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Abstract We study hermitian operators and isometries on spaces of vector-valued Lipschitz maps with
the sum norm. There are two main theorems in this paper. Firstly, we prove that every hermitian operator
on Lip(X,FE), where E is a complex Banach space, is a generalized composition operator. Secondly, we
give a complete description of unital surjective complex linear isometries on Lip(X,.A4), where A is a
unital factor C*-algebra. These results improve previous results stated by the author.

1. Introduction and Main results

Given a compact metric space X and a complex Banach space (E,||-||g), amap F: X - E
is said to be Lipschitz if

L(F):== sup {

zF#yeX

F(z)—F

I Fole) .,
d(z,y)

We denote a space of all E-valued Lipschitz maps on X by Lip(X,E). In the case E =C,

we simply write Lip(X). The Lipschitz space Lip(X,FE) is a Banach space with the sum
norm

1FllL = sup [[F(2)llm+ L(F), F €Lip(X,E).
e

In particular, Lip(X, F) endowed with ||-||1, is a Banach algebra if F is a Banach algebra.
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1.1. Surjective linear isometries

Let A be a unital C*-algebra. We study unital surjective linear isometries on Lip(X,.A)
with ||-]|. We explain the motivation for our study. Kadison in [10] obtained the following
characterization of surjective complex linear isometries between unital C'*-algebras. Let
A; be unital C*-algebras for i = 1,2. Let U : A; — Ay be a surjective linear isometry.
Then there are a unitary element u € A; and a Jordan x-isomorphism v : A; — A,
such that U(a) = ut(a) for any a € A. This has a remarkable and beautiful consequence
such that the unital surjective linear isometries between unital C*-algebras are Jordan
x-isomorphisms. Many researchers have been interested in considering whether every
surjective linear isometry on algebras is closely related to an isomorphism on the algebras.
We deal with surjective linear isometries on Banach algebras of continuous maps taking
values in a unital C*-algebra. For any unital C*-algebra A, we denote by C(K,A) the
Banach algebra, with the supremum norm, of all continuous maps on a compact Hausdorff
space K taking values in A. Let us consider surjective linear isometries between C'(K,.A)-
spaces. Since C(K,A) is a unital C*-algebra, the celebrated theorem due to Kadison tells
that every unital surjective linear isometry is a Jordan s-isomorphism. In particular, if
A; are unital factor C*-algebras for i = 1,2, in [8, Corollary 5] they showed that every
surjective linear isometry U : C(K7,4;) — C(K3,A3) is a weighted composition operator
of the form

U(EF)(y) = upy (F(e(y))), (1)

where ¢ : Ky — K is a homeomorphism, {t¢,},ck, is a strongly continuous family of
Jordan *-isomorphisms from A; onto As, and u € C(Ks,A3) is a unitary element. One
may wonder whether any surjective linear isometries from Lip(X7,.4;) onto Lip(Xs,.A2)
are also a weighted composition operator similar to (1). First, we introduce the results
by the author in [14]. We showed every hermitian operator on Lip(X,FE) is a generalized
composition operator under the more restrictive condition that E is of finite dimension.
Furthermore, we obtained the following theorem by using the notion of hermitian
operators. We denote the Banach algebra of complex matrices of order n by M, (C).

Theorem 1.1 (Theorem 3.3 in [14]). Let X; be compact metric spaces for i =1,2. The
map U : (Lip(X1,M,,(C)),|| - |l2) = (Lip(Xo, M, (C)),|| - |z) is a linear surjective isometry
such that U(1) =1 if and only if there exist a unitary matriz V € M, (C) and a surjective
isometry ¢ : Xo — X1 such that

U(F)(z) =VF(p(z))V™', F €Lip(X1,M,(C)),z € X,
U(F)(z) =VF'(¢(z))V~', F €Lip(X1,M,(C)),z € X»,
where F(y) denotes transpose of F(y) for y € X;.

Although the arguments of the proof have remained limited to the case that E is finite
dimensional, this is the first result on surjective linear isometries on Lip(X,FE), where
E is a non-commutative Banach algebra. In this framework, it seems natural to ask

https://doi.org/10.1017/51474748023000415 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748023000415

Isometries and hermitian operators on spaces 1859

questions about further developments. The aim of this paper is to develop our knowledge
on hermitian operators and isometries on Lip(X,F) and establish an infinite dimensional
version of [14]. More precisely, we prove the next theorem.

Theorem 1.2. Let X; be compact metric spaces and A; unital factor C*-algebras for
i=1,2. The map U : (Lip(X1,A1),| - [|z) = (Lip(X2,A2),|| - ||z) is a surjective complex
linear isometry such that U(1) =1 if and only if there exist a unital surjective complex
linear isometry ¥ : Ay — Az and a surjective isometry ¢ : Xo — X3 such that

U(F)(y) = ¢(F(e(y))), F €Lip(X1,A1)y € Xa.

Indeed, Theorem 1.2 also gives an answer to the above question (that is, whether
any surjective linear isometry from Lip(X3,A4;) onto Lip(Xs,As) is also a weighted
composition operator similar to (1)).

In case that E is a finite dimensional Banach space, it follows from [14, Lemma 2.1]
that Lip(X)® E = Lip(X,E). If E is of infinite dimension, Lip(X)® F does not coincide
with Lip(X,FE). Moreover, it is not known whether Lip(X)® F is dense in Lip(X,E)
with |- ||z or not. When F is of infinite dimension, the representation of Lip(X,E) is
more complicated. Thus, to describe isometries and hermitian operators on Lip(X,F),
where F is of infinite dimension, is much more difficult than the case where E is of finite
dimension. In order to achieve any further progress, we need to make several improvements
and extensions compared to the paper [14].

The paper is organized as follows. In the rest of the introduction, we provide basic
background on the study of hermitian operators. In section 2, we study hermitian
operators on Lip(X,FE). The main theorem of section 2 is Theorem 2.3. For any a
complex Banach space E, we prove that every hermitian operator on Lip(X,FE) is a
generalized composition operator. This is a generalization of the characterization of
hermitian operators on Lip(X,FE) for finite dimensional Banach spaces F in [14]. In
section 3, we introduce the concept of T-sets due to Myers. By the notion of T-sets,
we present properties of the unit ball of the dual space of Lip(X, F). Indeed, the extreme
points of the unit ball of the dual space of Lip(X,E) are quite complicated. Thus, we
study T-sets instead of extreme points. The main statement in section 3 is Proposition
3.6. We show that if a surjective linear isometry between Lip(X, E)-spaces is a weighted
composition operator when restricted to Lip(X) ® F, then it is a weighted composition
operator. Since the representation of Lip(X)® E is much easier than that of Lip(X, F),
Proposition 3.6 is successful in describing the surjective linear isometries on Lip(X, FE).
In section 4, we present the proof of Theorem 1.2.

1.2. Hermitian operators

A bounded operator T on a complex normed space (V]| -||y) is hermitian if [Tv,v]y € R
for any v € V, where [,-]y is a semi-inner product on V that is compatible with the
norm ||-||y. The definition does not depend on the choice of semi-inner products (see [1]).
A complete description of hermitian operators on Banach spaces has been studied for a
long period of time. We refer the reader to [6, 7] for further information about hermitian
operators.
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Fleming and Jamison in [4] turned their attention to the vector-valued case. Let E be a
complex Banach space. They obtained the first characterization for hermitian operators
between Banach spaces of F-valued continuous functions as follows:

Let T be a hermitian operator on C(K,FE), where K is a compact Hausdorff' space.
Then for each t € K, there is a hermitian operator ¢(t) on E such that

T(F)(t) = o(t)(F(t), tekK.

What is the general form of hermitian operators between Banach spaces of E-valued
Lipschitz maps? Botelho, Jamison, Jiménez-Vargas and Villegas-Vallecillos in [2] obtained
a characterization for hermitian operators on Lip(X,E) with the max norm.

Let X be a compact and 2-connected metric space and F a complex Banach space.
Then T : (Lip(X,E),| - ||am), = (Lip(X,E),|| - ||as) is a hermitian operator if and only if
there exists a hermitian operator ¢ : E — F such that

T(F)(z) = ¢(F(z)), FeLip(X,E), z€X.

How about the case Lip(X,E) with ||-|.? One may think that each feature of the two
norms does not make a big difference, but this is not the case. The studies of the classes
of operators on Lip(X,F) depend heavily on the properties of the norm. The standard
approach to the studies of isometries or related operators on Banach spaces relies on a
characterization of the extreme points of the closed unit ball of the corresponding dual
spaces. But the extreme points of the closed unit ball of the dual space of (Lip(X, E),||-||1)
are completely different from those of (Lip(X, E),|| - ||as). The former is much complicated.
For operators on (Lip(X,E),| -||z), it is nontrivial to derive a representation from the
action of their adjoints, so we have to work quite hard to give a representation. Actually, in
the case of hermitian operators on (Lip(X,FE),||-||1), difficulties to give a representation
remain even if we have a representation of hermitian operators on (Lip(X,E),| - |a)-
Indeed, Botelho, Jamison, Jiménez-Vargas and Villegas-Vallecillos proved that hermitian
operators between Lip(X)-spaces with |- ||, in [3] are composition operators. Recently, the
author of this paper generalized to Lip(X,E), where E is a finite dimensional complex
Banach space in [14]. But it has not been solved in general. In this paper, we give a
complete representation for any complex Banach space E.

1.3. Notations and Remarks

Throughout this paper, X, X; and X, are compact metric spaces, and F, F;, and E, are
complex Banach spaces. In addition, A, A; and A, are unital C*-algebras. For a unital
C*-algebra A, if its center is trivial (i.e., {b € A: ab=ba for all a € A} = C1), we call it
a unital factor C'*-algebra. For Banach space E, we denote the closed unit ball of E by
B(F), and the closed unit ball of the dual space E* by B(E*). We also denote the unit
sphere of E by S(F). For any f € Lip(X) and e € FE, we define f®e: X — E by

(foe)(z) = f(x)e.
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We have f®e € Lip(X,FE) such that ||f el = || flloollellz and L(f ®e) = L(f)|le|l &-
This implies that ||f®ellrL = | fllz]lellz. We see that f®e is an element of the algebraic
tensor product space Lip(X)® F with the crossnorm ||-||z.

Recall that the purpose of this paper is to generalize the theorems in [14]. Although we
need new approaches and additional arguments, some arguments remain valid. Similar
arguments may be found in [14], but we adapt these to our setting and give proofs as
accurately as possible.

2. A characterization of hermitian operators on Lip(X,F)

Firstly, we would like to consider hermitian operators on (Lip(X,E),| - ||r). We write
X ={(z,y) € X? |z #y}. Let B(X x B(E*)) be the Stone-Cech compactification of X x
B(E*). For any F € Lip(X, E), we denote by F': (X x B(E*)) — C the unique continuous
extension of the bounded continuous function

M)

e

on X x B(E*). Since we have ||ﬁ||oo = L(F) for any F € Lip(X,E), we can define a linear
isometric embedding T : (Lip(X,E),||-[|2) = (C(X x B(X x B(E*)) x B(E), E),| - [ls) by
[(F)(x,&e) = F(x)+ F(§)e. Moreover, for any G € Lip(X,F), we define the set Pg by

Pg={t € X x (X xB(E")) xB(E) : [[(G) (1) = [T(G)loo = |G}
Lemma 2.1. For any G € Lip(X,E), we have Pg # 0.
Proof. If G =0, we have (z¢,§,¢) € Pg for any (z¢,§,e) € X x B(X xB(E*)) x B(E). Thus,

let G € Lip(X,E) with G # 0. Since 3(X x B(E*)) is compact, there exists § € B(X x
B(E*)) such that |G(§)| = ||G||c = L(G). There are xg € X such that [|G(zo)|g = ||G||oo

and a € C with |a| =1 such that aG(€) = ||Gl|ee = L(G). We get

(@) an . o= Clao)le = [Glan) + G(E) o= Glao)
= (1+ @) TG IGle = G+ (G) = Gl
This implies that (xo,f,mG(mo)) € Pg. O

By Lemma 2.1 and the axiom of choice, there exists a choice function
U : Lip(X,E) = X x (X xB(E*)) x B(E)

such that U(G) € Pg for every G € Lip(X,FE). Let [-,-]g on E be a semi-inner product
which is compatible with the norm of E. Define a map [-,-]yr, : Lip(X,F) x Lip(X,E) — C

given by

[F,Glur = [L(F)(¥(G)),L(G)(¥(G)]e, F,G e Lip(X,E). (2)
It is easy to check that [-,-]yy, is a semi-inner product on Lip(X,E) compatible with the
norm |- ||. Now we get the following lemma. The basic idea of the proof is the same as
(14, Lemma 2.3].
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Lemma 2.2. Let T be a hermitian operator on (Lip(X,E),||-||r). Then
T(le) el FE
for anyee E.

Proof. Let e € E. If e =0, then T(1®e) =T(0) =0=1®0 € 1® E. Thus, we assume
that 0 £ e € B(E). Fix 2’ € X, (z,y) and e* € B(E™*). Let 6 € [0,27). We obtain

eX
L(1@e)(a’,((z,y).e”"),
(1

e
=(1®e)(z —l—ewe*( e=e+0e=e. (3)

)
®e 1®e)( >>

This implies that

IP(1@e)(@,((z,y),e”e*)e)l|le = [[1@ellz.
Thus, we get (2/,((z,y),e"¢*),e) € Pige. Choose a choice function Wy : Lip(X,E) — X x
B(X xB(E*)) x B(E) such that

Vp(1@e) = («,((z,y),ee"),e)

and define a semi-inner product [-,-]y,z on Lip(X,F) in the manner as in (2). Since T is
a hermitian operator, we have [T(1®e¢),1®¢€]g,r € R. By (3), it follows that
R>[T(1®e),1®elw,L
=[(T(1e)(Ts(lwe),l(1ee)(Vo(lee))s

— [T(l@e)(x’) +6i9€* (T(1®e)(xd)(;j;(1®e)(y)> e7e]E

~ @) g +eve (TLENDTUOAD oy, 0

As e #0, we see that ||e[|% > 0. Since 6 € [0,2) is arbitrary, it must be

(1 —T(1
o (Lu2E-T0edw) 5
d(z,y)
for any e* € B(E™). This implies
T(lwe)(z)-T(1®e)(y) 0
d(z,y)

for any (z,y) € X. Thus, we deduce L(T(1®e)) = 0. Therefore, there exists eg € E such
that T(1®e) =1®ep. O

Applying Lemma 2.2, we define a map ¢: £ — E by
T(l®e)=1xd¢(e) (6)

for each e € E. By (4) and (5), we have R> [T(1®e),1®¢€lu,r = [T(1®e)(z'),e]g. This
implies that [¢(e),e]g € R for any e € E. Since T is a bounded linear operator, we get ¢
is a hermitian operator on E.
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We give a complete description of hermitian operators on Lip(X,FE) with |- ||, where
E is any complex Banach space (without assuming that E is of a finite dimension).

Theorem 2.3. Let X be a compact metric space and E a complexr Banach space. Then
T : (Lip(X,E),|| - l|l2), — (Lip(X,E),| - ||z) is a hermitian operator if and only if there
exists a hermitian operator ¢ : E — E such that

T(F)(x)=¢(F(z)), Felip(X,E), zeX. (7)

Proof of Theorem 2.3. Suppose that T is of the form described as (7) in the statement
of Theorem 2.3. To prove that T is a hermitian operator, we apply the fact that T is
a hermitian if and only if e®T is a surjective isometry for every t € R; see [6, Theorem
5.2.6]. Let ¢ € R. By the definition of T, we have

" (F)(w) = " (F(x))

for any F € Lip(X,E) and z € X. Since ¢ is a hermitian on E, e is a surjective
isometry. This implies that ||e?T (F)||oo = || F||cc and L(e®T (F)) = L(F). Thus, we deduce
€T (F)||, = ||F|| for any F € Lip(X,E). Since T is a surjective isometry for every
t € R, we conclude T is a hermitian operator. We prove the converse. Suppose that
T :Lip(X,E) — Lip(X, E) is a hermitian operator. Let ¢ be the operator defined by (6). A
similar argument as above yields an operator from Lip(X, F) into itself given by F > ¢o F
is a hermitian operator. Hence, we define a hermitian operator Tp : Lip(X, E) — Lip(X, E)
by

To(F)(x) = T(F)(x) — ¢(F(x))
for all F' € Lip(X,E) and = € X. We shall prove that Ty =0 on Lip(X,E) in two steps.
Step 1. For any f € Lip(X) and e € E, we have Ty(f ®e) =0.

Note that the same idea with [14, Theorem 2.2] is valid even if we replace a finite
dimensional Banach space F with a Banach space F.

By [6, p. 10], there is a semi-inner product [-,-]g on E compatible with the norm such
that [e1,\ea]p = A[e1,ea]p for any e; € E and A € C. Let e € S(E). We define a map
S : Lip(X) — Lip(X) by

Se(f)(@) = [To(f ®e)(x).elp, feLip(X), z€X.

By simple calculations, we have that S, is a bounded linear operator with ||S.|| < ||To]|.
Moreover, we shall prove that S, is a hermitian operator. Let ¢ € R. By the definition of
Se, we get (I +1itSe)(1)(x) =1 for any x € X. This implies that

1< || +itSe]. (8)
However, let f € Lip(X). We obtain for any x,y € X,
(I +itSe) (f) ()] < (I +itTo)(f © €)oo
and

((I+it5.) () (@) — (T+itS)(F)(y)] < LT +itTo)(f @ €))d(z,y).
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Therefore, we get

17 +atSe) (Nl < N +itTo)(f @)oo + LI +itTo)(f ®e))
< |T+atTollllf @ellr = [T+t TollllF]l2

for any f € Lip(X). We conclude that
[T +itSe|| <[] +itTo. 9)

Since Ty is a hermitian operator on Lip(X, F), we have || +itTy|| = 1+ o(t) by [6, Theorem
5.2.6]. By (8) and (9), we see that

1< |[I+itS.|| < |[I+itTp|| = 14 o(t).

This implies that S, : Lip(X) — Lip(X) is a hermitian operator. By [3, Theorem 3.1.],
we have that S, is a real multiple of the identity. Since S.(1)(z) = [To(1 ®e)(x),e] =
0, we deduce S.(f)(z) =0f(z) =0 for any f € Lip(X) and = € X. This implies that
[To(f®e)(x),e]p =0 for all f € Lip(X) and x € X. As e € S(E) is arbitrary, we obtain

[To(f®e)(a),e]lz =0, ecE, feLip(X), ze€X. (10)

Let f € Lip(X) and = € X. Then we define a map Sy, : E — E by Sy,(e) =To(f ®e)(x)
for any e € E. Since Tj is a bounded linear operator, S¢; is also a bounded linear operator
with || S|l < | Tollll |- By (10), we have [Syy(e),e]g = [To(f Qe)(x),e]g =0 for all e € E.
Applying [11, Theorem 5], we have Ty (f ®e)(z) = Syy(e) =0 for any e € E. As f € Lip(X)
and x € X are arbitrary, we conclude step 1.

Step 2. For any F € Lip(X,FE), we have Ty (F) = 0.

If F e Lip(X)®E, step 1 yields that Ty (F) = 0 by the linearity of Tp. Thus, it suffices to
show Tp(F') =0 holds for any F' € Lip(X,E)\Lip(X)® E. Let F € Lip(X,E)\Lip(X)® F
with F(z¢) = 0. For any e € S(E), put

Ge=([Fllc = |[F)@e+F,
where |F|(z) := ||F(2)||g and |F| € Lip(X). Then we have
Ge(o) = [|Floce
and
1Ge(@)lle = (1 Flloc = [F(2)|p) @ e+ F(2)]| £
< Flloe = I1F @)l 2+ [1F(@)le = |1 Flloo

for any z € X. Thus, we obtain [|Ge(zo)|g = [|Flloe = |Gelloo. As B(X x B(E*)) is
compact, there are £ € B(X x B(E*)) and o € C with |a| = 1 such that a@(f) = L(G,).
This implies that (z¢,&,ae) € Pg,. We choose a choice function ¥, : Lip(X,F) — X X
B(X x B(E*)) x B(E) such that U,(G,) = (z0,{,ce) and define a semi-inner product
[,-]w,r in the manner as in (2). Since Ty : Lip(X,F) — Lip(X, F) is a hermitian operator,
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we get
R 3 [To(Ge),Gelw. 1 = [To(F),Gelw. 1
= [Ty (F)(20) +aTo(F)(€)e,||F[lsoe + L(Ge)el s

= (" (To(F) (w0)) + a Ty (F) (€))|Gell .
where e* € B(E*) with e*(e) =1 for any e € S(E). We have

¢ (To(F) (o)) +aTo(F)(€) € R. (11)

However, there exists yo € X such that |F(yo)||g = || F|lec # 0, and there is f,, € S(E)
such that F'(y0) = || F||oc fy,- We get

Ge(yo) = F(y0) = [1Flloo fyo-
This implies that ||Ge(yo)l|E = |F(wo)llg = | F]lco = [|Gellco- We have
IT(Ge) (Wo,&.00fy) |5 = [|Ge(y0) + @G (€) fyoll 2
= 1Flloo fyo + L(Ge) fyollE = | Flloc + L(Ge) = [|Gel| .-

Thus, we get (yo,&,afy,) € Pa,. In the same manner, there is a choice function ¥ Fuo -

Lip(X,E) — X x (X x B(E*)) x B(E) such that Uy, (Ge) = (yo,&afy,), and we can

define a semi-inner product [-,-]w fyg L O Lip(X, E). It follows that

R 3 [To(Ge),Gelw,, 1 =[To(F),Gelu,, L
= [To(F)(y0) + aTo(F)(€) funsIGell o)
— (" (To(F) (90)) + aTo(F) () | Gell 1,
where fy,* € B(E*) with f,,*(fy,) = 1. We obtain

Fuo™ (To(F) () + aTo(F) (€) € R. (12)

By (11) and (12), we get e*(To(F)(x0)) — fyo (To(F)(yo)) € R. Since e € S(E) is arbitrary,
it follows that Ty(F)(zg) =0. Let F' € Lip(X,F)\ Lip(X)® E and =z € X. We define
F,=F—1Q® F(x). Since F,(x) =0, we get

0="To(Fe)(x) =To(F)(z) = To(1® F(x))(x) = To(F)(x).

Thus, we have Ty(F') =0 for any F' € Lip(X, E) and conclude step 2.
Therefore, we obtain T'(F)(x) = ¢(F(z)) for any F € Lip(X,E). This completes the
proof. O

3. An extension of isometries on Lip(X)® F
We define the notation of T-sets which is introduced by Myers in [13].

Definition 3.1. Let (4,|-|la) be a semi-normed space. For a subset U of A, we call U
a T-set of A with respect to || - || 4 if U satisfies the property that for any finite collection

https://doi.org/10.1017/51474748023000415 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748023000415

1866 S. Oi

a, - ,an €U, |27 1a;]|a =X ]|a;||a and such that U is a maximal with respect to the
property. If no confusion is possible, we will refer to T-set of A with respect to ||-||a as
T-set of A.

Lemma 3.2. Let (A,]|-||a) be a Banach space and U a T-set of A with respect to ||| a.
If a €U, then Aa €U for any A > 0.

Proof. We conclude this Lemma by the Hahn—Banach theorem immediately. O

Lemma 3.3. Let N; be normed spaces fori=1,2. Suppose that U : Ny — Ny is a surjective
isometry with U(0) =0. Then U maps T-sets of N1 to T-sets of Na.

Proof. It follows from the Mazur—Ulam theorem that every surjective isometry U
between two normed spaces with U(0) = 0 is a real linear isometry. By the maximality of
T-sets and surjectivity of U, we conclude that U preserves T-sets. O

Let (E,||-||g) be a Banach space. Let € X, U be a T-set of E with respect to |- | g
and T be a T-set of Lip(X,F) with respect to L(-). We write

S(2,U,T) = {F € Lip(X,E): F(z) € U,|F(2)|| g = | F||oo, F € T}.

Lemma 3.4. Let x € X, U be a T-set of E and T be a T-set of Lip(X,E) with respect
to L(-). Then for any finite collection Fy,---,F, € S(x,UT), we have | X', F;||L =
il F] -

Proof. For any Fi,---,F, € S(2,U,T), we have F;(z) € U and || F;(2)| g = || Fi||co for any
1=1,---,n. We get

1Zii1 Filloo < XL [1Filloe = i [[Fi(2) || & = XL Fi(@)l 2 < (13520 Fil|oo-

This implies that |27 1 F;lloo = || Filloo- Since F; € T for any ¢ =1, ---,n, we also get
L(XP_,F;) =%, L(F;). This nnphes that |, Fi|l = 34 || Fil - O

Proposition 3.5. Let S be a T-set of Lip(X,E) with respect to || -||L. Then there is
x € X and there are U and T, where U is a T-set of E and T is a T-set of Lip(X,E) with
respect to L(-), such that S = S(z,U,T).

Proof. For any F € S, we write P(F):={x € X : |F(2)||lg = || F||oo }- We shall show that
Npes P(F) # (. For any finite collection Fy,---,F, € S, we get ||X7_ Fil|L = X7, || Fil|L.
As XL Fillo < By || Fillee and L(XL, Fi) < XL, L(F;), we have [|3, Fifloo =

22 ||Fil|s. Since TP, F; € Lip(X,E), there is « € X such that (S}, F)(2)|p =
||Z?:1Fi||oo. Thus, we get

icill Filloo = 1335 Filloo = (X1 Fo)(2) | 2 < By [ Fa(2) || 2 < S ([ Filloo-

This implies that ||F;|cc = ||F;(z)| g for any i =1,---,n and z € ()., P(F;). Since X is
compact and P(F) is a closed set for each F € S, we have (. P(F) # ) by the finite
intersection property.

Let 2 € (pes P(F). We consider the set

R.(S):={F(z)e E: FeS}.
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Choose any finite collection Fy(x),---,F,(x) € Ry(S). Since ¥ F; € S, we have x €
P(XP_,F;). This implies
SiillFillee = 151 Filloo = 1521 Fi@) || 2 < X5 [[Fi(2) |2 = Bl | Fill oo

Thus, we have [|X" , F;(z)||g = I, || Fi(x)|| g, which means that there is a T-set U of E
such that R, (S) C U. Therefore, for any F € S, we have F(z) € U and ||F(z)||g = || F|co-

Since L(XP_, F;) =X | L(F;) for any finite collection Fy,---,F, €S, there exists a T-set
T of Lip(X, E) with respect to L(-) such that S C T. This implies that S C S(x,U,T). By
Lemma 3.4 and maximality of S, we conclude that & = S(z,U,T). O

Proposition 3.6. Let X; be a compact metric space and E; be a Banach space fori=1,2.
Let U : Lip(X1,E71) — Lip(Xo,E2) be a surjective complex linear isometry. Suppose that
there is a surjective complex linear isometry 1y : E1 — Fs and there is a surjective isometry
w: Xo— X7 such that U(f ®@e)(y) = (f(e(y))e) for any f € Lip(X1) and e € Ey. Then
U(F)(y) =¢(F(ey)))
for any F € Lip(X1,E7) and y € Xo.
In the rest of this section, we assume that a surjective complex linear isometry

U : Lip(X4,F1) — Lip(Xs,Es) satisfies the assumption of Proposition 3.6. To prove
Proposition 3.6 we first show the following lemma.

Lemma 3.7. Let xo € X1 and F € Lip(X1,E1) with ||Flloc =1 and F(z9) =0. Then
U(F)(yo) =0, where yo = ¢~ " (o).

Proof. Suppose that U(F)(yo) # 0. Put a = U(F)(yo)/||U(F)(y0)||E,. The map from
S(F2) to R defined by

e~ [|lUCF)(yo) + (U (F)lleo + Dell &,

is continuous. Since ||U(F)(yo)| g, # 0, we have

|U(F) (o) + (|U(F)||oo +1)al g, = Hm

= UE) o)l e, +IU(F) oo +1 > [U(F) oo +1.

There exists § > 0 such that if e € S(E2) with ||a—e|| g, <4, then ||[U(F)(yo)+ (|[U(F)||o +
Dellg, > |U(F)|loo + 1. We choose 6 € (0,27) such that |e?? — 1| < §. We write ey :=
Y~ 1(e?a). This implies that

1U(F)(yo) + (|U(F)[loo + )b (eo)l 5, > IU(F)][oc + 1. (13)
For any n € N, we define g,, € Lip(X7) by
gn(x) = (JU(F)|loo + 1) max{1 —nL(F)d(z,x0),0}, x€ X;.

U)ol 2, + U (F)lloc +1)

Eo

By Zorn’s lemma, there is S,, which is a T-set of Lip(Xy,F;) with respect to || - || such
that F'+ g, ®eg € S,,. We have

(F +gn ®e0)(@0) = ([U(F)]|os + es.
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When z # 2 and 1 —nL(F)d(z,z9) > 0, we have
I(F +gn @ep) (@), = | F(2) = F(z0) + (90 @ e0)(2)] 5,
< L(F)d(z,20) + (IU(F) oo + 1) (1 = nL(F)d(x,x0))
= (L=n(lUF) e + 1)) L(F)d(z,20) + |U(F)lloc +1 < IU(F) [0 +1.
When 1 —nL(F)d(x,z9) <0, we have
I(E +gn @e) (@)l = [|1F(2)]| 5, <1 <[|U(F)]oo + 1.

Thus, we obtain P(F + g, ®¢ey) = {xo}. By Proposition 3.5, there are T-set U,, C E; and
T-set T,, C Lip(X1,E1) such that F+g, ®eg € S,, = S(x0,U,,Ty,). In particular, we have

U (F)lloo +1)es = (F +gn ® eq)(x0) € Un.

By Lemma 3.2, ey € U,,. Since U is a surjective isometry with U(0) =0, Lemma 3.3 shows
that there are y, € X5, T-set V,, C E2 and T-set T’,, C Lip(Xs, F3) with respect to L(-)
such that U(S(20,Upn,Tp)) = S(Yn, Vi, T'5,). Since eg € U,,, we have 1®ep € S(x0,U,,Ty).
By the assumption, we have U(1®ep) = 1®v(eg) € S(Yn, YV, T'y). It implies that 1(eq) €
V,, for any n € N. For any y € X,

U(F +gn®e9)(y) = U(F)(y) +9(gn(¢(y))eo)
=U(F)(y) + (|[U(F)] oo + 1) max{1l —nL(F)d(¢(y),70),0}¢(eq)-

We shall show that the sequence {y,,} converges yo as n — co. Suppose that there exists
n € N such that 1 —nL(F)d(¢(yn),z0) < 0. Since U(F + g, ®eg) € S(yn,Vpn,T',,), we have

IU(F)lloo 2 1UCE) (yn)| 2,
= [(UF) +U(gn @) (yn)ll 2, = IUF) +U(gn ©€p)||oo- (14)
Moreover, we get gn(zo) = (||U(F)|loo + 1) max{1l — nL(F)d(zo,0),0} = [|[U(F)|co + 1.
Since (yo) = o, we have U(gn ® e5) (yo) = (g (9(y0))e0) = (|U(F)loo + 1)ib(eo). This
implies that
[U(F) +U(gn®e0)lloo = |UF)(yo) + (IU(F) oo + 1) (e0) | 2,
> UE) oo +1, (15)

where the last inequality follows by (13). By (14) and (15), we have |[U(F)|o >
IU(F)||so + 1. This is a contradiction. Thus, for every n € N, we have

L=nL(F)d(¢(yn),x0) = 0.

Thus, we get 1/nL(F) > d(¢(yn),z0) = d(¢(Yn),¢(Y0)) = d(yn,yo). This implies that y,, —
Yo as m — 0o. Since U(F') € Lip(Xo, Es), we get U(F)(yn) — U(F)(yo)-

Because we obtain 0 < 1—nL(F)d(p(yn),zo) < 1, the sequence {1 —nL(F)d(¢(yn),x0)}
has a convergent subsequence. Without loss of generality, we can assume that the sequence
converges to 5 € [0,1] as n — co. We write

Cn = U(F+gn@eg)(yn) = U(F)(yn) + (IU(F) oo + 1)1 =nL(F)d(¢(yn),z0)) ¥ (eo)
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and

co = U(F)(yo) + ([[U(F)]loc +1) B¢ (e0)- (16)
‘We obtain that
llen —collp, =0 if n—oo. (17)

As U(F+gn®ep) € S(Yn, Vi, T',), we get ¢, € V,,. Since 9(eg) € V,,, we have |c, +
Y(eo)ll e, = llenllm, + 1Y (o)l m,- By (17), we get [lco + ¥ (eq) |5 = l|coll > + [[¥(eo) || £, As
Y(eq) = e?a, we obtain

le™*co+all g, = lle™“collm, + llall &,

Thus, there is 7 € E such that |7 =1, 7(e"*¢y) = ||co||z, and 7(a) = ||a|lg, = 1. By
(16) and @ = U(F)(y0)/ U (F)(yo) | 5, we have

elleollp, = 7(co) = T(U(F)(y0)) + 7((IU(F)]lc +1)Be”a)
= [U(F) (o)l + € (IU(F) e +1)B.

We obtain that ||[U(F)(vo)llz, = ¢“(llcollz, — (JU(F)||oo +1)B). As 6 € (0,27) and
llcollz, — (JU(F)||oo +1)8 € R, we conclude U(F)(yo) = 0. O

Proof of Proposition 3.6. By the assumption, it suffices to show that U(F)(y) =
PY(F(¢(y))) holds for any F € Lip(X1,F1) in which F is not a constant map. For any
x € X1, we define G:=F —1® F(z). Then we have G(z) =0. As G # 0, without loss of
generality, we assume that ||G||o, = 1. By Lemma 3.7, we obtain U(G)(¢~!(z)) = 0. This
implies that U(F)(p~(2)) = U(1® F(2)) (¢~ () = $(1(2) F(x)) = p(F(x)). o

4. Proof of Theorem 1.2

Let A; be unital C*-algebras for ¢ = 1,2. In this section, we consider unital surjective
complex isometries with respect to the norm |- ||z from Lip(X1,.4;) onto Lip(Xa,Ag).
Although we apply similar arguments as [14], we show a proof without omitting it because
this is a generalization for [14, Theorem 3.3]. We say that a bounded operator D on a
unital C*-algebra A is a x-derivation if

D(ab) = D(a)b+aD(b),

D(a*) = D(a)* (18)
for every pair a,b € A. By the definition, it is easy to see that D(1) =0 for any *-derivation
on A. For each a € A, a left multiplication operator M, : A — A is defined by M,b= ab

for every b € A. We denote the set of all hermitian elements of A by H(A).
The following is the characterization of hermitian operators on a unital C*-algebra.

Theorem 4.1 (Sinclair [15]). Let A be a unital C*-algebra. A bounded operator T on A
is a hermitian operator if and only if there exist h € H(A) and a *-derivation D on A
such that T = M, +1iD.

We introduce the notation to characterize hermitian operators on Lip(X,.A).
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Definition 4.2. For any h € H(A), we define a multiplication operator Migy, :
Lip(X,A) — Lip(X,.A) by

Mign(F)=(1®h)F, F €Lip(X,A).
For any #-derivation D : A — A, we define a map D : Lip(X,A) — Lip(X,.A) by
D(F)(z)=D(F(z)), F€Lip(X,A), z€X.
Combining Theorem 4.1 and Theorem 2.3, we obtain the following.

Proposition 4.3. Suppose that T : Lip(X,A) — Lip(X,A) is a map. Then T is a
hermitian operator if and only if there exist h € H(A) and a *-derivation D on A such
that

T = Mygp+iD. (19)
The following proposition is a well-known fact.

Proposition 4.4. Let B; be Banach algebras for j =1,2. Suppose that U is a surjective
complex linear isometry from By onto Ba and T is a hermitian operator on By. Then the
map UTU ! is a hermitian operator on Bsy.

In the rest of this section, we consider a surjective complex linear isometry U :
(Lip(X1, A1), [ -[|2) — (Lip(X2,A2),[| - |) with U(1) = 1.

Lemma 4.5. For any h € H(A;), there exists h' € H(As3) such that
Ul®h)=1xh.

Proof. Let h € H(A;). We apply Proposition 4.3 to obtain Mjgy, is a hermitian operator
on Lip(X1,A;). It follows from Proposition 4.4 that UMjg,U ! is a hermitian operator
on Lip(Xs,As). By applying Proposition 4.3 again, there exists h' € H(A2) and a x*-
derivation D on As such that

UMyonU™" = Mgy +iD. (20)

For any y € X5, we have
(UMignU ™) (1)(y) = UMign(1)(y) = UL @ h)(y)
and
Mg (1)(y) +iD(1)(y) = (1®h')(y) +iD(1(y)) = h' +i0 = h'.
This implies that U(1@h) =1@ 1 . O
By Lemma 4.5, we define a map g : H(A;) — H(Az) by
Ul®h)=1®1o(h).

By using v, the equation (20) of the above proof can be written as

UMinU ™ = Mygyony +iD. (21)
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Lemma 4.6. The map g is a real linear isometry from H(A1) onto H(As) such that
Po(1) =1.

Proof. For any hy € H(Az), by Proposition 4.4, we have that U~! Mgy, U is a hermitian
operator on Lip(X1,.4;). By Proposition 4.3, there are hy € H(A;) and a *-derivation D
on A; such that

U~ Mygn,U = Mygp, +iD;.
Since we have Mign, = U~ Mygn,U —iD;, we get
UMign, U (1) = U(U Mg, U —iDy)U (1)
= Mign, (1) = U(@iD1(1)) = 1@ hy —iU(0) = 1 & hy.

We obtain U(1®hy) =1® hy and g(h1) = he. It follows that vy is surjective. For any
h € H(Ay), we get [[vo(h)]la, = I1@vo(h)|[L = [[UA@A)||L = [1@A]L = [[h]l4,. Thus,
we have 1y is an isometry. Since U is a linear map, it is easy to see that 1) is real linear.
Moreover, U(1) = 1; we get (1) = 1. O

For any a € A;, there are hy,he € H(Ay) such that a = hy +ihs. Thus, we define a map
¥: A — Ag by
¥(a) =¥ (h1 +ih2) = o (h1) +itho(h2).
By a simple calculation, we have
U(l®a)=1®vY(a) (22)
for any a € Aj.

Lemma 4.7. The map 9 is a surjective complex linear isometry from Ay onto As such
that ¥(1) = 1.

Proof. By (22), we have 9 is a complex linear isometry with (1) = 1. Therefore, it
suffices to show 1 is surjective. For any a € As, there exists hq, he € H(As2) such that
a = hy +ihy. Since Lemma 4.6 shows that g : H(A;) — H(As3) is surjective, there are
hy,hy € H(Ay) such that ¢o(h)) = hi and ¥g(hy) = ho. Then we get o’ = b +ihy € A;.
This implies that

¥(a') = o(hy) +ivbo(hy) = b1 +ihs = a.

This completes the proof. O

Lemma 4.8. Suppose that A; is a unital factor C*-algebra for i =1,2. Then there exists
a surjective isometry ¢ : Xo — X1 such that

U(fe1)(y) = fle(y)®1
for all f € Lip(X;) and y € Xo.
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Proof. For any b € A, with b* = —b, we define a *-derivation D on As by
D(a) =ba—ab, ac As.
Note that Proposition 4.3 shows that the map iD: Lip(Xs,Az) — Lip(Xs,.A2) defined by
(iD)(F)(y) =iD(F(y)) F € Lip(Xo,A2), € X

is a hermitian operator on Lip(Xa2,A43). Since the map U is an isometry, U ~1;DU is
a hermitian operator on Lip(Xi,.4;). By Proposition 4.3, there exists h € H(A;) and
*-derivation D’ on A; such that

U~YDU = Mgy +iD'.
AsU(1) =1, we get
(U~%DU)(1) =i(U~*DU)(1) =iU~*D(1) = iU~'(0) = 0.
This implies that
0= (U"DU)(1) = (Mygn +iD’)(1)
=1@h+iD'(1)=1®h+i0=1®h.
Thus, we have U-YiDU = iD’. This implies that for any f € Lip(X;), we have

(U-YiDU)(f @ 1)(z) = iD'(f®1)(z) =0 for all z € X;. In addition, by the definition
of D, we get

(UYDU)(f®1)=U"*((DU(f 1))
=iU ' (1ebU(f®l)-U(f®1)1@b). (23)
Therefore, we have
U'1ebU(feol)-U(f®1)10b) =0.
Since U is surjective, we have
1@bU(fel)=U(f®1)1®b. (24)

Note we choose b € Ay with b* = —b arbitrary. For each a € A, there exist unique elements
b1,b2 € Az such that bf = —b; for i = 1,2 and a = —iby + b2. By applying (24), we have

alU(fe1)(y) =U(f@1)(y)a

for any a € Ay and y € Xo. We get U(f®1)(y) € {b € Az | ab=ba for all a € A5} = C1.
Thus, there is g(y) € C such that U(f®1)(y) = g(y)1. Since U(f ® 1) € Lip(Xs,.A2), we
get g € Lip(X3) and

U(fel)=¢gx1.
Thus, we can define a map Py : Lip(X7) — Lip(Xs) by
U(f®l)=Py(f)®1, feLip(Xy).
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It is easy to see that Py is a surjective complex linear isometry. Applying [9, Corollary
15], there is a surjective isometry ¢ : X5 — X; such that

U(fel)(y) =FPu(f)y)@l=fley) @1, [elip(Xy),ye Xs. O

Proof of Theorem 1.2. A simple calculation shows that the map U from Lip(Xy,.4;)
onto Lip(Xs,Az), which has the form of the theorem, is a unital surjective linear isometry.
We show the converse. Let us recall (21). Thus, for any h € H(A;), there exists 1g(h) €
H(A3) and x-derivation D on A3 such that

UMignU™" = Migyny +iD.

Let f € Lip(X;). By Lemma 4.8, there is a surjective isometry ¢ : Xo — X; such that
U(f®1)=(fop)®1. Thus, for any y € X5, we obtain

U(fel)(y) = fle)l

and

DU(fe1)(y) = DU(f21)(y)) = D(f(¢(y)1) =0.
We have
U(f@h)(y) =U(Men(f ©1))(y) =UMigrUU(f ©1)(y)
= (Mg +ID)U(F & 1))()
= Mgy (ny(U(f @ 1)) (y) +iD(U(f @1))(y)
=vo(MU(f @1)(y)+0 = f(e(y))o(h).
For any a € A;, there exist hq,he € H(A;) such that a = hy +1iho. Let us note that we
define ¢ : A; — As by ¢(a) = o (h1) +i(he). We get
U(f@a)(y) =U(f®(h1+ih2))(y) =U(f @) (y) +iU(f @ h2)(y)
= f(e))o(h1) +if (p(y))vo(hz)
= fle)y(a) = o((f ®a)(ey))) = »(f(e(y))a)
for any f € Lip(X;) and a € A;. By Lemma 4.7, we recall that ¢ : A1 — A is a surjective

complex linear isometry. Applying Proposition 3.6, we obtain

U(F)(y) = ¢(F(e(y))), F €Lip(X1,41),y € Xs. O

5. Concluding comments and remarks

Let us look at further problems related to Theorem 1.2. It is natural to investigate the
following questions: What is the general form of unital surjective linear isometries between
Lip(X,.A)-spaces, where A is a unital C*-algebra? What is a complete description of
surjective linear isometries on Lip(X,.A) without the assumption that isometries preserve
the identity? In fact, less is known about surjective linear isometries on Banach spaces
of all vector-valued Lipschitz maps with || -||.. The author suspects the reason relies on
a lack of a complete characterization of the extreme points of B((Lip(X,E))*). Thus, we
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believe Theorem 2.3 is one of crucial tools in investigating our questions. This might be
an interesting direction for further research. These questions are left as research problems
in the future.
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