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Abstract. Let C be a non-empty closed convex subset of a reflexive and strictly
convex Banach space E which also has a weakly continuous duality map Jϕ(x) with
the gauge ϕ. Let S and T be non-expansive mappings from C into itself such that
F = F(S) ∩ F(T) �= ∅. Let {αn} and {βn} be sequences in (0, 1). Let {xn} be a sequence
defined by

⎧⎨
⎩

x0 ∈ C,

yn = βnSxn + (1 − βn)Txn,

xn+1 = αnu + (1 − αn)yn, n ≥ 0,

where u ∈ C is a given point. Assume that the following restrictions imposed on the
control sequences are satisfied:
(a)

∑∞
n=0 αn = ∞, limn→∞ αn = 0;

(b)
∑∞

n=0 |αn+1 − αn| < ∞,
∑∞

n=0 |βn+1 − βn| < ∞;
(c) limn→∞ βn = β ∈ (0, 1).
Then the sequence {xn} converges strongly to x∗ ∈ F , where x∗ = Q(u) and Q : C → F
is the unique sunny non-expansive retraction from C onto F .

2000 AMS Subject Classification. 47H09; 47H10; 47J25.

1. Introduction and preliminaries. Throughout this paper, we always assume that
E is a real Banach space. Let E∗ be the dual space of E. Let ϕ : [0,∞] := R+ → R+

be a continuous and strictly increasing function such that ϕ(0) = 0 and ϕ(t) → ∞ as
t → ∞. This function ϕ is called a gauge function. The duality mapping Jϕ : E → E∗

associated with a gauge function ϕ is defined by

Jϕ(x) = {f ∗ ∈ E∗ : 〈x, f ∗〉 = ‖x‖ϕ(‖x‖), ‖f ∗‖ = ϕ(‖x‖)}, ∀x ∈ E,

where 〈·, ·〉 denotes the generalized duality pairing. In the case that ϕ(t) = t, we write
J for Jϕ and call J the normalized duality mapping.
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Following Browder [2], we say that a Banach space E has a weakly continuous
duality mapping if there exists a gauge ϕ for which the duality mapping Jϕ(x) is single-
valued and weak-to-weak∗ sequentially continuous (i.e., if {xn} is a sequence in E
weakly convergent to a point x, then the sequence Jϕ(xn) converges weakly∗ to Jϕx).
It is known that lp has a weakly continuous duality mapping with a gauge function
ϕ(t) = tp−1 for all 1 < p < ∞. Set

�(t) =
∫ t

0
ϕ(τ )dτ, ∀t ≥ 0,

then

Jϕ(x) = ∂�(‖x‖), ∀x ∈ E,

where ∂ denotes the sub-differential in the sense of convex analysis.
The norm of E is said to be Gâteaux differentiable (and E is said to be smooth) if

lim
t→0

‖x + ty‖ − ‖x‖
t

exists for each x, y in its unit sphere UE = {x ∈ E : ‖x‖ = 1}. It is said to be uniformly
Fréchet differentiable (and E is said to be uniformly smooth) if the limit is attained
uniformly for (x, y) ∈ UE × UE .

A Banach space E is said to strictly convex if and only if

‖x‖ = ‖y‖ = ‖(1 − λ)x + λy‖
for all x, y ∈ E and 0 < λ < 1 implies that x = y. E is said to uniformly convex if, for
any ε ∈ (0, 2], there exists δ > 0 such that, for any x, y ∈ U ,

‖x − y‖ ≥ ε implies
∥∥∥x + y

2

∥∥∥ ≤ 1 − δ.

It is known that a uniformly convex Banach space is reflexive and strictly convex.
Let C be a non-empty closed convex subset of a real Banach space E and T : C →

C a nonlinear mapping. A point x ∈ C is a fixed point of T provided that Tx = x. In
this paper, we use F(T) to denote the set of fixed points of T .

Recall that a mapping T is non-expansive if

‖Tx − Ty‖ ≤ ‖x − y‖, ∀x, y ∈ C.

One classical way to study non-expansive mappings is to use contractions to
approximate a non-expansive mapping ([1, 23, 31]). More precisely, take t ∈ (0, 1)
and define a contraction Tt : C → C by

Ttx = tu + (1 − t)Tx, ∀x ∈ C, (1.1)

where u ∈ C is a fixed point. Banach’s contraction mapping principle guarantees that
Tt has a unique fixed point xt in C. That is,

xt = tu + (1 − t)Txt. (1.2)

It is unclear, in general, what is the behaviour of xt as t → 0, even if T has a fixed point.
However, in the case of T having a fixed point, Browder [1] proved that if E is a Hilbert
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space, then xt converges strongly to a fixed point of T . Reich [23] extended Broweder’s
result to the setting of Banach spaces and proved that if E is a uniformly smooth
Banach space, then xt converges strongly to a fixed point of T and the limit defines
the (unique) sunny non-expansive retraction from C onto F(T). Xu [32] proved that
Broweder’s results still hold in reflexive Banach spaces which have a weakly continuous
duality mapping; see [32] for more details.

Recall that if C and D are non-empty subsets of a Banach space E such that C is
non-empty closed convex and D ⊂ C, then a map Q : C → D is called a retraction from
C onto D provided Q(x) = x for all x ∈ D. A retraction Q : C → D is sunny provided
Q(Q(x) + t(x − Q(x))) = Q(x) for all x ∈ C and t ≥ 0 whenever Q(x) + t(x − Q(x)) ∈ C.
A sunny non-expansive retraction is a sunny retraction which is also non-expansive.
Sunny non-expansive retractions are characterized as follows [9, 23]:

If E is a smooth Banach space, then Q : C → D is a sunny non-expansive retraction
if and only if there holds the inequality

〈x − Qx, J(y − Qx)〉 ≤ 0, ∀x ∈ C, y ∈ D. (1.3)

Reich [23] showed that if E is uniformly smooth and D is the fixed point set of a
non-expansive mapping from C into itself, then there is a unique sunny non-expansive
retraction from C onto D and it can be constructed as follows.

THEOREM R. Let E be a uniformly smooth Banach space and let T : C → C be a non-
expansive mapping with a fixed point. For each fixed u ∈ C and every t ∈ (0, 1), the
unique fixed point xt ∈ C of the contraction C � x �→ tu + (1 − t)Tx converges strongly
as t → 0 to a fixed point of T. Define Q : C → D by Qu = s − limt→0 xt. Then Q is the
unique sunny non-expansive retract from C onto D; that is, Q satisfies the property:

〈u − Qu, J(y − Qu)〉 ≤ 0, ∀u ∈ C, y ∈ D.

If E is a reflexive Banach space which has a weakly contnuous duality map, then
Q : C → D is a sunny non-expansive retraction if and only if there holds the inequality

〈x − Qx, Jϕ(y − Qx)〉 ≤ 0, ∀x ∈ C, y ∈ D. (1.4)

In 2006, Xu [32] obtained an analogue of Theorem R in a reflexive Banach space.
To be more precise, he proved the following result.

THEOREM X. Let E be a reflexive Banach space and has a weakly continuous duality
map Jϕ(x) with gauge ϕ. Let C be closed convex subset of E and let T : C → C be a
non-expansive mapping. Fix u ∈ C and t ∈ (0, 1). Let xt ∈ C be the unique solution in
C to the equation (1.2). Then T has a fixed point if and only if {xt} remains bounded as
t → 0+, and in this case, {xt} converges as t → 0+ strongly to a fixed point of T.

Under the condition of Theorem X, define a mapping Q : C → F(T) by

Q(u) := lim
t→0

xt, ∀u ∈ C.

From Xu [32, Theorem 3.2], we know that Q is the sunny non-expansive retraction
from C onto F(T).

Two iteration processes are often used to approximate a fixed point of a non-
expansive mapping T .

https://doi.org/10.1017/S0017089509990309 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089509990309


244 XIAOLONG QIN, SUN YOUNG CHO AND HAIYUN ZHOU

The first one is introduced by Halpern [10]. The Halpern’s iterative process
generates a sequence {xn} in the following manner:

{
x1 ∈ C, chosen arbitrarily,

xn+1 = αnu + (1 − αn)Txn, ∀n ≥ 1,
(HIP )

where u ∈ C is a given point and the sequence {αn} is in the interval (0, 1). Halpern
proved that the strong convergence of {xn} to a fixed point of T in a real Hilbert space
provided that αn = n−θ , where θ ∈ (0, 1).

In 1977, Lions [15] improved the result of Halpern [10], still in Hilbert spaces, by
proving the strong convergence of {xn} to a fixed point of T where the real sequence
{αn} satisfies the following conditions:

(C1) : lim
n→∞ αn = 0, (C2) :

∞∑
n=1

αn = ∞ and (C3) : lim
n→∞

αn+1 − αn

α2
n+1

= 0.

It was observed that both Halperns and Lions conditions on the real sequence {αn}
excluded the canonical choice {αn} = 1

n + 1 . This was overcome in 1992 by Wittmann
[28], who proved, still in Hilbert spaces, the strong convergence of {xn} to a fixed point
of T if {αn} satisfies the following conditions:

(C1) : lim
n→∞ αn = 0, (C2) :

∞∑
n=1

αn = ∞ and (C4) :
∞∑

n=1

|αn+1 − αn| < ∞.

In 2002, Xu [30] (see also [29]) further improved the result of Lion’s. To be more
precise, he weakened the condition (C3) by removing the square in the denominator
so that the canonical choice of {αn} = 1

n + 1 is possible.
The second one is the normal Mann’s iterative process [16] which generates a

sequence {xn} in the following manner:
{

x1 ∈ C, chosen arbitrarily,

xn+1 = (1 − αn)xn + αnTxn, ∀n ≥ 1,
(MIP )

where the sequence {αn} is in the interval (0, 1).
If T is a non-expansive mapping with a fixed point and the control sequence {αn}

is chosen so that
∑∞

n=0 αn(1 − αn) = ∞, then the sequence {xn} generated by normal
Mann’s iterative process (1.2) converges weakly to a fixed point of T (this is also valid
in a uniformly convex Banach space with the Fréchet differentiable norm [22]). In an
infinite-dimensional Hilbert space, the normal Mann’s iteration algorithm has only
weak convergence. Therefore, many authors try to modify the normal Mann’s iteration
process to have strong convergence for non-expansive mappings (see [5–7, 11, 17–21,
24, 33, 34] and the references therein).

In 2005, Kim and Xu [11] modified normal Mann’s iterative method for a single
non-expansive mappings in a uniformly smooth Banach space. To be more precise,
they proved the following result.

THEOREM KX. Let C be a closed convex subset of a uniformly smooth Banach space E
and let T : C → C be a non-expansive mapping such that F(T) �= ∅. Given a point u ∈ C
and given sequences {αn} and {βn} in (0, 1), the following conditions are satisfied:
(1) αn → 0, βn → 0;
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(2)
∑∞

n=0 αn = ∞,
∑∞

n=0 βn = ∞;
(3)

∑∞
n=0 |αn+1 − αn| < ∞,

∑∞
n=0 |βn+1 − βn| < ∞.

Define a sequence {xn} in C by
⎧⎨
⎩

x0 = x ∈ C chosen arbitrarily,

yn = βnxn + (1 − βn)Txn,

xn+1 = αnu + (1 − αn)yn, ∀n ≥ 0.

(MMIP )

Then {xn} strongly converges to a fixed point of T.

Very recently, Qin, Su and Wu [21] further improved Kim and Xu [11]’s results by
considering a pair of non-expansive mappings in a uniformly smooth Banach space.
More precisely, they obtained the following result.

THEOREM QSW. Let C be a closed convex subset of a uniformly smooth Banach space
E and f : C → C a contractive mapping. Let S : C → C and T : C → C be a pair of
non-expansive mappings such that F(ST) = F(S)

⋂
F(T) �= ∅. The initial guess x0 ∈ C

is chosen arbitrarily and given sequences {αn}, {βn} and {γn} in [0, 1], the following
conditions are satisfied
(a) αn → 0,

∑∞
n=0 αn = ∞ and

∑∞
n=0 |αn+1 − αn| < ∞;

(b) βn → 0, γn → 0,
∑∞

n=0 |βn+1 − βn| < ∞ and
∑∞

n=0 |γn+1 − γn| < ∞.
Let {xn} be the sequence defined by

⎧⎨
⎩

zn = γnxn + (1 − γn)Txn,

yn = βnxn + (1 − βn)Szn,

xn+1 = αnf (xn) + (1 − αn)yn, n ≥ 0.

(MIIP )

Then {xn}∞n=1 converges strongly to some common fixed point p ∈ F(T1) ∩ F(T2)

Motivated by Kimura, Takahashi and Toyoda [12], Kim and Xu [11] and Qin et al.
[21], we consider the following iterative method

⎧⎨
⎩

x0 = x ∈ C chosen arbitrarily,

yn = βnSxn + (1 − βn)Txn,

xn+1 = αnu + (1 − αn)yn, ∀n ≥ 0,

where {αn}, {βn} are sequences in (0, 1) and S and T are non-expansive mappings.
We remark that our iterative method (ϒ) is more general.

(1) If S = I , the identity mapping, then the above iterative process reduces to the
(MMIP ).

(2) If S = T , then the above iterative process collapses to (HIP ).
In this paper, we study the above iterative process for a pair of non-expansive

mappings. Strong convergence theorems are established in a reflexive Banach space.
As applications, we consider the convex feasibility problem (CFP) of finding a point in
the non-empty intersection CN

i=1, where N ≥ 1 is an integer and each Ci is assumed to
be the fixed point set of a non-expansive mapping Ti : C → C, where C is a non-empty
closed and convex subset of E.

In order to prove our main results, we need the following lemmas.

The first part of the next lemma is an immediate consequence of the sub-differential
inequality and the proof of the second part can be found in [14].
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LEMMA 1.1. Assume that a Banach space E has a weakly continuous duality mapping Jϕ

with a gauge ϕ.

(i) For all x, y ∈ E, the following inequality holds:

�(‖x + y‖) ≤ �(‖x‖) + 〈y, Jϕ(x + y)〉.

In particular, for all x, y ∈ E,

‖x + y‖2 ≤ ‖x‖2 + 2〈y, J(x + y)〉.

(ii) Assume that a sequence {xn} in E converges weakly to a point x ∈ E.
Then the following identity holds:

lim sup
n→∞

�(‖xn − y‖) = lim sup
n→∞

�(‖xn − x‖) + �(‖y − x‖), ∀x, y ∈ E.

LEMMA 1.2 ([31]). Assume that {αn} is a sequence of non-negative real numbers such that

αn+1 ≤ (1 − γn)αn + δn, ∀n ≥ 1,

where {γn} is a sequence in (0, 1) and {δn} is a sequence such that
(i)

∑∞
n=1 γn = ∞;

(ii) lim supn→∞
δn
γn

≤ 0 or
∑∞

n=1 |δn| < ∞.

Then limn→∞ αn = 0.

The following lemma can be deduced from Bruck [3] and Suzuki [26].

LEMMA 1.3. Let C be a closed convex subset of a strictly convex Banach space E. Let
{Tn}N

n=1 be a sequence of non-expansive mappings on C. Suppose that ∩N
n=1F(Tn) is non-

empty. Let {λn} be a sequence of positive numbers with
∑N

n=1 λn = 1. Then a mapping S
on C defined by

Sx =
N∑

n=1

λnTnx

for x ∈ C is well defined, non-expansive and F(S) = ∩N
n=1F(Tn) holds.

LEMMA 1.4 ([14]). Let E be a Banach space satisfying a weakly continuous duality map,
C a non-empty closed convex subset of E and T : C → C a non-expansive mapping with
a fixed point. Then I − T is demi-closed at zero, i.e., if {xn} is a sequence in C which
converges weakly to x and if the sequence {(I − T)xn} converges strongly to zero, then
x = Tx.

2. Main results.
THEOREM 2.1. Let C be a non-empty closed convex subset of a reflexive and strictly
convex Banach space E which also has a weakly continuous duality map Jϕ(x) with
the gauge ϕ. Let S and T be non-expansive mappings from C into itself such that
F = F(S) ∩ F(T) �= ∅. Let {αn} and {βn} be sequences in (0, 1). Let {xn} be a sequence
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defined by
⎧⎨
⎩

x0 ∈ C,

yn = βnSxn + (1 − βn)Txn,

xn+1 = αnu + (1 − αn)yn, n ≥ 0,

(ϒ)

where u ∈ C is a given point. Assume that the following restrictions imposed on the control
sequences are satisfied:
(a)

∑∞
n=0 αn = ∞, limn→∞ αn = 0;

(b)
∑∞

n=0 |αn+1 − αn| < ∞,
∑∞

n=0 |βn+1 − βn| < ∞;
(c) limn→∞ βn = β ∈ (0, 1).
Then the sequence {xn} generated by (ϒ) converges strongly to x∗ ∈ F, where x∗ = Q(u)
and Q : C → F is the unique sunny non-expansive retraction from C onto F.

Proof. First, we show that the sequences {xn} and {yn} are bounded. For any p ∈ F , we
have

‖yn − p‖ = ‖βnSxn + (1 − βn)Txn − p‖
≤ β‖Sxn − p‖ + (1 − βn)‖Txn − p‖
≤ β‖xn − p‖ + (1 − βn)‖xn − p‖
= ‖xn − p‖.

It follows that

‖xn+1 − p‖ = ‖αn(u − p) + (1 − αn)(yn − p)‖
≤ αn‖u − p‖ + (1 − αn)‖yn − p‖
≤ αn‖u − p‖ + (1 − αn)‖xn − p‖.

By simple inductions, we have

‖xn − p‖ ≤ max{‖x0 − p‖, ‖u − p‖},
which gives that the sequence {xn} is bounded, so is {yn}.

From the iterative process (ϒ), we have

yn − yn−1 = βnSxn + (1 − βn)Txn − [βn−1Sxn−1 + (1 − βn−1)Txn−1]

= βn(Sxn − Sxn−1) + Sxn−1(βn − βn−1) + (1 − βn)(Txn − Txn−1)

+ Txn−1(βn−1 − βn).

It follows that

‖yn − yn−1‖
≤ βn‖Sxn − Sxn−1‖ + ‖Sxn−1‖|βn − βn−1| + (1 − βn)‖Txn − Txn−1‖

+‖Txn−1‖|βn−1 − βn|
≤ βn‖xn − xn−1‖ + ‖Sxn−1‖|βn − βn−1| + (1 − βn)‖xn − xn−1‖ (2.1)

+‖Txn−1‖|βn−1 − βn|
≤ ‖xn − xn−1‖ + M1|βn − βn−1|,

where M1 is an appropriate constant such that M1 ≥ supn≥0{‖Sxn‖ + ‖Txn‖}.
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On the other hand, from the iterative process (ϒ), we also have

xn+1 − xn = αnu + (1 − αn)yn − [αn−1u + (1 − αn−1)yn−1]

= (αn − αn−1)(u − yn−1) + (1 − αn)(yn − yn−1)

This implies that

‖xn+1 − xn‖ ≤ |αn − αn−1|‖u − yn−1‖ + (1 − αn)‖yn − yn−1‖. (2.2)

Substituting (2.1) into (2.2), we arrive at

‖xn+1 − xn‖ ≤ |αn − αn−1|‖u − yn−1‖ + (1 − αn)(‖xn − xn−1‖ + M1|βn − βn−1|)
≤ (1 − αn)‖xn − xn−1‖ + M2(|βn − βn−1| + |αn − αn−1|), (2.3)

where M2 is an appropriate constant such that M2 ≥ max{supn≥0{‖u − yn‖, M1}. From
the conditions (a) and (b) and applying Lemma 1.2 to (2.3), we see that

lim
n→∞ ‖xn+1 − xn‖ = 0. (2.4)

Put U = βS + (1 − β)T. From Lemma 1.3, we have that U is non-expansive with
F = F(U). Notice that

xn − Uxn = xn − xn+1 + xn+1 − Uxn

= xn − xn+1 + αnu + (1 − αn)[βnSxn + (1 − βn)Txn] − Uxn

= xn − xn+1 + αn(u − Uxn) + (1 − αn)[βnSxn + (1 − βn)Txn − Uxn]

= xn − xn+1 + αn(u − Uxn)

+ (1 − αn)[βnSxn + (1 − βn)Txn − βSxn − (1 − β)Txn]

= xn − xn+1 + αn(u − Uxn) + (1 − αn)(βn − β)(Sxn − Txn)

It follows that

‖xn − Uxn‖ ≤ ‖xn − xn+1‖ + αn‖u − Uxn‖ + |βn − β|‖Sxn − Txn‖.
It follows from the conditions (a), (c) and (2.4) that

lim
n→∞ ‖xn − Uxn‖ = 0. (2.5)

Next, we prove that

lim sup
n→∞

〈u − Q(u), Jϕ(xn − Q(u))〉 ≤ 0, (2.6)

where Q is the sunny non-expansive retraction Q : C → F . Take a subsequence {xnk}
of {xn} such that

lim sup
n→∞

〈u − Q(u), Jϕ(xn − Q(u)〉 = lim
k→∞

〈u − Q(u), Jϕ(xnk − Q(u)〉. (2.7)

Since E is reflexive and the sequence {xn} is bounded, we may assume that xnk ⇀ x̄ for
some x̄ ∈ C. From (2.5), we have that

lim
n→∞ ‖xnk − Uxnk‖ = 0.
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Thanks to Lemma 1.4, we see that

x̄ ∈ F(U) = F(S) ∩ F(T).

It follows from (2.7) that

lim sup
n→∞

〈u − Q(u), Jϕ(xn − Q(u))〉 = 〈u − Q(u), Jϕ(x̄ − Q(u))〉 ≤ 0.

Hence, we obtain that (2.6) holds.

Finally, we prove that xn → Q(u) as n → ∞. Notice that

�(‖yn − Q(u)‖) = �(‖βn(Sxn − Q(u)) + (1 − βn)(Txn − Q(u))‖)

≤ �(βn‖(Sxn − Q(u)‖ + (1 − βn)‖Txn − Q(u)‖)

≤ �(βn‖(xn − Q(u)‖ + (1 − βn)‖xn − Q(u)‖)

≤ �(‖xn − Q(u)‖).

It follows that

�(‖xn+1 − Q(u)‖) = �(‖αn(u − Q(u)) + (1 − αn)(yn − Q(u))‖)

≤ �((1 − αn)‖yn − Q(u)‖) + αn〈u − Q(u), Jϕ(xn+1 − Q(u))〉
≤ (1 − αn)�(‖xn − Q(u)‖) + αn〈u − Q(u), Jϕ(xn+1 − Q(u))〉.

From Lemma 1.2, we see that �(‖xn+1 − Q(u)‖) → 0 as n → ∞, that is,

‖xn − Q(u)‖ → 0 as n → ∞.

This completes the proof.

Putting S = I , the identity mapping, we have the following.

COROLLARY 2.2. Let C be a non-empty closed convex subset of a reflexive and strictly
convex Banach space E which also has a weakly continuous duality map Jϕ(x) with the
gauge ϕ. Let T be a non-expansive mapping from C into itself such that F(T) �= ∅.
Let {αn} and {βn} be sequences in (0, 1). Let {xn} be a sequence defined by the modified
Mann iterative process (MMIP), where u ∈ C is a given point. Assume that the following
restrictions imposed on the control sequences are satisfied:
(a)

∑∞
n=0 αn = ∞, limn→∞ αn = 0;

(b)
∑∞

n=0 |αn+1 − αn| < ∞,
∑∞

n=0 |βn+1 − βn| < ∞;
(c) limn→∞ βn = β ∈ (0, 1).
Then the sequence {xn} converges strongly to x∗ ∈ F(T), where x∗ = Q(u) and Q : C →
F(T) is the unique sunny non-expansive retraction from C onto F(T).

Putting S = T in Theorem 2.1, we obtain the following.

COROLLARY 2.3. Let C be a non-empty closed convex subset of a reflexive and strictly
convex Banach space E which also has a weakly continuous duality map Jϕ(x) with the
gauge ϕ. Let T be a non-expansive mapping from C into itself such that F(T) �= ∅. Let {αn}
and {βn} be sequences in (0, 1). Let {xn} be a sequence defined by the Halpern’s iterative
process (HIP), where u ∈ C is a given point. Assume that the following restrictions
imposed on the control sequences are satisfied:
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(a)
∑∞

n=0 αn = ∞, limn→∞ αn = 0;
(b)

∑∞
n=0 |αn+1 − αn| < ∞.

Then the sequence {xn} converges strongly to x∗ ∈ F(t), where x∗ = Q(u) and Q : C →
F(T) is the unique sunny non-expansive retraction from C onto F(T).

3. Applications. Recently, many authors considered the following convex
feasibility problem (CFP):

finding an x ∈
N⋂

i=1

Ci,

where N ≥ 1 is an integer and each Ci is assumed to be the fixed point set of a non-
expansive mapping Ti, i = 1, 2, . . . , N. There is a considerable investigation on CFP in
the setting of Hilbert spaces which captures applications in various disciplines such as
image restoration [8, 13], computer tomography [25] and radiation therapy treatment
planning [4].

In this section, we study the CFP in the setting of Banach space. To be more
precise, we introduce a parallel iterative algorithm for a finite family of non-expansive
mappings in a real reflexive Banach space.

THEOREM 3.1. Let C be a non-empty closed convex subset of a reflexive and strictly
convex Banach space E which also has a weakly continuous duality map Jϕ(x) with the
gauge ϕ. Let {Ti}N

i=1 be a finite family of non-expansive mappings from C into itself such
that F = ∩N

i=1F(Ti) �= ∅. Let {αn} and {β i
n} be sequences in (0, 1). Let {xn} be a sequence

defined by

x0 ∈ C, xn+1 = αnu + (1 − αn)
N∑

i=1

β i
nTixn, n ≥ 0, (ϒ ′)

where u ∈ C is a given point. Assume that the following restrictions imposed on the control
sequences are satisfied:
(a)

∑∞
n=0 αn = ∞, limn→∞ αn = 0;

(b)
∑∞

n=0 |αn+1 − αn| < ∞,
∑∞

n=0

∑N
i=1 |β i

n+1 − β i
n| < ∞;

(c) limn→∞ β i
n = β i ∈ (0, 1) and

∑N
i=1 β i

n = 1.

Then the sequence {xn} generated by (ϒ ′) converges strongly to x∗ ∈ F, where x∗ = Q(u)
and Q : C → F is the unique sunny non-expansive retraction from C onto F.

Proof. From the proof of Theorem 2.1, we can conclude the desired conclusion easily.

REMARK 3.2. If f : C → C is a contractive mapping and we replace u by f (xn) in the
recursion formula (ϒ), we can obtain the so-called viscosity iteration method. We
note that all theorems and corollaries of this paper carry over trivially to the so-called
viscosity iteration method, see [27] for more details.
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