradicts Lemma 7, as 7,(¢) =
2# ¢ R;z € A\R and R is algebraically closed in 4. This completes the proof of
Theorem 2, and thus the proof of the Main Theorem.

ADDENDUM
We note the following interesting corollary to the main theorem.

COROLLARY. Let B = kla, b, ¢] C klx, v, 3]. Let dim B = 2, that is, the k-
transcendence degree of the quotient field of B equals 2, and let t be the generator of
the kernel of the homomorphism klx, v, z] — B where x — a, y — b, and z — c.
Suppose t 1is transcendental over B and suppose every homomorphism B[t] —
klx, v, 2] can be extended to a homomorphism k(x, v, z] — klx, v, 5], that is, B[t]
satisfies the ‘‘extension property’. Then B[t] = k(x, v, z]. In simpler terms, we
have B(t] = klx, v, 2] if and only if Blt] has the extension property. Let A =
klx, v, 2], as usual.

Proof. Suppose Blf] has the extension property. By this there exists go: 4 —
A, such that go(t) = Oand go|s = idp. Alsoforall p € N thereexistsg,: A = 4
such that g,(t) = (z — ¢)?, gl|s = ids, where, without loss of generality,
z ¢ B and ¢ = constant term of g¢(z).
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By the main theorem, if ¢ is shown to be prime and thus the generator of
the kernel of gy, and if B is shown to be algebraically closed in 4, then we are
done. But ¢ is obviously prime, as it is the principal equation of B.

To show B is algebraically closed in A, we first show ¢ € image g, implies
there exists j € N such that go’(¢) = ¢. Here, g’ indicates g, composed j
times with itself. Now, B C image gy, dim B = 2, and g, not an isomorphism
all imply that image g, is algebraic over B. Let ¢ € image go. There exists
a; € Bsuch that

a,q"+ ...+ ay = 0, not all a; = 0 (minimal equation for ¢ over B.)
Apply go* to this equation, ¢ € N:
a (g (@) + ... +ay = 0.

As the equation of ¢ has only finitely many roots, there exists 7 # j € N \U {0}
such that gyi(¢) = go*+7(q), j # 0. If 2 = 0, we are done. If ¢ > 0, then note
that

i

go': image gy — g (image go)

is an isomorphism, as B is contained in each, and thus the dimension on both
sides is 2. Also both rings are affine. So go*(¢) = go’(go’(g)) implies ¢ = go?(q).

We now can show image g, is algebraically closed in 4. For, if a € 4\image
go and

a4+ ... 4+ ay = 0, where a; € image g, not all ¢; = 0,

is the minimal equation of @ over image gy, then applying g,* to this equation,
where

s = Ilj,, and goan(a,) = @y, Jja, € N,
gives:
an(go*(@))" + ... + ao = 0.

As go*(a) € image gy, s > 0, one can reduce the equation of «, a contradiction.
We have image gy~ A /xerg, = A/ 4. As t is the principal equation of B,
A/ .4~ B. So

B ~ image g, via 6.

By the extension property holding true for B[¢], this isomorphism can be
extended to a map ¢ : 4 — A4, such that ¢(¢) = ¢. ¢ must be an injection, as
dim image go[¢] = 3. To see this, note ¢ ¢ image g, an algebraically closed ring
in 4, as go’(t) # tforall j € N.

Now we get that B must also be algebraically closed in 4. Let a,&" + ... +
ay = 0 be the minimal equation of @ € 4 over B, not all ¢; = 0. Apply ¢ to
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this equation:

Y(@)¥(@) + ... + ¢(a) = 0.

As not all ¥(a;) = 0 and y¥(a;) = 6(a,) € image gy, ¥(a) is algebraic over
image go. Thus ¢ (a) € image go. So y~1(¥(a)) = a € B since ¢ is an injection,
and thus y~!(Y(a)) can only be «, and ¢ (B) = image go. This completes the
proof.

Remark. It is not always true that a subring of a polynomial ring in three
variables over a field that has the extension property and is of dimension three
is indeed the polynomial ring. It is easily shown if B = k[x?, x%, y] then B[z]
has the extension property in k[x, v, z], yet is not equal to it.
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