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2n2-inequality for cA1 points and applications to
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Igor Krylov , Takuzo Okada , Erik Paemurru and Jihun Park

Abstract

The 4n2-inequality for smooth points plays an important role in the proofs of birational
(super)rigidity. The main aim of this paper is to generalize such an inequality to terminal
singular points of type cA1, and obtain a 2n2-inequality for cA1 points. As applications,
we prove birational (super)rigidity of sextic double solids, many other prime Fano 3-fold
weighted complete intersections, and del Pezzo fibrations of degree 1 over P1 satisfying
the K2-condition, all of which have at most terminal cA1 singularities and termi-
nal quotient singularities. These give first examples of birationally (super)rigid Fano
3-folds and del Pezzo fibrations admitting a cA1 point which is not an ordinary double
point.
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1. Introduction

Throughout the paper we work over the field C of complex numbers.

1.1 2n2-inequality for cA1 points
Birational (super)rigidity of a Mori fiber space is roughly an essential uniqueness of the Mori fiber
space structure in its birational equivalence class (see Definition 2.3 for the precise definition).
Birational non-(super)rigidity of a Mori fiber space implies the existence of a non-biregular
birational map to a Mori fiber space, and this further implies the existence of a mobile linear
system that is highly singular. In order to prove the birational (super)rigidity of a given Mori
fiber space, one has to exclude the possibility of the existence of such a highly singular mobile
linear system. The 4n2-inequality, which is stated in the following, is quite useful in this context,
and it is one of the most important ingredients in the proofs of birational (super)rigidity of Mori
fiber spaces.

Theorem 1.1 (4n2-inequality [Puk13, Theorem 2.1]). Let p ∈ X be the germ of a smooth
3-fold. Let M be a mobile linear system on X and let n be a positive rational number. If p is a
center of non-canonical singularities of the pair (X, (1/n)M), then for general members D1, D2

in M we have

multpD1 ·D2 > 4n2.

To the best of the authors’ knowledge, there is no known example of a birationally (super)rigid
3-dimensional Mori fiber space admitting a singularity other than quotient singularities and
ordinary double points. This is mainly because of the lack of a local inequality for singular
points that is similar to 4n2-inequality.

In this paper we consider a 3-fold terminal singularity p ∈ X of type cAk which is, by
definition, an isolated hypersurface singularity whose general hyperplane section is the Du Val
singularity of type Ak. Our first goal is to obtain a similar inequality for singular points of
type cA1.

Theorem 1.2 (2n2-inequality for cA1 points). Let p ∈ X be the germ of a cA1 singularity. Let
M be a mobile linear system on X and let n be a positive rational number. If p is a center of
non-canonical singularities of the pair (X, (1/n)M), then for general members D1, D2 in M we
have

multp(D1 ·D2) > 2n2.

As applications, we give first examples of birationally (super)rigid Fano 3-folds and del Pezzo
fibrations admitting cA1 points.
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1.2 Applications to birational rigidity
We explain applications of the 2n2-inequality for cA1 points to birational rigidity of some prime
Fano 3-folds and del Pezzo fibrations.

A Fano 3-fold is a normal projective Q-factorial variety of dimension 3 with only terminal
singularities whose anticanonical divisor is ample. A Fano 3-fold X is prime if its class group
Cl(X) is isomorphic to Z and is generated by −KX .

1.2.1 Sextic double solids. A sextic double solid is a normal projective variety which is a
double cover of P3 branched along a sextic surface. Birational superrigidity of smooth sextic
double solids was proved by Iskovskikh [Isk98], and later on, birational superrigidity of Q-factorial
sextic double solids with only ordinary double points was proved by Cheltsov and Park [CP10].

In [Pae21], birational geometry of sextic double solids with cAk points are investigated, and it
is in particular proved that a general sextic double solid with a cAk singular point, where k ≥ 4,
is not birationally rigid. Moreover, the following expectation (which we pose as a conjecture) is
made.

Conjecture 1.3. A Q-factorial sextic double solid with only terminal cA1 and cA2 singularities
is birationally superrigid, and a Q-factorial sextic double solid with only terminal cA1, cA2 and
cA3 singularities is birationally rigid.

We generalize the result of Cheltsov and Park [CP10], and prove the following.

Theorem 1.4 (= Theorem 4.1). Let X be a Q-factorial sextic double solid with only terminal
singularities of type cA1. Then X is birationally superrigid.

We also consider sextic double solids with a cA3 point in § 4.4 and construct a Sarkisov
self-link under a generality assumption.

In Theorem 1.4 we are assuming that sextic double solids with cA1 singularities are
Q-factorial, which is a crucial condition for them to be birationally superrigid. However, it
is not a simple problem to determine whether a given singular variety is Q-factorial or not. We
provide a criterion for Q-factoriality of sextic double solids with cA1 singularities in § 4.5.

1.2.2 Prime Fano 3-fold weighted complete intersections. Quasi-smooth prime Fano
3-fold weighted complete intersections are classified under some extra conditions and they con-
sist of 95 families of weighted hypersurfaces, 85 families of weighted complete intersections of
codimension 2, and the family of complete intersections of 3 quadrics in P6 (see [Ian00, 16.6,
16.7] and [CCC11, Theorems 1.3, 6.1 and 7.4]). The study of birational (super)rigidity of these
objects is almost completed under the assumption of quasi-smoothness.

• It is proved by [CPR00] and [CP17] that every quasi-smooth prime Fano 3-fold weighted
hypersurface is birationally rigid.

• It is proved by [Oka14] and [AZ16] that a quasi-smooth prime Fano 3-fold weighted complete
intersection of codimension 2 other than a complete intersection of a quadric and a cubic in
P5 is birationally rigid if and only if it belongs to one of the specific 18 families.

• It is proved by [IP96] that a general smooth complete intersection of a quadric and a cubic
in P5 is birationally rigid.

It is known that a quasi-smooth weighted complete intersection has only cyclic quotient sin-
gularities [Dol82, Theorem 3.1.6]. Thus, a quasi-smooth prime Fano 3-fold weighted complete
intersection has only terminal cyclic quotient singularities. We consider 78 families of prime Fano
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3-fold weighted hypersurfaces and 18 families of prime Fano 3-fold weighted complete intersec-
tions of codimension 2, and prove birational (super)rigidity of their special members admitting
cA1 points.

Theorem 1.5 (= Theorem 5.2). Let X be a prime Fano 3-fold weighted complete intersection
which belongs to one of the families listed in Tables 2 and 3. Suppose thatX is quasi-smooth along
the singular locus of the ambient weighted projective space, and X has only cA1 singularities in
addition to terminal quotient singular points. Then X is birationally rigid.

1.2.3 Del Pezzo fibrations of degree 1. Let π : X → P1 be a del Pezzo fibration of degree 1,
that is, it is a Mori fiber space and its general fiber is a smooth del Pezzo surface of degree 1. We
say that X/P1 satisfies the K2-condition if the 1-cycle (−KX)2 is not contained in the interior
of the cone NE(X) of effective curves on X, i.e.

(−KX)2 �∈ Int
(
NE(X)

)
. (1.1)

We refer the reader to [BCZ04] for more details on K2-condition and its related condition.
Pukhlikov [Puk98] proved birational superrigidity of nonsingular del Pezzo fibrations satis-

fying the K2-condition. As an application of 2n2-inequality for cA1 points, we generalize the
Pukhlikov’s result and obtain the following.

Theorem 1.6. Let π : X → P1 be a del Pezzo fibration of degree 1 with only cA1 singularities.
If X/P1 satisfies the K2-condition, then X is birationally superrigid.

2. Preliminaries

2.1 Birational (super)rigidity
Definition 2.1. Let π : X → S be a morphism between normal projective varieties. We say
that π : X → S (or simply X/S if π is understood) is a Mori fiber space if:

• dimS < dimX and π has connected fibers;
• X is Q-factorial and has only terminal singularities;
• −KX is π-ample and the relative Picard rank is 1.

We call X/S a del Pezzo fibration if dimX − dimS = 2.

Note that Mori fiber spaces over a point are exactly Fano varieties of Picard rank 1.

Definition 2.2. Let πX : X → S and πY : Y → T be Mori fiber spaces. A birational map
χ : X ��� Y is called square if it fits into a commutative diagram

X

πX

��

χ
����� Y

πY

��
S

ξ
����� T

where ξ is birational and in addition the induced map on the generic fibers χη : Xη ��� Yη is an
isomorphism. In this case we say that X/S and Y/T are square birational.

Definition 2.3. We say that a Mori fiber space π : X → S is birationally rigid if, for any Mori
fiber space Y/T , the variety Y is birational toX if and only ifX/S and Y/T are square birational.

We say that X/S is birationally superrigid if, for any Mori fiber space Y/T , any birational
map X ��� Y (if it exists) is square.
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Note that a Fano variety X of Picard rank 1 is birationally rigid if the only Mori fiber space
it is birational to is itself, for example it is not birational to other Fano varieties. Birationally
rigid Fano variety is birationally superrigid if and only if any birational self-map is square and,
hence, is an isomorphism.

2.2 Maximal singularity
For a normal variety V , a prime divisor E on a normal varietyW admitting a projective birational
morphism ϕ : W → V is called a prime divisor over V . A prime divisor over V is exceptional if
its center on V is a subvariety of codimension greater than 1.

In the following, let π : X → S be a Mori fiber space. For a mobile linear system M on X,
the rational number n ≥ 0 such that M ∼Q −nKX + π∗A for some Q-divisor A on S is called
the quasi-effective threshold of M.

Definition 2.4. A prime exceptional divisor E over X is a maximal singularity if there exists
a mobile linear system M on X such that

ordE ϕ∗M > naE(KX),

where n > 0 is the quasi-effective threshold of M, ϕ : Y → X is a projective birational morphism
such that E ⊂ Y and aE(KX) denotes the discrepancy of KX along E. The center Γ ⊂ X of a
maximal singularity is called a maximal center. An extremal divisorial contraction ϕ : Y → X is
called a maximal extraction if its exceptional divisor is a maximal singularity.

We have the following characterization of birational superrigidity for Fano 3-folds of Picard
rank 1.

Theorem 2.5 ([CS08, Theorem 1.26] and [Cor95, (2.10) Proposition-definition]). Let X be a
Fano 3-fold of Picard rank 1. Then the following are equivalent:

(1) X is birationally superrigid;
(2) X does not admit a maximal singularity;
(3) X does not admit a maximal extraction.

Let X be a Fano variety of Picard rank 1, then we say that an a non-biregular birational
map σ : X ��� X ′ to a Fano variety of Picard number 1 is an elementary link of type II if it sits
in the commutative diagram

Y

ϕ

��

τ ����� Y ′

ϕ′
��

X
σ

����� X ′

where ϕ and ϕ′ are extremal divisorial contractions and τ is a birational map which is an
isomorphism in codimension 1. An elementary link of type II which is a birational self-map is
called an elementary self-link of type II.

Lemma 2.6 [Oka18, Lemmas 2.34 and 2.22]. Let X be a Fano 3-fold of Picard number 1. If
for any maximal extraction ϕ : Y → X there exists a Sarkisov self-link of type II initiated by ϕ,
then X is birationally rigid.

2.3 Exclusion methods
We explain several methods which are used to exclude maximal centers.
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2.3.1 Methods for curves.

Lemma 2.7 ([CPR00, Proof of Theorem 5.1.1] and [Oka18, Lemma 2.9]). Let X be a Fano 3-fold
of Picard rank 1 and let Γ ⊂ X be an irreducible and reduced curve. If (−KX · Γ) ≥ (−KX)3,
then Γ is not a maximal center.

The following is a simplified version of [Oka18, Lemma 2.11], which is enough for the purpose
of this paper.

Lemma 2.8 (cf. [Oka18, Lemma 2.11]). Let X be a Fano 3-fold of Picard rank 1, and let Γ ⊂ X
be an irreducible and reduced curve. Assume that there is a pencil P of divisors on X satisfying
the following properties:

(1) P ∼Q −mKX for some rational number m ≥ 1;
(2) a general member of P is a normal surface;
(3) for distinct general members S, T ∈ P, we have T |S = Γ + Δ, where Δ is an irreducible and

reduced curve such that Δ �= Γ, and we have (Γ · Δ)S ≥ (−KX · Δ).

Then Γ is not a maximal center.

When we apply Lemma 2.8, we need to compute (Γ · Δ)S , which will follow from the com-
putation of (Γ2)S . In this paper we need to consider the case where Γ ∼= P1 and S has Du Val
singular points of type A along Γ, and the computation of (Γ2)S will be done by the following
method.

Definition 2.9. Let p ∈ S be the germ of a normal surface and Γ an irreducible and reduced
curve on S. Let Ŝ → S be the minimal resolution of p ∈ S and denote by E1, . . . , Em the prime
exceptional divisors. We define G(S, p,Γ) to be the dual graph of E1, . . . , Em together with the
proper transform Γ̂ of Γ on Ŝ: vertices of G(S, p,Γ) corresponds to E1, . . . , Em and Γ̂, and two
vertices corresponding to Ei and Ej (respectively, Ei and Γ̂) are joined by (Ei · Ej)-ple edge
(respectively, (Ei · Γ̂)-ple edge). We call G(S, p,Γ) the extended dual graph of (S, p,Γ).

Definition 2.10. We say that G(S, p,Γ) is of type An,k if it is of the following form.

◦
E1

◦
E2

· · · ◦
Ek

• Γ̂

· · · ◦
En

Here, ◦ means that the corresponding exceptional divisor is a (−2)-curve. In other words,
G(S, p,Γ) is of type An,k if (S, p) is of type An, (Γ̂ · Ei) = 0 for i �= k and (Γ̂ · Ek) = 1.

Lemma 2.11. Let S be a normal projective surface, and let Γ be a smooth rational curve on S.
Let p1, . . . , pm be points on Γ. Suppose that S is smooth along Γ \ {p1, . . . , pm} and that each
extended dual graph G(S, pi,Γ) is of type Ani,ki for some positive integers ni, ki. Then,

(Γ2) = −2 − (KS · Γ) +
m∑
i=1

ki(ni − ki + 1)
ni + 1

.

Proof. This follows from [Oka20b, Lemma 10.7]. �

3. Local inequalities for cA points

Let V be an n-dimensional variety. For i = 0, . . . , n, we denote by Zi(V ) the group of
i-cycles on V , and by Ai(V ) = Zi(V )/ ∼rat the Chow group of i-cycles on V , where ∼rat is the
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rational equivalence. For Cartier divisors D1, . . . , Dk on V that intersect properly, that is, the
irreducible components of Supp(D1) ∩ · · · ∩ Supp(Dk) all have codimension equal to k in V ,
there is a uniquely defined intersection cycle

D1 ·D2 · · ·Dk ∈ Zn−k(Supp(D1) ∩ · · · ∩ Supp(Dk)).

See [Ful98, Definition 2.4.2].

3.1 Blow-ups and degrees of cycles
Let X be a normal 3-fold, and let B ⊂ X be an irreducible subvariety of codimension at least 2.
Let ϕ : X̃ → X be the blow-up of X along B. For a cycle Γ ∈ Zi(X) on X such that Supp Γ �⊂ B,
we denote by ϕ−1∗ Γ the proper transform of Γ on X̃.

Definition 3.1. Under the above setting, suppose that B is not contained in the singular locus
of X, and let E ⊂ X̃ be the unique exceptional divisor dominating B. Let Z =

∑
imiZi be a

1-cycle supported on the exceptional set ϕ−1(B), where Zi ⊂ σ−1(B) is an irreducible curve. We
define the degree of Z with respect to E by

degE Z :=
∑
i

mi deg(Zi ∩ ϕ−1(b)),

where ϕ−1(b) ∼= P2−dimB is the fiber over a general point b ∈ B.

Lemma 3.2 [Puk13, Lemma 2.2]. Let X be a normal 3-fold, B ⊂ X be an irreducible subvariety
of codimension at least 2 such that B �⊂ SingX, and let D1, D2 be Cartier divisors on X which
share no common component.

(1) Assume that B is a point. Then, for the 1-cycle

Z := ϕ−1
∗ D1 · ϕ−1

∗ D2 − ϕ−1
∗ (D1 ·D2),

which is supported on ϕ−1(B), we have

degE Z = multB(D1 ·D2) − multB D1 multB D2.

(2) Assume that B is a curve. Then, for the decomposition

ϕ−1
∗ D1 · ϕ−1

∗ D2 = Z + Γ,

where SuppZ ⊂ ϕ−1(B) and Suppϕ∗Γ does not contain B, we have

D1 ·D2 = (multB D1 multB D2 + degE Z)B + ϕ∗Γ.

3.2 Blow-up of a cA1 point
By [Rei83], a 3-dimensional singularity is a terminal singularity if and only if it is the quotient of
an isolated cDV singularity by a suitable action of a cyclic group (of order ≥ 1). Note that a cDV
singularity is a hypersurface singularity whose general hyperplane section is a Du Val singularity.
Note also that a cDV singular point is Gorenstein since it is a hypersurface singularity and, hence,
3-dimensional terminal Gorenstein singularities are exactly isolated cDV singularities (see also
[Rei83, Theorem 1.1]). We consider cAk singularities which are particular types of cDV points.

Definition 3.3. Let p ∈ X be the germ of a 3-fold singularity. We say that p ∈ X is a singularity
of type cAk (or simply a cAk point), if the germ is analytically equivalent to the germ of a
hypersurface singularity whose general hyperplane section is the Du Val singular point of type Ak.
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An example of an isolated cAk is a point o ∈ (f = 0) ⊂ A4, where

f = xy + zk+1 + wM ,

for some M ≥ k + 1. It is well known that any isolated cA1-point is analytically equivalent to
the above example with k = 1.

Lemma 3.4. Let p ∈ X be an isolated cA1-point, then it is analytically equivalent to

o ∈ (f = 0) ⊂ A4,

where

f = xy + z2 + wM ,

for some M ≥ 2.

Proof. By definition, p ∈ X is a hypersurface singularity, therefore without loss of generality we
assume that X is given by g = 0 in A4 and p = (0, 0, 0, 0). Since general hyperplane section of
X has the A1-singularity the general form of g is

x2 + y2 + z2 + th(x, y, z, t) = 0.

By the splitting lemma [GLS07, Theorem I.2.47] we may change g into

x2 + y2 + z2 + tk = 0. �

In the following we identify p ∈ X with the above hypersurface germ, that is, we assume that
p ∈ X is the hypersurface germ defined by the vanishing of f from Lemma 3.4. We set W = A4.
Let ϕW : W̃ →W be the blow-up of W at the origin p, X̃ the proper transform of X in W̃ , and
ϕ = ϕW |X̃ : X̃ → X the restriction. We denote by EW ∼= P3 the exceptional divisor of ϕW and
we set E = EW |X̃ . The equation of E in EW is given by

xy + z2 = 0,

where x, y, z, w are the coordinates inherited from W . Thus, we can see that E is a quadratic
cone.

For a cycle Γ on X, we denote by multp Γ the multiplicity of Γ, viewed as a cycle on W , at
the smooth point p ∈W .

Definition 3.5. Under the above setting, let Z be a 1-cycle supported on EW . By the degree
of Z which is denoted by degEW

Z, we mean the degree of Z viewed as a 1-cycle on EW ∼= P3.
By a slight abuse of notation, we use the notation degE Z = degEW

Z when Z is supported
on E.

Lemma 3.6. Let p ∈ X be a germ of an isolated cA1-singularity. Let M be a mobile linear
system of Cartier divisors on X, let D1, D2 be general members of M, and use the notation
ν(M) = ordE ϕ∗M. Let Γ = D1 ·D2 and use the notation m = multp Γ. Then, for the 1-cycle

Z := ϕ−1
∗ D1 · ϕ−1

∗ D2 − ϕ−1
∗ Γ,

which is supported on E, we have

degE Z = m− 2ν(M)2.
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Proof. Let i : X →W and ĩ : X̃ → W̃ be the embeddings agreeing with the maps ϕ and ϕW . Let
e ∈ A1(EW ) be the class of a line. Then in A1(W̃ ), we have

ϕ∗
W i∗Γ ≡ ϕ−1

∗ i∗Γ +me. (3.1)

Since Di is a Cartier divisor on X, it is defined by a single element in the residue ring
OX,p = OW,p/(xy + z2 + wM ), hence we can take a Cartier divisor Gi onW such that Gi|X = Di.
It follows that

ϕ∗
W i∗Γ = ϕ∗

W i∗(D1 ·D2)

≡ ϕ∗
W (G1 ·G2 ·X)

≡ ϕ∗
WG1 · ϕ∗

WG2 · ϕ∗
WX

≡ ϕ∗
WG1 · ϕ∗

WG2 · X̃
≡ ĩ∗

(
ϕ∗D1 · ϕ∗D2

)
,

and thus

ĩ∗(ϕ−1
∗ D1 · ϕ−1

∗ D2) ≡ ĩ∗
(
(ϕ∗D1 − ν(M)E) · (ϕ∗D2 − ν(M)E)

)
≡ ĩ∗

(
ϕ∗D1 · ϕ∗D2

)
+ ĩ∗(ν(M)2E2)

≡ ϕ∗
W i∗Γ − 2ν(M)2e, (3.2)

where the last equivalence follows from (3.1). By (3.2), the 1-cycle Z is rationally equivalent to
(m− 2ν(M)2)e and the claim follows. �

3.3 Tower of blow-ups associated to a divisorial valuation
We set up notation for proving 2n2-type inequalities.

Let p ∈ X be the germ of a terminal singular point of type cA1. Let ν be a divisorial valuation
of C(X) realized by a prime divisor E∞ over p ∈ X. Consider the tower of blow-ups realizing ν:

XN
ϕN−−→ · · · ϕ2−→ X1

ϕ1−→ X0 = X, (3.3)

where ϕi : Xi → Xi−1 is the blow-up of Xi−1 along the center Bi−1 ⊂ Ei−1 of ν on Xi−1, Ei ⊂ Xi

is the ϕi-exceptional divisor dominating Bi−1, and EN realizes the valuation ν, i.e. ν = νEN
. For

j > i, the composite Xj → Xj−1 → · · · → Xi is denoted by ϕj,i = ϕi+1 ◦ · · ·ϕj .
For a cycle Γ on Xi and j > i, we denote by Γ(j) its proper transform on Xj via ϕj,i : Xj → Xi

if no component of Γ is supported on Bi. More generally for any object (·) (cycle, divisor, linear
system) on Xi and any j > i we denote by (·)(j) the proper transform of (·) on Xj .

We introduce an oriented graph structure as follows: the vertices Ej and Ei are joined by an
oriented edge, which is denoted by j → i, if j > i and Bj−1 ⊂ E

(j−1)
i . For 1 ≤ i < j ≤ N − 1, we

define Pj,i to be the number of paths from Ej to Ei in the oriented graph, we set Pi,i = 1 and
we set Pj,i = 0 for j < i we define pi = PN,i. We define

K = max{ i | Bi−1 is a cA1 point},
L = max{ i | Bi−1 is a point},

Σ0 =
K∑
i=1

pi, Σ1 =
L∑

i=K+1

pi, Σ2 =
N∑

i=L+1

pi.

Note that B0 = p and we have 1 ≤ K ≤ L ≤ N . The numbers Pi,j , pi,K, L are useful for
computing discrepancies and tracking multiplicities for the tower of blow-ups.
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Lemma 3.7. The discrepancies of Ei are given by the following

a(X,Ei) =
min{i,K}∑
j=1

Pi,j + 2
min{i,L}∑
j=K+1

Pi,j +
i∑

j=L+1

Pi,j ,

in particular,

a(X,EN ) =
K∑
j=1

pj + 2
L∑

j=K+1

pj +
N∑

j=L+1

pj = Σ0 + 2Σ1 + Σ2.

Let D be a divisor on X and set KD = max{i | Bi−1 ⊂ D(i−1)}, then

νEi(D) =
min{KD,i}∑

j=1

Pi,jνEj (D
j−1),

in particular,

ν(D) =
KD∑
j=1

pjνEj (D
j−1).

Proof. We prove the claims by induction. The statements clearly hold for i = 1, now suppose
the statements hold for all k < i.

First, we define values ai = a(Ei, Xi−1) for all i, clearly

ai =

⎧⎪⎨⎪⎩
1, i ≤ K,

2, K < i ≤ L,

1, L ≤ N.

By assumption of induction we have

KX(i−1) ∼ ϕ∗
i−1,0(KX) +

i−1∑
k=1

( k∑
j=1

ajPk,j

)
E

(i−1)
k .

Next we compute KX(i) :

KX(i) ∼ ϕ∗
i (KX(i−1)) + aiEi ∼ ϕ∗

i,0(KX) +
i−1∑
k=1

( k∑
j=1

ajPk,j

)
ϕ∗
iE

(i−1)
k + aiEi

∼ ϕ∗
i,0(KX) +

i−1∑
k=1

( k∑
j=1

ajPk,j

)
E

(i)
k +

(
aiPi,i +

∑
k|i→k

( k∑
j=1

ajPk,j

))
Ei.

It remains to compute the coefficient at Ei,

a(Ei, X) = aiPi,i +
∑
k|i→k

k∑
j=1

ajPk,j = aiPi,i +
∑
k|i→k

i−1∑
j=1

ajPk,j

= aiPi,i +
i−1∑
j=1

aj
∑
k|i→k

Pk,j =
i∑

j=1

ajPi,j ,
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where the second equality follows from Pk,j = 0 for j > k and the last equality follows from

Pi,j =
∑
k|i→k

Pk,j .

This proves the first assertion and its special case. The proof of the second assertion is
analogous. �

Example 3.8. Suppose in 3.3 we have Bi �⊂ E
(i)
k for all k < i. Then the oriented graph is the

following simple chain.

Clearly, in this case we have p1 = p2 = · · · = pN = 1 and

a(X,EN ) = K + 2(L−K) + (N − L) = N + L−K.

Example 3.9. Suppose N = 4, B2, B3 are points, B2 ∈ E
(2)
1 ∩ E2, and B3 = E

(3)
1 ∩ E(3)

2 ∩ E3,
then the graph is as follows.

Thus, we can see that p1 = p2 = 1, p3 = 2, and p4 = 4.

Let M be a mobile linear system of Cartier divisors on X = X0. Let Z0 = D1 ·D2 for general
members D1, D2 ∈ M. Recall that we want to prove a lower bound for multB0 Z0.

Example 3.10. Suppose N = 1, that is ν is realized by a single blow-up. Consider the intersection
of the proper transforms D(1)

1 , D
(2)
2 on X1. By Lemma 3.6 it takes the form

D
(1)
1 ·D(1)

2 = Z
(1)
0 + Z1,

where

degE1
Z1 = multB0 Z0 − 2ν(M)2 ≥ 0.

Note that a(E1, X, (1/n)M) = (1 − (ν/n)) < 0 if and only if ν(M) > n. Thus, non-canonicity
at divisor E1 implies

multB0 Z0 > 2n2.

Example 3.11. Suppose N = 2 and suppose that B1 is a point such that X1 is smooth at B1. As
before, by Lemma 3.6 intersection on X1 takes the form

D
(1)
1 ·D(1)

2 = Z
(1)
0 + Z1,

where

degE1
Z1 = multB0 Z0 − 2νE1(M)2.
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Using Lemma 3.2 we compute similar intersection on X2:

D
(2)
1 ·D(2)

2 = (D(1)
1 ·D(1)

2 )(2) + Z2 = Z
(2)
0 + Z

(2)
1 + Z2,

where
degE2

Z2 = multB1(Z
(1)
0 + Z1) − 4νE2(M(1))2.

Since degE2
Z2 is non-negative we have

0 ≤ multB1(Z
(1)
0 + Z1) − 4νE2(M(1))2 ≤ multB0 Z0 + degE1

Z1 − 4νE2(M(1))2

= 2 multB0 Z0 − 2νE1(M)2 − 4νE2(M(1))2,

or

2 multB0 Z0 ≥ 2νE1(M)2 + 4νE2(M(1))2.

It remains to use non-canonicity to find the lower bound on the right-hand side of this
inequality.

In general, we proceed similarly to the examples. We define νi = νEi(M(i−1)). For general
members D1, D2 ∈ M, we define a sequence of 1-cycles Zi on Xi by

D1 ·D2 = Z0,

D
(1)
1 ·D(1)

2 = Z
(1)
0 + Z1,

· · · ,
D

(i)
1 ·D(i)

2 = (D(i−1)
1 ·D(i−1)

2 )(i) + Zi,

· · · ,
D

(L)
1 ·D(L)

2 = (D(L−1)
1 ·D(L−1)

2 )(L) + ZL.

(3.4)

Note that SuppZi ⊂ Ei and for any i ≤ L we get

D
(i)
1 ·D(i)

2 = Z
(i)
0 + Z

(i)
1 + · · · + Z

(i)
i−1 + Zi.

For any i, j with L ≥ j > i, we set

mi,j = multBj−1(Z
(j−1)
i ).

Then there is a lower bound on multiplicities of Z = Z0 at Bi in terms of νi.

Proposition 3.12. Suppose p ∈ X is a terminal singularity of type cA1, and let ν be a divisorial
valuation of C(X) centered at p. Let M be a mobile linear system of Cartier divisors on X and
let Z0 = D1 ·D2 be the intersection 1-cycle of general members D1, D2 in M. Then, for pi, νi
and mi,j defined as above, the following inequality holds:

2
K∑
i=1

piν
2
i +

N∑
i=K+1

piν
2
i ≤

L∑
i=1

pim0,i. (3.5)
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Proof. Set di = degEi
Zi. By Lemmas 3.2 and 3.6, we obtain a system of equalities corresponding

to the sequence of cycles (3.4):

2ν2
1 + d1 = m0,1,

2ν2
2 + d2 = m0,2 +m1,2,

· · · ,
2ν2
K + dK = m0,K + · · · +mK−1.K ,

ν2
K+1 + dK+1 = m0,K+1 + · · · +mK,K+1,

· · · ,
ν2
L + dL = m0,L + · · · +mL−1,L.

(3.6)

We multiply the ith equality in (3.6) by pi and sum them up:

2
K∑
i=1

piν
2
i +

L∑
i=K+1

piν
2
i +

L∑
i=1

pidi =
L∑
j=1

pjm0,j +
L−1∑
i=1

L∑
j=i+1

pjmi,j . (3.7)

For each i with 0 ≤ i ≤ L− 1, we consider the expression
L∑

j=i+1

pjmi,j

which appears in the right-hand side of the summation (3.7). We have mi,j ≤ di for any i, j
with L ≥ j > i ≥ 1 by [Puk13, Lemma 2.4].1 Note that, for i ≥ 1, we have pi ≥

∑
j→i pj , and if

mi,j �= 0, then j → i. It follows that, for i = 1, . . . , L− 1, we have
L∑

j=i+1

pjmi,j =
∑

i+1≤j≤L
mi,j �=0

pjmi,j ≤ di
∑

i+1≤j≤L
j→i

pj ≤ pidi.

Thus, for i = 1, . . . , L− 1, we can remove all mi,∗ and pidi from the summation (3.7) if we
replace = with ≤, and obtain

2
K∑
i=1

piν
2
i +

L∑
i=K+1

piν
2
i + pLdL ≤

L∑
i=1

pim0,i. (3.8)

It remains to give a lower bound for dL in terms of νi. First, we decompose

ZL = ΓL + αLBL,

where Supp ΓL does not contain BL and αL ≥ 0. Thus, we may decompose

D
(L+1)
1 ·D(L+1)

2 = Z
(L+1)
0 + . . .+ Z

(L+1)
L−1 + Γ(L+1)

L + ZL+1,

where SuppZL+1 ⊂ EL+1. We apply Lemma 3.2(2) to ϕL+1:

D
(L)
1 ·D(L)

2 = (ϕL+1)∗
(
Z

(N)
1 + · · · + ZL−1 + Γ(L+1)

L

)
+
(
ν2
L+1 + degEL+1

ZL+1

)
BL.

Thus, we have αL = ν2
L+1 + degEL+1

ZL+1 and

dL = degEL

(
ΓL + (ν2

L+1 + degEL+1
ZL+1)BL

) ≥ (ν2
L+1 + degEL+1

ZL+1

)
degEL

BL.

1 This is valid for j ≤ L by applying the lemma for the ambient fourfold.
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Iterating the application of Lemma 3.2(2) for ϕi with i = L+ 2, . . . , N , we obtain

dL ≥
N∑

i=L+1

ν2
i degEL

(ϕi−1,L)∗Bi−1 ≥
N∑

i=L+1

ν2
i .

Combining this inequality with (3.8), we obtain the inequality (3.5). �

Corollary 3.13. Let the notation and assumption be as in Proposition 3.12. Then the following
inequality holds:

L∑
i=1

pim0,i ≥ 2ν(M)2∑K
i=1 pi + 2

∑N
i=K+1 pi

.

Proof. The minimum of the left-hand side of (3.5), viewed as a quadratic form in νi, under the
constraint

N∑
i=1

piνi = ν(M),

is attained at

2ν1 = · · · = 2νK = νK+1 = · · · = νN =
2ν(M)∑K

i=1 pi + 2
∑L

i=K+1 pi
.

Calculating the minimum, we get the required inequality. �

3.4 2n2-inequalities for cA1 points
We keep the notation as in § 3.3. Recall that

Σ0 =
K∑
i=1

pi, Σ1 =
L∑

i=K+1

pi, Σ2 =
N∑

i=L+1

pi. (3.9)

Theorem 3.14 (2n2-inequality for cA1 points). Let p ∈ X be a terminal singularity of type cA1,
M be a mobile linear system of Cartier divisors on X, and let n be a positive rational number.
If p is a center of non-canonical singularities of the pair (X, (1/n)M), then for general members
D1, D2 in M we have

multp(D1 ·D2) > 2n2.

Proof. By the assumption, there exists a divisorial valuation ν of C(X) centered at p such that
(X, (1/n)M) is not canonical at ν, that is, the inequality ν(M) > na(ν,X) holds for ν. Thus,
by Lemma 3.7 we have

ν(M) > n(Σ0 + 2Σ1 + Σ2). (3.10)

Note that

multp(D1 ·D2) = m0,1 ≥ m0,i (3.11)

for any 1 ≤ i ≤ L. By (3.10), (3.11) and Corollary 3.13, we obtain

multp(D1 ·D2) > 2n2 (Σ0 + 2Σ1 + Σ2)2

(Σ0 + Σ1)(Σ0 + 2Σ1 + 2Σ2)
. (3.12)

It is then easy to get the required inequality. �
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Theorem 3.15 (2n2-type inequality for Kawakita blow-ups). Let p ∈ X be a terminal singu-
larity of type cA1, analytically equivalent to o ∈ (f = 0) ⊂ A4, where

f = xy + z2 + wM

for some M ≥ 2. Let n be a positive rational number, and M be a mobile linear system of Cartier
divisors on X. Let E be the exceptional divisor of (s, 2t− s, t, 1)-blow-up of p ∈ X, where s, t
are coprime integers such that 0 < s ≤ t ≤M/2. If the pair (X, (1/n)M) is not canonical at E,
then, for general members D1, D2 in M, we have

multp(D1 ·D2) >
2t2

s(2t− s)
n2.

Proof. Consider a fan corresponding to A4 with the following description

vx = (1, 0, 0, 0),

vy = (0, 1, 0, 0),

vz = (0, 0, 1, 0),

vw = (0, 0, 0, 1).

Then the toric morphism corresponding to adding the ray ρ = (s, 2t− s, t, 1) to the fan is the
(s, 2t− s, t, 1)-weighted blow-up of A4. We can also add the ray ρ by performing a sequence of
regular blow-ups at points, curves, and surfaces corresponding to adding the following rays to
the fan:

u1 = (1, 1, 1, 1),

u2 = (2, 2, 2, 1),

· · ·
us = (s, s, s, 1),

us+1 = (s, s+ 1, s+ 1, 1),

· · ·
ut = (s, t, t, 1),

ut+1 = (s, t+ 1, t, 1),

· · ·
u2t−s = (s, 2t− s, t, 1).

From this description we can see that the first s morphisms are the blow-ups at a points, first
at (x = y = z = w = 0), then at (x = y = z = ui = 0), the next t− s morphisms are blow-ups
at curves (y = z = ui = 0), and the last t− s morphisms are blow-ups at surface (y = ui = 0).
The restriction of the morphisms to the proper transforms Xi of X gives us the s blow-ups at
singular points of X followed by t− s blow-ups at a curve and t− s blow-ups at a divisor as can
be seen from the local equations of Xi:

X0 : xy + z2 + wM = 0,

X1 : xy + z2 + uM−2
1 wM = 0,

· · ·
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Xs : xy + z2 + uM−2s
s wM = 0,

Xs+1 : xy + us+1z
2 + uM−2s−1

s+1 wM = 0,

· · ·
Xt : xy + ut−st z2 + uM−s−t

t wM = 0,

Xt+1 : xy + ut−s−1
t+1 z2 + uM−s−t−1

t+1 wM = 2,

· · ·
X2t−s : xy + z2 + uM−2t

2t−s w
M = 0.

We can see from the toric description that for every blow-up we have Bi ⊂ Ei \ E(i)
i−1, so

we can drop uj in the local equation of Xi for j < i. This fact also implies that the graph
corresponding to the tower of blow-ups is a simple chain and we have pi = 1 for all i. Thus, we
have N = t, Σ0 = K = L = s, Σ1 = 0, and Σ2 = t− s. The required inequality is obtained by
substituting these values into the inequality (3.12). �

Remark 3.16. In Theorem 3.14, compared with the 4n2-inequality (Theorem 1.1), we keep the
dimension three but we make the germ of a point worse by introducing singularities. As a result,
we weaken the original inequality.

On the other hand, one can increase the dimension and see what kind of singularities still
satisfy the 4n2-inequality; see, for example, [Puk17]. This approach has been applied to prove
birational rigidity of many families of high-dimensional varieties: hypersurfaces, cyclic covers,
and complete intersections [Puk19a, Puk19b, EP18, EP19].

3.5 Corti inequality for cA1 points
We keep the notation as in § 3.3 and let Σ0,Σ1,Σ2 be as in (3.9). The following is a version of
Corti inequality [Cor00, Theorem 3.12] for cA1 points.

Theorem 3.17 (Corti inequality for cA1 points). Let p ∈ X be a terminal singularity of
type cA1, and let M be a mobile linear system of Cartier divisors on X. Let F1, . . . , Fl ⊂ X be
irreducible surfaces containing p. For the intersection 1-cycle Z = D1 ·D2 of general members
D1, D2 in M, we write

Z = Zh +
l∑

j=1

Zj ,

where SuppZj ⊂ Fj , and Zh intersects
∑l

i=1 Fi properly. Let n and γj be positive rational
numbers such that p is a center of non-canonical singularities of the pair(

X,
1
n
M−

l∑
j=1

γjFj

)
. (3.13)

Then there are rational numbers 0 < tj ≤ 1 such that

multp Zh +
l∑

j=1

tj multp Zj > 2n2 + 4n2
l∑

j=1

γjtj .
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Proof. We first note that by Lemma 3.7

a(E∞, X) = Σ0 + 2Σ1 + Σ2,

where we recall that E∞ = EN is the prime exceptional divisor realizing ν. By the assumption
that the pair (3.13) is not canonical at ν, we have

ν(M) > n

(
Σ0 + 2Σ1 + Σ2 +

k∑
j=1

γjν(Fj)
)
. (3.14)

For j = 1, . . . , l, we set

Kj =

{
0, if p ∈ Fj ,

max
{
i ≤ L | Bi−1 /∈ F

(i−1)
j

}
, otherwise,

and then set

Ξj =
Kj∑
i=1

pi.

Then by Lemma 3.7 we have

ν(Fj) =
Kj∑
i=1

pi multBi−1 F
(i−1)
j ≥

Kj∑
i=1

pi = Ξj .

Observe that

mi,0 = multBi−1 Z
(i−1)
0 = multBi−1 Z

(i−1)
h +

l∑
j=1

multBi−1 Z
(i−1)
j ,

and that if i > Kj , then multBi−1 Z
(i−1)
j = 0. This decomposition implies that

L∑
i=1

pim0,i =
L∑
i=1

pi multBi−1(Z
(i−1)
h ) +

l∑
j=1

Kj∑
i=1

pi multBi−1(Z
(i−1)
j )

≤ (Σ0 + Σ1) multp Zh +
l∑

j=1

Ξj multp Zj , (3.15)

since multBi−1(Z
(i−1)
h ) ≤ multp Zh and multBi−1(Z

(i−1)
j ) ≤ multp Zj for every 1 ≤ i ≤ L.

By the inequality in Corollary 3.13 combined with two inequalities (3.14) and (3.15), we get
the inequality

(Σ0 + Σ1) multp Zh +
l∑

j=1

Ξj multp Zj

≥
L∑
i=1

pim0,i
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> 2n2Σ0 + 4n2Σ1 + 4n2
l∑

j=1

γjν(Fj) + 2n2
(Σ2 −

∑l
j=1 γjν(Fj))

2

Σ0 + 2Σ1 + 2Σ2

≥ 2n2(Σ0 + Σ1) + 4n2
l∑

j=1

γjΞj , (3.16)

where the last inequality follows from the inequality ν(Fj) ≥ Ξj .
Dividing (3.16) by Σ0 + Σ1 and setting

tj =
Ξj

Σ0 + Σ1
,

we get the required inequality. �

4. Sextic double solids

Recall that a sextic double solid is a normal projective 3-fold X which is a double cover of P3

branched along a sextic surface. A sextic double solid can be expressed as a weighted hypersurface
in P(1, 1, 1, 1, 3) with homogeneous coordinates x, y, z, t, w of weights 1, 1, 1, 1, 3, respectively,
defined by an equation of the form

w2 + g6(x, y, z, t) = 0, (4.1)

where g6 ∈ C[x, y, z, t] is a homogeneous polynomial of degree 6.
The aim of this section is to prove the following.

Theorem 4.1. Let X be a factorial sextic double solid with at worst terminal singularities of
type cA1. Then X is birationally superrigid.

In the rest of this section, X is a sextic double solid and we assume that X is factorial and has
only terminal Gorenstein singularities. We do not impose any other condition on the singularities
unless otherwise specified. We denote by π : X → P3 the double cover and by B ⊂ P3 the branch
divisor which is a sextic surface.

Remark 4.2. Under the assumption that a sextic double solid X has only Gorenstein terminal
singularities, Q-factoriality of X is equivalent to factoriality of X, that is, Pic(X) = Cl(X) =
Z[−KX ] (see [Kaw88, Lemma 5.1]).

4.1 Exclusion of smooth points
The exclusion of smooth points as a maximal center is done as follows.

Proposition 4.3 [CP10, Lemma 3.1]. No smooth point of X is a maximal center.

4.2 Exclusion of curves
Lemma 4.4. A curve on X is not a maximal center except possibly for a curve of degree 1
which passes through a singular point of X and whose image via π is not contained in the sextic
surface B.

Proof. Let Γ be a curve on X. Suppose that Γ is a maximal center. Then (−KX · Γ) <
(−KX)3 = 2 by Lemma 2.7. It follows that Γ is a curve of degree 1 on X. By the assump-
tion, there exists a movable linear system M ∼ −nKX on X such that the pair (X, (1/n)M) is
not canonical along Γ. In particular, we have multΓ M > n.

1568

https://doi.org/10.1112/S0010437X24007164 Published online by Cambridge University Press

https://doi.org/10.1112/S0010437X24007164


2n2
-inequality and birational rigidity

In the following, we merely repeat the arguments in the proof of [CP10, Lemma 3.8] for
readers’ convenience. Suppose that π(Γ) is contained in the sextic surface B ⊂ P3. We choose
and fix a smooth point p ∈ Γ which is contained in the smooth locus of X and which is not
contained in any curve in BsM other than Γ. Let L ⊂ P3 be a general line tangent to B at π(p)
and let Δ be the inverse image of L by π. We see that Δ is a curve of degree 2 which is singular
at p. Moreover, by our choice of p, Δ is not contained in the base locus of M. Then we obtain

2n = (M · Δ) ≥ multp Mmultp Δ ≥ multΓ Mmultp Δ > 2n.

This is a contradiction. �
In the following, let Γ be a curve of degree 1 such that Γ ∩ SingX �= ∅ and π(Γ) �⊂ B. The

image π(Γ) ⊂ P3 is a line and we can write

Γ = (�1 = �2 = w − g3 = 0),

where �1, �2 ∈ C[x, y, z, t] are linear forms and g3 ∈ C[x, y, z, t] is a cubic form. We define P to be
the linear subsystem of | −KX | consisting of members containing Γ, which is the pencil generated
by �1 and �2, and let S, T be distinct general members of P. We have T |S = Γ + Δ, where

Δ = (�1 = �2 = w + g3 = 0).

By the assumption that π(Γ) �⊂ B, we have g3 �= 0, in other words, Δ �= Γ. Consider the scheme-
theoretic intersection

Γ ∩ Δ = (�1 = �2 = w = g3 = 0) ⊂ P(1, 1, 1, 1, 3), (4.2)

which consists of 3 points counting with multiplicity.

Remark 4.5. We have Γ ∩ Δ = π−1(π(Γ) ∩B) set-theoretically. A singular point p ∈ X necessary
satisfies π(p) ∈ B, so that a point p ∈ Γ ∩ SingX is contained in Γ ∩ Δ.

We choose and fix a point p ∈ Γ which is a cAk point of X, where k = 1, 2. We choose
homogeneous coordinates x, y, z, t, w of P(1, 1, 1, 1, 3) so that X is defined by

−w2 + x4f2 + x3f3 + x2f4 + xf5 + f6 = 0, (4.3)

where fi = fi(y, z, t) is a homogeneous polynomial of degree i, and p = (1 : 0 : 0 : 0 : 0). This
choice of coordinates is possible by [Pae21, Theorem A]. Replacing coordinates y, z, t (while
fixing the point p = (1 : 0 : 0 : 0 : 0)), we may assume π(Γ) = (z = t = 0) ⊂ P3, that is, �1 = z
and �2 = t. Then we can write

Γ = (z = t = w − (λx2y + μxy2 + νy3) = 0) ⊂ P(1, 1, 1, 1, 3), (4.4)

for some λ, μ, ν ∈ C. Note that at least one of λ, μ, ν is non-zero since π(Γ) �⊂ B. Note also that

x4f2(y, 0, 0) + x3f3(y, 0, 0) + · · · + f6(y, 0, 0) = (λx2y + μxy2 + νy3)2 (4.5)

since Γ ⊂ X. With this choice of coordinates, the pencil P is generated by z and t. The point p is
a multiplicity 1 (respectively, 2, respectively, 3) point of Γ ∩ Δ if and only if λ �= 0 (respectively,
λ = 0 and μ �= 0, respectively, λ = μ = 0 and ν �= 0). Let S be a general member of P. We analyze
the type of G(S, p,Γ).

Lemma 4.6. Under the notation and assumption as above, let p ∈ Γ be a cA1 point of X. Then
the following assertions hold.

(1) If multp Γ ∩ Δ = 1, then G(S, p,Γ) is of type A1,1.
(2) If multp Γ ∩ Δ = 2, then G(S, p,Γ) is of type A1,1 or A3,2.
(3) If multp Γ ∩ Δ = 3, then G(S, p,Γ) is of type A1,1, A3,2 or A5,3.
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Proof. We choose homogeneous coordinates of P := P(1, 1, 1, 1, 3) as above, that is, p = (1 : 0 :
0 : 0 : 0), X is defined by the (4.3), and Γ is as given in (4.4). In the following, we assume
that a general member S ∈ P is cut out by the equation t = θz for a general θ ∈ C. We set
Ux := P(1, 1, 1, 1, 3) \ (x = 0) and, by a slight abuse of notation, we identify Ux with the affine
space A4 with affine coordinates y, z, t, w.

We first prove assertion (1). Suppose multp Γ ∩ Δ = 1, that is, λ �= 0. In view of the (4.5),
we can write

f2 = λ2y2 + y�(z, t) + q(z, t),

where �(z, t) and q(z, t) are linear and quadratic forms, respectively. Note that at least one of
�(z, t) and q(z, t) is non-zero since p ∈ X is of type cA1. By eliminating the variable t = θz, S is
defined in P(1, 1, 1, 1, 3) by the equation

−w2 + x4(λ2y2 + ζyz + ηz2) + x3f3(y, z, θz) + · · · = 0,

where ζ, η ∈ C satisfy (ζ, η) �= (0, 0). By setting x = 1, S ∩ Ux is isomorphic to the hypersurface
in A3

y,z,w defined by

−w2 + λ2y2 + ζyz + ηz2 + h≥3(y, z) = 0,

where h≥3(y, z) is a polynomial of order at least 3. The point p = (1 : 0 : 0 : 0 : 0) corresponds
to the origin and the curve Γ is defined in A3 by the equations

z = w − λy − μy2 − νy3 = 0. (4.6)

It is easy to see that p ∈ S is of type A1 and the proper transform via the blow-up of p ∈ S
of Γ intersects the exceptional divisor transversally at one point. It follows that G(S, p,Γ) is of
type A1,1.

We prove assertion (2). Suppose multp Γ ∩ Δ = 2, that is, λ = 0 and μ �= 0. We can write

f2 = y�(z, t) + q(z, t),

where �(z, t) and q(z, t) are linear and quadratic forms, respectively. Let ζ, η ∈ C be such that
�(z, θz) = ζz and q(z, θz) = ηz2. Then, by eliminating t and setting x = 1, S ∩ Ux is isomorphic
to the hypersurface in A3

y,z,w defined by the equation

−w2 + ζyz + ηz2 + z(h2(y, z) + h3(y, z)) + μ2y4 + h≥5(y, z) = 0, (4.7)

where h2, h3 ∈ C[y, z] are homogeneous polynomials of degree 2, 3, respectively, and h≥5 ∈ C[y, z]
is a polynomial of order at least 5. The curve Γ is defined in A3 by the equations

z = w − μy2 − νy3 = 0. (4.8)

Suppose that �(z, t) �= 0. Then ζ �= 0, and it is easy to see that p ∈ S is of type A1 and
G(S, p,Γ) is of type A1,1.

Suppose that �(z, t) = 0. Then ζ = 0 and η �= 0. The exceptional divisor E of the blow-up
S̃ → S of S at p is isomorphic to the hypersurface

(−w2 + ηz2 = 0) ⊂ P̃2 := P2
y,z,w,

where the polynomial −w2 + ηz2 is the least degree part of (4.7). It follows that E = E+ + E−,
where E± = (w ±√

ηz = 0) are smooth rational curves which meet only at q := (1 : 0 : 0) ∈ P̃2.
By (4.8), the proper transform Γ̃ ⊂ S̃ of Γ intersect E only at q. The point p̃ is in the y-chart,
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denoted by S̃y, of the blow-up S̃ → S, and S̃y is the hypersurface in Ã3 := A3
y,z,w defined by

−w2 + ηz2 + zy(h2(1, z) + yh3(1, z)) + μ2y2 + h≥5(y, y, z)/y2 = 0.

Note that p̃ corresponds to the origin, and it is an ordinary double point of S̃. Moreover, on S̃y,
we have

Γ̃ = (z = w − μy − νy2 = 0) ⊂ Ã3,

E± = (y = w −√
ηz = 0) ⊂ Ã3.

Let Ŝ → S̃ be the blow-up of S̃ at p̃ with exceptional curve F . Then Ŝ is smooth along F ,

F ∼= (−w2 + ηz2 + μ2y2 = 0) ⊂ P̂2 = P2
y,z,w

is a smooth rational curve, and Γ̂ ∩ F = {(1 : 0 : μ)}, F ∩ Ê± = {(0 : 1 : ±√
η)}, Γ̂ ∩ Ê± = ∅.

This shows that G(S, p,Γ) is of type A3,2.
We prove assertion (3). Suppose multp Γ ∩ Δ = 3, that is, λ = μ = 0 and ν �= 0. We can write

f2 = y�(z, t) + q(z, t)

as before. If �(z, t) �= 0, then G(S, p,Γ) is of type A1,1 as in the previous case. We assume
�(z, t) = 0. Then q(z, t) �= 0, and by eliminating t and setting x = 1, S ∩ Ux is isomorphic to the
hypersurface in A3

y,z,w defined by the equation

−w2 + ηz2 + zh(y, z) + ν2y6 = 0,

where η ∈ C is non-zero and h(y, z) is a polynomial consisting of monomials of degree 2, 3, 4, 5.
The curve Γ is defined in A3 by the equations

z = w − νy3 = 0. (4.9)

We write
h(y, 0) = α2y

2 + α3y
3 + α4y

4 + α5y
5,

where αi ∈ C. Let S̃ → S be the blow-up of S at p with exceptional divisor E. We see that
E = E+ + E−, where

E± := (w ±√
ηz = 0) ⊂ P̃2 = P2

y,z,w,

are smooth rational curves which meet only at p̃ := (1 : 0 : 0) ∈ P̃2. Moreover the proper trans-
form Γ̃ ⊂ S̃ of Γ meet E± only at p̃. The y-chart S̃y of the blow-up S̃ → S is the hypersurface
in Ã3 := A3

y,z,w defined by

−w2 + ηz2 + zy(α2 + α3y + α4y
2 + α5y

3 + · · · ) + ν2y4 = 0,

where the omitted terms consist of monomials divisible by z. The point p̃ corresponds to the
origin of Ã3. On this chart S̃y, we have

Γ̃ = (z = w − νy2 = 0) ⊂ Ã3,

E± = (y = w ±√
ηz = 0) ⊂ Ã3.

Now let Ŝ → S̃ be the blow-up of S̃ at p̃ with exceptional divisor

F ∼= (−w2 + ηz2 + α2zy = 0) ⊂ P̂2 := P2
y,z,w.

The proper transform Γ̂ ⊂ Ŝ of Γ intersects F only at the point p̂ := (1 : 0 : 0) ∈ P̂2. We denote
by Ŝy the y-chart of the blow-up Ŝ → S̃ at p̃, which is the hypersurface in Â3 defined by

−w2 + ηz2 + z(α2 + α3y + α4y
2 + α5y

3 + · · · ) + ν2y2 = 0.
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The point p̂ corresponds to the origin of Â3, and Ŝ has an ordinary double point at p̂. Note that
the proper transforms Ê± ⊂ Ŝ of E± are both disjoint from the y-chart Ŝy.

Suppose that α2 �= 0. In this case S̃ has an ordinary double point at p̃. We see that Γ̂ intersects
F transversally at p̂, F ∩ Ê± = {(0 : 1 : ±√

η)}, and Ê± ∩ Γ̂ = ∅. This shows that G(S, p,Γ) is
of type A3,2.

Suppose that α2 = 0. In this case we have F = F+ + F−, where

F± ∼= (w ±√
ηz = 0) ⊂ P̂2,

and we have F+ ∩ F− ∩ Γ̂ = {p̂}. On the y-chart Ŝy, we have

Γ̂ = (z = w − νy = 0) ⊂ Â3,

F± = (y = w ±√
ηz = 0) ⊂ Â3.

Let S̆ → Ŝ be the blow-up of Ŝ at p̂ with exceptional divisor G. We have an isomorphism

G ∼= (−w2 + ηz2 + α3zy + ν2y2 = 0) ⊂ P̆2
y,z,w,

and, hence, G is a smooth rational curve. Let Γ̆, Ĕ±, and F̆± be proper transforms of Γ, E±, and
F± on S̆, respectively. We have G ∩ Γ̆ = {(1 : 0 : ν)} and G ∩ F̆± = {(0 : 1 : ±√

η)}. This shows
that G(S, p,Γ) is of type A5,3. This completes the proof. �

Lemma 4.7. Under the notation and assumption as above, let p ∈ Γ be a cA2-point of X. Then
the following assertions hold.

(1) If multp Γ ∩ Δ = 1, then G(S, p,Γ) is of type A2,1.
(2) If multp Γ ∩ Δ = 2, then G(S, p,Γ) is of type A3,2.
(3) If multp Γ ∩ Δ = 3, then G(S, p,Γ) is of type A3,2 or A5,3.

Proof. We use the same notation as in the previous proof.
We prove assertion (1). Suppose multp Γ ∩ Δ = 1, that is, λ �= 0. Since p ∈ X is of type cA2,

we have f2 = λ2y2 and f3(0, z, t) �= 0 as a polynomial. Then, by eliminating t and setting x = 1,
S ∩ Ux is isomorphic to the hypersurface in A3

y,z,w defined by the equation

−w2 + λ2y2 + ζz3 + αyz2 + βy2z + h≥4(y, z) = 0,

where α, β, ζ ∈ C with ζ �= 0 and h≥4(y, z) is a polynomial of order at least 4. The point p = (1 :
0 : 0 : 0 : 0) corresponds to the origin and the curve Γ is defined in A3 by the (4.6). Let S̃ → S
be the blow-up of S at p with exceptional divisor E. Then E = E+ + E−, where

E± ∼= (w ± λy = 0) ⊂ P̃2 := P2
y,z,w.

The surface S̃ is smooth outside the singular locus of E. The singular locus of E is the intersection
point q of E+ and E−, where q = (0 : 1 : 0) ∈ P̃2. The point q corresponds to the origin of the
z-chart S̃z which is the hypersurface in Ã3 := A3

y,z,w defined by

−w2 + λ2y2 + ζz + αy + βy2z + h≥4(yz, z)/z2 = 0.

It follows that S̃ is smooth at p̃. Then, since Γ is defined by the (4.6), we have Γ̃ ∩ E = {q′}, where
q′ := (1 : 0 : λ) ∈ P̃2. We have q′ ∈ E− and q′ /∈ E+. This shows that G(S, p,Γ) is of type A2,1.

We prove assertion (2). Suppose multp Γ ∩ Δ = 2, that is, λ = 0 and ν �= 0. We see that f2 is
a square of a linear form in z and t. We may assume f2 = z2 by replacing z and t. By eliminating

1572

https://doi.org/10.1112/S0010437X24007164 Published online by Cambridge University Press

https://doi.org/10.1112/S0010437X24007164


2n2
-inequality and birational rigidity

Table 1. Types of G(S, p,Γ).

p ∈ X multp Γ ∩ Δ G(S, p,Γ) Correction term

cA1 1 A1,1
1
2

cA1 2 A1,1 or A3,2
1
2 or 1

cA1 3 A1,1 or A3,2 or A5,3
1
2 or 1 or 3

2

cA2 1 A2,1
2
3

cA2 2 A3,2 1
cA2 3 A3,2 or A5,3 1 or 3

2

t and setting x = 1, S ∩ Ux is isomorphic to the hypersurface in A3
y,z,w defined by the equation

−w2 + z2 + zh2(y, z) + μ2y4 + h≥5(y, z) = 0,

where h2(y, z) is a homogeneous polynomial of degree 2 and h≥5(y, z) is a polynomial of
order at least 5. The curve Γ is defined in A3 by the (4.8). By repeating similar computa-
tions as in assertion (2) of Lemma 4.6, we see that p ∈ S is of type A3 and G(S, p,Γ) is of
type A3,2.

We prove assertion (3). Suppose multp Γ ∩ Δ = 3, that is, λ = μ = 0 and ν �= 0. As in previous
arguments, S ∩ Ux is isomorphic to the hypersurface in A3

y,z,w defined by the equation

−w2 + z2 + zh(y, z) + ν2y6 = 0,

where h(y, z) is a polynomial consisting of monomials of degree 2, 3, 4, 5. The curve Γ is defined
in A3 by the (4.9). By the same argument as in the proof of Lemma 4.6(3), we conclude that
G(S, p,Γ) is of type A3,2 or A5,3. �

The results obtained by Lemmas 4.6 and 4.7 are summarized in Table 1, where the correction
term given in the right-most column is the number k(n− k + 1)/(n+ 1) (corresponding to the
extended graph of type An,k) appearing in Lemma 2.11.

Proposition 4.8. Let X be a factorial sextic double solid with at worst terminal singularities
of type cA1 and cA2. Then no curve on X is a maximal center.

Proof. By Lemma 4.4, it remains to consider a curve Γ of degree 1 such that Γ ∩ SingX �= ∅ and
π(Γ) �⊂ B.

Let P ⊂ | −KX | be the pencil as above, and let S, T ∈ P be general members. By [Oka20b,
Lemma 10.4], S and T are smooth outside Γ ∩ SingX. We have T |S = Γ + Δ, where Δ �= Γ is also
a curve of degree 1. By (4.2), we see that Γ ∩ Δ consists of 3 points counting with multiplicity.

We compute the self-intersection number (Γ2)S . Let p1, . . . , pl be the points in Γ ∩ Sing(X).
By Remark 4.5, these points are contained in Γ ∩ Δ. We set mi = multpi Γ ∩ Δ. Then l ≤∑mi

≤ 3. Let Ani,ki be the type of G(S, pi,Γ) which is described in Lemmas 4.6 and 4.7 (see also
Table 1). Since KS = 0 and Γ ∼= P1, we have

(Γ2)S = −2 +
l∑

i=1

ki(ni − ki + 1)
ni + 1

by Lemma 2.11. By considering all the possible combinations of singular points p1, . . . , pl
satisfying

∑
mi ≤ 3, we have the upper bound

(Γ2)S ≤ −2 +
(

2
3 + 2

3 + 2
3

)
= 0,
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where this maximum (of the correction term corresponding to singular points) is attained when
Γ ∩ Δ consists of 3 multiplicity 1 points of Γ ∩ Δ which are cA2 singular points of X. Since
T |S = Γ + Δ, we have

(Γ · Δ)S = (T |S · Γ)S − (Γ2)S ≥ 1 = (−KX · Δ).

Thus, by Lemma 2.8, the curve Γ is not a maximal center. �

4.3 Exclusion of cA1 points and proof of Theorem 4.1
Proposition 4.9. Let X be a factorial sextic double solid with at worst terminal singularities
of type cA1. Then no singular point on X is a maximal center.

Proof. Let p ∈ X be a cA1 point. Suppose that p is a maximal center. Then, by Theorem 3.14,
there exists a mobile linear system M ⊂ |OX(n)| on X such that

multp(D1 ·D2) > 2n2,

where D1, D2 are general members in M. Let H be the linear subsystem of |OX(1)| consisting
of divisors vanishing at p. Then the base locus of H consists of at most 2 points (including p)
and, hence, we can take a divisor S in H which does not contain any component of the effective
1-cycle D1 ·D2. Then, we have

2n2 = (S ·D1 ·D2) > 2n2.

This is a contradiction and p is not a maximal center. �
Proof of Theorem 4.1. This is a consequence of Propositions 4.3, 4.8, and 4.9. �

4.4 Sarkisov links centered at cA3 singular points
Let X be a factorial sextic double solid with only terminal Gorenstein singularities and sup-
pose that X admits a cA3 point p ∈ X. Then X is a hypersurface of degree 6 in P(1, 1, 1, 1, 3)
with homogeneous coordinates x, y, z, t, w of weights 1, 1, 1, 1, 3, respectively, and by [Pae21,
Theorem A] the defining polynomial can be written as

f = −w2 + x4t2 + x3tf2 + x2f4 + xf5 + f6, (4.10)

where fi ∈ C[y, z, t] is a homogeneous polynomial of degree i. Moreover, the cA3 point p is
(1 : 0 : 0 : 0 : 0) ∈ X. We set g4 = f4 − 1

4f
2
2 and then

f± = −w(w ± (2x2t+ xf2)) + x2g4 + xf5 + f6. (4.11)

Let X± ⊂ P(1, 1, 1, 1, 3) be the hypersurface defined by f± = 0. We see that X is isomorphic to
X± by the coordinate change w �→ w ± (x2t+ 1

2xf2).
We set U = X \ (x = 0) ∩X and U± = X± \ (x = 0) ∩X± which are affine open subsets of

X and X±, respectively, and we have

U = (−w2 + t2 + tf2 + f4 + f5 + f6 = 0) ⊂ A4
y,z,t,w,

U± = (−w(w ± (t+ f2)) + g4 + f5 + f6 = 0) ⊂ A4
y,z,t,w.

Let ϕ : Y → X and ϕ± : Y± → X± be the birational morphisms obtained as the weighted blow-up
of U and U± at the origin with weights wt(y, z, t, w) = (1, 1, 2, 2) and wt(y, z, t, w) = (1, 1, 1, 3),
respectively. According to the classification of divisorial contractions to cA points [Kaw03,
Theorem 1.13], ϕ,ϕ± are all the divisorial contractions of p ∈ X with discrepancy 1. We some-
times identify ϕ± with the composite Y±

ϕ±−−→ X± ∼= X. We call ϕ+, ϕ and ϕ− the (3, 1, 1, 1)-,
(2, 2, 1, 1)-and (1, 3, 1, 1)-Kawakita blow-ups of p ∈ X, respectively.
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4.4.1 (3, 1, 1, 1)- and (1, 3, 1, 1)-Kawakita blow-ups. We consider the (3, 1, 1, 1)- and
(1, 3, 1, 1)-Kawakita blow-ups ϕ± of p ∈ X, and show that there is a Sarkisov self-link initiated
by ϕ± if ϕ± is a maximal extraction.

Let πX± : X± ��� P(1, 1, 1, 3) be the projection to the coordinates y, z, t, w, which is defined
outside the point p = (1 : 0 : 0 : 0 : 0) ∈ X±. The sections y, z, t ∈ H0(X±,−KX±) lift to sections
ỹ, z̃, t̃ in H0(Y±,−KY±), and w ∈ H0(X±,−3KX±) lifts to a section w̃ in H0(Y±,−3KY±). These
sections ỹ, z̃, z̃ and w̃ define the composite πY± := πX± ◦ ϕ± : Y± ��� P(1, 1, 1, 3), and their com-
mon zero locus (on Y±) is empty. This is verified in the following way. For the ϕ±-exceptional
divisor E±, we have the natural isomorphism

E± ∼= (−w(±t+ f2) + g4 = 0) ⊂ P(1, 1, 1, 3) = Proj C[y, z, t, w],

and the restriction of the sections ỹ, z̃, t̃, w̃ on E± are y, z, t, w, respectively. Thus, their com-
mon zero loci on E± and, hence, on Y±, are empty. It follows that πY± : Y± → P(1, 1, 1, 3) is a
morphism. The defining polynomial f± given in (4.11) is quadratic with respect to x:

f± = x2(g4 ∓ wt) + x(f5 ∓ wf2) + f6 − w2.

We set

D4 := (wt+ f4 = 0)X± , D5 := (wf2 + f5 = 0)X± , D6 := (w2 + f6 = 0)X± ,

and denote by D̃i the proper transform of Di on Y±. We see that πY± is a generically finite
morphism of degree 2 which contracts the subset Ξ := D̃4 ∩ D̃5 ∩ D̃6 onto its image

πY±(Ξ) = (g4 ∓ wt = f5 ∓ wf2 = f6 − w2 = 0) ⊂ P(1, 1, 1, 3).

Let Y±
ψ±−−→ Z±

πZ±−−−→ P(1, 1, 1, 3) be the Stein factorization of πY± . Then ψ± is the birational
morphism defined by | − rKY± | for sufficiently large r > 0 and πZ± is a double cover. Note that
−KY± is nef and big but not ample. Let ι± : Z± → Z± be the biregular involution interchanging
two points in fibers of the double cover πZ± , and consider the diagram

Y±
ϕ±

����
��

��
�� ψ±

���
��

��
��

�

τ±
��������������� Y±

ψ±

����
��

��
�� ϕ±

���
��

��
��

�

X± Z±
ι±

�� Z± X±

(4.12)

where τ± := ψ−1
± ◦ ι± ◦ ψ±.

Proposition 4.10. Let X be a factorial sextic double solid X with only terminal Gorenstein
singularities and let p ∈ X be a cA3 point. Let ϕ± : Y± → X be the (3, 1, 1, 1)- and (1, 3, 1, 1)-
Kawakita blow-ups with center p. Then one of the following holds.

(1) We have ψ± is divisorial. In this case ϕ± is not a maximal extraction.
(2) We have ψ± is small. In this case τ± is the flop of ψ± and the diagram (4.12) gives a Sarkisov

self-link σ± : X ��� X initiated by ϕ±.

Proof. This follows from the above arguments and [Oka18, Lemma 3.2]. �

4.4.2 (2, 2, 1, 1)-Kawakita blow-up. We consider the (2, 2, 1, 1)-Kawakita blow-up ϕ : Y → X
of p ∈ X, and show that ϕ is not a maximal extraction.
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Proposition 4.11. Let X be a factorial sextic double solid X with only terminal Gorenstein
singularities and let p ∈ X be a cA3 point. Let ϕ : Y → X be the (2, 2, 1, 1)-Kawakita blow-up.
Then ϕ is not a maximal extraction.

Proof. Let π : X ��� P(1, 1, 1, 2, 4) be the map defined by

(x : y : z : t : w) �→ (y : z : t : xt : wt).

Let y, z, t, α, β be the homogeneous coordinates of P(1, 1, 1, 2, 4) of weights 1, 1, 1, 2, 4,
respectively. Then the image of π, denoted by Z, is the hypersurface in P(1, 1, 1, 2, 4)
defined by

h := −β2 + α4 + α3f2 + α2f4 + αtf5 + t2f6 = 0,
where h is obtained by replacing xt by α and wt by β in t2f . The sections y, z, t, xt, wt lift to
pluri-anticanonical sections on Y and their common zero locus (on Y ) is empty. It follows that
the induced map ψ = π ◦ ϕ : Y ��� Z is a morphism, and we have the following commutative
diagram.

Y
ϕ

����
��

��
� ψ

���
��

��
��

X
π

��������� Z

Note that ψ is a birational morphism and it contracts the proper transform of the divisor (t = 0)X
to the curve

P1 ∼= (t = α = β = 0) ⊂ P(1, 1, 1, 2, 4).
Moreover, ψ is defined by | − rKY | for a sufficiently large r > 0 and, thus, any curve contracted
by ψ is KY -trivial. It follows that there are infinitely many curves on Y which intersect −KY

non-positively and the ψ-exceptional divisor E positively. By [Oka18, Lemma 2.20], ϕ is not a
maximal extraction. �
Remark 4.12. Let X be a factorial sextic double solid with only terminal cA1, cA2, cA3 points.
We can exclude smooth points and cA1 points as a maximal center by Propositions 4.3 and 4.9.
Moreover, by the argument of Proposition 4.8, we can exclude curves on X except possibly for
curves of degree 1 passing through a cA3 point. Therefore, for the proof of birational rigidity of
X, it remains to show the following.

• Any curve of degree 1 passing through a cA3 point is not a maximal center.
• Any cA2 point is not a maximal center.
• Any divisorial contraction to a cA3 point with discrepancy at least 2 (if it exists) is not a

maximal extraction.

4.5 Factorial sextic double solids
In this section, we provide a criterion for Q-factoriality of sextic double solids with terminal
cA1 singularities. If a 3-fold X with only terminal cA1 singularities is a Fano, a hypersurface of
P4, or a cyclic cover of P3, the Picard group is isomorphic to the second integral cohomology
because H1(X,OX) = H2(X,OX) = 0. In this case, Q-factoriality of X can be determined by the
following global topological property.

Proposition 4.13. Let X be a 3-fold with only terminal cA1 singularities. Suppose that
H1(X,OX) = H2(X,OX) = 0. Then X is Q-factorial if and only if

dimQ(H2(X,Q)) = dimQ(H4(X,Q)). (4.13)
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Proof. It is enough to show that (4.13) holds if and only if

Cl(X) ⊗ Q ∼= Pic(X) ⊗ Q,

where Cl denotes the divisor class group and Pic denotes the Picard group. It follows from
H1(X,OX) = H2(X,OX) = 0 that H2(X,Q) ∼= Pic(X) ⊗ Q. Therefore, it is enough to show that
H4(X,Q) ∼= Cl(X) ⊗ Q.

Let π : X̃ → X be a resolution of singularities and let Ei, i = 1, . . . , r, be its exceptional
prime divisors. We denote by E the exceptional locus of π, i.e. E =

⋃
Ei. Then, we can obtain

the commutative diagram

Cl(X̃) ⊗ Q ��

πC∗
��

H4(X̃,Q)

πH∗
��

Cl(X) ⊗ Q �� H4(X,Q)

(4.14)

from the natural transformation in [Ful75, § 5]. Note that

Cl(X̃) ⊗ Q ∼= (Cl(X) ⊗ Q
)⊕(⊕r

i=1QEi
)

and the homomorphism πC∗ : Cl(X̃) ⊗ Q → Cl(X) ⊗ Q given by the resolution morphism is sur-
jective with the kernel generated by the exceptional divisors. Since X̃ is a smooth projective
3-fold,

Cl(X̃) ⊗ Q ∼= Pic(X̃) ⊗ Q ∼= H2(X̃,Q) ∼= H4(X̃,Q),

where the last isomorphism follows from the Poincaré duality. There is an exact sequence

· · · −→ H4(E,Q) −→ H4(X̃,Q) −→ H4(X̃/E,Q) −→ H3(E,Q) −→ · · · ,
where X̃/E is the quotient topological space of X̃ by the subspace E and it is topolog-
ically equivalent to X. The exact sequence shows that the kernel of the homomorphism
πH∗ : H4(X̃,Q) → H4(X,Q) is ⊕r

i=1QEi. This implies that the bottom horizontal homomorphism
in (4.14) is injective.

Since the singularities of X are only terminal cA1, we may assume that each Ei is a
smooth rational surface. This implies that H3(Ei,Q) = H1(Ei,Q) = 0. It then follows from a
Mayer–Vietoris sequence that H3(E,Q) = 0. This vanishing shows that the homomorphism πH∗
is surjective. Consequently, the bottom horizontal homomorphism in (4.14) is surjective and,
hence, it is an isomorphism. �

The duality (4.13) fails on singular varieties in general (for instance, see Examples 4.18
and 4.21). The failure of the duality can be measured by the difference of their dimensions, so
called, the defect of X

δX := dimQ(H4(X,Q)) − dimQ(H2(X,Q)).

With this notion, one may say that X is Q-factorial if and only if δX = 0.
We consider a double cover X of P3 branched along a surface B ⊂ P3 of degree 2r with only

Du Val singularities. We can regard X as a hypersurface of degree 2r in the weighted projective
space P = P(1, 1, 1, 1, r). In general, the singular points on X may have an effect on the integral
(co)homology groups of X (see [Cle83, Cyn02, Dim90]). However, it follows from a Lefschetz-type
theorem [Mav99, Proposition 1.4] that Pic(X) ∼= Pic(P), in particular, rank(Pic(X)) = 1.
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Meanwhile, as mentioned previously, it follows from [Kaw88, Lemma 5.1] that on Gorenstein
terminal 3-folds, factoriality is equivalent to Q-factoriality. Therefore, in our case, the double
solid X is Q-factorial if and only if it is factorial.

It is not simple to compute the defect. Fortunately, a method to compute some Hodge
numbers for resolutions of double solids branched along surfaces with only Du Val singularities
has been introduced by Rams [Ram08] which has evolved from the paper of Clemens [Cle83].
Rams [Ram08] formulated the difference between the Hodge numbers of the big resolution Y
and the Hodge numbers of P. Here the big resolution ρ : Y → X is defined by the composition
of blow-ups:

ρ = ρk ◦ · · · ◦ ρ1 : Y → Y0 = X,

where ρi : Yi → Yi−1 for i = 1, . . . , k, is the blow-up with center Sing(Yi−1) �= ∅ and Yk = Y is
smooth. Note that all singularities and infinitely near singularities of X are isolated double
points, in particular, each ρi is a blow-up centered at closed points. The Hodge numbers of P

are considered with the Zariski sheaf of germs of 1-forms Ω1
P := ι∗(Ω1

reg(P)), where ι : reg(P) → P

is the inclusion.
The defect of X appears in a Hodge number of the big resolution Y of X, i.e.

h1,1(Y ) = h1(P,Ω1
P) + μX + δX ,

where μX is the number of components of the exceptional locus of the big resolution ρ (see
[Ram08, Theorem 4.1]). Note that h1(P,Ω1

P) = rank(Pic(P)) = 1.
If the double solid X has only terminal cA1 singularities, then the surface B has only An

singularities. Conversely, the double solid branched along a surface with only An singularities
has only terminal cA1 singularities. Meanwhile, a non-cyclic Du Val singular point of B yields a
terminal cA2 singular point on X.

From now on, for our purpose we suppose that the double solid X has only terminal cA1

singularities unless otherwise mentioned.
We adopt the method given by [Ram08, Theorem 4.1] to compute the defect δX . To do so,

we put
HX = {H ∈ H0(P3,OP3(3r − 4)) | H fulfills the condition (A)},

where the condition (A) is as follows.

For each singular point p ∈ Sing(B), suppose the surface B is given by

xm+1
1,p + x2

2,p + x2
3,p + f(x1,p, x2,p, x3,p) = 0

for some positive integer m locally around p, where the xi,p are analytic coordinates centered at
the point p and f(x1,p, x2,p, x3,p) is a polynomial of order strictly greater than 1 with respect to
the weights wt(x1,p) = 1/(m+ 1), wt(x2,p) = wt(x3,p) = 1

2 . For the singular point p, impose the
following conditions:

(Cp,0) : H(p) = 0;

(Cp,j) :
∂jH

∂xj1,p
(p) = 0 for 1 ≤ j ≤

⌈
m

2

⌉
− 1.

Theorem 4.14. The defect of the double solid X with only terminal cA1 singularities is
given by

δX = dim(HX) − (h0(P3,OP3(3r − 4)) − μX).
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Proof. The following have been verified in [Dol82, Theorem in § 1.4 and Theorem in § 2.3]:

Hi(P,OP(−2r)) = 0, for i ≤ 3;
Hi(P,OP(−4r)) = 0, for i ≤ 3;
H2(P,Ω1

P) = 0;
Hi(P,Ω1

P ⊗OP(−2r)) = 0, for i = 1, 2, 3.

Then [Ram08, Theorem 4.1] yields

dimQ(H2(Y,Q)) = h1,1(Y ) = 1 + dim(HX) − h0(P3,OP3(3r − 4)) + 2μX .

As shown in the proof of Proposition 4.13, dimQ(H4(X,Q)) = rank(Cl(X)). Moreover,
dimQ(H2(X,Q)) = rank(Pic(X)) = 1. Therefore,

δX = dimQ(H4(X,Q)) − dimQ(H2(X,Q))

= rank(Cl(X)) − 1

= rank(Cl(Y )) − μX − 1

= rank(Pic(Y )) − μX − 1

= dimQ(H2(Y,Q)) − μX − 1

= dim(HX) − (h0(P3,OP3(3r − 4)) − μX). �

Theorem 4.14 reduces the topological problem to a relatively simpler problem concerning the
linear system |OP3(3r − 4)| and 0-dimensional subschemes in P3.

Corollary 4.15. The double solid X is factorial if and only if the condition (A) imposes
linearly independent μX conditions on H0(P3,OP3(3r − 4)).

Corollary 4.16. Suppose that the surface B has singularities

a1A1 + a2A2 + · · · + amAm,

where ai is the number of singular points of type Ai on B. If the double solid X is Q-factorial,
then

m∑
n=1

an

⌈
n

2

⌉
≤ h0(P3,OP3(3r − 4)) =

1
2
(3r − 1)(3r − 2)(r − 1).

Proof. A singular point p of type An yields �n/2� conditions (Cp,j), 0 ≤ j ≤ �m/2� − 1, on
H0(P3,OP3(3r − 4)). Therefore, the statement follows from Corollary 4.15. �

Following the argument based on a Lefschetz-type theorem as in [CP10, Example 1.5], we
can construct an example of a non-Q-factorial double solid X branched along a surface B with
only terminal cAk singularities.

Example 4.17. Let B be the surface of degree 2r, where r ≥ 2, defined by

xf2r−1(x, y, z) + t2r−3x(x2 + y2) + t2r−2z2 = 0 ⊂ P3,

where f2r−1 ∈ C[x, y, z] is a general homogeneous polynomial of degree 2r − 1. Then the surface
B has 2r − 3 singular points of type A1, 2r − 1 singular points of type A2r−3, and one singular
point of type D4. The double solid X branched along the surface B has 4r − 4 terminal singular
points of type cA1 and one terminal singular point of type cA2. Furthermore, it can be defined
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by the weighted homogeneous equation

w2 = xf2r−1(x, y, z) + t2r−3x(x2 + y2) + t2r−2z2 ⊂ P(1, 1, 1, 1, r).

The hyperplane section defined by x = 0 splits into two divisors given by the equation

(w + ztr−1)(w − ztr−1) = 0,

each of which is a non-Q-Cartier divisor.

We can construct the following non-Q-factorial double solid with only terminal cA1 singular-
ities based on the fact that a variety with a small resolution is not Q-factorial. In this example,
Theorem 4.14 confirms that its defect is positive, with the aid of the Cayley–Bacharach theorem.

Example 4.18. Let V be the smooth 3-fold of bidegree (2, r), r ≥ 2, in P1 × P3 defined by the
bihomogeneous equation

fr(x, y, z)u2 + 2truv + hr(x, y, z)v2 = 0,

where fr and hr are general homogeneous polynomials of degree r in C[x, y, z]. In addition, we
denote the natural projection of V to P3 by π : V → P3. The system of equations

fr(x, y, z) = t = hr(x, y, z) = 0

defines exactly r2 points in P3. The 3-fold V then has exactly r2 curves Ci, i = 1, . . . , r2, such
that H · Ci = 0, where H is a divisor cut by a hypersurface of bidegree (0, 1) in P1 × P3. The
projection π has degree 2 outside the points π(Ci). The model

Proj
(⊕
n≥0

H0(V,OV (nH))
)

of V is the double cover X of P3 branched along the surface B defined by

t2r − fr(x, y, z)hr(x, y, z) = 0.

It has r2 terminal singular points of type cA1 each of which comes from each curve Ci. The
morphism φ|mH| : V → X given by the complete linear system of bidegree (0,m) on V with
sufficiently largem contracts these r2 curves to cA1 points ofX. Therefore, it is a small morphism
of V onto X and, hence, the double cover X cannot be Q-factorial.

Meanwhile, we can also verify that X cannot be Q-factorial from the view point of
Theorem 4.14. The surface B has r2 singular points of type A2r−1 on the plane Π defined
by t = 0. These singular points pi, i = 1, . . . , r2, on B impose conditions (Cpi,r−1)

∂r−1H

∂tr−1
(pi) = 0

on H0(P3,OP3(3r − 4)). These conditions can also be regarded as vanishing conditions at pi for
H0(Π,OΠ(2r − 3)) since

H0(P3,OP3(3r − 4)) =
3r−4⊕
k=0

t3r−4−kC[x, y, z]k,

where C[x, y, z]k is the space of homogenous polynomials of degree k in variables x, y, z.
The points pi’s are the intersection points of the two plane curves of degree r defined by
fr(x, y, z) = 0 and gr(x, y, z) = 0 on Π. It therefore follows from the Cayley-Bacharach theorem
([EGH96, Theorem CB4]) that the vanishing conditions at pi’s on H0(Π,OΠ(2r − 3)) are linearly
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dependent. Therefore, the conditions

{(Cpi,r−1)|i = 1, . . . r2}
are linearly dependent on H0(P3,OP3(3r − 4)). It then follows from Corollary 4.15 that X is not
Q-factorial, i.e. δX > 0.

Example 4.19. Let B be the surface of degree 2r, where r ≥ 2, defined by

L1(x, y, z)L2(x, y, z) · · ·L2r(x, y, z) + t2r−1z = 0 ⊂ P3,

where L1(x, y, z), . . . , L2r(x, y, z) are general linear forms.
Then the surface B has exactly r(2r − 1) singular points and they are A2r−2 singularities.

These singular points correspond to the intersection points pnm of the lines Ln(x, y, z) and
Lm(x, y, z) on the plane t = 0, 1 ≤ n < m ≤ 2r. The double solid X branched along the surface
B also has r(2r − 1) terminal singular points of type cA1.

Let Fl(x, y, z) be a general from of degree l in x, y, z. For 0 ≤ j ≤ r − 2 and 1 ≤ n < m ≤ 2r,
put

Hn,m,j(x, y, z) = tjFr−2−j(x, y, z)
L1(x, y, z)L2(x, y, z) · · ·L2r(x, y, z)

Ln(x, y, z)Lm(x, y, z)
.

It is a form of degree 3r − 4. Observe that for fixed n,m, j,

∂jHn,m,j

∂tj
(pnm) �= 0;

∂kHn,m,j

∂tk
(pnm) = 0, if k �= j;

∂kHn,m,j

∂tk
(pn′m′) = 0, if (n′,m′) �= (n,m).

This implies that the r(2r − 1)(r − 1) conditions {(Cpnm,j)} impose linearly independent con-
ditions on H0(P3,OP3(3r − 4)). Therefore, Corollary 4.15 implies that the double solid X is
factorial.

The Q-factoriality of nodal double solids has been studied extensively in [CP10, Che09,
HP07, Klo22]. Their results are mainly based on the result of [Cle83]. As mentioned previously,
in this section, we use the result of [Ram08] that is applicable to the cases with wider range of
singularities. Before we proceed, let us mention that some results in [CP10, Che09, HP07, Klo22]
remain true if we allow only singularities slightly worse than nodes.

Theorem 4.20. Let X be the double solid branched along a surface B of degree 2r. Suppose
that B has at worst A1 and A2 singularities.

(1) If the number of singular points of X is less than r(2r − 1), then X is factorial.
(2) If the number of singular points of X is r(2r − 1) and X is not Q-factorial, then the surface

B is defined by an equation of the form

fr(x, y, z, t)2 + f1(x, y, z, t)f2r−1(x, y, z, t) = 0,

where fi(x, y, z, t) ∈ C[x, y, z, t] is a homogeneous polynomial of degree i.

Proof. The statements have been verified under the condition that B has only A1 singulari-
ties in [CP10, Theorem B], [Che09, Theorem 3], [HP07, Theorems 4.3 and 5.3], and [Klo22,
Theorem 4.6]. However, as A1 singularities, singular points of type A2 on B produce only one
condition (Cp,0) in the condition (A). From the view point of factoriality, we do not have to distin-
guish between A1 and A2. Therefore, the proofs of [Che09, Theorem 3] and [Klo22, Theorem 4.6]
work verbatim for the case when B allows A2 singularities also. �
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Example 4.21. Let B be the surface of degree 2r, where r ≥ 2, defined by

t2r + xh2r−1(x, y, z) = 0 ⊂ P3,

where h2r−1 is a general homogeneous polynomial of degree 2r − 1. Then the surface B has
exactly 2r − 1 singular points which are of type A2r−1. The double solid X branched along the
surface B also has 2r − 1 terminal singular points of type cA1. As before, this can be defined by
the weighted homogeneous equation

w2 = t2r + xh2r−1(x, y, z) ⊂ P(1, 1, 1, 1, r).

The hyperplane section defined by x = 0 splits into two divisors given by the equation

(w + tr)(w − tr) = 0,

each of which is a non-Q-Cartier divisor.

Example 4.21 leads to the following conjecture.

Conjecture 4.22. Let X be the double solid branched along a sextic surface with at worst
Am singularities. If the number of singular points on X is at most four, then X is factorial.

However, due to our limited understanding of Du Val singularities of sextic surfaces, we can
currently confirm it only under a specific additional condition.

Theorem 4.23. Conjecture 4.22 holds good under the assumption that B allows at most four
and at worst A4 singularities.

Proof. We assume that B has four singular points denoted by p1, . . . , p4. The proof for the case
of a smaller number of singular points is nearly identical.

For each index i, the singular point pi is of type Ami with mi ≤ 4. Each point imposes linear
conditions given by

(Ci,0) : H(pi) = 0;

(Ci,1) :
∂H

∂x1,pi

(pi) = 0 if mi = 3 or 4

on the linear system of quintic hypersurfaces H in P3. To establish our claim, it suffices to
demonstrate that for any given condition (Ci,j), there exists a quintic hypersurface H that
violates the condition (Ci,j) while simultaneously satisfying the remaining conditions.

We employ homogeneous coordinates (x : y : z : t) for P3. Consider a fixed condition (Ci,j).
Without loss of generality, we assume that pi = (1 : 0 : 0 : 0) for convenience, and set i = 4.

In the case when m4 ≥ 2, assume that the Zariski tangent planes at p4 are defined by y = 0
and z = 0, respectively. We may regard x1,p4 as t.

Case 1: the four singular points are not collinear. Select a line passing through p4 that includes
the maximum number of singular points p1, p2, p3. Such a line accommodates at least two and
at most three singular points since the four singular points are not collinear. We may therefore
assume that p3 lies outside the line. For k = 1, 2, let Hk3 be a general hyperplane that contains
pk and p3. Note that Hk3 does not vanish at p4.

Set

P1 = H2
13H

3
23, P2 = tH2

13H
2
23.
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Then,

det

⎛⎝ P1 P2

∂P1

∂t

∂P2

∂t

⎞⎠ (p4) = (H4
13H

5
23)(p4) �= 0.

Therefore, for the given condition (C4,j), there exists a point (μ1 : μ2) ∈ P1 such that between
two values

(0) (μ1P1 + μ2P2)(p4),

(1)
∂

∂t
(μ1P1 + μ2P2)(p4),

the value (j) is non-zero whereas the other is zero. Then the quintic

μ1P1 + μ2P2

violates the condition (C4,j) but satisfies all the other conditions.

Case 2: the four singular points are collinear. In this case, if mk,m� ≥ 2, then the intersection
line of Zariski tangent planes at pk must be distinct from that of Zariski tangent planes at p�.
Otherwise, the surface B would be singular along the intersection line.

Subcase 1-1: m4 ≤ 2. Suppose mk ≤ 2 for some k ≤ 3, say k = 3. Take a general hyperplane Hi

passing through pi. Then the quintic H2
1H

2
2H3 violates the condition (C4,0) but satisfies all other

conditions. Therefore, we may assume that m1,m2,m3 ≥ 3. Given that the intersection lines
of Zariski tangent planes at p1, p2, p3 are all different, there exists a hyperplane Hk for some
k ∈ {1, 2, 3} such that Hk(p4) �= 0, Hk(pk) = 0, and (∂Hk/∂x1,pk

)(pk) = 0. Assume, for instance,
that k = 3. Then the quintic H2

1H
2
2H3 fails the condition (C4,0) but satisfies all other conditions.

Subcase 1-2: m4 ≥ 3. Among the three points p1, p2, and p3, we either have mk,m� ≤ 2 or
mk,m� ≥ 3. For both cases, we may assume that k = 2 and � = 3.

Let H1 be a general hyperplane passing through p1.
If m2, m3 ≤ 2, then for each i = 2, 3, we consider a general hyperplane Hi passing through pi.
Ifm2,m3 ≥ 3, then there exists a hyperplaneHi for i = 2, 3, such thatHi(p4) �= 0,Hi(pi) = 0,

and (∂Hk/∂x1,pi)(pi) = 0. We select such a general hyperplane Hi.
We set

P1 = H2
1H

2
2H3, P2 = tH2

1H2H3.

Then,

det

⎛⎝ P1 P2

∂P1

∂t

∂P2

∂t

⎞⎠ (p4) = (H4
1H

3
2H

2
3 )(p4) �= 0.

As in Case 1, for the given condition (C4,j), there is a point (μ1 : μ2) ∈ P1 such that the quintic

μ1P1 + μ2P2

violates the condition (C4,j) but satisfies all the other conditions. �

5. Prime Fano 3-fold weighted complete intersections

We consider some prime Fano 3-fold weighted complete intersections with only cA1 points
together with terminal quotient singular points, and prove their birational rigidity. We make
the setting precise.
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Table 2. Fano 3-fold weighted hypersurfaces of index 1.

No. Xd ⊂ P(1, a1, . . . , a4) −K3
X Case No. Xd ⊂ P(1, a1, . . . , a4) −K3

X Case

6 X8 ⊂ P(1, 1, 1, 2, 4) 1 ♦ 57 X24 ⊂ P(1, 3, 4, 5, 12) 1/30 ♥
10 X10 ⊂ P(1, 1, 1, 3, 5) 2/3 ♦ 58 X24 ⊂ P(1, 3, 4, 7, 10) 1/35 ♥
11 X10 ⊂ P(1, 1, 2, 2, 5) 1/2 ♦ 59 X24 ⊂ P(1, 3, 6, 7, 8) 1/42 ♥
14 X12 ⊂ P(1, 1, 1, 4, 6) 1/2 ♦ 60 X24 ⊂ P(1, 4, 5, 6, 9) 1/45 ♥
15 X12 ⊂ P(1, 1, 2, 3, 6) 1/3 ♥ 61 X25 ⊂ P(1, 4, 5, 7, 9) 5/252 ♥
16 X12 ⊂ P(1, 1, 2, 4, 5) 3/10 62 X26 ⊂ P(1, 1, 5, 7, 13) 2/35 ♦
17 X12 ⊂ P(1, 1, 3, 4, 4) 1/4 63 X26 ⊂ P(1, 2, 3, 8, 13) 1/24 ♦
18 X12 ⊂ P(1, 2, 2, 3, 5) 1/5 ♣ 64 X26 ⊂ P(1, 2, 5, 6, 13) 1/30 ♦
19 X12 ⊂ P(1, 2, 3, 3, 4) 1/6 ♥ 65 X27 ⊂ P(1, 2, 5, 9, 11) 3/110 ♣
21 X14 ⊂ P(1, 1, 2, 4, 7) 1/4 ♦ 66 X27 ⊂ P(1, 5, 6, 7, 9) 1/70 ♥
22 X14 ⊂ P(1, 2, 2, 3, 7) 1/6 ♦ 67 X28 ⊂ P(1, 1, 4, 9, 14) 1/18 ♦
25 X15 ⊂ P(1, 1, 3, 4, 7) 5/28 68 X28 ⊂ P(1, 3, 4, 7, 14) 1/42 ♥
26 X15 ⊂ P(1, 1, 3, 5, 6) 1/6 ♣ 69 X28 ⊂ P(1, 4, 6, 7, 11) 1/66 ♥
27 X15 ⊂ P(1, 2, 3, 5, 5) 1/10 ♥ 70 X30 ⊂ P(1, 1, 4, 10, 15) 1/20 ♦
28 X15 ⊂ P(1, 3, 3, 4, 5) 1/12 ♥ 71 X30 ⊂ P(1, 1, 6, 8, 15) 1/24 ♦
29 X16 ⊂ P(1, 1, 2, 5, 8) 1/5 ♦ 72 X30 ⊂ P(1, 2, 3, 10, 15) 1/30 ♥
30 X16 ⊂ P(1, 1, 3, 4, 8) 1/6 ♦ 73 X30 ⊂ P(1, 2, 6, 7, 15) 1/42 ♦
31 X16 ⊂ P(1, 1, 4, 5, 6) 2/15 74 X30 ⊂ P(1, 3, 4, 10, 13) 1/52 ♣
32 X16 ⊂ P(1, 2, 3, 4, 7) 2/21 ♣ 75 X30 ⊂ P(1, 4, 5, 6, 15) 1/60 ♥
34 X18 ⊂ P(1, 1, 2, 6, 9) 1/6 ♦ 76 X30 ⊂ P(1, 5, 6, 8, 11) 1/88 ♥
35 X18 ⊂ P(1, 1, 3, 5, 9) 2/15 ♦ 77 X32 ⊂ P(1, 2, 5, 9, 16) 1/45 ♦
36 X18 ⊂ P(1, 1, 4, 6, 7) 3/28 78 X32 ⊂ P(1, 4, 5, 7, 16) 1/70 ♥
37 X18 ⊂ P(1, 2, 3, 4, 9) 1/12 ♦ 79 X33 ⊂ P(1, 3, 5, 11, 14) 1/70 ♣
38 X18 ⊂ P(1, 2, 3, 5, 8) 3/40 80 X34 ⊂ P(1, 3, 4, 10, 17) 1/60 ♦
41 X20 ⊂ P(1, 1, 4, 5, 10) 1/10 ♥ 81 X34 ⊂ P(1, 4, 6, 7, 17) 1/84 ♥
42 X20 ⊂ P(1, 2, 3, 5, 10) 1/15 ♥ 82 X36 ⊂ P(1, 1, 5, 12, 18) 1/30 ♦
43 X20 ⊂ P(1, 2, 4, 5, 9) 1/18 ♣ 83 X36 ⊂ P(1, 3, 4, 11, 18) 1/66 ♦
44 X20 ⊂ P(1, 2, 5, 6, 7) 1/21 ♥ 84 X36 ⊂ P(1, 7, 8, 9, 12) 1/168 ♥
45 X20 ⊂ P(1, 3, 4, 5, 8) 1/24 ♥ 85 X38 ⊂ P(1, 3, 5, 11, 19) 2/165 ♦
46 X21 ⊂ P(1, 1, 3, 7, 10) 1/10 86 X38 ⊂ P(1, 5, 6, 8, 19) 1/120 ♥
47 X21 ⊂ P(1, 1, 5, 7, 8) 3/40 87 X40 ⊂ P(1, 5, 7, 8, 20) 1/140 ♥
48 X21 ⊂ P(1, 2, 3, 7, 9) 1/18 ♣ 88 X42 ⊂ P(1, 1, 6, 14, 21) 1/42 ♥
49 X21 ⊂ P(1, 3, 5, 6, 7) 1/30 ♥ 89 X42 ⊂ P(1, 2, 5, 14, 21) 1/70 ♥
51 X22 ⊂ P(1, 1, 4, 6, 11) 1/12 ♦ 90 X42 ⊂ P(1, 3, 4, 14, 21) 1/84 ♥
52 X22 ⊂ P(1, 2, 4, 5, 11) 1/20 ♦ 91 X44 ⊂ P(1, 4, 5, 13, 22) 1/130 ♦
53 X24 ⊂ P(1, 1, 3, 8, 12) 1/12 ♥ 92 X48 ⊂ P(1, 3, 5, 16, 24) 1/120 ♥
54 X24 ⊂ P(1, 1, 6, 8, 9) 1/18 ♣ 93 X50 ⊂ P(1, 7, 8, 10, 25) 1/280 ♥
55 X24 ⊂ P(1, 2, 3, 7, 12) 1/21 ♦ 94 X54 ⊂ P(1, 4, 5, 18, 27) 1/180 ♥
56 X24 ⊂ P(1, 2, 3, 8, 11) 1/22 ♣ 95 X66 ⊂ P(1, 5, 6, 22, 33) 1/330 ♥

Setting 5.1. Let X be a prime Fano 3-fold which is either a weighted hypersurface of index 1 in
one of the families listed in Table 2, or a weighted complete intersection of codimension 2 and
index 1 in one of the families listed in Table 3. Let P be the ambient weighted projective space
of X. We assume that X is quasi-smooth along the singular locus Sing(P) of P.

Theorem 5.2. Let X be as in Setting 5.1 and suppose that X has at worst cA1 points in
addition to terminal quotient singular points. Then X is birationally rigid.
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Table 3. Fano 3-fold weighted complete intersections of codimension 2 and index 1.

No. Xd1,d2 ⊂ P(a0, . . . , a5) −K3
X No. Xd1,d2 ⊂ P(a0, . . . , a5) −K3

X

8 X4,6 ⊂ P(1, 1, 2, 2, 2, 3) 1 59 X12,14 ⊂ P(1, 4, 4, 5, 6, 7) 1/20
14 X6,6 ⊂ P(1, 2, 2, 2, 3, 3) 1/2 60 X12,14 ⊂ P(2, 3, 4, 5, 6, 7) 1/30
20 X6,8 ⊂ P(1, 2, 2, 3, 3, 4) 1/3 64 X12,16 ⊂ P(1, 2, 5, 6, 7, 8) 2/35
24 X6,10 ⊂ P(1, 2, 2, 3, 4, 5) 1/4 71 X14,16 ⊂ P(1, 4, 5, 6, 7, 8) 1/30
31 X8,10 ⊂ P(1, 2, 3, 4, 4, 5) 1/6 75 X14,18 ⊂ P(1, 2, 6, 7, 8, 9) 1/24
37 X8,12 ⊂ P(1, 2, 3, 4, 5, 6) 2/15 76 X12,20 ⊂ P(1, 4, 5, 6, 7, 10) 1/35
45 X10,12 ⊂ P(1, 2, 4, 5, 5, 6) 1/10 78 X16,18 ⊂ P(1, 4, 6, 7, 8, 9) 1/42
47 X10,12 ⊂ P(1, 3, 4, 4, 5, 6) 1/12 84 X18,30 ⊂ P(1, 6, 8, 9, 10, 15) 1/120
51 X10,14 ⊂ P(1, 2, 4, 5, 6, 7) 1/12 85 X24,30 ⊂ P(1, 8, 9, 10, 12, 15) 1/180

Remark 5.3. LetX ⊂ P be as in Setting 5.1. Then the subsetX ∩ Sing(P) consists of the terminal
cyclic quotient singular points ofX coming from the ambient space sinceX is quasi-smooth along
Sing(P). Any other singular point of X, if it exists, is contained in a smooth locus of P so that
it is a hypersurface, hence Gorenstein, singular point of X. In Theorem 5.2, these hypersurface
singular points are assumed to be cA1 points.

We fix some notation. Let P = P(a0, . . . , an) be a weighted projective space with homoge-
neous coordinates x0, . . . , xn of weights a0, . . . , an, respectively. For homogeneous polynomials
g1, . . . , gN in variables x0, . . . , xn, we denote by

(g0 = · · · = gN = 0) ⊂ P(a0, . . . , an)

the closed subscheme defined by the homogeneous ideal (g1, . . . , gN ).

Definition 5.4. Under the above notation, let V = (f1 = · · · = fm = 0) ⊂ P be a closed sub-
scheme, where f1, . . . , fm are homogeneous polynomials in variables x0, . . . , xn. The quasi-smooth
locus Qsm(V ) of V is defined to be the image of the smooth locus of C∗

V := CV \ {o} under the
natural map An+1 \ {o} → P, where

CV := Spec C[x0, . . . , xn]/(f1, . . . , fm)

is the affine cone of V and o is the origin of An+1. For a subset S ⊂ V , we say that V is quasi-
smooth along S if S ⊂ Qsm(V ). We say that V is quasi-smooth if it is quasi-smooth along V ,
that is, V = Qsm(V ).

For X ⊂ P as in Setting 5.1 and s ∈ {x, y, z, t, w}, we set

Us = (s �= 0) ∩X := X \ ((s = 0) ∩X).
5.1 Exclusion of curves
Proposition 5.5. Let X be as in Setting 5.1. Then no curve on X is a maximal center.

Proof. Suppose that there is a curve Γ ⊂ X which is a maximal center. By [Kaw96], there
exists no divisorial contraction centered along a curve through a terminal quotient singular
point. Hence, Γ does not pass through a terminal quotient singular point. In particular, we
have (−KX · Γ) ≥ 1 since −KX is a Cartier divisor on an open subset containing Γ and, thus,
(−KX · Γ) is a positive integer. On the other hand we have (−KX)3 ≤ 1. By Lemma 2.7,
Γ cannot be a maximal center. This is a contradiction and the proof is complete. �
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5.2 Exclusion of smooth points
The aim of this section is to show that no smooth point on X is a maximal center for X as in
Setting 5.1. It may be possible to say that this follows from the same arguments as in [CP17,
§ 2.1] and [Oka14, § 7]. However, we reproduce the proofs in a general setting mainly because
these arguments will also be useful in the exclusion of cA1 points as a maximal center (see § 5.3).

Definition 5.6. Let V be a closed subscheme of a weighted projective space P(a0, . . . , an) with
homogeneous coordinates x0, . . . , xn of weights a0, . . . , an, respectively, and let p ∈ V be a point.
We say that homogeneous polynomials g1, . . . , gN in variables x0, . . . , xn (respectively, effec-
tive Weil divisors D1, . . . , DN on V ) isolate p or they are p-isolating polynomials (respectively,
p-isolating divisors) if the set

(g1 = · · · = gN = 0) ∩ V (resp. SuppD1 ∩ · · · ∩ SuppDN )

is a finite set of points including p. For a positive integer e, we also say that g1, . . . , gN (respec-
tively, D1, . . . , DN ) are p-isolating polynomials of degree at most e (respectively, p-isolating
divisors of degree at most e) if max{deg g1, . . . ,deg gN} ≤ e (respectively, Di ∈ |OV (ei)| for
i = 1, . . . , N and max{e1, . . . , eN} ≤ e).

Remark 5.7. Let V be as in Definition 5.6 and let p ∈ V be a point. Suppose that there are
p-isolating divisors of degree at most e. Let Γ ⊂ V be a closed subset such that p ∈ Γ and any
component of Γ is of positive dimension. Then we can take a divisor D ∈ |OV (e′)| for some e′ ≤ e
such that p ∈ SuppD and no component of Γ is contained in SuppD.

Lemma 5.8. Let V be a complete intersection of codimension c ∈ {1, 2} in a weighted pro-
jective space P(a0, . . . , an) with homogeneous coordinates x0, . . . , xn of weights a0, . . . , an,
respectively.

(1) Let p ∈ V be a point.
(a) There exist p-isolating divisors of degree at most

max{lcm(ai, aj) | i, j ∈ {0, 1, . . . , n}}.
(b) If there is k such that p /∈ ∩j �=k(xj = 0) ∩ V , then there exist p-isolating divisors of

degree at most

max{lcm(ai, aj) | i, j ∈ {0, 1, . . . , n} \ {k}}.
(c) If c = 2 and there are k1, k2 such that p /∈ ∩j �=k1,k2(xj = 0), then there exist p-isolating

divisors of degree at most

max{lcm(ai, aj) | i, j ∈ {0, 1, . . . , } \ {k1, k2}}.
(2) Let p ∈ Uxi = (xi �= 0) ∩ V be a point.

(a) There exist p-isolating divisors of degree at most

max{lcm(ai, aj) | j ∈ {0, 1, . . . , n}}.
(b) If there is k �= i such that p /∈ ∩j �=k(xj = 0) ∩ V , then there exists p-isolating divisors

of degree at most

max{lcm(ai, aj) | j ∈ {0, 1, . . . , n} \ {k}}.
(c) If c = 2 and there are k1, k2 �= i such that p /∈ ∩j �=k1,k2(xj = 0) ∩ V , then there exists

p-isolating divisors of degree at most

max{lcm(ai, aj) | j ∈ {0, 1, . . . , n} \ {k1, k2}}.
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Proof. We set Uxj = (xj �= 0) ∩ V . Part (1) follows from part (2) since V is covered by the Uxj .
We prove part (2). We can write p = (α0 : · · · : αn), with αi �= 0. We set mj = lcm(ai, aj).

Then the polynomials in the set{
α
mj/ai

i x
mj/aj

j − α
mj/aj

j x
mj/ai

i |j ∈ {0, 1, . . . , n} \ {i}}
isolate p, and the first assertion follows by considering the divisors (gj = 0) ∩ V .

Suppose that p /∈ ∩j �=k(xj = 0) ∩ V , where k �= i. Then the natural projection

V ↪→ P(a0, . . . , an) ��� P(a0, . . . , âk, . . . , an) =: P′

is a finite morphism in a neighborhood of p ∈ V . The polynomials in the set{
α
mj/ai

i x
mj/aj

j − α
mj/aj

j x
mj/ai

i |j ∈ {0, 1, . . . , n} \ {i, k}}
isolate τ(p) ∈ P′, that is, the common zero locus of the polynomials in the above set is a finite
set of points on P′. It follows that the common zero locus of the polynomials in the same set,
considered as a subset of P(a0, . . . , an), is again a finite set of points since τ is a finite morphism.
This shows that the above set isolates p and the second assertion is proved.

Suppose that c = 2 and p /∈ ∩j �=k1,k2(xj = 0) ∩ V , where k1, k2 �= i. Then the natural
projection

V ↪→ P(a0, . . . , an) ��� P(a0, . . . , âk1 , . . . , âk2 , . . . , an) =: P′′

is a finite morphism in a neighborhood of p ∈ V . By the similar argument as above considering
the set {

α
mj/ai

i x
mj/aj

j − α
mj/aj

j x
mj/ai

i |j ∈ {0, 1, . . . , n} \ {i, k1, k2}
}
,

we obtain the third assertion. �
Lemma 5.9. Let X be a prime Fano 3-fold weighted hypersurface of index 1 which belongs to
one of the families listed in Table 2. Let p ∈ X be a point contained in the smooth locus of the
ambient weighted projective space. Then the following assertions hold.

(1) There exist p-isolating divisors of degree at most 4/(−KX)3 except when the family number
of X is 25 and p ∈ (x = y = z = 0) ∩X.

(2) If X belongs to a family which is given one of ♥,♦,♣ in the ‘Case’ column of Table 2, then
there exist p-isolating divisors of degree at most 2/(−K3

X).

Proof. Let X = Xd ⊂ P(a0, a1, . . . , a4) =: P with 1 = a0 ≤ a1 ≤ · · · ≤ a4, where d = a1 + · · ·
+ a4. Let x, y, z, t, w be homogeneous coordinates of weights a0, a1, a2, a3, a4, respectively.

We prove assertion (2). We consider X belonging to a family which is given one of ♥,♦,♣
in the ‘Case’ column of Table 2. Then the assertions follow from the following observations.

• Case: X belongs to a family with ♥. We have

max{lcm(ai, aj) | i, j ∈ {0, 1, 2, 3, 4}} ≤ 2/(−KX)3,

and the assertion follows from Lemma 5.8(1)(a).
• Case: X belongs to a family with ♦. We have a3 < a4, a4 | d, and

max{lcm(ai, aj) | i, j ∈ {0, 1, 2, 3}} ≤ 2/(−KX)3.

It follows from a3 < a4 and a4 | d that the monomial wd/a4 appears in the defining polynomial
of X with non-zero coefficient and, thus, (x = y = z = t = 0) ∩X = ∅. The assertion now
follows from Lemma 5.8(1)(b).
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• Case: X belongs to a family with ♣. We have a2 < a3 < a4, a3 | d and

max{lcm(ai, aj) | i, j ∈ {0, 1, 2, 4}} ≤ 2/(−KX)3.

It follows from a2 < a3 < a4 and a3 | d that the monomial td/a3 appears in the defining poly-
nomial of X with non-zero coefficient and, thus, (x = y = z = w = 0) ∩X = ∅. The assertion
now follows from Lemma 5.8(1)(b).

We prove assertion (1). It is enough to consider X whose family number i belongs to

{16, 17, 25, 31, 36, 38, 46, 47}.

• Case: i ∈ {17, 31, 38}. We have

max{lcm(ai, aj) | i, j ∈ {0, 1, 2, 3, 4}} ≤ 4/(−KX)3,

and the assertion follows from Lemma 5.8(1)(a).
• Case: i ∈ {16, 36, 46, 47}. In this case a3 | d and wd/a3 appears in the defining polynomial

of X. Hence (x = y = z = w = 0) ∩X = ∅. We have

max{lcm(ai, aj) | i, j ∈ {0, 1, 2, 4}} ≤ 4/(−KX)3,

and the assertion follows from Lemma 5.8(1)(b).
• Case: i = 25. By the assumption, we have p ∈ Ux ∪ Uy ∪ Uz. For i = 0, 1, 2, it is straightforward

to check

max{lcm(ai, aj) | j ∈ {0, 1, 2, 3, 4}} ≤ 4/(−KX)3.

Thus, the assertion follows from Lemma 5.8(2)(a).

The proof is now complete. �

Lemma 5.10. Let X be a prime Fano 3-fold weighted complete intersection of codimension 2
and index 1 which belongs to one of the families listed in Table 3. Let p ∈ X be a point which
is contained in the smooth locus of the ambient weighted projective space. Then there exist
p-isolating divisors of degree at most 2/(−KX)3.

Proof. Let X = Xd1,d2 ⊂ P(a0, . . . , a5) with a0 ≤ · · · ≤ a5 and d1 < d2. Let x, y, z, t, v, w be
homogeneous coordinates of weights a0, a1, a2, a3, a4, a5, respectively, and let f1, f2 ∈
C[x, y, z, t, v, w] be the defining polynomials of X of degree d1, d2, respectively. We denote by
i the family number of X.

We consider the case i = 60, 71, 76, 78, 84, 85. We have

max{lcm(ai, aj) | i, j ∈ {0, 1, . . . , 5}} ≤ 2/(−KX)3,

and, thus, the assertion follows from Lemma 5.8(1)(a).

Case: i = 8, 20, 31, 45, 47, 59. In this case a4 < a5, a5 | d2 and

max{lcm(ai, aj) | i, j ∈ {0, 1, 2, 3, 4}} ≤ 2/(−KX)3.

Then wd2/a5 ∈ f2 since a4 < a5 and a5 | d2 and, thus, (x = y = z = t = v = 0) ∩X = ∅. The
assertion follows from Lemma 5.8(1)(b).
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We consider the case i = 24, 37, 51, 64, 75. In this case a2 < a3 < a4 < a5, d1 < a3 + a5, a3 |
d1, a5 | d2, and

max{lcm(ai, aj) | i, j ∈ {0, 1, 2, 4}} ≤ 2/(−KX)3.

Then
f1(0, 0, 0, t, 0, w) = αtd1/a3 , f2(0, 0, 0, t, 0, w) = βwd2/a4

for some non-zero α, β ∈ C. It follows that (x = y = z = v = 0) ∩X = ∅ and, thus, the assertion
follows from Lemma 5.8(1)(c).

We consider the case i = 14. In this case, we have (x = yz = t = 0) ∩X = ∅ and

max{lcm(ai, aj) | i, j ∈ {0, 1, 2, 3}} = 2 < 2/(−KX)3 = 4.

Thus, the assertion follows from Lemma 5.8(1)(c), and the proof is complete. �
Remark 5.11. In Lemmas 5.9 and 5.10, we do not assume that p is a smooth point of X, and
the case where p is a Gorenstein singular point of X is covered. This is utilized in the proof of
Lemma 5.13.

Proposition 5.12. Let X be as in Setting 5.1. Then no smooth point on X is a maximal center.

Proof. Let p ∈ X be a smooth point. If X is a weighted hypersurface and its family number is
25, and p is contained in (x = y = z = 0) ∩X, then we can repeat the argument of the proof
of [CP17, Lemma 2.1.5] without any change and conclude that p is not a maximal center. In
what follows, we assume that p /∈ (x = y = z = 0) ∩X when X is a weighted hypersurface and
its family number is 25.

Suppose that X admits a smooth point p ∈ X which is a maximal center. Then there exists
a movable linear system M ⊂ | − nKX | such that p is a center of non-canonical singularities of
(X, (1/n)M). Let D1, D2 ∈ M be general members of M. By Lemmas 5.9 and 5.10, we can take
a divisor T ∈ | − lKX | for some positive integer l ≤ 4/(−K3

X) such that SuppT passes through
p and does not contain any component of D1 ∩D2. Thus, we have

4n2 ≥ ln2(−K3
X) = (T ·D1 ·D2) > 4n2,

where the last inequality follows from the 4n2-inequality for smooth points (see Theorem 1.1).
This is a contradiction. �

5.3 Exclusion of cA1 points
The aim of this section is to exclude singularities of type cA1 on X as a maximal singularity for
X as in Setting 5.1.

Lemma 5.13. Let X be as in Setting 5.1 and let p ∈ X be a singular point contained in the
smooth locus of the ambient weighted projective space. Then there exist p-isolating divisors of
degree at most 2/(−K3

X).

Proof. By Lemmas 5.9 and 5.10, it remains to consider the case where X is a weighted
hypersurface whose family number i belongs to

{16, 17, 25, 31, 36, 38, 46, 47}.
We consider the case i = 38. In this case X = X18 ⊂ P(1, 2, 3, 5, 8). We claim that the set
Δ := (x = y = z = 0) ∩X is contained in Qsm(X). Let f = f(x, y, z, t, w) be the defining poly-
nomial of X. We have f = αt2w + βyw2 + γzt3 +G, where α, β, γ ∈ C and G = G(x, y, z, t, w) ∈
(x, y, z)2. We have (α, γ) �= (0, 0) and β �= 0. If α �= 0, then Δ consists of 2 points which are the
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Table 4. Descriptions of f(0, 0, z, t, w).

No. f(0, 0, z, t, w) Conditions 2/(−KX)3

16 αw2z + βt3 + γt2z2 + δtz4 + εz6 α �= 0, β �= 0 20/3
17 αz4 + βt3 + γt2w + δw3 α �= 0 8
25 αwt2 + βt3z + γz5 (α, β) �= (0, 0), γ �= 0 56/5
31 αw2z + βwt2 + γz4 α �= 0, γ �= 0 15
36 αw2z + βt3 + γtz3 α �= 0, β �= 0, γ �= 0 56/3
46 αt3 + βz7 α �= 0, β �= 0 20
47 αw2z + βt3 α �= 0, β �= 0 80/3

1
5(1, 2, 3) point and the 1

8(1, 3, 5) point and, hence, X is quasi-smooth along Δ. Suppose that
α = 0. In this case Γ = (x = y = z = 0) is a curve and it is straightforward to check that X is
quasi-smooth along Γ since β �= 0 and γ �= 0. The claim is proved. It follows that p ∈ Ux ∪ Uy ∪ Uz
and there exist p-isolating divisors of degree at most 3a4 by Lemma 5.8(2)(a), and we have
3a4 = 24 ≤ 2/(−KX)3 = 80/3.

Finally, we consider the case i ∈ {16, 17, 25, 31, 36, 46, 47}. In this case X = Xd ⊂
P(1, 1, a2, a3, a4) with d = 1 + a2 + a3 + a4 and a2 ≥ 2. We claim that p ∈ Ux ∪ Uy. Assume to
the contrary that p ∈ (x = y = 0) ∩X. Recall that p is a singular point of X, hence it is either a
hypersurface singular point or a cyclic quotient terminal singular point (see Remark 5.3). In the
latter case p is contained in the singular locus of the ambient weighted projective space. Hence,
p ∈ X is a hypersurface singularity and, in particular, X is not quasi-smooth at p. Thus, we have

∂f(0, 0, z, t, w)
∂z

(p) =
∂f(0, 0, z, t, w)

∂t
(p) =

∂f(0, 0, z, t, w)
∂w

(p) = 0. (5.1)

An explicit description of f(0, 0, z, t, w) is given in the second column of Table 4, where the
coefficients α, β, . . . satisfy the conditions given in the third column. It is then straightforward to
see that either the equations in (5.1) have only trivial solution or they imply that p ∈ {pz, pt, pw}.
We have a contradiction in the former case, and the latter case is impossible since any point
in {pz, pt, pw} ∩X is a quotient singular point of X. Thus, the claim is proved, and we have
p ∈ Ux ∪ Uy. By Lemma 5.8 (2-a), there exist p-isolating divisors of degree most a4. It is easy to
check a4 ≤ 2/(−KX)3 (see the fourth column of Table 4) and the proof is complete. �
Proposition 5.14. Let X be as in Setting 5.1, and let p ∈ X be a singular point of type cA1.
Then p is not a maximal center.

Proof. Suppose that p ∈ X is a maximal center. Then there exists a movable linear system
M ∼ −nKX such that p is the center of a non-canonical singularities of the pair (X, (1/n)M).
Let D1, D2 ∈ M be general members. Then by Lemma 5.13, we can take a divisor T ∈ | − lKX |
for some positive integer l ≤ 2/(−KX)3 such that SuppT passes through p and does not contain
any component of D1 ∩D2. Thus, we have

2n2 ≥ ln2(−K3
X) = (T ·D1 ·D2) > 2n2,

where the last inequality follows from Theorem 3.14. This is a contradiction. �

5.4 Links centered at quotient points and proof of Theorem 5.2
Proposition 5.15. Let X be as in Setting 5.1 and let p ∈ X be a terminal quotient singular
point. If the point p is a maximal center, then there exists an elementary self-link X ��� X of
type II initiated by the Kawamata blow-up at p.
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Proof. Suppose that X is a weighted hypersurface. Then the same arguments as in [CP17,
Chapter 5] prove the assertion. To be more precise, although X is assumed to be quasi-smooth
in [CP17], the arguments in [CP17, Chapter 5] in fact relies only on the quasi-smoothness of X
along X ∩ Sing(P), where P is the ambient weighted projective 4-space, in addition to the basic
assumption that X is a prime Fano 3-fold.

Similarly, for weighted complete intersections of codimension 2, the same arguments as in
[Oka14, § 7] and [AZ16, § 4] prove the assertion. �

Remark 5.16. It should be mentioned that, for some weighted hypersurface X of index 1
which is not listed Table 2, the arguments in [CP17, Chapter 5] do rely on the entire
quasi-smoothness of X. For example, the singular point of type 1

3(1, 1, 2) on a quasi-smooth
member X17 ⊂ P(1, 2, 3, 5, 7) =: P of family No. 33 is excluded as a maximal center in [CP17,
Chapter 5] and the proof of this fact does rely on the quasi-smoothness of X (not only
on the quasi-smoothness along X ∩ Sing P).

Proof of Theorem 5.2. This is a consequence of Lemma 2.6 and Propositions 5.5, 5.12, 5.14,
and 5.15. �

6. Del Pezzo fibrations of degree 1

The aim of this section is to prove the following by the method of maximal singularities developed
in [Puk98] and [Oka20a] combined with Corti’s inequality for smooth points and cA1 points.

Theorem 6.1. Let π : X → P1 be a del Pezzo fibration of degree 1 with only cA1 points. If
X/P1 satisfies the K2-condition (1.1), then it is birationally superrigid.

The rest of this section is devoted to the proof of Theorem 6.1. In what follows, let π : X → P1

be a del Pezzo fibration of degree 1 with only cA1 singularities and assume that X satisfies the
K2-condition (1.1). We denote by F ∈ Pic(X) the fiber class.

We recall that by [Puk98, p. 117] the variety X can be embedded in a toric P(1, 1, 2, 3)-bundle
P → P1 in such a way that the morphism π coincides with the restriction of P → P1. A fiber
of π is a Gorenstein del Pezzo surface (which can be non-normal), and it is an irreducible and
reduced hypersurface of degree 6 in P(1, 1, 2, 3).

Proposition 6.2 [Puk98, § 3]. Under the above setting, no curve on X is a center of non-
canonical singularities of the pair (X, (1/n)M) for any movable linear system M ⊂ | − nKX +
mF | on X.

Proof. In [Puk98, § 3] this statement is proven under the assumption that X is smooth, but the
same proof works in Gorenstein case. �

We say that an irreducible curve C ⊂ X is horizontal if π(C) = P1 and that it is vertical if
π(C) is a point. A 1-cycle C is horizontal (respectively, vertical) if every irreducible curve in
SuppC is horizontal (respectively, vertical).

Proof of Theorem 6.1. Suppose that X/P1 is not birationally superrigid. Then there exists
a Mori fiber space Y/T and a birational map σ : X ��� Y which is not square. Let M ⊂
| − nKX +mF | be the proper transform on X of a very ample complete linear system on Y .
The K2-condition (1.1) implies that −KX is not in the movable cone of X and, thus, m ≥ 0.
By Proposition 6.2 and [Oka20a, Proposition 2.7], there are points p1, . . . , pk ∈ X in distinct
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π-fibers and positive rational numbers λ1, . . . , λk such that p1, . . . , pk are centers of non-
canonical singularities of the pair (X, (1/n)M−∑λiFi) and

∑
λi > m/n, where Fi is the π-fiber

containing pi.
Let D1, D2 be general members of M and let Z := D1 ·D2. We decompose Z into the vertical

and the horizontal components, Z = Zv + Zh, and write

Zv =
∑

Zvi ,

where the support of Zvi is in a π-fiber and Zh is horizontal. By Corti’s inequality Theorem 3.17,
there are numbers ti, i = 1, . . . , k, with 0 < ti ≤ 1 such that

multpi Z
h + ti multpi Z

v
i > 2n2 + 4λitin2.

We have
multpi Z

h ≤ (Fi · Zh) = (F · Z) = (F ·D1 ·D2) = n2,

and, thus,

multpi Z
v
i >

1
ti
n2 + 4λin2 ≥ n2 + 4λin2.

Note that Fi is isomorphic to an irreducible and reduced weighted hypersurface of degree 6 in
P(1, 1, 2, 3). By [Oka20a, Lemma 2.10], we can take a curve Ci ∈ |OFi(2)| which passes through
pi and which does not contain any component of Supp(Zvi ). Then we can take a divisor Hi ∈
| − 2KX + riF |, where ri is a sufficiently large integer, such that Hi|Fi = Ci. We have

(−KX · Zvi ) = 1
2(Hi · Zvi ) ≥ 1

2 multpi Z
v
i >

1
2n

2 + 2λin2,

and, by the inequality
∑
λi > m/n, we have

(−KX · Zv) =
k∑
i=1

(−KX · Zvi ) >
k

2
n2 + 2n2

k∑
i=1

λi >
1
2
n2 + 2mn. (6.1)

We define � := −KX · F ∈ NE(X) so that R≥0 · � ⊂ NE(X) is the extremal ray corresponding
to π. Denote by [Zh] ∈ NE(X) the class of Zh. We can write [Zh] = α(−KX)2 + β� for some
numbers α, β. We have α = (F · Zh) = n2, and the K2-condition (1.1) implies that β ≥ 0. It
follows that

(−KX · Zh) = (−KX · α(−KX)2 + β�) ≥ n2(−KX)3.

Combining this with

(−KX · Z) = (−KX) · (−nKX +mF )2 = n2(−KX)3 + 2mn,

we obtain the inequality

(−KX · Zv) = (−KX · Z) − (−KX · Zh) ≤ 2mn. (6.2)

Two inequalities (6.1) and (6.2) are impossible, and this shows that X/P1 is birationally
superrigid. �
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