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Abstract

We consider a branching random walk. Biggins and Kyprianou (2004) proved that, in
the boundary case, the associated derivative martingale converges almost surely to a
finite nonnegative limit, whose law serves as a fixed point of a smoothing transformation
(Mandelbrot’s cascade). In this paper, we give a necessary and sufficient condition for
the nontriviality of the limit in this boundary case.
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1. Introduction

We consider a discrete-time branching random walk (BRW) on the real line, which can
be described in the following way. An initial ancestor, called the root and denoted by @, is
created at the origin. It gives birth to some children which form the first generation and whose
positions are given by a point process £ on R. For any integer n > 1, each individual in
the nth generation gives birth independently of all others to its own children in the (n + 1)th
generation, and the displacements of its children from this individual’s position are given by
an independent copy of .£. The system continues if there is no extinction. We thus obtain a
genealogical tree, denoted by T. For each vertex (individual) u € T, we denote its generation
by |u| and its position by V (u). In particular, V(&) = 0 and (V(u); |u| = 1) = L.

Note that the point process £ plays an important role in the BRW as the offspring distribution
in a Galton—Watson process. We introduce the Laplace—Stieltjes transform of £ as follows:

(1) = EU e‘”£(dx)i| = ]E|: > e—’W")] forall7 € R.
R lul=1
Let W(¢) := log ®(¢). In this paper we always assume that ¥ (0) > 0 so E[Z|u|:l 1] > 1.
This yields that, with strictly positive probability, the system survives. Let g be the probability
of extinction. Clearly, g < 1.
Let (F,; n > 0) be the natural filtration of this BRW, i.e. let &, := o {(u, V(u)); |u| < n}.
We introduce the additive martingale, for any ¢ € R,

W, (1) = Z o=tV @ —nW()

lul=n
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It is a nonnegative martingale with respect to (¥;,; n > 0), which converges almost surely (a.s.)
to a finite nonnegative limit. Biggins [3] established a necessary and sufficient condition for
the mean convergence of W, (¢). A simpler proof based on a change of measures was given
later by [14].

More generally, Biggins and Kyprianou [6] studied the martingales produced by the so-
called mean-harmonic functions. Given suitable conditions on the offspring distribution £ of
the BRW, like the X log X condition of the Kesten—Stigum theorem, Biggins and Kyprianou
provided a general treatment to obtain the mean convergence of these martingales. In this
paper, following their ideas, we work on one special example and provide a Kesten—Stigum-
like theorem.

Throughout this paper, we consider the boundary case (in the sense of [7]), where W (1) =
w'(1) =0, ie.

E[Z e_V(”):| =1, E[Z V(u)e_v(”):| =0. (1.1

lu|=1 lu|=1

In addition, we assume that

0% = E[ > v<u>2e—V<">] € (0, 00). (1.2)

|ul=1

We are interested in the derivative martingale, which is defined as follows:

D, = Z Ve V® foralln > 0.

|ul=n

It is a signed martingale with respect to (¥;,), of mean 0. By [6, Theorem 5.1], under (1.1) and
(1.2), D, converges a.s. to a finite nonnegative limit, denoted by D,. Moreover, D, satisfies
the following equation (Mandelbrot’s cascade):

D2 Y e VWpw,
lul=1

where Dgé) are copies of D, independent of each other and %7, and ‘2’ denotes equality in
law. Note that D, serves as a fixed point of some smoothing transformation. From this point of
view, the questions concerning the existence, uniqueness and asymptotic behavior of such fixed
points have been much studied in the literature (see [5], [7], [12], [13]). We are interested in
the existence of a nontrivial fixed point, and we are going to determine when P(Dy, > 0) > 0.

It is known that P(D, = 0) is equal to either the extinction probability g or 1 (see, e.g. [1]).
We say that the limit D is nontrivial if P(Dy > 0) > 0, which means that P(Dy, = 0) = ¢.
Otherwise, it is trivially 0. In this paper, we provide a sufficient and necessary condition for
the nontriviality of Do,. The main result is stated as follows.

For any y € R, let y; := max{y, 0} and let log, y := log(max{y, 1}). We introduce the
following random variables:

Yi= ) eV, Z:=) Ve V™.

[u|=1 Ju|=1
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Theorem 1.1. The limit of the derivative martingale D,, is nontrivial, namelyP(Dy, > 0) > 0,
if and only if the following condition holds:

E[Zlog, Z + Y (log, Y)*] < oo. (1.3)

Remark 1.1. In [6], the authors studied the optimal condition for the nontriviality of De.
However, there is a small gap between the necessary condition and the sufficient condition for
P(Doo > 0) > 0 in their Theorem 5.2. Our result fills this gap and provides the analogue of
the result of [18] in the case of branching Brownian motion.

Remark 1.2. Aidékon proved that (1.3) is sufficient for P(Ds, > 0) > 0; see [1, Proposition
A.3].

This paper is organized as follows. In Section 2 we introduce a change of measure based
on a truncated martingale which is closely related to the derivative martingale. At the end
of Section 2 we also prove a proposition concerning certain behaviors of a centered random
walk conditioned to stay positive. Then, by using this proposition, we provide the proof of
Theorem 1.1 in Section 3.

Throughout the paper, (¢;);>0¢ denote positive constants. We write E[ f; A] for E[ f 14] and

set y o :=0.

2. Lyons’ change of measure via truncated martingales

2.1. Truncated martingales

We begin with the well-known many-to-one lemma. For any a € R, let P, be the probability
measure such that P,((V(u),u € T) € -) = P((V(u) + a,u € T) € -). The corresponding
expectation is denoted by E,. We write P, E instead of Py, [Ey for brevity. For any particle
u € T, we denote by u; its ancestor at the ith generation for 0 < i < |u|. In addition, we write
u|y| = u. We thus denote its ancestral line by [&, u]| := {uo, u1, ..., uj}.

Lemma 2.1. (Many to one.) There exists a sequence of independent and identically distributed
(i.i.d.) centered random variables (Sx+1 — Sk), k > 0 such that for any n > 1 and any
measurable function g: R" — R, we have

]Eal: Z g(V(Ml), cet V(”n)):| = ]Ea[esn_ag(sla MR Sl’l)]
|ul=n
with Py[So = a] = 1.

In view of (1.2), S| — So has the finite variance 0> = E[S7] = E[Y_,_; V)%™V )],

Let U~ (dy) be the renewal measure associated with the weak ascending ladder height
process of (—S,,n > 0). Sometimes, we say that U~ (dy) is the renewal measure associated
with the weak descending ladder height process of (S,,n > 0). Following the arguments in
[4, Section 2], we obtain, for any measurable function f: R — R,

—1 00
E[Z .f(—SJ-)} = fo FOHU~@y). @1
j=0

where 7 is the first time that (S,) enters (0, 00), namely 7 := inf{k > 0, S; € (0, oo0)} which
is proper here. We define R(x) := U~ ([0, x)) for all x > 0 and define R(0) := 1. Note that
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R(x) equals the renewal function U~ ([0, x]) at points of continuity. We collect the following
properties of this function R(x) which are consequences of the renewal theorem (see [2], [4],

[16]).

Lemma 2.2. (i) There exists a positive constant cy > 0 such that

. R(X)
lim =

xX—>00 X

co.

(ii) There exist two constants 0 < ¢ < ¢ < o0 such that
ci(l14+x) < R(x) <cy(1+x) forallx > 0. 2.2)

(iii) For any x > 0, we have E[R(S1 + x) 1{s;1x>01] = R(x).

Let 8 > 0. Starting from V(&) = a, we add a barrier at —§ to the BRW. Now we define
the following truncated random variables:

DP =" R(V@) + Be” ™ Iminyooy viy>—py  foralln > 1,

|x|=n

and D(()ﬁ) ‘= R(a+ B “1u>_p).

Lemma 2.3. Foranya > 0and 8 > 0, under P,, the process (D,(,ﬂ), n > 0) is a nonnegative
martingale with respect to (,,, n > 0).

This lemma follows immediately from Lemma 2.2(iii) and the branching property. We feel
free to omit its proof and call (D,(, )) the truncated martingale. It also tells us that under P,
(D,(,ﬁ ), n > () converges a.s. to a finite nonnegative limit, which we denote by Dé‘g).

The connection between the limits of the derivative martingale and truncated martingales is
recorded in the follow Lemma; see [1] and [6] for the proof.

Lemma 2.4. (i) If Do is trivial, i.e. P(Doo = 0) = 1, then, for any 8 > 0, Dfﬁ) is trivially 0
under P.

(ii) Under P, if there exists some B > 0 such that Dég) is trivially 0, then so is D.

Thanks to Lemma 2.4, we need only to investigate the truncated martingale (D,(f)); n > 0)
and determine when its limit is nontrivial.

2.2. Lyons’ change of probabilities and spinal decomposition

Let 8 = 0. With this nonnegative martingale (D,(,O), n > 0), we define for any a > 0 a new

probability measure QQ, such that, for any n > 1,

dQ.| _ Dy
dPy |y~ R(a)e™@’

where Q, is defined on o := V,>0F,. Let us give an intuitive description of the BRW
under QQ,, which is known as the spinal decomposition. We start from one single particle wy,
located at the position V (wg) = a. Attime 1, it dies and produces a point process distributed as
(V(u); |u| = 1) under Q,. Among the children of wg, w; is chosen to be u# with probability pro-
portional to R(V (u))e Vv 1(v@w)>0}- Ateach time n + 1, each particle v in the nth generation
dies and produces independently a point process distributed as (V (#); |u| = 1) under Py ()
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except w,, which dies and generates independently a point process distributed as (V (u); |u| =
1) under Qv (y,). And then w,4; is chosen to be u among the children of w,, proportion-
ally to R(V (u))e™V®™ Limin <y <py1 V(u)>0}- We still use T to denote the genealogical tree.
Then (w,; n > 0) is an infinite ray in T, which is called the spine. For the rigorous proof,
see [1, Appendix A]. Indeed, this type of measure change and the establishment of a spinal
decomposition have been developed in various cases of the branching framework; see, e.g. [8],
[10], [11], and [14]

We state the following fact about the distribution of the spine process (V (w;), n > 0) under

Qa.

Fact 2.1. Leta > 0. For any n > 0 and any measurable function g: R"*! — R_, we have

1
EQ,[8(V (@), -, V@) = 5Bl 8080, SOR(S): min §; > 0], @3)

where (S,,) is the same as in Lemma 2.1.

For convenience, let (¢,; n > 0) be a stochastic process under P, such that
Pa((Gn;n > 0) € ) = Qu((V(wn);n > 0) € ). 2.4

Obviously, under P,, (£,; n > 0) is a Markov chain with transition probabilities P such that,
forany x > 0, P(x, dy) = (R(y)/R(x))1{y>0)Px(S1 € dy). This process ¢, is usually called
arandom walk conditioned to stay positive. It has arisen and been studied in, for example, [2],
[4], [16], and [17]. In what follows, we state some results about ¢,, which will be useful later
in Section 3.

2.3. Random walk conditioned to stay positive

Recall that (S,,) is a centered random walk on R with finite variance o2, Let _ be the
first time that (S,,) hits (—oo, 0], namely, 7— := inf{k > 1: Sy < 0}. Let (Ty, Hr; k > 0)
be the strict ascending ladder epochs and heights of (S,; n > 0),i.e. Ty = 0, Hy := Sp, and
forany k > 1, Ty := inf{j > Tj—1: S; > Hy—1}, Hy := St,. We denote by U(dx) the
corresponding renewal measure (see, e.g. [9, Chapter XII]). Then, similarly to (2.1), for any
measurable function f: R — R4,

T_—1

E[Z f(sn)] = /0 f)U ). (2.5)
n=0

From (2.3) and (2.5), we deduce

E[Z f(c,»] = Eq, [Z f(vaon»}

n>0 n>0

= > ELf(S)R(Sn) Liminy i, 5:>0)]
n>0

_—1

= IE[ > f(Sn>R(Sn>}
n=0

= /0 F)RX)U (dx). (2.6)
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Recall also that U~ (dx) is the renewal measure associated with the weak descending ladder
height process of (S,). By the renewal theorem (see [9, p. 360]), there exist two constants c3,
¢4 > 0 such that for all x, y > 0,

c3(1+x) =U([0, x]) < ca(1+x), 0=<U(x,x+yD) <ca(l +y), (2.7)
c3(14+x) =U ([0, x]) < ca(1+x), 0=U ([x,x+yD) =cs(l +y). (2.8)
Given a nonincreasing and positive function F, we present the following proposition, which

provides a necessary and sufficient condition for the infinity of the series ), F({y).

Proposition 2.1. Let F': [0, 00) — [0, 00) be nonincreasing. Then

/ F(y)ydy =00 <<= Z F(¢,) = o0, P-a.s. 2.9)
0

n>0

Note that (&,) can be viewed as a discrete-time counterpart of the Bessel process, for which
a similar result holds (see, e.g. [15, Example 2.5, Chapter XI]). We will prove (2.9) in a similar
way as for the Bessel process.

Proof. Observe that 0 < F(x) < F(0) < oo for any x > 0. So there is no difference
between the two events {Zn>0 F(¢n) = oo} and (Y- F (%) = oo}
We first prove ‘<=="1in (2.9). From (2.2) and (2.7), it follows that

/o F(y)ydy =00 <= /o F(y)R(y)U(dy) = o0

Actually, by (2.6),

B[S ren | = [ Formwan.
n>0
Clearly, P(anOF@n) = 00) = 1 yields fo F()R(y)U(dy) = oco. The ‘<="1n (2.9) is,
hence, proved.

To prove ‘=" in (2.9), we need only to show that if IP(Z”>OF(§n) = 00) < 1, then
fo F(y)ydy < oo. From now on, we suppose that P(Zn>OF(§n) = 00) < 1, which is

equivalent to
IP’(Z F(g) < oo) > 0. (2.10)

n>1
We draw support from Tanaka’s construction for the random walk conditioned to stay positive
(see [16], [4]). Recall that T = inf{k > 1: S; € (0, c0)}. Hence, we obtain an excursion
(Sj; 0 =j = 1), whichis denoted by § = (§(j), 0 = j = 7). Let {§ = (& (), 0 = j =
7r); k > 1} be a sequence of independent copies of £. For any k > 1, let

vi(J) =k (t) — §x(te — j)  forall0 < j < 7. 2.11)

This brings out another sequence of i.i.d. excursions {vy = (V¢ (j), ;0 < j < w); k > 1},
based on which we reconstruct the random walk conditioned to stay positive (&) in the following
way. Define, for any k > 1,

Th=nttn,  H =)+ @) =60 + -+ Ew),
and let T0+ = H(;r = 0. Then the process
th=H +u—TF) forT <n<T7,
with ¢y = 0, is what we need.
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We actually establish a process distributed as (¢,). For brevity, we still denote it by (&)
without changing any conclusion in this proof. For any k > 1, let

N
Ty

Tk
X(F)i= Y F(G) =) FH" +wu(),
":Tktl'H j=1
SO 2,121 F(tn) = Zkzl Xk (F).
On the other hand, by (2.11),
T T —1
X(F) =Y F(HE | + &) — & (w — j) = ) F(H — &)
j=1 j=0

Hence, (2.10) becomes
T —1
P(Z Xk (F) < oo) = P(Z Y FHF - &) < oo) > 0.
k>1 k>1 j=0

By [9, Theorem 1, Chapter X VIIL5], as (S),) is of finite variance, we have b* := IE[H1+] < 00.
It follows from the strong law of large numbers that P-a.s.,

+
lim —% =pt
k—oo k

Let § > (1 —bT),. This tells us that P-as. for all large k, H;" < (b™ + §)k. As F is
nonincreasing, we have

T —1 T —1
P(Z Y Fk(®T +8) — &) < oo) > P(Z Y FHE - &) < oo) > 0.

k=1 j=0 k=1 j=0
Let A := b+ + § and for any k > 1 let
T —1
X =Y F(Ak — &())).
Jj=0

So P(Zkzl Xr < 00) > 0. Recall that {&,k > 1} is a sequence of independent copies
of (§;; 0 < j < 7). This yields the independence of the sequence {Xx, k > 1}. From
Kolmogorov’s 0-1 law, it follows that

T —1

]P’[Z Z F(Ak — &(j)) < oo] = IP’[Z Xk < oo:| =1. (2.12)

k>1 j=0 k>1

Moreover, let Epy := {Zkzlik < M} for any M > 0. Either there exists some My < 0o
such that P[Ep ] = 1, or P(Ey) < 1 forall M € (0, 00). On the one hand, if P(E ) = 1
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for some My < oo, then

ﬂﬁ)E]E[ZE:Xk]

k>1
7 —1
= E[Z > F(Ak— a;k(j))}
k>1 j=0
-1
= ZE[Z F(Ak — S,-)}
k>1 “j=0
=3 [ Fuak+ v,
k=170

where the last equality follows from (2.5). We see that Zkzl fooo F(Ak+ y)U(dy) < oo. It
follows from the renewal theorem that there exists B > Osuchthat U~ ([jB, jB+B]) > § > 0
for any j > 0. As F is nonincreasing,

8§ [ . *° _
2 F(x)dx <Y F(A+Bj)S < / F(A +y)U™(dy) < oo,
0

B Javn =

which implies that fooo F(x)dx < o0. Moreover,

> > F(Ak+ Bj)s < Z/OOO F(Ak + y)U ™ (dy) < oo.

k>1j>1 k>1

Hence, we observe that f;;o dz fgo F(y+2)dy < 321 2> F(Ak + Bj)AB < oco. This
implies that

/ F(x)xdx:f dz/ F(z+y)dy
0 0 0

5F(O)AB—|—A/ F(x)dx—i—B/
B A

o0

F(x)dx—i—/ dz/ F(y +z)dy
A B

< 00,

which is what we need.

On the other hand, if P(Ep) < 1 forall M € (0, 00), we have limps400 P(Ep) = 1 due to
(2.12). For any k > 1 and any £ > 1, define

T —1

" .
AP = Naw- =g (r<ad) -
j=0
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As ) po1 La@—1)<—&(j)<aey = 1, we obtain, for any k > 1,
7 —1

K=Y F(Ak =&)Y Viae-n=—g()<an

=0 =1
T —1
= Z Z F(Ak = & () La—1<—g(j)<ae)
=1 j=0
> > F(Ak+ ADAY,
=1

where the last inequality holds because F is nonincreasing. It follows that

Yz =YY F(Ak+A0AY

k>1 k>1£>1

-1
- Z F(An) HZ A,
k=1

I
M2

F(Am + AymY,,, (2.13)
m=1
where Y, 1= Y j, Afﬁ 1_g/m for all m > 1. We claim that there exists a M > 0 sufficiently
large such that, for any m > 1,
c6 = E[Yy 15,1 = ¢5 > 0, (2.14)

where cs, c¢ are positive constants. We postpone the proof of (2.14) and return to (2.13). It

follows that
M= E|:1EM > fk:|
kzl

[ ZF(Am+A)mY ]

m=1

| V

> > F(Am + A)mE[Y, 1g,,].

m>1
By (2.14), we obtain

M
ZF(Am—i—A)m <= <o0.
cs
m>1

This implies that fOOOF (y)y dy < oo, which completes the proof of Proposition (2.1).

It remains to prove (2.14).
We begin with the ﬁrst and second moments of Y;,. Since {&, k > 1} are i.i.d. copies of
(5;,0=<j=<n1), {(Ae ,Z > 1), k > 1} are i.i.d. This yields

E[Y,] = ZE[AESL ]

1 1)
:_ZE[A 1]
=
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1 m

(1
=—FE E A
n L—] k}

1 T—1
=D tesa)]
]:

R(Am)

k]

m

where the last equality comes from (2.1). By (2.2), for any m > 1,

1A <E[Ypn] < c2(A+ 1) =: c. (2.15)
Obviously, we have E[Y;, 1£,,] < c6 for any m > 1. The fact that A®), k > 1, are i.i.d. yields
also . "
1 o) 1 (D2
Y) = — Ay < — ST B 2.16
var(Y,,) ngv‘“(k)—mz; (A7) (2.16)

Note that A{" is distributed as 352 1(_s, 4 with T = inf{k > 0; S > 0}. We have

-1 2 71 T—1
I[‘3[(1\(11))2] = E[(Z 1{—S,<A}> } < 2E[Z 1i—s,<a) Z 1{—Sk<A}i|-
Jj=0 Jj=0 k=j
By the Markov property, we obtain
-1
E[(AS")?] < 2JE[Z 1(_s,<) R(A, —S;)},

j=0

where
Ty— 1

R(x,y):= E[Z 1{5,->yx}]

i=0
with 7, ;= inf{k > 0; §; > y} forx, y > 0. From (2.1), it follows that

A
B <2 [ R4 U@, 2.17)
Consider now the strict ascending ladder epochs and heights (7, Hy) of (S,). We obtain

00 Ter1—1
R(x,y)=E[Zl{ysz>y—x} Z 1{Sn>y—x}}~
k=0

n=Tj

By applying the Markov property at the times T, and (2.1), we have for x, y > 0,

y
R(x.y) = E[Z R(Hy +x — y) l{yzym_x}} = / R —y+2)U(d). (2.18)
k=0 (y—x)+

Substituting (2.18) into (2.17) and then using (2.2), (2.8) and using (2.7) implies that
ELA)] < er(1 + A) < gA®;

see also [4, Lemma 2].
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Moreover, for any £ > 2, Agl) has the same law as Z;;(l) l{gA,AS,Sj <¢A)- Similarly, we
obtain

-1 2
E[(AL")?] = E[(Z I{ZA—Af—Sj<EA}> }

Jj=0

T—1 T—1
< ZE[Z Lea-a<—s;<ta) ) 1{EA—A§—Sk<EA}]-
j=0 k=j

Once again, by the Markov property and then by (2.1), we have
T—1
E[(A{)’] = m[z Liga—a=—s;<ea)(R(EA, =5)) — R(CA — A, —S,-))]
j=0

LA
:2[ (R(A,y) — R(LA — A, y) U™ (dy).
LA—A

Substituting (2.18) into this equation yields for £ > 2,
E[(A]")’]

(A y y
52/ (/ R(EA—y-i—Z)U(dZ)—/ R(ZA—A—y-i—Z)U(dz))U(dy)
tA—-A\Jo y—CA+A

(A y—LA+A
2/ (/ R({A —y+2)U(dz)
¢ 0

A—A

y
+f U_([EA—A—y+Z,€A—y+z))U(dz))U_(dy),
y—LA+A

where the last equality holds because R(x) = U™ ([0, x)). Observe that R((A—y+27) < R(A)
for0<z<y—f¢A+4+AandfA— A <y < (A. Recall that A > 1. By (2.2), (2.7), and (2.8),

1 A u u+(U—1A
E[(AD)?] < c9/ </ (A—u+z+DHU(z2) + / (1+ A)U(dz))U‘(du)
0 0 u

A
<c1(A+ l)/ u+1+2A)U (du)
0
< c1tA’
with c11 > cg. Returning to (2.16), for any m > 1,

" ocilA3
var(Y,,) < —Zi_l C211 < C12A3.
m
Combining this with (2.15) implies that E[Y2] = var(Y,,) + E[YV;]? < c3(1 + A)? + c12A>.
We then use the Paley—Zygund inequality to obtain

1 E[Y,,]? c1A?
Pl Y, > EE[Ym] > > =c13 > 0.

TAE[Y2] T 431+ A)2 +c1pA3)
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So, forany 0 <u < c1A/2 < E[Y;,]/2, we have

ElY,
P(Yn <u) < P(Ym < [Zm]> <1l-cp.
There exists My > 0 such that P(Ep,) > 1 — ¢13/2, since limp400 P[Ey] = 1. For such
M1 > O,
Y 00
E[Y,, IEM,]:E[/ IEM1 du] =/ PlY,, > u; Ey,]du.
0 0

Note that P(Y,, > u, Ep,) > (P(Epmy) — P[Y, < u])4, which is greater than c13/2 when
0 <u < c1A/2. As a consequence,

A2 ¢ cici3A

o0
IE[leEM]=/ IP(Ym>u;EM1)du2/ —du = =:¢5 > 0.
! 0 0 2 4

This completes the proof of (2.14), and hence completes the proof of ‘=" in (2.9). Proposi-
tion 2.1 is now proved.

3. Proof of the main theorem

Recall that we are in the following regime:

E[Z e_V(“)] =1, E[Z V(u)e—W“)} =0,

|ul=1 [u|=1

3.1
ol = IE|: Z V(u)ze_v(”)] < 0.
|ul=1
Recall also that equivalence in Theorem 1.1 is as follows:
E[Y(log, Y)* ] +E[Zlog, Z] <00 <= P(Ds >0) >0 (3.2)

withY =3, e V@ and Z = 2 lul=1 V(u)pe VW,
This section is devoted to proving that the condition on the left-hand side of (3.2) (i.e. (1.3))
is a necessary and sufficient condition for mean convergence of the truncated martingale

{D£O)= Z RV @))e™" ™ 1y (u)>0 forall 1<k<n)3nt = 0}.
|ul=n
In view of Lemma 2.4, the nontriviality of Dy, follows, which proves Theorem 1.1.
In what follows, we state a result concerning the mean convergence of the truncated martin-
gale {D,(,O); n > 0}, which is a special case of [6, Theorem 2.1].

Define
D
X = W 1{D(()O)>0} + 1{D(()0)=0} . 3.3)
0

Then for any @ > 0, under P,,

v Y=t ROV @))e™ ™ 1y -0y
B R(a)e '
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Theorem 3.1. (See Biggins and Kyprianou [6].) Let (¢,) be a random walk conditioned to
stay positive, whose law was given in (2.4).

W 1If
ZEQ [X(R()e "X Al <00,  P-as.

n>1
then E[ID] = R(0).

(ii) Ifforall y > 0,

o0
ZE{n [X; R(Ln)e "X > y] = oo, P-a.s.

n=1
then E[DY] = 0.

Our proof relies on this theorem. First, in Section 3.1 we provide a short proof for the
sufficient part to accomplish our arguments even though it has already been proved in [1]. In
Section 3.2 we prove that (1.8) is also the necessary condition by using Proposition 2.1.

3.1. Equation (1.3) is a sufficient condition

This section is devoting to proving that
E[Y(log, Y)* 1 +E[Zlog, Z] <oco = E[DP]=R(0) = 1. (3.4)
Proof of (3.4). According to Theorem 3.1(i), it suffices to show that

E[Y(log, Y)*]+E[Zlog, Z] <co = Y E[X(R@)e "X AD] < oo, P-a.s.
n>0

(3.5)

For any particle x € T\ {&}, we denote its parent by % and define its relative displacement
by

AV @) :=V@w) —V(u).

Then forany a € R, under Py, (AV (u); |u| = 1)isdistributedas £. Let ¥ := Yo €AV @
and Z := Y, (AV @) e 2V s0 Py [(Y, Z) € -1 =P((Y, Z) € -).

Note that under P, ,
¥ — Y=t RV @))e ™™ 1y -0y
R(gn)e=n
D=1 R + AV (@)e™ 2V Lay (y=—,) 3.6)
R(¢n) ' '
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where (AV (u); |u| = 1) is independent of ¢,. By (2.2), it follows that

D juim1 €2 + De 2V Lay =g, ZM 1 AV @e AV YAy =)
R(&n) R(&n)
Y= AV (@) e AV
R(&n)

X <

< e~ AV 4

C
D=1

=eu(7+ 55
= R(Zy)

< 2c max{N z }
1 R(Z,)

where (? . Z ) is independent of ¢,,. This implies that

ZEf,l[X(R(Cn)e_f"X A D]

n>1
< cls<2 E[?(R@n)ef" v

n>0

;I‘l
} ZR( )E[Z<e ZAl)mn])

n>0

=:c15(21 + X»).
Hence, we need only to prove that
E[Y (og, Y)z] +E[Zlog, Z] <o = E[X]+E[X:] < oo, 3.7

which leads to (3.5). On the one hand, from (2.2) it follows that R(x) < c21e*/? for all x > 0,
so we have

E[Z)] < an[Z E[Y (e /Y A1) | cn]}

n>0
=c17 Z E[(Y)%e % 15 cetnr2y +Y 5. etay]

n>0

T\ 2 —6n ~ 1% % v

= C17E{(Y) E[Ze ¢ L 52100 7) Y:| + YE[Z L, <2108 7)
n>0

n>0

dii
where ¥ and (&) are independent. By (2.6),

- o) - [2log, Y
E[X;] < 017IE|:(Y)2/ e "R(x)U@dx) + Y/ R(x)U(dx):|,
2log, Y 0

which by (2.2) and (2.7) implies that

o]

2log, Y
E[X] < cl7E|:(?)2/ e (x + DU (x) + Y/ = (x + l)U(dx)]
2

log+

< cisE[Y (1 +log, ¥)?]
= cisE[Y (1 +log, ¥)*].
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On the other hand, in the same way, we obtain
E[%>] = c19E[Z(1 +1og, 2)].
Consequently,
E[Z1]+ E[22] < ex(E[Y + Z] + E[Y (log,. Y)*] + E[Z log,, Z]).

Note that (3.1) ensures that E[Y + Z] < oo. Equation (3.7) is thus proved and we complete
the proof of (3.4).

3.2. Equation (1.3) is a necessary condition
This section is devoted to proving that
max{E[Z log, Z],E[Y(log, ¥)* ]} =00 = E[DY]=0. (3.8)

Proof of (3.8). According to Theorem 3.1(ii), we need only to show that

o0
> Eg,[X: R(G)e X > yl =00, P-as. forally > 0. (3.9)
n=1
We break the assumption on the left-hand side of (3.8) up into three cases. In each case, we
find out a different lower bound for X to establish (3.9). Hence, it follows that Df,g) is trivial
as E[Dég)] = 0. The three cases are stated as follows:

E[Y (og, Y)2] = 00, E[Y(og, Y)] < o0, (3.10a)
E[Y (log, Y)] = oo, (3.10b)
E[Z(log, Z)] = oo. (3.10c)

Proof of (3.9) under (3.10a). Recall that for any particle x € T \ {@}, AV() = V(u) —
V(<u_), and that under P, (AV (1); |u| = 1) is distributed as L£. For any s € R, we define a
pair of random variables

Vi)=Y e O lavws—s,  Yo) = Y e 2O Ly -

lu]=1 lu|=1

Clearly, Y = Yi(s) + Y_(s).
It follows from (3.6) and (2.2) that under P¢,,

- et 1l + &+ AV@))e™ 2V LAy = g, 2)
- (1 + &)
- Y1 1172+ 60/2)e" 2V O Y av s, 2)

(1 +&y)
> 021Y+<%n>,

where {(Y1(s), Y_(s)); s € R} is independent of ¢, and ¢p1 := ¢1/2¢p > 0. Thus, it follows
that, for any y > 0,

Sl ()8 n() -

n=1

X

;,,:| = 00, P-a.s.,
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(3.9) holds. It is known that ¢, — oo as n goes to oo (see, e.g. [4]). It suffices that

ZF(%" ;n) = o0, P-as., (3.11)

n=1

where F (s, z) ;== E[Y;(s),logY;+(s) > z], s,z € R.
Let Fi(z) := E[Y,logY > z], which is positive and nonincreasing. From Lemma 2.1 and
(3.1), it follows that E[Y] = 1. Therefore, for any s, z € R,
0<F(s,2) < Fi(z) < E[Y] = 1.

On the one hand, from (3.10a), we obtain

o0 o0
/ Fi(y)ydy = / E[Y 1gogy=y}ly dy
0 0

(log, )
:IE|:Y/ ydy;Yzli|
0

_ E[Y(log, Y)?]
N 2
= Q.
According to Proposition 2.1,
o
Z Fi (&) = 00, P-a.s. (3.12)

n=1

On the other hand, we can prove that 2311 [F1(&n) — F(&n/2, £n)] < 00, P-a.s. In fact, as
Y =Y (s) 4+ Y_(s) under P, for any s, y € R,
Fi(y) — F(s,y) =E[Y Ljogy>y} —Y4(5) Ljiog v, (5)=y}]
= E[Y Tjiog y>y>log ¥4 (5)) TY Ltog v ()23} =Y+(5) Ltog v, (5)2y}]
= E[Y 1jiog y>y>log ¥4 (5)) 7Y~ (5) Ltog v, (5)2y}]-

Note that ¥ < 2max{Y4(s), Y_(s)} under P. It follows that
Fi1(y) — F(s,y) < E[2Y_(5) Ljog v > y>log Yo (s), Y4 () <V_(5)}
+ Y Ljogv=yslog v (). Yo (5)> Y (s)}] + E[Y_(5) Log v_ (5)=y}]
< 3E[Y_ ()] + E[Y 1{og ¥>y>log ¥4 (s), Yo (s)> Y (s)}]

< 3E[Y_(s)] + E[Y 1j1og y>y>log(¥/2)}]
=:d(s) + d2(y).

Asa consequence,

Z[ﬂ(cn) — f(% c)] < Zm(%) + Y ().

n=1 n>0 n>0
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Taking the expectation on both sides yields

{2 (re-s(50)))zo[ga(5)] e[S

n=1

=/ood1( )R(x)U(dx)+food2(x)R(X)U(dX),
0
(3.13)

where the last equality comes from (2.6).
For the first integration, from Lemma 2.1, we obtain

dy(s) = 3E[Y_(s)] = 3JE[ D eV 1{V(x)§—s}} =3P(=S; = 5).
[x]=1

By (2.2), (2.7), and (3.1), we have

/00 d <§)R(x)U(dx) = 3/00 P(-281 = x)R(x)U (dx)
0 0

—-28]
= 3IE|:/ R(x)U(dx); =285, > 0i|
0
< enEl(1 + (=251)1)%]
< 0.
For the second integration on the right-hand side of (3.13), as d2 (y) =E[Y L{iog y> y>log(¥/2)} )5
we use (2.2), (2.7), and (3.10a) to obtain

/0 dr(x)R(x)U (dx) =f0 E[Y 1jiog y>x>log(r/2)} IR(x)U (dx)

log, Y
=JE|:Y/ R(x)U(dx)]
(logY—log2)+
< e3E[Y (1 +log, Y)]

< Q.

Returning to (3.13), we conclude that

E[i:j(m(;n) - f(% ;))] < E[zdl(%)} +E[;dz<;n)] < .

Therefore,

Z[F (&n) — f(g;” 4“”)] < 00, P-as.,

n=1

which, combined with (3.12), implies (3.11). Thus, (3.9) is proved under (3.10a).

Proof of (3.9) under (3.10b). Now we suppose that E[Y log, Y] = co. By (2.2), we observe
that under P,
Luj=t RAV@) +&)e™ 2V avw=—5) _ PR AN(sh)
p— 1 9
R(&n) R(&n)

where {Y4(s); s € R} and ¢, are independent.

X =
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To establish (3.9), we need only to show that, for any y > 1,

Y+(§n)
E ,Y n) > &n
3 e vie) = ve

= 00, P-a.s.

_ F(n,logy + &n)
g"] =2 R(Zn)

n>1

For any y > 1 fixed, let

Fi(
Fr(x) = % for all x > 0,
which is nonincreasing as R(x) = U™ ([0, x)) is nondecreasing and Fj is nonincreasing. We
have
F(&n,logy + &) Fi(logy +&n) — F(Sn, logy + &)
ZFz(Q)zZ%JFZ R W (314
nzl nZ] é'n nZl Cn
By (2.2),
Fid 1
M < Fz(x) < —.
(1l +x) c
From (3.10b), it follows that
o0 o0 X
Fr(x)xdx > / Fi(ogy + x)—— dx
/0 0 rioey ca(l 4+ x)
o
> / c24ELY 1{10g y>log y+x}] dx
1
> c4E[Y (logY —logy — 1)4]
= 00.
By Proposition 2.1,
Fi
PROEDD I(ORg—HC”) —o0, Pas. (3.15)
=0 "0 (&n)
In view of (3.14) and (3.15), it suffices to show that
Fid — F(&y, 1
) 1(logy + &) = Flu logy + &) _ Poas. (3.16)

R(gn) ’

n>0

Recall that Fy(z) — F(s,z) < di(s) + da(z). By (2.6),

Fl(IOgy + &) — F (&, IOgy +¢n) di (é‘n) + d2(]0gy + &)
E[Z R@) } = E[Z R }

n>0 n>0

_ f [di(x) + da(log y + DIV (dx). (3.17)
0
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On the one hand, recalling that d; (x) = 3P(—S; > x), from (2.7), we obtain

/00 di(x)U(dx) = /00 3P(—S1 > x)U(dx)
0 0

(=SD+
= 3E|:/ U(dx):|
0

< 3c4E[1 + (—51)4]
< 0. (3.18)

On the other hand, recalling that d>(x) = E[Y; logY > x > logY — log2], by (2.7) again,
we obtain

o]

o0
/ dy(logy +x)U(dx) = / E[Y 1{log Y >log y+x>log ¥ —log 2}]U (dx)
0 0

(log Y —log y).+
= E[Y / U (dx)}
(

log Y —log y—log2)4
< c4(1 +10g2)E[Y]
< 00. (3.19)

Combined with (3.18) and (3.19), (3.17) becomes

E[Z Fi(logy + &) — F(&n, logy + Cn)] >
R(&n)

n>1
Thus, we obtain (3.16), which completes the proof of (3.9) given (3.10b).

Proof of (3.9) under (3.10c). In this part we assume that E[Zlog, Z] = oo with Z =
Z|u|=1 V(u)4+e=V® > 0. We observe that under P,

X

- 2 =1 R(AV ) + £)e™ 2V LAy )=o) a5
- R(gn) ~ R

where Z = le‘zl(AV(x))Jre_AV(x) is independent of ¢,. As a consequence, for any y > 0,

k]

C1

AVA ¢n
R@n)E[Z,qZ = yer" | &ul.

D B, [X: REe X > y] = >

n=1 n>1

Recall that Z is distributed as Z under P. Therefore, it is sufficient to prove that, for any y > 0,

1 ~ o~
. ;}1 — —_— -
;R(Q)E[z,zzye |cn]—§F3(:n>—m, P-as.

where EIZ: log Z )
: >
Fy() = AZl0gZ z 2t logyl S,
R(2)

Since R is nondecreasing, the function F3 is nonincreasing. By Lemma 2.1 and (2.2),

E(Z] _ EI(SD+] ___
Rz — c1

0< F(z) <
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Moreover, by (2.7) and (3.10c),

v

o0 o0
/ F3(x)x dx f csE[Z;logZ —logy > x]dx
0 1

csE[Z(log Z —logy — 1)+]

= OQ.

v

Due to Proposition 2.1, for any y > 0, we obtain

1~
: Gl 1= B ]
; R, 12z ye [l = ’; F3(¢n) =00,  Pas.,

which completes the proof of (3.9) under (3.10c).
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