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1 . Introduction 

We consider a single-server queueing system with first-come first-served 
queue discipline in which 

(i) customers arrive at the instants 0 = Y 4 0 < ^ 4 1 < ^ 4 2 < - - - , with 
time interval between the rath and (m-F-l)th arrivals 

( 1 - 1 ) An֊Am_x = Um+pUm_l։ m^l.p^O, 

where {Um} is a sequence of identically and independently distributed non-
negative random variables with common distribution function 

A (x) = P(Um £x), m^O.x^O, 
such that 

J ~ xdA (x) < oo, 

and 
(ii) the service time of the arrival at Am is Sm, where {Sm} is a sequence 

of identically and independently distributed non-negative random variables, 
distributed independently of the sequence {Um}, with common distribution 
function 

P(Sm ^x) = l—exp(—px), x ^ 0 , ix > 0 . 

If Pf, j ^ 0 , m ^ 1 , is the probability that the arrival at Am finds 
exactly / customers in the system, then it follows from the results of Finch [ 1 ] 
that 

P, = Um P™, j ^ 0 , 

m-»oo 

exists. In fact, the general formulae of [ 1 ] enable one to write down explicit 
expressions for the probabilities Pf and P}; however, these general formulae 
are applicable whatever the input process, and such general applicability 
means that for any particular input process the relevant expressions are 
neither the simplest nor the most elegant that can be obtained. 

In an attempt to simplify these general formulae when the input 
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[2] A second look at a queueing system 101 

process is that considered here, Finch used a heuristic symbolic argument 
which yielded simple and elegant expressions for the probabilities P , . 
These expressions are the substance of Finch's conjecture. In this paper 
we examine the problem by a different method and show that the conjecture 
is false. We cannot, however, point to any error in the symbolic argument, 
and, since the form of the solution obtained is very close to that conj ectured, 
we feel that a re-examination of that argument would be worthwhile, for if it 
could be made non-heuristic and error free, it would be simpler to apply to 
more general input processes than the methods of this paper. 

2 . Definitions and notation 

We use capital letters to denote random variables and corresponding 
lower case letters to denote particular values taken by random variables, 
thus, for example, um denotes a numerical value taken by the random variable 
Um. We denote the («+l)-tuple («„,«!, · · ·,«„) by w ( n ) and the correspond­
ing vector random variable (U0, Ult • · ·, Un) by £/<">. 

Pj{u(n))> j = 0« denotes the conditional probability, given U{n) = u(n>, 
that the arrival at An finds exactly ƒ customers in the system. Thus E · Pt 

(Uln)), where E · denotes expectation, is the (unconditional) probability 
that the (»+ l ) th arrival finds exactly j customers in the system. 

Throughout the paper we use, without further comment, the following 
notation. 

y(a) = E · exp(—(MUm) = Jo°°exp(— ficm)dA (u), 

k,{x, y) = my+MYIi՝-] exp {֊M(y+Ml i ^ o. 
CO Ks{x, y) =J,ki(x,y), 

i—i 

P(«(">; z) = f P^wW)**, |*| ^ 1, 
¿=.0 

oo 
k(x, y;z) = 2 kt(x, y)zi = exp {-(l—z)ju(t/+Px)}, 

oo 

ct(«<«+») = 2 PMn))ki+i+iK, u*i), i ^ 0, 
3 = 0 

P*(s; z\n) = E- [P(C/ ( n ) ; z) exp {֊sUn}] 

= ZP*(s,,n)z*, \z\ ^ 1 , R e - s ^ 0 , 

c*(s; n) = E · [«,(£/«">) exp {֊sUn}], Re · s ^ 0. We assume throughout that 
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102 P. D. Finch and C. Pearce [3] 

(2.1) t։(l+P)l~xdA(z)>l, 

so that 
Ps = lim E · P,{U<»>), j ^ 0, 

is a genuine probability distribution. 
Under this assumption, it follows from Rouchi's theorem that the 

equation 

(2.2) z = v{(i+№-*)} 
has a unique solution within the unit circle. This solution will be denoted 
by T. 

3 . Fundamental equations 

It follows from the exponential form of the service time distribution 
that, conditional on U<n+1) = the queue lengths at the instants 
AM—0, m = 0, 1, 2, · · ·, n+1 form a Markov chain, and that 

CO 

(3.1) = 2 un+i), n ^ 0, j 2£ 1. 

Since P{uim); 1) = 1 = k{x, y; 1), it follows at once that 

p 0 («<-+D ) = | p 8 («<">)/<- , . + 1 K, « N + 1 ) , » ^ 0. 

Note also that 

(3.2) f c<(«(»+») = P0(«««+»). 
i = 0 

Forming the product of the power series k(un, un+1; z), P(« < " ) ; z) and 
using the equations above, we obtain 

P(«<"+«; z) = 2 ( l֊z- i )c i («" '+ l l )+zP(»i" ' ; z) 
«=o 

• [exp{֊(l֊z-1)y«K+i+/3Mn)}] 

for \z\ <S 1, z ^ 0. Hence 
oo 

P*(s; z; » + l ) = 2 ( l֊r ' )c*(s ; n+1) 
(3.3) * - O 

+zP*{(l-z- 1 ) i «/S; z; «}y{l-z- 1 +s / / i} 

for |z| 5S 1, z ^ 0, · s ^ 0, i?e · [ (1—z- 1 )^] ^ 0. The restrictions on z 
require z to lie within or on the unit circle but to be without or on the circle 
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W I T H C E N T R E (£, 0) A N D R A D I U S \ , W I T H T H E P O I N T z = 0 D E L E T E D . T H I S D O M A I N 

O F T H E Z - P L A N E W E D E N O T E B Y R. 

B Y T H E M E T H O D S O F [1], I T C A N B E S H O W N T H A T A S S U M I N G ( 2 . 1 ) 

(3.4) P{u;z)= Km E-P(U0։U1,---,Un_l,un]z), un = «, 
N-»OO 

E X I S T S F O R | Z | < 2 1, Re · s 2 G 0, A N D I S T H E G E N E R A T I N G F U N C T I O N O F A P R O B A B I L I T Y 

D I S T R I B U T I O N . I N E Q U A T I O N (3.4) W E H A V E D E P A R T E D M O M E N T A R I L Y F R O M O U R 

U S U A L N O T A T I O N F O R M - T U P L E S A N D T H E E X P E C T A T I O N I S W I T H R E S P E C T T O T H E 

R A N D O M V A R I A B L E S U0,Ult · · ·, Un_x. 
U S I N G A N A T U R A L N O T A T I O N W E W R I T E 

(3.5) P*(s; z) = E- [P(U; z) E X P {-sU}], \z\ ^l.Re-s^Q, 

W H E R E U I S A R A N D O M V A R I A B L E W I T H D I S T R I B U T I O N F U N C T I O N A(x). S I M I L A R L Y 

W E W R I T E 

OO 

P*(s;z) = ՝ZP*(s)z< 
A N D 

c*(s) = lira c*(s; n). 
N-»OO 

W E H A V E F R O M (3.5) 

(3.6) P*{s;l)=ip(slix). 

L E T T I N G « ֊ > O O I N (3.3) W E O B T A I N 

(3.7) P*(s;z) = c(s;z)+zP*{(l֊z-1}fif];zjfll-z^+sjfi},zeR,Re-s^0, 

W H E R E 
OO 

(3.8) c(s; z) = 2 ( l - z֊<)c*( s ) , \z\ ^l,Re-s^0. 

4. Evaluation of P*(s;z) 

P U T T I N G S = (1— z-1)^ I N (3.7), W E O B T A I N , F O R zeR, Re-s^O, 

P*{(l-z֊՝)tf;z) = [ C { ( l֊ 2 - i )^;4 ] / [ l֊^{( l_ z ֊i ) ( l + j 8 )} ] , 

S O T H A T F O R z E R, Re • s ^ 0, 

P * ( s ; z) = c ( s ; z) + [c{(l-z֊i)rf; z}]zf[l֊z֊i+sl(i] 
K ՝ L • ( L - 2 F { ( L - r > ) ( L + | ) ) } ) - L 

B Y A W E L L K N O W N A R G U M E N T W E S I M P L I F Y T H I S E X P R E S S I O N , A N D P R O V E T H A T 

F O R \z\ ^ 1, Re • s ^ 0, 

P*(s;z) = (l-Tz)֊՝[(l-T)y,(slti)-B(s)+zB{s)], 
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104 P. D. Finch and C. Pearce [S] 
where B(s) is a function of s alone and T is the solution of (2.2) inside the 
unit circle. 

Consider the function 

F(s; z) = (l — Tz)P*(s; z), \z\ <l,Re-s ^0. 

Since P*(s;z) is the generating function of a probability distribution, 
P*(s; z) and hence also F(s; z) must be a regular function of z for \z\ ^ 1, 
Re • s ̂  0. 

If we define 

F(s;z) = (l-Tz){c(s;z) + [c{(l֊z-՝)rf;z}]zy,{l-z-i+slfi} 

for \z\ ̂  1, Re-s^0, then as the only zero of 1— zv[(l—z-1)(l+/5)] 
outside the unit circle is the zero of 1 — Tz, F(s;z) must be a regular function 
of z for \z\ 2̂ 1, Re • s ¡2: 0. Hence, by analytic continuation, F(s; z) is a 
regular function of z for all finite z for i?e · s 2> 0. 

Also, using (3.2) and (3.8), it can be shown by Abel's theorem that 
um

2_>0Oc(s; z) exists and equals 2£Licf(s), and it can also be shown that 
c{(l— z-ijfif}; z}, c{jxfi; z) converge to the same limit 2£1cJ'(/xfi) as 2 - 5 - 00. 

Thus lim i ! ^ 0 0 F(s; z)/z exists, and, by (4.1), is given by 

p(s- z) °° 00 

(4.2) lim ֊ - ^ J = T{֊ J, ct(s)+v[l+slr] £ cf(flp՝)(y[l+fl)-1}. 
Z-*OO Z I—1 ¿ = 1 

Since a function 0(z) which is analytic for all finite values of z and 0(|z|)*, k a 
non-negative integer, as z -*• 00 is a polynomial of degree less than or equal 
to k, it follows that 

F(s; z) = B1(s)+B(s)z, Re-s^0, 

where JB1(s), B(s) are functions of s alone, and, from (4.2), 
(4.3) BW) = 0. 
(3.6) yields 

P*(s; z) = (l-n)֊l[(l֊r)v(s//.)-B(j)TxB(j)], |*| ̂  1, ̂  · 5 ̂  0. 

Hence 

(4.4) P*(s) = ( 
(1-T)f(slfi)-B(s), j>0 
T*-i(l-T)[B(s)+Tv(slp)], / = 0. 
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5 . Determination of B(s) 

From ( 3 . 1 ) 

P , ( « < - + 1 > ) = І І Pi+i-i(««·») exp (֊/*/?«„) exp ( - / ш в + 1 ) ( - ^ ± i l ' , 
I - 0 1 = 0 (I — ! • ՝ • 

whence 
OO G< 

P * ( s , , n + 1 ) = 2 — W?, , n ) y { ( ( T + s ) / / T } ] ^ , ƒ > 1 . 
I = 0 <7°՝ 

Letting и —>• oo and using ( 4 . 4 ) , we see that for ƒ 2 2 2 

Г ' ֊ і ( 1 - Т ) [ В ( в ) + Т у ( ф ) ] 
OO / U | I Я» 

= I ֊ F J [ ^ + Г - 2 ( 1 ֊ Г ) [ { В ( ^ ) + Г У ( А ^ ) М ( С Г + 5 ) / і М } ] ( Г ^ . 
I = O J ! O F F ' 

R [ B ( s ) + 2>(s /» ] = { В [ ^ ( 1 - Г ) ] շ Т ^ ( 1 - Г ) ] Ь « [ 1 ֊ Г շ ф ] . 

By ( 4 . 3 ) , ( 4 . 4 ) , 

0 O = Гу.{/ЗМі-Г}Мі֊Т+/5}, 
where Q0 is the limiting probability of a non-zero number of customers in 
the queue, so 

(5-1) Q0 = W(l+^)(l֊r)M%{l֊T},y{l֊r+«, 
and 

( 5 . 2 ) P(q ^ j) = 1 - 7 * 0 0 . У 2
 1 . 

where q is the limiting queue length random variable. 
The results obtained in [ 1 ] by the symbolic method were 

( 5 . 1 A ) e, = T(l֊rW ( l֊m 
(5.2a) P(q 5 2 ƒ) = l-PG,, ƒ 2 = 1 . 

( 5 . 2 ) , ( 5 . 2 A ) are of the same form, but ( 5 . 1 ) , ( 5 . 1 A ) are different, as is shown 
by the following example. 

EXAMPLE. Taking 

A(x) = 1 — exp(—As), x Ш 0 , A > 0 , 

( 2 . 2 ) yields Г = 1 or A[/*(l+/S)]- 1, of which only the latter root can lie within 
the unit circle. With T = A[>(l-H?)]֊ 1, we have 
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106 P. D. Finch and C. Pearce [7] 

V(a) = AfA+a^]-1. 

(5.1a), (5.1) then yield respectively 

Q0 = A2(l+/S)a[A^+i M(l+/3)]-1[A+J«jS(l+^)]-i, 
Q0 = A2[A/3+(l+^)V]|>(l+/5)(A+iS/a){A/3-f-/<(l+j8)}]-i, 

which are in general different, although they agree if /3 = 0, that is, when the 
time intervals between successive arrivals are identically and independently 
distributed. 
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