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Abstract. A positive Liapunov exponent for the critical value of an S-unimodal
mapping implies a positive Liapunov exponent of the backward orbit of the critical
point, uniform hyperbolic structure on the set of periodic points and an exponential
diminution of the length of the intervals of monotonicity. This is the proof of the
Collet-Eckmann conjecture from 1981 in the general case.

1. Introduction

The existence of an invariant measure absolutely continuous with respect to Lebesgue
measure for maps on the interval is often connected with the existence of some
hyperbolic structure i.e. the exponential growth of derivatives of the iterations on
some subset of the interval. (But, according to [B, C], sometimes there is only
subexponential growth.)

By virtue of examples we recall the works of Lasota and Yorke [L, Y], Ruelle
[R], Misiurewicz [M] and Szlenk [Sz] where the assumed conditions, sufficient for
the existence of the absolutely continuous invariant measure, imply the uniform
hyperbolic structure over the whole interval, the image of the critical point or some
Cantor set.

In 1981 Collet and Eckmann [CE1] proved the existence of such a measure for
S-unimodal mappings which have the uniform hyperbolic structure on the image
of critical point and on the set of the preimages of the critical point i.e. satisfying
following conditions: there exist Kg >0 and Ag > 1 such that for all n:

c1 L M) |>Kerr  and
dx

>KeAh  iff'(z)=c

d n
C2 la(f )z)

where ¢ is the (unique) critical point of f and f"=fo fo- - o f n-times. Collet and
Eckmann conjectured that C1 implies C2. This has been proven [N1] for symmetric
mappings (that means such that f(x) =f(1-x) for x€[0, 1]). In the present paper
we prove that the conjecture is also true for nonsymmetric S-unimodal mappings.

The condition C1 is fulfilled quite often [CE3], but it seems that it is not necessary
[B, C].
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2. Notation and technical lemmas

From now on we shall assume that the mapping f-[0; 1] [0; 1] satisfies the following

conditions:

A0: fe C[0;1]; £(0) =f(1)=0.

Al: fis S-unimodal; that means that there exists a unique c € (0; 1) such that f is
increasing on (0;c¢) and decreasing on (c;1) and Sf<0 where Sf=
LI =311/ 2.

A2: f'(c)#0.

We shall use the following notation: f'=f and for n=1 f""'=f"o f; x, =f"(x);

Df" =df"/dx.

Now we quote without proof some lemmas:

Lemma 1. [CE2, 11.4]. If Sf <0 then Sf" <0. Sf <0 implies that |f’| has no positive

local minima.

LeMMmAa 2. [CE2, 11.4]. If f satisfies A1 and C1 then fl.,., has no sinks and no
attractive periodic orbits.
Remark 3. By Lemma 2 we may assume later on that f/(0) > 1 and that there is no
other fixed point of f on (0; ¢).
LEMMA 4. [CEL, 2.2]. There are two constants M >0, m >0, such that for x €[0; 1]
mix —c|<|f(x)|<M|x—¢|

and

mix —c*/2=|f(x) = f(c)|= M|x—c*/2.
We define £(x) by: ¢=c, and for x # ¢, f(X) = f(x) and X # x.
LEMMA 5. [N2,3.4]. For x#c¢, |X—c|/|x—c|=(M/m)"? and |f'(£)/|f'(x)|=
(M/m)*>
LemMa 6. [CE1, 26]. If Sf<0 and Df"|x,,#0 then |[x,—y.|=
(Df"(x) - D" (y))"?x = yl.
LEMMA 7. [N1; 7]. Suppose ge C*[u, v]; Sg=0; g'(u)=g'(v) =0; g'|(u.,#0. Fora
Jfixed x € (u, v) define a function h(t), te[u, v] by h(t)=(g(t)—-g(x))/(t—x) ift#x

and h(x) = g'(x). Then h(t) has only one local extremum in (u, v) and it is a maximum.
In particular for a<t=<b we have |h(t)| = min((h(a)|; [h(])|).

LEMMA 8. [CE2, 1L4). The set C_o=J,;.,S/(c) is dense in [0; 1].

3. Preliminary estimations

Let us denote by A, the family of the intervals of monotonicity of f” i.e. (a, ¥) €A,
if and only if a, y€ U<,/ (¢)U{0; 1} and Df"|(,, #0. Let |A| denote the
Lebesgue measure of the set A< [0; 1].

LEMMA 9. Let o’ be a sequence of preimages of ¢ such that (0, a’)€ ;. Then there
exist two constants K,> 0 and Ay> 1 such that:

P(j) =min (|£/(0, /|0, s L P (", &)/, &)
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Proof. First observe that a®=c and o’*'=f"'(a’)n (0, a’); so such a sequence
exists. We have moreover f7(a’*') = c. By density of C_, there is a j, such that for
j>jo: min (¢;: ¢,—¢)<Aoa’ where Ao=(f7(0))"/>> 1. Hence for j =,
, . c ¢-c¢
P(j)=min (a”'; laf ) >1.
By Lemma 7. Dff(a’*") = P(j)> 1, and by Lemma 6

¢ LEILO (o) - Dfi(al ) X,
a a7 -0

Therefore o’ <(c/Ao)Ag’ for all j> j, and

. min(c; ¢;—¢)
P(j)>— =
0

We set Ko = Ag% min,; (P(j); ¢; ¢,—c) and obtain the assertion. 0

AL for j>jo.

COROLLARY 10. There is a constant K, and a sequence B’ such that for all j(B’; 1) e A
and .

min (|F (8, DI/I(B DI 1F(B% BB B D) > Ky A
Proof. We set B/ = &’, use Lemma 9 and Lemma 5. K, = K, * (m/M)"2. O
We denote by (a4, b) the interval with endpoints a, b independing on their mutual
order (i.e. not necessary a <b).

LEMMA 11 [N2, 10]. Let (a, ¢) € A, ,\A,, then there are two periodic points of period
n, p and q such that:

(q’ q‘) < (a’ é‘) < (ﬁ9 P) and D.f"'(c.l’) #0.
Moreover a,=d, =c.
PROPOSITION 12. Suppose that f satisfies A0-A2 and C1. Then there are two constants
K,>0 and A, > 1 (independent on n) such that if (a, c)e A, \A, then

If"(a9 C)I/I(a, c)'>KAA; n=l’2""'
Proof. Assume first that f” is decreasing on (¢, a). By Lemma 11 (¢, g) = (¢, a) = (¢, p)
for some periodic points g = g, and p = p,. We study f" on the interval (a,, ¢,). We
have g,€(ay; ¢,) and f"(q,) = q,, hence by Lemma 2, {Df"(q,)|> 1. By Lemma 6,
C1 and Lemma 4 we have:
(%) [gnss = €assl = (D" (@) DF" () 2|qy — o] = (KeA)'?g,— ¢

=(KgA2)"? % lg—cl’.

Now we come back to the interval (¢, a) and as f has no attractive periodic orbit
we have by Lemma 5 and Lemma 1

|Df" (x) = min (IDf"(q)l; |Df" (p)]) = (m/ M)*/?
for all x€ (g, p). We used
f(p)

Df*(p)=Df""(p) - f(P)=Df"" (pn)'f(p)'pr)

=or(p)(17) "
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Thus
lc—gl/la—ql=|a,~gal/la—gl= (m/M)**
and
la~c|=|c—gl+la—ql=|c—q|(1+(M/m)?).
By (*), Lemma 4 and the last inequality
Mlc, - an|2/2 Z|Cp1 = Qpar| > a1 — Q1] > (KE)t’;;‘)l/zmM - c|2/2
= (KpAR)2m(m/ (M4 m*?)a~ /2
Thus |c, —a,|/|c—a|> KgA’y where A, =AY* and
Kp=K¥*m*/(M*+mMvVm).
Now consider that f" is increasing on (g, ¢). Then it is decreasing on (c, @) and by
previous estimations and Lemma 5 we have:

lf"(e)=f"(a) _|f"(c)=f"(d)| |c-dl

. = KpAi(m/ M)V
lc—a le—aj lc—al

The assertion of Proposition 12 follows for K, = Kz(m/M)">.

Remark713. By Proposition 12 there is an N, such that for n> N, if (¢, a)€ A, \4A,
then |c, —a,|/|c—a|> A%>

4. The intervals of monotonicity

The intention of the following estimations is as follows: we try to generalise
Proposition 12 on all intervals (a, B) € A,.,\A,. For this we assume without loss of
generality that for (e, B)€ A,.;\A, there is a k < n such that o) = 8, = c. We write

|an _Bnl — 'an —Bnl 'ak _Bkl
le=Bl |ew—Bil la—B|"’
(ax, B)=(c, Bi) e An_k+1\A,_, and the first quotient may be estimated by Proposi-
tion 12. As for the second we observe that for some (y, )€ Ay, (a, B)< (¥, §) and
both (y, @) and (e, 8) belong to A..,\Ax. We can use Lemma 7 with g =f* and
x =Mz ; (lak - ‘)’k|’ la — 5k|)

la — B la—y|’" |a-8|
and we reduced the estimation for an interval from A, ,,\A, to the estimation for
an interval from A, ,\A,, k<n. So we could try the inductive proof. That is how
the proof goes in the symmetric case, where we can set K,=1 in homolog of
Proposition 12. But in general K, <1 and the constant may reappear and spoil the
exponential growth every time we use Proposition 12. So we are obliged to study
different cases as for example n—k = N,, when we can use Remark 13, change the
constant A, or find some other way to estimate |a, —B,|/|a —B|. In fact although
we shall use the above idea we shall prove that e — 8| < KA™"(K >0, A >1), and
then conclude (Proposition 19) that f has uniform hyperbolic structure on the set
of periodic points (i.e. there is a A > 1 such that for all s, if p, = p then | Df*(p)| > A°).
This will enable us to use Proposition 3.9 [N2] which states that f has uniform
hyperbolic structure on the set of periodic points if and only if it satisfies C2.
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Before we generalise Proposition 12 we introduce some new object, which will
describe precisely the intervals (e, B)e A, 1\A,.
For an x € (0; 1)\C_,, we define the family £(x) of the intervals by:

§(x)={§e QOA,,:xef}.

Since for k<n the critical points of f* are also the critical points for f” (this
follows from Df"(y)=Df" *(y.) - Df*(y)) we have a natural order in £(x) by
inclusion. We numerate the intervals £ € £(x) accordingly &,=(0; 1) and &, < &,
i=0,1,....

By density of C_,, we have two easy lemmas.

LEMMA 14.

(A) mgl.eg(x) CI(&) =X
(b) There is a iy=iy(x) such that {0; 1} £&=O.

LeEMMA 15. For every i there is a point B' € & such that f™(B') = c, where n; is the
maximal n with £, € A,. Moreover 8' is the endpoint of &, .

LEMMA 16. Suppose i=i, and let ¢, =(a, v). Then there are k, m <n; such that
G =Yn=¢C k#*m. If m<kthenk=n;_, and m=n;_,, for some 1=2.

Proof. As i =i, and ¢ el J7-0 A, the endpoints of ¢ belong to C_.. As £ €4, we
have k, m <n;, k# m by Rolle’s theorem. We have &< ¢, < &, and it is enough
to remark that « = 87!, (B’ defined in Lemma 15). a

Let £ =(a;y) and B=B'e¢. We shall denote (a, B) by & and (B, y) by &,
(e =7ym=c; k>m).

PROPOSITION 17. Suppose f satisfies AO-A2 and that the assertion of Proposition 12
is true. Then there exist positive constants K+, d, w, Ay (with A; > 1) (independent on
n and x) such that for every x € (0; 1)\C_,, there is a nondecreasing sequence {s;(x)}
such that for all i and all ¢ € £(x) we have

A(i): |f(&)I/|&|= Krd*A T and |f(E)I/|&]> Krd AT
and

B(i): |&|=(w/(1+w))"and |&|=<(w/(1+w))*
The idea of the proof. The proof will consist in estimating A(i) with the aid of the
decomposition described at the beginning of this section. We shall fix x and define
s; in such a way that B(i) holds. We shall investigate several cases, in most of them
s;+1=s;, and rarely s, =s;+1. The sequence s; counts how many times we are
obliged to reintroduce the constant d in A(i). But every time we spoil A(i) we
diminish the length of & by a constant factor. In fact, as we shall see in Proposition
18 A(i) and B(i) together prove that |&| diminish exponentially.
Proof. First we define the constant mentioned in Proposition 17. We recall that
Aa, K, come from Proposition 12, N, from Remark 13, K, A, from Corollary 10.
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We may assume K,<1. We fix N;> N, such that AJV2>220V/4/K,. Let d=
min, ., [x — y|, where

2N,
xaye Lirs(c)u{cs}sl‘v——lO,

d > 0 otherwise f would have a sink. Obviously d <1.
w= (KAd3)_l > 1,

) 1+ w\ /2N
Ar=min (Ai(“; Ao; (—;ﬂ’) )>1,

K =min (K,; K,)>0.
Now we fix x € (0, 1)\C_, and prove A(i) and B(i) by induction. For j=1, n;=1.
We set 5, =0 and A(1) is true by Lemma 9 and Proposition 12. B(1) is obvious.
Suppose that A(j) and B(j) are true for all j=<i We want to prove them for
J=i+ 1 If &,1,n{0, 1} # & then i+1 <iy(x) (i, defined in Lemma 14) and we use
directly Corollary 10. Otherwise both ends of &, are critical points of f"+ and we
have by Lemma 16: B=8""€ £&,,=(a, y) with a, =7,,_,,, = Bn., =c We denote
Ny =n; m;=k; n;_,y =m; n>k>m. By convention ., = (e, B); &.,=(B, 7). We
have also
(a; Bu)=(c, Bi) € Ap_k+1\Dn—x;
(YMQ ﬂm) = (C, ﬁm) € An—m+]\An—ma
(‘YM’ am) = (ca am) € Ak—m-H\Ak—m,
and for these intervals we can use Proposition 12 and Remark 13. We shall consider
three general cases
(1) n—k>N,,
(21) n—-k=N,andk—m> N,,
(2.2) n—k=N,andk—m=N,.
We shall divide (2.1) into four subcases and (2.2) into three subcases.
(1) n—k> N,. We set s;,., =s;. We estimate A(i+1) for £.,.
If"i+'(§_i+1)| — lan _ﬂn' - |an _Bnl . |ak —Bkl
|€i44l |e— B o~ Bl |a—pB|
=AY KrdoA s> Kpd 500 S
For the first quotient we used Remark 13 and (1) (N, > N,) then the definition of
Az, (Ar=2AY?). For the second we used A(i) and Lemma 7, as announced at the
beginning of this section. The estimation of A(i+1) for §=,-+, is similar as n—m>
n—k> N, and §;=S;_,. B(i+1) follows from the fact that
la — y|=max (|a - B[; |B = ¥]) = max (|&-.}|&+])
and (a; vy) is either & or £ by Lemma 16.
So we can consider the following case:

(2.1) We assume n—k= N, and k—m> N,.
First we remark that as in (1) since n—m> k—m> N, we have

|f"‘+'(£i+1)|/|§i+1| = KTdS’)"-;i
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so we have to estimate A(i+1) only for §-,-+,. But now we cannot use Remark 13
and we shall get rid of the constant K, from Proposition 12 with the “help” of the
constant w. We distinguish four subcases:

(2.1.1) |a—BI>wly_BlandlYk—Bk|>d'ak—Bkl,
(2.1.2) |a—B|>w|y—pB|and |y, — Bl = d|ay — B,
(2.1.3) |la—B|=w|y—B|and |y -B|> wla—B],
(2.1.4) |a—B|= wla~ | and |y - B < wla - 8],
(2.1.1): we set s.,,=s5. We define ye(B;y) by |Df*(»)l=|vi—Bul/ly—Bl. As
— k= N, we have |a, — B¢| =d, and
|ak—Bk| | J’kl | — y| |ak Bil
la=Bl ~ la—y| Ja=Bl lac=Bil

=(Df*(y) - Df*(a))"?- f i

- (2B b 1) a

|7k = Bl | —Bi| |a—B| . )1/2
— . . D d
<|ak—ﬁk| |a—pB| |‘Y—ﬁ|| f ()|

_ 1/2
Z(d.Luk_l. W |ka(a)|) -d
la — Bl
We used Lemma 6, the assumptions of (2.1.1) and the definition of d. This gives

by definition of w, Lemma 7 and A(i)

Iak — Byl

la— Bl

In order to end the estimation of A(i+1) for ., we observe that |a,, — B8,|/|ax — B« =
K4A% " by Proposition 12 and that K, will be simplified in the product of two
quotients. B(i+1) is obvious as in (1).
(21.2): we assume n—k=N,, k—m>N,, |la—-B|>wla—g| and |y —Bl=
d|a,—Bi|. We set S;,;=S;. B(i+1) is obvious by B(i) and A(i+1) for &, is
already done. We estimate A(i+1) for £.,,. Again we estimate only |a, — B.|/|a — B|
and then we use Proposition 12.

=d*w|Df*(a)|z d* (K d?) ' Krd My = Krd* A%/ K 4.

o= Bul _lve—enl law—Bil lyv—el _lv—eoul |¥m =l
la=Bl  lv—al In-ad la=Bl [Ym—anl [y—al’
lai — Byl Ay I

1
1/2vk—m K-rds' '/\T —
et — Bl + v — ﬂkl la =B8] =49 g ) 1+d

2?()‘}4/4)’(_"' - Krd*AT 3= Krd“A5/Ka.
A

We used the fact that k—m > N, > N,, Remark 13, the definition of N,, A(i—1)
with Lemma 7 for the interval |y — «| and S;_,,, < S;. We conclude A(i+1) for £.,
as in (2.1.1).
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(2.1.3): weassumen—k=<N,, k—m> N,,|a—B|<=w|y—pB|and|y-|> wla -8|.
We set s;4;=8;.
ot — Bal =lak_‘)'k| . o — vl . | — Bil
la—Bl la—vy| le-pB| Je—nd
=2 Krd A% - (1+w) -d=Kpd A%/ K,.
We used A(i) for the interval |a — |, (2.1.3) and the definition of w and the
definition of d. Now we proceed as in (2.1.1) and obtain A(i+1) for £.,.
(2.1.4): weassumen—k=N,, k—m> N,,|a—B|=w|y—pB|and|y-B|< wja—B|.
For the first time we are obliged to set s;,,=s;+1. A(i+1) for £&., is obvious as
now d° > d*+ and we can use (1). We have to prove A(i+1) for &, and B(i+1).
We begin with B(i+1). We have |a —y|=|a —B|+|y—B| and by (2.1.4)

la—Bl+|B—v| d
o — Bl 1

ZKTA";'ds" ¢

1
() e == (1+2) max (a8l 18-
Hence

w $; w Siv1
<——— —_ < — — =] ——
max (la —Bl; 18— ) = o e -l = 1o (1) = (122)

as we applied B(i) to the interval (a, y). This proves B(i+1). Now for A(i+1) for
&+, we estimate directly using (#x).

lan—Bnl |a ‘Y| I Ykl_lan_Bn,ZW+l_|ak_7k|"_1
la=Bl la=Bl la=y la—wl~ w la—yl 1
>AT 'K'rd A d>KTdS'+lAT

We used the definition of Ay, n—k= N,, A(i) applied to the interval (a, y), the
definition of d and the definition of s,.,. This proves A(i+1) for £., and ends the
case (2.1). Now we consider the case (2.2) n—k=<N, and k—m= N;,.
(221) n—k=N,, k—=m=N, and |a—B|>w|y—B|. We set S;,;=3S;. First we
remark that 8, € f~""¥(c), thus by definition of d: |y —Bil=d > d|a, — Bil. Now
we can prove A(i+1) for &, as in (2.1.1). As for £, we have

1Yo =Bul _ 1Y%= Bal [Ym = Bul | =B g pnom .4 (Iak B . w)

l‘Y—Bl ]‘YM_B”I' I’Ym_Bml |7_ﬁ| |a ﬂ'

<= KA "d*Krd A5 (K, d?) ' > Kpd* AT

We used Proposition 12, the definition of d, again (2.1.1) to estimate |a, — B8.|/|a — B|
the inequalities of (2.2.1) then the definition of A+ and w. B(i+1) is obvious.
(2.2.2): we assume n—k=<N,, k—-m=N, and |a—B|=|y—B|w and |y-B8|>
wla — B|. Similarly_as in (2.2.1) we have |@,, — Bl > d| Bie — Ym|- We set 5., =s; and
prove A(i+1) for £, as we proved A(i+1) for &, in (2.1.1). The proof of A(i+1)
for £.,, goes as in (2.1.3).
(2.2.3): we assume n—k=N,, k—-m=N, and |a—-B|=<|y—B|w and |y-B|=
|a ~ B|w. We set for the'second time s;,, = s; + 1 and for both &, and £, we repeat
the proof of (2.1.4) for £.,. This ends the proof in the case (2.2) and hence the
proof of Proposition 17. O
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S. Consequences
ProprosiTiION 18. Under the assumptions of Proposition 17 there exists a constant
A~ > 1 (independent of x and i) such that for all xc (0, 1)\C_,, and every i

if &eé&(x) then |&|<KARY,

where K >0 is a constant independent of i.t

Consider
1 10g /&)
n; Ifn'
by Proposition 17, A(i) we have
1 (& 1 n
—1 —lfﬂ(g')lz—log(KTdsf)\T').

(o]
n; g |§x| n;

We have two possibilities: either
1 "
o log (Krd* A} )= (log Ar)/2

and in this case
&l =N < (W)™

or
1 "
— log (KrdSA %) <(log A1)/2,

and then
log K ;
OB R7, & logd +3log Ar<0.

We take i; such that

log K

—CE—I+%log Ar=0
for i=i, and hence for i =i, we have
5; . S;
;logd+;log)«r<0 and —>«k=

r

But in this case we have by B(i)

- w Si w Kn;
&) =&]+H&l= Z(H_w) < 2(.1.1_;) )

In order to finish the proof we set

1 —K
An = mi )«‘/2;(—) )21.
N mm( T T+w

The constant K is adjusted according to i,. O

t E. Vizinescu pointed out that in fact K does not depend on x.
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LEMMA 19. Suppose that f satisfies AO-A3 and there is A > 1 such that for all x there
is a constant K(x) such that for all i:

if &€ é(x) then & < K(x)ARN".
Then f has uniform hyperbolic structure on the set of periodic points: i.e. if p = p, then
IDfF(p=AN.
Proof. Suppose that Lemma 19 is not true. Then there exists a periodic point p of
period S, p, = p, such that | Df*(p)| = A° <Ay. we may assume Df*(p) >0, otherwise
we take p and 2s. Take o, BelJ,_,.,f "(c) such that pe(a, B) and there is no
smaller interval of such a property. We construct the intervals (a’; /) by a =a,
B'=B and o’*'=f"*(a’)n(a’; p) and B =F°(B') n(p, B’). By virtue of Lem-
mas 1,2 and Df*( p) > 0 such interval exists for every j. By Lemma 1 Df*(p) > Df*(x)
either for all x € (a', p) or for all x € (p, B'). Suppose the first possibility holds (the
other case is similar). Then for every j Df*(p)> Df**(y) for all y € (a’, p). In order
to prove it we decompose

D) =TI DF )
and as by construction of a’ for every 0< r<j
yn€(e’7, p)<=(a', p)
we have Df”*(y) <(Df*(p)Y = Df¥(p). Hence
lf*(e, p)| _|f* (@)~ p|
(s p)l  la/=pl ~

Now consider £(p). We have for all j(a’, 87) € £( p) with (a’; B’) = &;) and obviously
|s* j— i)l = s. Hence by the assumption

AY =Df"(p)>

| (a)—pl
AY>=————=)%, where L= su x)|.
K(p) . Ls N xe(Ol,)l)lf( )’
The factor | f*(a) — p|/ K(p)L® does not depend on j so the last inequality contradicts
A < Ap. This proves Lemma 19. O

COROLLARY 20. f satisfies C2.

Proof. By Proposition 3.9, [N2]. For S-unimodal functions C2 is equivalent to
uniform hyperbolic structure of the set of periodic points. O

COROLLARY 21. There exist a constant A > 1 such that for every n and every £ A,

[E<Aa™
Proof. This follows from Proposition 5.2 [N2] which states that C1 and C2 imply
uniform exponential diminution of length of the intervals of monotonicity. 0

COROLLARY 22. There are constants K > 0 and A > 1 such that for every x € (0; 1)C_,
and every i if ¢ € £(x) then |f™(&)|/1&]> KA™.

Proof. One has to remake the proof of Proposition 17 and everytime when A(i) has
to be spoiled (i.e. s;,, = s; +1) by adding a factor d one apply directly Corollary 21
as then |f™(¢&)|=d. O
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6. Final remarks

The last three corollaries show that there are no differences between hyperbolic
properties of S-unimodal functions satisfying C1 depending on symmetry. One
would like to show this through a diffeomorphic conjugation of a unimodal function
f with symmetrical unimodal function g (with g=heofoh™', where h(X)=
(1+x—x)/2), but the S property may not be conserved.

Proposition 17 does not need C1 but only the assertion of Proposition 12, which
is true for example for £ with uniform hyperbolic structure on periodic points and
a weak assumption: |Df*(c,)|> KAN/?*n=1,2,... [N2, 3]. It is tempting to prove
Proposition 12 only with C2.
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