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GENERALIZED FUNCTIONS

J. N. PANDEY AND R. S. PATHAK

1. Introduction

Expansions of generalized functions have been investigated by many
authors. Korevaar [11], Widlund [20], Giertz [8], Walter [19] developed
procedures for expanding generalized functions of Korevaar [12], Temple
[17], and Lighthill [13]. Expansions of certain Schwartz distributions
[15] into series of orthonormal functions were given by Zemanian [23]
(see also Zemanian [24]) and thereby he extended a number of integral trans-
forms to distributions. The method involved in his work is very much
related to the Hilbert space technique and is of somewhat different
character from those used in most of the works on integral transforms
such as [24, chapters 1-8]. Other works that discuss orthogonal series
expansions involving generalized functions are by Bouix [1, chapter 7],
Braga and Schonberg [2], Gelfand and Shilov [7, vol. 3, chapter 4] and
Warmbrod [21].

In this paper, expansions of generalized functions (distributions)
with respect to some general classes of complete orthonormal systems
are investigated. For this, a testing function space 4°(I) is constructed
over the closed interval I = [a, b] containing the normalized eigen func-
tions {¥,(®)};., of the Sturm-Liouville system. The Sturm-Liouville
transform F'(n) of a generalized function f e A47(I) is defined by

F(n) = <f(x)? wn(x)> n = 1, 2: 37 )

It is shown in section 4 that

lim (3 FOO @), o@) = <S>, Ve DD

where the above convergence is interpreted in the weak distributional
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sense. In section 5 we have discussed special cases of interest and in
sections 8 and 9 we have utilized our results in solving certain differ-
ential equations with distributional boundary conditions. The notation
and terminology of this work follow those of [18],[22] and [24].

2. A general expansion theorem

The following theorem due to Yosida [22, p. 173] plays a fundamental
role in our present investigation.

THEOREM 1 (Yosida). Let q(x) be a real-valued continuous func-
tion in o finite or infinite closed interval [a,bl. We make no assump-
tion concerning the behaviour of q(x) at the boundary points; as x — a,
or as x — b, q(x) may tend to finite limits, may tend to oo, may have
no limits. Let f(x) be a real-valued function satisfying the conditions

(i) f"(x) is continuous on (—oco, o).

(i) For some o/,b',a <a <b <D,

f@x) = 0 on semi-infinite intervals —oco <2<, 0 <2< 0.
Let {2,...,} be the set of all eigenvalues of the boundary value problem

dZ
dx?

Lg =12, L.=q@ —
2.1) .
él@)cosa + ¢'(@) sina =0
#(b) cos B+ ¢’'(D)sinp =0
and {¢,..»} be the corresponding orthonormal system of the eigenfunc-
tions. Then f(x) can be expanded into the Fourier series

2.2) @) = i FuraroPm,a,0@)

@.9) Foas = (Frbuan) = j F@Fnan@)da .

Without any loss of generality we can assume that the eigenfunctions
of the system (2.1) are real. (2.2) converges absolutely and uniformly
on the interval [a, b].

Remark. The eigenfunction expansion as given in Theorem 1 is
also valid when f(x) is a complex-valued function belonging to C,(— oo, o)
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and having support contained in the open interval (¢/,b’) where a < o’
< b <b. The proof can be given by using Theorem 1 for the real and
imaginary parts of f separately.

COROLLARY 1. Let f(x) e C,la, b] with support contained in the open
interval (a,b). Then the Fourier series expansion

L@y + 23 eos (MR ),

©.4) b —a) (b — a) »=1 b —a)
) > nr(y — a)
Ia S () cos (m)d?/

of f(x) converges absolutely and uniformly to f(x) over the interval
[a, b].

Proof. The normalized eigenfunctions of the Sturm-Liouville system

d2y+2y=0 a<x<b
dax?
2.5)
Y@ =0
@) =0
are 1 , 2 cos <n_7r(£_—_@), n=12,8,.... The result now
Vb —a b—a b —a)

follows in view of Theorem 1.
COROLLARY 2. Let f(x) e C,[0,x] with support contained in the open
interval (0,n). Then the Fourier series expansion
1 T 2 o T
— | fpdy + = 2, cos nxf J (W) cos nydy
T Jo T n=1 0
of f(x) converges absolutely and wuniformly to f(x) over the interval
[0, x].

Proof. This is an immediate consequence of Corollary 1 with a =0
and b = 1. The normalized eigenfunctions of the system

gyz + =0 0<zx<x
(2.6) v

y¥'(0) =0

Y (@) =0

turn out to be
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T =1, U@ = \/(3) cosnz, m=1,23---.
vz RAY:
Unless otherwise stated for the sake of convenience we shall write
¥, (x) for ¢, ,;(x) and 2, for 2,4,

3. The testing function space .4/ '(I)

Let I denote the open interval (a,b) where @ and b are finite such
that —co <a < b < o and let x and ¢ be real variables restricted to I.
Then the space A°(I) consists of all the complex valued infinitely differ-
entiable functions ¢(x) defined over I such that

3.1 74(p) £ sup |Lip@)| < oo,
a<lz<d
for all k=0,1,2, ---, where the operator 4, is defined by

dz
Tix_z —q@x) = —L,

3.2) 4, =
q(x) being assumed to be infinitely differentiable in (a, ). The topology
on A'(I) is defined by the separating collection of seminorm {r.};., [24,
pp. 7-10]. A sequence {p,}; is said to converge in A°(I) to the limit ¢
if y.(¢p, — @ >0 as y— o for each £k =0,1,2,---. A sequence {p,}>, is
said to be a Cauchy sequence in A°(I) if r,(p, — ¢,) tends to zero as v
and g both tend to infinity independently of each other. It can be
readily seen that 4°(I) is a locally convex, sequentially complete [24, pp.
176-177] Hausdorff topological vector space. The dual of A#(I) will be
represented by A47(I). The space D) is a subspace of A4(I) and the
restriction of feD'(I) to #() is in D'().

LEMMA 1. Let ¢(x) e DU), I = (a,b) and let {¥,(x)}3., be the nor-
malized eigenfunction of the system (2.1).

Define Sy(t,x) = 3> 3 ¥, (@)¥,(¢).

Then
3.3) f " Syt D)¢@)dr — ¢t)  in 4T as N — oo .

Proof. A simple computation shows that
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2; [ syt @ = [ Sutt, 2)226@)da
= [ 8utt, Wpu@)o

where ¢,(x) = dip(x).
Now

Af[j " Sy(t, 2)p@)ds — ¢(t)] = r Sy(t, ©)gu(@)d — ¢4(2)

which tends to zero as N — co uniformly for all ¢ ¢ [a, b] by Theorem 1
and the remark following it.

4. The Sturm-Liouville expansion of generalized functions of 47(I):1 = (a, b)

We will now prove the following inversion theorem for the distri-
butional finite Sturm-Liouville transform which gives rise to an expan-
sion of fe #/’(I),I = (a,b) where a and b are finite such that —co0 < a
<b < oco.

THEOREM 2. Let f be an arbitrary element of A'(I) and let ¥ ,(x)
be the normalized eigenfunctions of the Sturm-Liouville problem (2.1)
which are assumed to be elements of A'(I). Define the distributional
finite Sturm-Liowville transform of f by

(4.1 SISTA F(n) & {f@),¥.(2)) ,

for each n =1,2,3, .- then for each ¢(t) € D{),

4.2) lim % v,F®0), ¢(t)> = {f(®), o)) .

N—oo \n=1

Proof. Let us assume that the support of ¢(x) is contained in the
finite interval (c¢,d) where ¢ < ¢ <d <b. Our theorem will be proved
by justifying the steps in the following manipulations.

5 ULOF ), o))

4.3) = [ é ¥ F()o(t)dt
.4 - i @), o@DV BBt
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@5 = [ (7@, 5 v.@T.0 )it
“.6) = (r@, [} S va@r.opit)
@ = (7@, [ Satt, Dpttrat)

4.8) — {f(x), p(x)> as N - oo .

The step (4.3) is justified by using the fact that the function
> U, @OF) is locally integrable over the interval (a,d), and ¢(z)
e D(I). The step (4.5) follows by the linearity of the functional. Equal-
ity of the expressions (4.5) and (4.6) follows by the linearity property
of generalized functions. That the expression (4.7) goes to (4.8) as
N — o follows from Lemma 1. This completes the proof of the thesrem.

THEOREM 3 (Uniqueness). Let f,ge /'(I),I = (a,b) where —co < a

< b < oo and let us define S[f] = F(n) and S[g]l = Gn) for all n = 1,2,

If Fin) = G) for all n =1,2,3,---, then f = g in the sense of
equality over D().

The proof is obvious in view of the above inversion theorem.

5. Special cases

In the following lines we list a number of particular values of
q(x), corresponding eigenfunctions ¥, and eigenvalues 1,, and the in-
tervals I on which expansion is applicable. Appropriate generalized
functions and their expansions are also' given.

1. Expansion in Fourier series
(5.1) I=(-mmn, q@x=0.

The Sturm Liouville-problem is described by
d’y . , o
(5.2) yr +y=0; y(—n) =y and Y (—=x) =y .

For this problem
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1
_— for n =0
v (2r)
(5.8) U (x) = |8 for n =2k
4 «/7:
sinﬁx for n =2k — 1
vV
(k = 192,3’ M ')
(5.4) A, = NE.

In the present case the testing function space F({1),1 = (—=n,n)
consists of complex-valued C= functions ¢(x) defined over I satisfying
the conditions

7:(@) = sup |D*¢(x)| < oo, E=0,1,2,--.
—a<leln

The topology over F(I) is generated by the sequence of seminorms

{re}e=o [24, p. 8] and the concept of convergence and completeness over

F () is defined in the usual way. F’(I) denotes the dual of F ().
Now, the Fourier expansion of any f e %#’(I) can be stated by

THEOREM 4. Let feF'(),I =(—=n,x) and F(n) be the Fourier
transform of f for each n=0,1,2,.--, defined by

(5.5) Fn) = {f @), ¥.(x))
where ¥, (x) are defined by (5.3). Then for each ¢(x) € D),
(5.6) }vlfff < 1:0 V. (F 1), o)) = {f(x), o)) .

2. Expansion in a series of Jacobi polynomials
I =(—=n/2,7/2) and
Q@) = —jtan’z — § + 3(a + P

5.7 —4sec’v(B—a—(a+ P)sinx)(f—a— (e + Psinz
+ 2sinx), a> —1,> —1.

The Sturm-Liouville problem is

5.8) Y L G- @y =0,
dx

Y(—=/2) and y(x/2) are finite.
In this case
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5.9 T.@) = (-@ix—z;:(m)mﬂ““”(sin ¥, n=0,1,2 .
where
w@) = A — o) + x)*,

B = Qa+p+l I“(n+a+1)1“(n+,9+1)
* n'@n+a+B+DIn+a+p+1)

and P{&#(x) is the Jacobi polynomial of degree n [5].
(5.10) =nn+a+p+1.

The testing function space #“?(),I = (—=/2,x/2) in the present
case consists of infinitely differentiable complex valued functions ¢(x)
defined over I such that
(5.11) 7e(p) = sup /2I(D2 — q@))*o(x)| < oo ,

—n/2<x<=n

for each k =10,1,2, ...

where q(x) is given by (5.7). The topology over _#*# is generated
by the collection of seminorms {y.}i-,[24, p. 8]. Notice that ¥,(x)
__ (coszw(sinx)
- (e
The dual space of #Z@«#» is denoted by ##’. The corresponding ex-
pansion formula is described by

)I/ZP(“"”(sin ¥)e Fer(I) for a,8> —}and n=10,1,2, - --.

THEOREM 5. Let fe #“®), ] =(—n/2,x/2),a, B> —%, and let
F(n) be the distributienal Jacobi transform of f defined by

F(n) = {f(x), ¥,(x)>
where ¥ (x) is given by (5.9). Then, for each ¢ e D).

N

5.12) lim (33 7, ()F ), so(x)> = (@), o) .

N-ow \n=

3. Expansion in a series of Legendre polynomials over (—z/2,7/2)

(56.13) I =(-x/2,7/2), q(x) = —Ltan’z — .
The corresponding Sturm-Liouville problem is

d*y 1 1
(5.14) o+ (1+ ptae+ Sy =0,
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where y(—=/2) and y(x/2) are finite. In this case the eigenfunctions
become

(5.15) U, (@) =((n + }) cosx)”?P,(sinx) , n=20,12,...
where P,(x) is the Legendre polynomial of degree n.
(5.16) A, =nn+1).

This is a special case of the Jacobi series expansion and is obtained on
setting « = 8 = 0. Therefore the expansion formula is given by

THEOREM 6. Let fe £, I = (—n/2,x/2) and let F(n) be the
distributional Legendre transform of f defined by

5.17) Fn) = {f(@), (n + 3) cos z)"*P,(sin x)> .
Then for each ¢(t) € D(I)

(5.18) lim i ((n + %) cos x)"?P,(sin x)F(n), go(x)> = {f(@), p(x)) .

N—-owo \Wn=0

The expansions in Chebyshev polynomials [5] and in Gegenbauer
polynomials [5] are obtained merely on setting « = 8= —% and ¢« = §
= p — % in the Jacobi polynomial case respectively.

Now we wish to change the range of definition of the Legendre
transform from (—z/2,7/2) to (—1,1). Applying the change of variable
x = sin~'t, we have

d? 1 1 d* d 2 — t?

— tan? —=0-2¢ —t— 4+ 2 7 =7 say) .
g tget o =0 —tat gy =" W

If fe gD, I = (—=x/2,7/2), ¢(x) € F£"(), then we write

@), p@)> = {Fsin~' 8), 1 — )~ (sin~* £)>
=B, T®)>,

where f(t) = f(sin't) and (@) =1 — tH~%(sin~'t), Also, from the
definition of _#Z®(I), we have

7e(@) = sup ( @ + 1 tan s + l)kqﬁ(oc)
—x/2<a<as2 |\ da? 4 2
(5.19) = sup |[FH(QA — OV (@)

-1<t<1

= p;¥)  (say).

https://doi.org/10.1017/5S0027763000018171 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000018171

10 J. N. PANDEY AND'R. S. PATHAK

It is easily seen that the mapping ¢@) -4 (1 — )V (¢) is an isomorphism
from £% to #(I),1 = (—1,1), where Z(I) stands for the testing func-
tion space which consists of all complex valued and infinitely differen-
tiable functions ¥'(f) satisfying (5.19). The topology over Z(I) is gen-
erated by the sequence of seminorms {p,}i.,- The concept of convergence
and completeness in () is defined in the usual way. Consequently,
F@® e (). As a result, the inversion formula for the Legendre trans-
formation given by Theorem 6, will be applicable to generalized func-
tions in the space #’(I). Thus we arrive at

THEOREM 7. Let fe#(),I = (—1,1) and let F(n) be the distribu-
tional Legendre transform of f defined by

(5.20) Fn) ={@®,P,@)> .
Then for each ¢(t) € D(D),

G.21) lim (33 (1 + DPLOF®), o)) = </, o))

N-~soo =

4. Expansion in series of Bessel functions

These expansions can be classified in three different forms depend-
ing upon the interval I and the boundary conditions involved in the
Sturm-Liouville problem.

First form:

e

(5.22) I=0D;q@="=%, ,>—

xZ

rop

The Sturm-Liouville problem can be described by

(5.23) dy (z _ Y= %)y —0, 9O =0,y1)=0.
dx? x?
Here
(5‘24) wn(x) = Vﬂ]»(énx)/'];q-x(&n) ’ n = 1’ 2’ 3’ e

where J,(x) is the uvth order Bessel function of the first kind and ¢,
denote all the positive roots of J,(8) =0,0<¢ < g < ..o,

(5.25) A, = &%,
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In this case the expansion is called the vth order Fourier-Bessel
series for f. For the present problem we define the testing function
space #,(I), I = (0,1) to be the collection of all infinitely differentiable
complex valued functions ¢(x) satisfying

( @ »2—%)k¢(x)\< o,

(5.26) 7:(@) = sup

o<z<t |\ dx? x?

for each £ =0,1,2,.... The topology over s ,(I) is generated by the
separating collection of seminorms {y;}i.,. The concept of convergence
and completeness is defined in the usual way. The corresponding dual
space is denoted by s2.(I). :

Using Theorem 2 we now have the following result.

THEOREM 8. Let fe#(I),I = (0,1) where v> —%, and let F(&,)
be the finite Hankel transform of f for each n =1,2,3, ..., defined by

(5.27) F(&,) = {f@), VaJ (£,2)) .

Then for each ¢(x) e D(I), we have

2 : < \/ﬁ Y F(fn) —_
(5.28) lim <2vz >, = J (&%), o(@) )y = {f(®), p(x)> .
N—o n=1 Ju+1("5n)
Remark. A similar expansion formula has been obtained after an
elaborate analysis by Dube [4]. The result proved by Dube is the best
possible for @ = 1. Now using the fact that

(5.29) Lig(@) = x”ﬁQ’;(M)
NG
where
4, = d? _ y? — 1
dax? x?
and
0 =4 1.d v

dx? x dx x?

and using transformation analogous to that used in [24, p. 245] the result
of Dube can be derived from Theorem 8.
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Second form:

R

(5.30) I=01;q@ = ”’x“

2

, u>——1-.
2

The Sturm-Liouville problem is

doy v — 1 1
G3) TL 4 (1-Y Ay =05y =0, ¥+ H® =0,

where H is any fixed real number. In this case

2
5.32 v, = [=J (6,2 n=128, ...
(5.32) @ = |21

where £, denote all the positive roots of

(5.33) g/ + HJ,E) =0

with 0 < ¢ <§& < -.. and JP(@®) = —%Jy(f). Also

(5.34) by = [JPEIF + A — 6]
(5.35) 2, =8.

The expansion of f is called Dini series for f which is given by the
following theorem.

THEOREM 9. Let f e (I) where v > —1%, and let F(&,) be the finite
Hankel transform of the second form of f, where &, are the positive
roots of (5.33), defined by

(5.36) F(,) = {f(@), Vol (£,2)) .
Then for each ¢(x) e D), I = (0,1), we have

(5.37) lim (2v 3 F—fﬁusnx), P@)) = (J@), ¢l@) -
Third form:
(5.39) 1=(a,b),o<a<b<oo,q(x)=”z;ﬁ, yz——;—.

The Sturm-Liouville problem is
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(5.39) Z:Jz (z—”z;i‘)y=o, v(@) = y(b) =0 .

In the present case

(5.40) 7,0 = | ZEUEDYVE) ~ LEaY.E0)

where Y, (x) is the vth order Bessel function of the second kind and &,
are the positive roots of

(5.41) J.(E)Y (6b) — Y (5a)J (£D) = O
with 0 <g <§g <& < .-.. Also,

- JED T
5.42 = &1 — [ 2o
(6.42) fon = & { [J,(S,,a,)] }
(5.43) 1, =& .

As in the case of Hankel transform of the first form we can define
the testing function 2,(I), I = (a, b) to be the collection of infinitely dif-
ferentiable complex valued functions ¢(x) satisfying

G40 o) = sup '(%2 - q(x))k¢(x)l <o, k=01,2--.

The topology over %,(I) is generated by the sequence {p.}i-,- The con-
cept of convergence and completeness is defined in the usual way. Then
the Sturm-Liouville expansion in the present case is given by

THEOREM 10. Let fe%.(I), where I = (a,b), b > a > 0, and let F(&,)
be the finite Hankel transform of the third form of f, where &, are
the positive roots of (5.41), defined by

(5.45) F(&,) = {f(@), ValJ (£,2)Y (£,0) — Y ,(£,2)],(£.0)]> .

Then for each ¢(x) e D(I), we have

tim (25 33 FE0 07,60 - Y6060 o)
= {f (@), p(x)> .
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6. Expansion of generalized functions defined over a compact subset of (a, b)
when at least one of ¢ and 5 is infinite

We will illustrate this case with ¢« =0 and b = o and the other
cases can be similarly dealt with we will also assume that the eigen-
values associated with the corresponding Sturm-Liouville system are
discrete. For the criterion of the discreteness of the eigenvalues of the
Sturm-Liouville system one can see into [14; pp. 239-245] and [18, chap-
ter VII]. The case when eigenfunctions are not discrete will be a
subject of discussion in our next paper.

The following theorem due to Titchmarsh [18; p. 26] is the basis of
the analysis presented in this section. For complete statement we re-
produce the following terminology from [18; pp. 23-35].

Let ¢(x) = ¢(x, ), 6(x) = 6(x, ) be the solutions of

d*y

6.0) =

—2=-V@ly=0

such that
¢(0) =sine, ¢'(0) = —cosa
60) =cosa, (0 =sina
where « is real.

If m(2) is the limit point, on any point on the limit circle, then
for any non-real values 1 (6.0) has a solution

Y, ) = 0(x, ) = 0(x, D) + m@Dp(x, 2

belonging to L*0, ). The functions denoted by m(2) in the upper and
lower half planes are not necessarily analytic continuation of each other
but we assume that they form a single analytic funetion whose only singu-
larities are poles on the real axis. Let them be 2,1, 4, - - - and let the
corresponding residues be 7y, 71,72 ---. Then +, = 7/ (x, 1,) form a
normal orthogonal set i.e.

J.xpf,(x)dx —1 and f @ @de =0 if nxm.

THEOREM 11 (Titchmarsh, 18; p. 26). Let f(x) be the integral of
an absolutely continuous function and let
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L {f@®)} = q@)f(®) — f"(x) be L0, c0); let
f(O)cosa + f(0)sina =0
and

lim {y(z, D f'(x) — ' (@, Df (@)} =0 for every non-real 2. Then

T— 00

©.1) 7@ = 3 9@ j F@r@dy 0 <z < o)

the series being absolutely and wuniformly convergent in any finite in-
terval.

The testing function space M(I). Let K be an arbitrary compact
subset of the interval (0, ). The space M) consists of infinitely dif-
ferentiable complex valued functions ¢(x) satisfying

6.2) B.x() & sup | 47¢(@)| < oo

for each m =0,1,2,..-. The collection of seminorms {3, x} generates
the topology over M(I). It turns out that M{JI) is a locally convex,
sequentially complete Hausdorff topological vector space, the concept of
convergence and completeness being defined in the usual way.

Now, we state and give an outline of the proof of the main expan-
sion theorem.

THEOREM 12. Let f(x) e M'd) and ¥, (x) be the normalized eigen-
functions of the Sturm-Liouville problem.

(6.3) L.¢ = 24
¢(0)cosa + ¢'(0)sina = 0

which are assumed to be elements of M(I). Define the distributional
Sturm-Liowville transform of f by

(6.4) SUTA Fn) & @), V@) ,
n=12,8,-... Then for each ¢(t) e D),
6.5 lim (3 7, (OF (), o)) = </®), o(B)) -

Proof. Assume that the support of ¢(x) is contained in the finite
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interval [c,d], where 0 < ¢ < d. Then proceeding as in the proof of
Theorem 2 we need to show that

d N

@V, Op®)dt — p@  in M)

c n=

uniformly for all x as N — c. That is, we have to show that

N o
6.6) S0 [[ 7. Op0)dt — pu@)
where ¢, () = 4ip(t), for each & =0,1,2,.... Since the function ¢,(x)

satisfies all the conditions of Theorem 11, the series in (6.6) converges

uniformly and absolutely to ¢.(x) over [c,d]. This completes the proof
of Theorem 12.

Remark. The case when ¢ = —oo and b = oo can similarly be dealt
with.

As a special case of Theorem 12 we obtain an expansion of the
generalized function in a series of Laguerre polynomials [15; pp. 84, 87].

6.7 I=0,0), q@=2+2"1%,

xZ

The Sturm-Liouville problem is

— 1
(6.8) ZZJZ +(2—x2—“2 4)y=0,

where ¥ remains bounded as # — 0 + and x — oo.
The eigenfunctions are

2n!  \n
6.9 V() = <m> erhgiLa(y?
(6.9 @) Tt at D xtie (€3]
and
(6.10) A =4n + 20 + 2, n=20,12,..-.

The testing function space #(I) consists of infinitely differentiable
complex valued functions ¢(x) defined over an arbitrary compact subset
K of I = (0, c0o) which satisfy

(6.11) Bn.x(@) = sup |479(@)| < oo ,
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b=

dZ _ x2 . a2 —_—
da? x?
over #(I) is generated by {fu x}n-o- The space #(I) possesses properties
similar to that of .#(I). The expansion theorem can be stated as

for each m = 0,1,2, ..., where 4, = The topology

THEOREM 13. Let f(x)e £L'(I) and ¥, (x) De the normalized eigen-
functions of the Sturm-Liouville problem (6.8). Define the distributional
Laguerre transform of f by

(6.12) Fw) & {f (@), x**te ¥ La(z?)) .

Then for each ¢ e D(),

©6.13) lLm{% F,— 2"

o atv.  patdp—B2T a(f2 —
lim (55 Fo oyt ), 90)) = S B, o)) -

7. An operational calculus

The Sturm-Liouville transform is useful in solving a class of bound-
ary value problems.
Let us define an operator 4*: #7(I) 4 4#'(I) by the relation

(7.1 AZf @), o@)) & {[f (@), 429(2))

for all feA/"(I) and ¢@)e /), I = (a,b). It is a simple exercise to
show that for ¢(x) e /D),

UH @), p@)) = {f (@), Lip@)y,  k=1,23,.--.

It is a fact that if f is a regular distribution in A#”(I) generated by a
member of D(I) then

d¥f = 4.1 .
It readily follows that
LUEEF @)y (2 1)) = (—2,)° (@), T2y, ¥)D

where ¥(1,,x) stands for the usual eigenfunction ¥ ,(x) corresponding
to the eigenvalue 2,.
Or, in otherwords

(7.2)  SIUHDEf()] = (—2,)ES[f(@)], for each £k =1,2,3,--- .
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We can use this fact to solve the general operator equation
(7.3) PdHu =g

where P is a polynomial, the given g and the unknown % are required
to be in A#7().
Applying the Sturm-Liouville transform to (7.3) we obtain

(7.9 P(-2)U@,) = GQ2,)

where U and G are the Sturm-Liouville transforms of % and ¢ respec-
tively. If P(—2,) = 0, for every =, we can divide by P(—2,) and apply
the inverse transform to get

= G(A,)
7.5 u(x) = L U (x) .
(7.5) @ = 2, 25T
If P(—2,) =0 for some 2,, say, 2, (k=1,..-,m), then the solution
exists in 47 if and only if GQ,) =0, for k=1,...,m. In this case
a solution to (7.3) is

G(,)

(7.6) u@ = 2 P)

v,(x) + é a, ¥, (@),

where the a, are arbitrary constants [24, p. 265].

In a given boundary value problem it is easy to verify that (7.5)
and (7.6) satisfy the given differential equation and the prescribed
boundary conditions as is shown in the following sections 8 and 9.

8. Dirichlet problem for the interior of a unit sphere (Application of the
Legendre transformation)

Find the conventional function wu(r,x) satisfying the differential
equation

2 . ou N
@.1) _[(1 _ x)—] +r2 =0 O<r<1,-1<z<1)
ox o0x or?

such that

(i) u(?",x)ﬂf(x) in .@/(I),IZ(—].,].), as 7'__>1—.,
(ii) wu(r,2x) remains bounded as r — 0+

and
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(i) A — 2Hulr,z), A — xz)%—('r, z) —0as z— +1.
x
Now, we proceed to solve our main problem. Applying Legendre trans-

formation to (8.1) and denoting the Legendre transformation of w(r,x)
by #(r,n) we have

—n(n + Du + ra—z(rﬁ) =0.
or?

The solution of this Euler equation is

8.2) uw(r,n) = Am)r® + B(n)r—**.

Since u(r,xz) remains finite in a neighbourhood of the zero we set B(n)
= 0. So that

8.3) uw(r,n) = An)r® .

Also, as r — 1—, u(r,x) — f(x), therefore we formally write

Am) = F(n) = {f(@), P, (x)) .
So that

u(r,n) = r*{f(x), P,(x)) .

Now, applying the inversion formula (5.22) for the Legendre trans-
formation we get

8.4) ulr, @) = lim 3 (0 + HP.@r <7 ®), Pad)d

N—oo n=0

in D’'\D, I = (—1,1).

To verify that this is indeed the solution of our problem we pro-
ceed as follows: By the boundedness property of generalized functions
there exist a positive constant C and a nonnegative integer ¢ such that

K@), P,(8)>| < Cmax sup [FH(A — °)/2P,(D)]

0<k<g ~1<t1

8.5) < Cmax sup |nf(n + D*(A — t)V2P, ()|
0<k<q -1<t<1

< Cnin + 1)7.

Therefore,
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32 (0 + HPA@I S @), Pa))
(8.6) n=0 N
<C 3t + DI + ).

Since the series on the right converges for 0 <» 7, <1, it follows
that the series on the left-hand side is uniformly convergent. The same
result can be shown to be still true if we differentiate the left-hand
side with respect to x (also with respect to ) any number of times and
use the formula

8.7 [P @) <

for each ¥ =1,2,8,--- and |x|<1. Therefore, we can apply the oper-

ator —Q—[(l — xz)i] + r(a—2>r to the series (8.4) term by term and
ox ax or?

see that wu(r,xz) satisfies in the conventional sense the differential equa-

tion (8.1).

Next, by virtue of the uniform convergence of the series (8.4) we
can take the limit » — 0+ in (8.4) and see that it converges to 1{(f(¢),
P\t)>. This verifies (ii).

Finally we verify the first boundary condition. Let Q(x) be a poly-
nomial of degree ¢ + 2 having no zeros on the positive real axis and

let 4, denote the operator -(;;);[(:Jz;2 — 1)%]. Then, for any ¢ € D(I) with
its support contained in [c,d] where —1 < ¢ < d <1, we have

Cutr, ), @) = lim (32 (1 + HP ()" F (), o(@) )

(8.8) e
= (5 o + prF@P,@p@ds .

As the series remains uniformly convergent after applications of 4, to
it any number of times for » < 1, we can write

Cutr, 2), o(@)) = lim ST+ p—TEM j * QUIP.@)p@)d

—eo =0 Qlnn + 1)]
X o " Fm) [
=lim 510 + ) g T j P.(@)QU)e(@)dz

(integrating by parts)
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Therefore,

F(n) (¢
ulr, @), ¢(@))| < lim ("_+f_)’"___j QU,)o(®)| do
[<u( p@))| < nZIO Qintn + DI | (4)p(@)|
using the fact that |P,(x)| <1 for —1 <2 < 1. Now, we see that the
series on the right-hand side is uniformly convergent for 0 < < 1.
Hence, we can take the limit » — 1— in (8.8) and conclude that

lim {u(r, ), p(®)) = Z. m + HFM)P,(2), p(x)) = <S> ¢) -

r—l-

In view of the inequalities (8.5) and (8.7) the series > .7, (n + HP.(x)r"
{f@),P,(@t)> converges uniformly in (—1,1) for a fixed » satisfying
0<r<l1.

n=

Therefore, g:c‘ =5 (n + %)P;(x)r’% 7@, P,(&)> and is bounded uni-
formly for all z in (—1,1) and a fixed = in (0,1). This verifies (iii).

9. Temperature in a long cylinder (Application of the finite Hankel trans-
form of the first form)

The problem can be stated as below:
Find the conventional function u(r,t) on the domain

{r,t): 0 <r<1,t>0}
satisfying the heat equation

ou ou 1 ou
9.1 o _ K(__ 1 _)
©-1) at or? + r or

where K is a positive constant, and the distributional boundary condi-
tions:

(i) As t — 0+, u(r,t) converges in D'(I),I = (0,1) to a certain gener-
alized function f(r) e s#5(1).
(i) Asr—1-—0,u(rt) converges uniformly to zero for each fixed ¢ > 0.

Using the change of variables
9.2) v(r, ) = Vrur,t),  gr) = Vr f@)

the equation assumes the form
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ov 1 v
9.3 v _ K( )
©.3) ot or? vy 4 1

to which our zero order finite Hankel transform can be applied. De-
noting the zero order finite Hankel transform of v(r,t) with respect to
r by V(&,,t), where &, are the positive roots of J,(¢) = 0, an application
of the transform converts (9.3) into

ot K
So that
VLt = A(&'i)e‘(éﬁ/x)z .

In view of the boundary condition (i) and (9.3)
Ag) = (9@, Vo J(28)) .
Notice that g(r) € o#2)(I) because f(r) e #(I). Hence,
Vs, 1) = e VO g(x), Vo Jo(@g) -
Formally taking inverse transform (5.29) we have

9.4) ur, t) = lim 27 37 €%

Nevoo =g <g(oc) e Jo(@g ) o(rE,)

in D'().

We now verify that (9.4) is truly a solution. By the boundedness
property of generalized functions there exist a positive constant C and
a nonnegative integer s such that

AE)| = [Kg@), V& J(x&)>]| < C max 7e(WT Jo(2€))
dZ 1 E
(o * gr) Y2 ota0

= C max sup |z¥*J (x&,)|
0<k<s 0<z<1

<0er.

9.5 = C max sup

0<k<s 0<2<1

for some appropriate constant C’. Therefore, in view of the results
[10, pp. 147 and 153]

(9.6) gi~ni—1) - oo
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and

9.7 &) <RV i=12,8,---,R>0

we have

©.8) S €D T e

‘ = PIET

N 2 N )

(99) S C/KZ le—(e‘/K)ciggsl é C// Z 6—n212t/K,£23+1 .
i=1 i=1

Clearly the series on the right is always convergent for ¢ > 0. Hence
the series (9.4) converges uniformly and absolutely for all ¢ > 0 and
0<r<1. Since J(r&,) and J,(r&,) are uniformly bounded for 0 <» <1
and ¢=1,2,3,..., the same conclusion remains true when the oper-

ators i , 139 and o respectively are applied to (9.4). In fact ap-
ort’ r or ot
2
plication of the operator K( g + %) — ﬁ to (9.4) yields result zero.
2

In this way we verify that (9.4) satisfies the differential equation (9.3).
Since the series (9.4) is uniformly convergent for ¢ > 0 we can take
the limit » —» 1— within the summation sign in (9.4). As J,(&) =0,
obviously r — 1— implies »(r,t) uniformly for all ¢ > 0.
Finally, we consider the case ¢t - 0+. In fact for any o(r) € D),
I = (¢, d), we have

l <’0(’I", t), §0(7)> i

lim <2r R " AE)Ire), so(r)>

Jz( i)

(9.10) = lim?2 Z J2($ : |A(§,)|I 1d (o) dr
Voo i

<lim2 Z Ce~sit/Kjgs

N-oow i=0

[ rJo(r&)so(r)dd

for a positive constant C and a non-negative integer s [see 24, p. 19].
Now, integrating by parts the last integral and using the facts that

f J(@)de = J () , f 2J(@dx = aJ,()
o®(e) = ¢¥(d) = 0 for all k=0,1,2,.-.,

we can see that
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[<’U(7’, t)’ 5D(t)[ < 2Clim Z e ¢ t/K’b 51,

Nevoo &= gas+s

L (”frp( ) ‘”(r))Jl(rsi)drl

where P, (l

) is a certain polynomial in 1/r. Thus
r

o, 1), o)y < 2C lim Z bl j”
9.11) ey = IS

<c i;% by (9.6))

zsz+:1 TP( ) D) d

where C’ is a certain constant. Since the series on the right of (9.11)
is convergent independently of ¢, we can take the limit ¢ — 0+ in (9.10)
and arrive at

lim Co(r, 1), ¢(r)) = lim (27 }: 5' E‘ei;Jo('rst), ¢(r)> ,
i

verifying thereby the second boundary condition.

This work was supported by National Research Council grant no.
Ab5298 and Centre de Recherches Mathématiques, Université de Montréal,
P. Q., Canada.

REFERENCES

[ 1] Bouix, M., Les fonctions généralisees ou distributions, Masson, Paris, 1964.

[2] Braga, C. L. R. and M. Schonberg, Formal series and distributions. An de Acad.
Brasileira de Ciéncias, 31 (1959), 333-360.

[ 3] Churchill, R. V., Fourier series and boundary value problems, McGraw-Hill, New
York, 1963.

[4] Dube, L. S., Finite Hankel transformation of a class of generalized functions,
Pacific J. Math., 62(2) (1976), 365-378.

[ 51 Erdélyi, A. (Editor), Higher Transcendental functions, Vol. 11 McGraw-Hill, New
York, 1953.

[ 6] Eringen, A. C., The finite Sturm-Liouville transform, Quart. J. Math. Oxford,
(2), 5 (1954), 120-129,

[ 7] Gelfand, I. M. and G. E. Shilov, Generalized functions, vols. 1 and 3 Academic
Press, New York, 1964, 1967.

[ 8] Giertz, M., On the expansion of certain generalized functions in series of ortho-
gonal functions, Proc. London Math. Soc., 3rd ser., 14 (1964), 45-52.

[9] Ince, E. L., Ordinary differential equations, Dover publications, New York, 1926.

[10] Jahnke, E., F. Emde and F. Losch, Tables of higher functions, McGraw-Hill, New
York, 1960.

[11] Korevaar, J., Pansions and the theory of Fourier Transforms, Trans. Amer. Math.
Soc., 91'(1959), 53-101.

[12] ——, Distributions defined from the point of view of applied mathematics, Kon.
Ned. Akad. Wetensch. Proc. Ser. A, 58 (1955), 368-389, 483-503, 663—674.

https://doi.org/10.1017/5S0027763000018171 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000018171

EIGENFUNCTION EXPANSION 25

[13] Lighthill, M. J., Fourier analysis and generalized functions, Cambridge Univ.
Press, 1958.

[14] Naimark, M. A., Linear differential operators part II, Frederick Ungar Publishing
Co., New York, 1968.

[15] Schwartz, L., Theore des Distributions, Vol. I, II, Hermann, Paris 1957, 1959.

[16] Sneddon, I. N., The use of integral transforms, McGraw-Hill, New York, 1972.

[17] Temple, G., The theory of generalized functions, Proec. Roy. Soc., Ser. A, 228
(1955), 175-190.

[18] Titchmarsh, E. C., Eigenfunction expansions associated with second order differ-
ential equations, Vol 1, Clarendon Press, Oxford, 1946.

[19] Walter, G. G., Expansions of distributions, Trans. Amer. Math. Soc., 116 (1965),
492-510.

[20] Widlund, O., On the expansion of generalized functions in series of Hermite func-
tions, Kgl. Tekn. Hogsk. Mandl. Stockholm, No. 173, 1961.

[21] Warmbrod, G. K., The distributional finite Fourier transform, SIAM J. Appl.
Math., 17 (5), (1969), 930-956.

[22] Yosida, K., Lectures on differential and integral equations, Interscience Publishers,
New York, 1960.

[28] Zemanian, A. H., Orthonormal series expansions of certain distributions and dis-
tributional transform ecalculus, J. Math., Analysis and App. 14, No. 2 (1966),
263-275.

[24] ——, Generalized integral transformations, Interscience Publishers, New York,
1968.

Centre de Recherches Mathématiques, Université de Montréal
and
Department of Mathematics, Carleton University

https://doi.org/10.1017/50027763000018171 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000018171



