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Close Lattice Points on Circles

Javier Cilleruelo and Andrew Granville

Abstract. 'We classify the sets of four lattice points that all lie on a short arc of a circle that has its
center at the origin; specifically on arcs of length tR/3 on a circle of radius R, for any given ¢ > 0. In
particular we prove that any arc of length (40 + £1/10)!/R'/3 on a circle of radius R, with R > /65,
contains at most three lattice points, whereas we give an explicit infinite family of 4-tuples of lattice
points, (1,1, V2,1, V3,1, Va,n), €ach of which lies on an arc of length (40 + 43—0 V10)!/3R1/3 + o(1) on a
circle of radius R;,.

1 Introduction

How many lattice points (x, y) € 72 can be on a “small” arc of the circle x> + y? = R??
(If there are points with integer coordinates on the circle x> + y*> = R?, then R?
must be an integer. Henceforth we shall assume this, whether we state it or not.)
A. Cérdoba and the first author [3] proved that for every € > 0 the number of lattice
points on an arc of length Rz~ is bounded uniformly in R. More precisely, they
proved the following (see also [4,6]).

o1 ) )
Theorem 1.1 Forany integer k > 1, an arc of length /2R>~ T2 on a circle of radius
R centered at the origin contains no more than k lattice points.

This result cannot be improved for k = 1, since the circles x* + y* = 2n? + 2n + 1
contain two lattice points, (n,n + 1) and (1 + 1, n), on an arc of length V2 +0(1).

For k = 2, Theorem 1.1 was first proved by Schinzel and then used by Zyg-
mund [10] to prove a result about spherical summability of Fourier series in two
dimensions. In [2] the first author gave a best possible version of Schinzel’s result
(which we will prove more easily in Section 2).

Theorem 1.2 An arc of length (16R)"on a circle of radius R centered at the origin
contains no more than two lattice points.

This result cannot be improved, since the circles x’+y? = R2 := 16n°+4n*+4n*+1
contain three lattice points, (41> — 1,2n*+2n), (4n*,2n* + 1), and (4n° +1, 21> —2n),
on an arc of length (16R,,)% +0,(1).

Let [v] = (v1,. .., k) denote a k-tuple of lattice points lying on the same circle
of radius R = R[,) centered at the origin, and Arc[v] = Arc(vy, . .., 1) the length of
the shortest arc containing v, . . . , 4.

1/3

The next result shows that we cannot improve the constant (16)"/~ if we omit the

examples above.
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Close Lattice Points on Circles 1215

Theorem 1.3 The set {Arc[v R[ ]1/3, [v] = (11, 1,,1v3)} is dense in [(16)1/3, +00).

Since we have sharp versions of Theorem 1.1 for k = 1 and 2, we focus in this
paper on giving a sharp version of Theorem 1.1 for k = 3. We begin with showing
that the exponent given in Theorem 1.1 is best possible for k = 3 by exhibiting
infinitely many circles x>+ y> = R? with four lattice points in an arc of length < R'/3,
The Fibonacci numbers are defined by Fy = 0, F; = 1, and F4; = F,41 + F, for all
n > 0. The circles x* + y* = R} := 3F,,_1Fyu11Fay43 contain the four lattice points
2 (F3n43, F3n) + (—1)"zj for j = 1,2, 3, 4, where

z1 = 2(_Fn71;Fn+2)7 Z = (_Fn727Fn+1);
z3 = (Fy—1, —=Fu12), 24 = (Fy, —Fpy3).

The chord length between z; and z4 is v/10F,,+3, implying that the arc containing all
four lattice points has length

) ot () 2 o 1)

2R, arcsin (
2R, R,

In fact this arc can be shown always to have length > 203 (”\/_)Rl/ ’ (The reader
might like to compare this example with the more easily apprec1ated example given
in Section 10 for the analogous problem involving lattice points on hyperbolae.)

We see here a family F = {[v], = (W14, Van, Vs Van), 1 € N} of 4-tuples of
lattice points, lying on circles centered at the origin, with

Arclv], ~ CgrR,l/s, as n — 00.

There are other examples of such families J, which we will describe in detail in Sec-
tion 3, though there are only finitely many such F with Cy < t. The main result
of this paper is that any 4-tuple of lattice points that lie on a short arc of a circle,
specifically on an arc of length tR'/> on a circle of radius R centered at the origin,
either belongs to one of a finite set F(¢) of such families or is one of a finite number
of small examples (that is, examples which lie on circles with a bounded radius). We
shall show how explicitly to construct the families in F(¢), as well as all the “small
examples”. These small examples are either so small that the bound tR'/? on the arc
length is bigger than the radius R, or they are small members of families F with Cs
a tiny bit bigger than #, or they belong to a class of “degenerate examples” which we
will study in detail.

Theorem 1.4 Foranyt > 0, any arc on a circle x* + y* = R? of length less than tR'/>
with R > 27'7t'> contains at most three lattice points, except for those arcs containing
4-tuples of lattice points from the families F, where F € F(¢) = {F, Cg < t}. The set
F(2) is finite.

Note that although F(¢) is finite, it is also true that #3(¢) — oo ast — oc.
In contrast to Theorem 1.3, we deduce from Theorem 1.4 the following.
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Corollary 1.5 The set {Arc[y]R[_V}ﬁ, [v] = (v1, v, 15, 14)} has only finitely many
accumulation points in any interval [0,t), wheret € R™.

We order the families J;, 35, ... so that Cy, < Cg, < ---. For fixed t we can
explicitly determine JF(¢) using Algorithm 1, described in Section 8; indeed, in Table
1 there we describe all seven families belonging to F(5). We found that C5, = (40 +
‘é—om)m = 4.347 -+, and then Cy, = 205(”2—‘/5) = 4.3920- - -, where F, is the
family given above.

Algorithm 2, which is also described in Section 8, gives an effective version of
Theorem 1.4 and allow us to describe all 4-tuples of lattice points with Arc[r] <
tR'/3, As a consequence we deduce the following result.

Corollary 1.6 An arc of the circle x> + y> = R*> with R > /65, of length
< (40 + 4—30\/ 10)!/3R'/3, contains at most three lattice points. On the contrary, there
are infinitely many circles x> + y* = R containing four lattice points in arcs of length

(40 + 2/10)' PRy + o(1).

As an example of how this corollary may be extended, we also give the following
result.

Corollary 1.7 An arc of the circle x* + y> = R®> with R > /325, of length
< 2(1 + \/E)Rm, contains at most three lattice points, except for the 4-tuples
(v1, 12, 13, 1s), belonging to the families F;, 1 < i < 6 described in Table 1 of Section 8.

Let Ni(t, x) be the number of k-tuples of lattice points that lie on an arc of length
tR% of a circle of radius R centered at the origin, with R < x and for an appropriate
exponent e;. The only exponents we know are e; = 0, e3 = e, = 1/3; the rest remain
a mystery (see Section 12). It is not difficult to show, via elementary means, that

16
Ny(t,x) = —xtlogt + O(xt + t*logt).
™

For k = 3 and 4, the arc is only larger than the circle itself once x > ¢3/2. In this, the
non-trivial range, we prove the following result.

Theorem 1.8 x*t*logt < Ns(t,x) < x**t*log’t, forx > t*/> > 1. For each
fixed t there exists a constant B; such that Ny(t, x) ~ By logx as x — oc.

We finish this introduction with an overview of the paper. In Section 2 we prove
Theorems 1.2 and 1.3 concerning 3-tuples [v] of lattice points in short arcs. We
return to this theme in Section 9 when we estimate how often short arcs contain
3-tuples of lattice points (Theorem 1.8). In Section 3 we construct the families F
of 4-tuples of lattice points on short arcs that we mentioned above. In Section 5
we study the key invariant Qg of a family J of 4-tuples of lattice points. Roughly
speaking, the larger Qg is, the larger Cy is. Section 6 is devoted to classifying the
degenerate 4-tuples [v] (which are those [v] for which Qy, is a square). In Section 7
we study the constant Cg associated with a family F, obtaining an effective version

of Arc[v], ~ Cg?R;lq/ ’. We also prove that if C5 is small, then F or ¥ contains a small
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4-tuple. The results of Sections 5, 6, and 7 are needed to justify the two algorithms
that we present in this section: Algorithm 1 determines all families & with Cy < ¢,
for any t > 0, and Algorithm 2 determines all the 4-tuples [v] with Arc[v] < tR[llff’ .
In Section 10 we discuss work in progress on the analogous problem for divisors in
short intervals. In Section 11 we discuss related questions and in Section 12 the key
open problems that arise after this paper.

2 Three Lattice Points

We give here the proof of several results that were discussed in the introduction. Our
new proof of Theorem 1.2 is somewhat simpler than that in [2].

Proof of Theorem 1.2 Suppose that vy, v,, v are three lattice points, in order, on a
circle of radius R so that

1
|1 — nl|va — vs||v1 — vs| < Arc(vy, v2)Arc(vy, v3) Arc(vy, v3) < 1 Arc(vy,13)°.

A theorem attributed to Heron of Alexandria states that if A is the area of the triangle
with sides a, b, ¢ and R is the radius of the circle going through the vertices of the
triangle, then abc = 4AR. Applying this to the triangle with vertices v, 1, v3, we
have that |v) — v,||vy — vs||v1 — v3] = 4AR.

It should be noted that any triangle with integer vertices has area > 1/2 so, a
priori, A > 1/2. However, we can do better than this: since v, /5, 3 lie on the same
circle, an easy parity argument implies that the coordinates of two of these lattice
points, say v; # v, have the same parity, and so %(l/i + v;) is also an integer lattice
point. Therefore the triangle vy, 15, 13 is the disjoint union of two triangles with

integer coordinates, which implies that A > 1. The result follows.! |
Henceforth we identify the lattice point (x, y) € 72 with the Gaussian integer

x+iy.

Proof of Theorem 1.3 Let C > (16)"/? and let o satisfy (1 + ) (= YI/3 = C. Take

p and q to be distinct large primes for which n, ~ an; where n; = 2p and n, = ¢q.
Now take m; to be an odd integer and m, to be an even integer much larger than n,
and #n,, such that myn, — myn; = £1. Finally take n; = %(m + 1y + my + my) and
mz = %(”1 + 1y — my — my). We write (1 := nj +im;j, j = 1,2,3 and consider

Vi = aflpfts Vo = ifyfhpfly, V3 = [iyfafi3.
Notice that |p1| ~ my, 2| ~ mya and |p3| ~ my(1 + @) /v/2, so that
R =ui|'? ~ (a4 0?)/V2) Py

Now [v3 =11 |R™? = || Ty =T pa| R = 2Jpss[R™1P ~ (14 @) () = C,

at+a?

and similarly both |13 — 1,|R™1/3 ~ (ﬁ)l/3 and |1, — v |R7/3 ~ a(ﬁ)m. ]

IThe second author posed a weak version of Theorem 1.2 as problem A5 on the 2000 Putnam exami-
nation; about 45 contestants had the wherewithal to provide a solution somewhat like that above.

https://doi.org/10.4153/CJM-2009-057-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2009-057-2

1218 J. Cilleruelo and A. Granville

3 The Construction of the Families of 4-Tuples of Lattice Points

Given a given 4-tuple [v] of lattice points in a short arc we will construct a family F
of such 4-tuples, containing [v], by giving an explicit expression for all elements of
JF in terms of powers of certain algebraic numbers (and they can also be described in
terms of a certain second-order linear recurrence sequence). In each such family we
will discover a canonical initial 4-tuple, and each such family will have an explicitly
described “dual” family.

Before proceeding, we note that one can find many other 4-tuples from trivial
operations applied to a given 4-tuple, so we wish to restrict our attention to a sin-
gle element of such an “equivalence class”. Indeed, if g = ged(vy, 12,13, 14), then
Arc[v] _ Arc[v/g]

R ®al > S° that Arc[v] = |g| Arc[r/g], and we can reduce our study to
primitive 4-tuples of lattice points, where [v] is primitive if gcd(v1, 12, v3,14) = 1.
One can also obtain further (ordered) 4-tuples of lattice points by re-ordering the
lattice points, and by the natural symmetries in the plane (taking conjugates, and by
multiplying through by a fourth root of unity). We will take just one element of each
such “equivalence class” of 4-tuples.

We therefore consider primitive 4-tuples of lattice points [v] = (vy, v, V3, 14) that
all lie on the same circle centered at the origin, say x* + y* = R?, and we assume that

oi=vi+v,+uv3+u £0.
(Note that if 0 = 0, then the v; cannot all lie on the same half circle, and hence

Arc[v] > wR; we shall have more to say about this case at the start of Section 6.)
Next define

1 1/4

Wy = ( Mibatsta ) o (1vavsvs) ! so that — 7/4 < Arg(opwp)) < /4.
IZRZ3 2V

Let Wy, := Arg(oy,)@[]), so that —1 < tan(¥[,)) < 1 and cos(¥,)) > 0.

Let Q = Q. be the smallest positive integer for which /Qw? € Z[i] (we will
prove that Q exists in Section 5). If Q) is a square, then [v] is degenerate, a simple
case that we will examine in Section 6. Typically Q. is not a square, that is, [v/] is
non-degenerate, in which case we select the smallest possible positive integers p and
q for which?

pz—quzeziI,
and we write o == p + g/Qand 8 := p — g/Q.

For a given [v], we define the complex numbers®

_ (D Ts1y) 4

R

2But see Remark 3.1
3There is some ambiguity here, in that these quantities are well defined only up to a fourth root of

_ (D11, T304) '/

R

(71 Tav31g) /4

R

wi , Wy , and ws=

unity. Our protocol is to make a choice for the value of each V1-/4/R (out of the four possibilities) so as to
validate the choice of fourth root of unity in the definition of w = wy,, and then to use this same value

for 1/;/ 4 /R consistently throughout these definitions.

https://doi.org/10.4153/CJM-2009-057-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2009-057-2

Close Lattice Points on Circles 1219

For each integer n we define

wi +w; wi —wj .
(3.1) wip=o"—— g i=1,2,3.
’ 2 2
and then a sequence of 4-tuples of lattice points {[v], = (V1 4, Van, V3.0, Van), 1t € 1}
by
(32) Vin = wal,nwlnwln;

Vyn = wal,nWZ,nw3,n;
Vin = wal,nwlnwi’),m
Vi = Rwwy nw nws3 .

We immediately deduce that the lattice points v;,, j = 1,2,3, 4 all lie on the same
circle, and that wf,; = w*. Multiplying out the terms in this definition we obtain

L0+ W’ VW o —wiT
(3.3) Vin = 043 T + (EO&) ( J 5 ] - )
25 2+ —
3nO'_WO' n(l/]-f-wy] U+WU)
+ _ 4+ _
Fr—— (" T 7,
so that
3n I .
(3.4) v = “= Re(o®) + ifea)” (Im(v) - M)
: 2 )
3n R _
+i 2 Im(ow) + (eﬁ)n(Re(ij) _ e(jw))

for j = 1,2,3,4. We deduce that vj,, = wR, + ORYYasa>1> |3|, and that

+w’T — W'
oy = Z Vin = anZ 5 7, 63”0 5 7 _ w(a3” Re(ow) +i3°" Im(JD)) .

Now
B Im(ow)

o’ Re(ow)

as |B8| < lifn > 0, and also cos(Arg(c,w)) > 0, as « > 0 and Re(ow) > 0, which
implies that wy,], = w (since we already know that w(,, = w*). In other words, w is
an invariant of the family, and so Q = Qg is also.

With a formula like (3.3) it is evident that one can express the v, in terms of a
recurrence. For n > 0 we have

| tan(Arg(o,w))| = | | = |p* tan Ul <1,

(3.5) Vit = pa(qQoy + p/Quw'Es) + e prjn — av/ Q') -
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We deduce that each v; , is in Z[i] by induction on n > 0, since v/ Qw? € Z[i]. This
completes the proof that each [v], with n > 0 gives rise to a 4-tuple of lattice points
on a circle centered at the origin.

We can re-express (3.5) in the more friendly looking form

(3.6) Vin = aGsp + bG3pyy + € (ajGn + bjGnH) foralln > 0,

with b = 0/4, a = q\/Qw?b — pb,and b; = b — v}, a; = qy/Quw?b; + pb; for each
j, where the recurrence sequence {G, : n > 0} is defined by

(3.7) Go=0, G =1, and G,=2pG,_; —€G,_, foraln>2.

Remark 3.1 This formula can be used to show that one can obtain Gaussian inte-
gers v;, even when p,q € Z + % (instead of in Z); we take these semi-integer values
for p = p[1,q9 = 4[] whenever possible. For example, if

V] =(1—-2i,2—1,2+i,—1+2i),

then Q = 5 and we can take p = g = 1/2 (as we now verify). The sequence G, in
(3.7) is the Fibonacci sequence F,;, and we have

a = —1+1, by = 2i,
a = 1+1, b = —1+1,
as =2, by = —1—1i,
ay = —2—2i, by =2 —2i,
so that (3.6) gives
Vip = % 3n + F3py1 + ajFy + biFpy,.

Hence v, is always a Gaussian integer, since F, is always an even rational integer
(and we obtain the example given in the introduction).

What about #n < 0? The above proof is easily modified to work for all negative n
except the requirement that |3% tan ¥,j| < 1. Thus we select ng to be the smallest
integer for which |3°" tan )| < 1, let [v] := [v],, be this initial 4-tuple, and then
define the family

(3.8) F(W1) = {1010 = W] s Vs Vi Vio)s 1 = O},

where the V]f_n are defined as in (3.2). Note that [¢'] is an invariant of the family F,

asis Qg := Q) and hence ¢, 3, p, q, . . . above.

Remark 3.2 There is an irritating ambiguity in the definition of [v],, in that it may
stem from a chosen [v], or from [v'] as above. These two possibilities differ only by
the translation n — n — ny of the parameter n, and we hope that which one is being
used is clear from the context.

If [v]o is an initial 4-tuple, then [v] ; is an initial 4-tuple of a different family, the
dual family, which we denote by F := F([v]_;.
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3.1 The Main Constant Cy
By (3.4) we see that R, ~ (a*"/4) Re(cw) and [Vin — Vin| ~ " Im((vj — )W), as

a > 1> |[], from which we deduce that

12Im((v; — v)@|

A u o~ R1/3
relv] " 1<j<k<s |2 Re(oW)|!/3

as n — o0. The constant multiplying RY?is evidently an invariant of the family ¥
and does not depend on the choice of [v] € F. Hence we can define

Arclv], [2Im((v; — v)@|

3.9 Cq:= li =
(39) T D R./? 1<j<k<s [2Re(ow)|/3

)

for any [v] € F. Similarly, it can be checked that

Co— lim Arc[u]n: max |2Re((vj — v)@|
T n——oc RIS 1<j<k<4  [2Im(o@)|V/3

forany [v] € J (indeed that C4([v]) = C#(i[v])). An alternative and useful expres-
sion for C, which can be deduced directly from (3.3), is

max IVQj — ) — VQW(T; — vy)|
1<j<k<4 Q'?v/Qo + /Quw?5|1/?

Cy =

and similarly

IVQ(vj — 1) + vVQw*(T; — Ty)|

Cy = 1;-1313(54 Q/3\/Qo — \/Qu5|'/3

We will prove Theorem 1.4 by using the construction in this section. The idea
is that every 4-tuple of lattice points leads to a family of 4-tuples of lattice points
as described above. A few of the 4-tuples are degenerate and are easily classified
and determined (as in Section 6 and then Algorithm 2, step 2). If we want to find
all families & which contain 4-tuples [v] with Arc[v] < tR'/3, then, as one might
expect from (3.9)), one only needs to consider families F with Cy no bigger than a
few percent larger than ¢. In fact if C5 < t, then Arc[v] < tR'/? for every [v] in
those families except perhaps when Ry, is smaller than an explicitly given bound;
and if C3 > t, then one can only possibly have Arc[v] < tR'3 for [v] in those
families if R, is smaller than an explicitly given bound (see Theorem 7.3). Finally
one can compute each of the finitely many [v] with R},) smaller than that bound to
determine whether they satisfy Arc[v] < tR'/3.
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4 Summary of Notation

* v,uy,... denote lattice points or gaussian integers, depending on the context.

e [v] = (v1,...,1x) denotes a k-tuple of lattice points (gaussian integers), all on the
circle of radius Ry,] centered at the origin. Typically k = 4.

® 0=0[ =V +VtVs+ .

e We say that [v] is primitive if gcd(vy, ..., v) = 1.

¢ Arc[v] denotes the length of the shortest arc containing v, . . . , V.

e F denotes a family F = {[v], = (W14, Vo, V3sn, Vau), 1 > 0}, as described in
(3.8). The 4-tuple [v]y is the initial 4-tuple of the family.

e JF([v]) is the family JF that contains [v].

 Fis the dual family of F.

* R, = Ry}, when the family is given, but see Remark 3.2.

* 0, = 0[], when the family is given, but see Remark 3.2.

e (Cg is the constant lim,,_, o Arc[u]an_m.

s wp = (V1V2V3V4)1/4R[_V]1 such that —7w/4 < Arg(op,@[,)) < m/4, which is an
invariant of the family, so can be written as wy.

o U i= Arglop)wp).

* Q) is the smallest positive integer for which /Q, wi,; € Z[i], which is an in-
variant of the family, so can be written as Qg

* p = pw = PF,9 = q = 99 are the smallest positive integers such that
P —¢FQ=r¢€=+l.

s a=ap =ay=p+q/Qand B =) = 5 = p — 9/ Q.

5 Properties of Q

In this section we suppose that [v] is given and will determine properties of
Q=0Qu =Qs, R=Ry),C=Cp) =Cs.

Lemma 5.1 There exists a positive integer Q, not divisible by 4, for which

VQuw? e Z1i).

In fact, if an odd prime p divides Q, then p = 1 (mod 4). Moreover Q/(2, Q) divides
R,

Proof Let v; be the exact power of a prime ideal p of norm p which divides v;,
i =1,2,3,4,say with vy > 7, > 73 > ~4. Since [v] is primitive, we know that
p # 2,74 = 0,and p is the exact power of p dividing R?, so that y; — ~; is the exact
power of that prime ideal p that divides v;. Therefore if y = 1 — 72 — 3 — 74, then
the exact powers of p and p dividing w* are given by (p/p)?, which equals (p*/p)”
if v > 0, and equals (p?/p) "7 if ¥ < 0. We see that if Q, is the product of these
ph" , then Qw* € uZ[i]? for some unit u, since all ideals of Z[i] are principal. Taking
square roots, we see that we can take Q = Q; if u = £1, and Q = 2Q; if u = 44, so
that Q is not divisible by 4, and all of its prime factors are norms of elements of /[i]
and are thus not = 3 (mod 4).

Finally note that |y| = |y1 — 72 — 73| < 71, s0 that Q; = Q/(2, Q) divides R>. W
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Lemma 5.2 Letp be a prime ideal in Z[i], [p|* # 2. If [v] = (v1,v2,v5,1) is
primitive and p® divides /Quw?, then p® divides exactly three of {v1, 12, V3, V4 }.

Proof In the notation of the proof of the previous lemma one finds that the exact
power of p which divides v/Qw? is p™>{®~7}, and

max{0, —y} = max{0,7; — (y1 — 72)} < 73,
so the result follows. [ |

Lemma 5.3 If [v] is a primitive 4-tuple we have Arc[v] > (16 r(Q))'/>R'/> where

(5.1) r(Q) := min max 7.
71T27374:Q/(2-,Q) 1<i<4
(riyrj)=1, i#j

Proof Let g = gcd(v; : j # i) fori = 1,2,3,4. If p # £1 % i, then by the
previous lemma we know that any prime ideal power p® dividing v/Quw? divides
one of the g;. Therefore v/Quw? divides (1 + i)g;g,g384, so that Q/(2, Q) divides
|g1]%|g2|%|83|*|ga|*. Therefore, as [v] is primitive, so that (|g;|?,|g;|*) = 1, i # j,
there exists some j for which |gj|> > r(Q). Suppose that j = 4 here and let
g =84 Lety; =grfori =1,2,3. Then

Arc[v] > Arclvy, 1y, 5] = Arc(g[7]) = |g| Arc([7]) > |g|(16R[T])1/3

= |g]*(16R;,))'/

by Theorem 1.2, as R},] = |g|R(+]. The result follows. [ |

We deduce the following result from Lemma 5.3 and (3.9).

Corollary 5.4 IfF is a non-degenerate family, then C5 > (16r(Qg))"/>.

6 Degenerate 4-Tuples

In this section we shall assume that we are given a degenerate [v], that is, a [v] for
which Q. is a square. One can verify that, in this case, « = 3 = 1, so that v; , = v;
for all n and j, and thus the (purportedly infinite) sequence of 4-tuples of lattice
points degenerates into a single example.

In Section 2 we noted that if ¢ = 0, then the v; cannot all lie on the same half
circle, implying that Arc[r] > 7R; now we will show that if [~/] is also primitive, then
it is degenerate. Since v + v, = (—v3) + (—vy) where || = |1a] = | —v3| = | — w4,
we either have v; + v, = 0 (in which case 13 + v, = 0), or that the non-zero sum
of two vectors, v; and 1, of the same length equals the sum of two other vectors,
—v3 and —uv4, of the same length, and it is then easy to show that those two sets of
two vectors must be identical. Thus, by re-ordering the indices if necessary, we have
vy + 1y = 13 + vy = 0. But (1, v3) = 1 since [v] is primitive and hence v3 = u7,
where 4 = 1, —1,i or —i. Therefore V11,1304 = (11v3)? = u?R* so that w[zy] =4u
and therefore Q) = 1.
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Lemma 6.1 If Q[ is a square, then Arc[v] > 2R1/2/QE£§3.

Proof The argument of Lemma 5.1 implies that if Q is a square, then Q is odd, each
~ must be even, and u = &1. Therefore there exists £ € Z[i] for which Qu* = £/4,
so that [£| = Q!/%. We deduce that (£1,)(0v,)(fvs)(Pvy) = 'R = +|(BR*/Q =
+QR*. Let [v'] = ¢'[v] where ¢/ = £ if + is + and ¢’ = (1 + i)/ if + is —. Writing
w' = w1, Q' = Qpuy,and R’ = R+, we have (wh* =1,s0that Q' = 1.

If R” < +/5, then there are exactly four lattice points on our circle, so that
oy = 0. Hence o, = op,/)/¢’ = 0 and therefore Arc[v] > wR, as noted at
the beginning of the Section 3.

We now prove that if R” > /5, then Arc[v'] > 2°/4(R’)'/2. We may assume
that Arc[v'] < ZR’, else this is immediate. Using the obvious symmetries (that is,
multiplying [1’] through by a unit or replacing it with [v/]), we may assume that
—m/2 <1 <2 < p3 <y < /2, Wherevj = R'e¥i = xj+iy;, j=1,2,3,4,
and we already know that ¢, + ¢, + 3 + @4 = 0. Thus ¢; < 0 < @4, and suppose
that 1| > 4. This implies that o3 > 0, so that y3 > 0 and x3 > x4, and thus

Arc[v'] > 2yy = 24/R? —x2 > 23/R? — (x5 — 1)2
>2/R?2 — (R — 1) =2V2R' — 1 > 25/4(R")'/,
as R’ > +/5. Therefore, from the remarks at the beginning of Section 3 we have

A AI‘C[V/] 25/4(R/)1/2 25/4R1/2 25/4R1/2 2R1/2
— > = .
rc[l/] |€/| |g/| |£l|1/2 - (\/§|£|)1/2 - Q1/8

Corollary 6.2 If Arcl[v] < tRY? and [v] is primitive and degenerate, then R <
£159-17.

Proof If Q) isasquare, then Arc[] > max{2R"/2/Q'/%, (16r(Q)R)"/*} by Lemmas
5.3 and 6.1. From (5.1) we see that r(Q) > (Q/2)'/%. Therefore Arc[v] > 22*/2°R?/5,
so R < t192769/4 < 15317 and the result follows. [}

7 The Constant C5 Associated with a Family &

We begin this section by noting, without proof, two technical trigonometric lemmas
that will be useful below.

Lemma 7.1 If—7/2<x < - <x, <7/2 then

max |sin(x;) — sin(x;)| = |sin(x;) — sin(x,)|.
\max |sin(x) — sin(x))| = |sin(a) — sin()

Lemma 7.2 If|x| < 7/4, then
(i) |sinx| < 1.0106|x| - | cosx|'/3,
(ii) |sinx| < |x| - |52 |3 whenever [y| < |x| — 0.137|x],
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(iii) |sinx|| cosx|'/ > max(2|x| /7, |x| — |x|*/3).
The following is the main result in this section.
Theorem 7.3 If Arc[v] < JR(,) where [v] is primitive and non-degenerate, then

(i) Arc[v] > 0.9895C5R;/;,

(i) Arc[v] > C:;R;l{f for Ry > 0.0SC;?“,
(iif) Arc[v] < CoRI(1+ 2 5%).

96 g3
vl

Proof Write v;w = Re'%i j = 1,2,3,4, with ¢, < ¢y < 3 < 4 < o1 +7/2, 50
that Arc[v] = (w4 — ¢1)R, and note that ¢; + 2 + 3 + @4 = 0 by the definition of
w. Therefore,

2R\ Im((v) — va)| 2RP|sin(p1) = sin(py)|
(2Re(ow)!? " [2(cos(ip1) + cos(ipa) + cos(ip3) + cos(ipa))[1/3”

Cow) =
Now sin(p1) — sin(gps) = 2 sin(£52) cos(£3£4), and

cos(p1) + cos(py) + cos(ps) + cos(py)

= 2(cos(L _ 904) +cos(7('02 — %)) cos(L +SD4),
2 2 2

since 2583 = — 2128 and therefore

B 2R3 sin(Z524)| | cos(—‘m;‘“ﬁ“ﬂz/3 2R>| sin( #1524 )|

B |2 (cos(£52) + cos(E252))[1/3 = | cos(LFE) /3

(7.1) Cy

since 0 < cos(#572) < cos(£52),as 0 < @3 — 0y < 4 — ¢ < 7/2. By Lemma

7.2 we deduce that Cy < 1.0106(p4 — ¢1)R¥? = 1.0106R~'/? Arc[v/], and part (i)
follows.
If (01 — 1) — (3 — 2) > 0.137(ps — 1), then

Cy < (ps — p1)R? = R7V/3 Arc[v]

by Lemma 7.2(ii), and the result follows. Otherwise (¢4 — 3) + (2 — 1) <
0.137(04 — 01)*, and suppose, for example, that , — 1 < &237(904 — ¢1)°. Apply-
ing the argument in the proof of Theorem 1.2 to the triangle formed by vy, 15, v4, we
obtain

2R S 4AR = |I/1 — V2||1/1 — V4||I/2 — 1/4|
< Arc(vr, va)Arc(vy, vy)Arc(vs, vy)

= (g2 — 1) (s — 1)(ps — P2)R’
< 0.0685(p4 — ¢1)°R® = 0.0685R ™2 Arc’[v],
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so that Arc[v] > 1.963667195R3/> > C4RY? for R > 0.08C">/*, and part (ii) fol-

[v]
lows.
Let us suppose that ¢4 — o} = 4\ so that 7/2 > 4\ > 0. Therefore,

0= 1+ + @3+ pg = 4dp; +mA

for some m,4 < m < 12, so that ¢; + s = 2¢1 + 4\ = (4 — m/2) ) and therefore
|1 + ©4)/2] < A We therefore deduce that

+
’cos((p1 5 cp4) ‘ > |cos A\| > cos’ A = (1 + cos2)\)/2

1 — —
> ‘_(cos(w) +cos(u))‘,
2 2 2

Therefore (7.1) implies that

Cs > 2R2/3’sin(L — (p4) ’ ’cos(w1 _ %) ’1/3
- 2 2 ’

Applying Lemma 7.2(iii) yields Cy > R2/3% lo1 — @a] = R_1/3% Arc[v], so that
Arc[v] < (7T/2)C3:R1/3,

and also that

o1 — s (o1 — 904)3) _Arc[v] Arc’[v] _ Arclv] 7 C3

2/3 _ ™ty
Cs 2 2R ( 2 24 " RIS 12R7/3> = RI3 96 R4/3’

which implies part (iii). |

Lemma 7.4 Given [v] € F, there exists [v], (as defined in (3.2)) such that
Rt < C5p’. In other words, for any family F, there exists [v] € F U F such that
R, <Cip’

vy = >93¢0 -

Proof Fix & > 0, and select m such that Arc([v],,) < (1 + §)C5R'/?, which is
possible by (3.9). For convenience we replace [v] by [v],. By (3.1) we have, using
the arithmetic-geometric mean inequality,

3 I _
5 5 | Wi t Wi 2 on| Wi — Wi 2
Rf,, /Rl = H(a "= 8 —=—
i=
2n 23 wi+w; 2 + 62n 23 wi—w;
(0‘ i=1| "2 i=1| "2

; =)
< (a2n L (1 +5)28§%3)3.
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To obtain this last inequality we first note that each [“3%| < 1 and that, if we write
each v; = Re'¥ where 1 < @) < @3 < 4 < 1 + /2, then

— ) — 3+
2lwr — w7 = 4sin (LT |

4
< o1 — 2 — @3+ @u] = (s — 1) — (03 — 1) — (2 — 1)
< s — @l

and similarly, 2 |wy — ;| < |4 — 1| and |w; — W3] < |4 — 1], so that

li‘w,—w,
3 —

(ps — 1) Arc[v]? » C§
pr— <
8 8R? (1+9) 8R4/3"

log((1+0)*C% /(8R*?)) . .

Now let 7 be the integer closest to 1 ; in fact, suppose that this equals
g

n — ~y with |y| < 1/2. Then

1+6)°C% 3
R Wl <R2((1+5)81/2R2/3( 27+|6|27)) S( +6) 83/(204+|ﬁ|)

Now a + |3] = 2pife = 1,and a + |8] = 2q/Q if ¢ = —1. In the latter case we
have g/Q = p + 1/(p + qv/Q) < 2'/?p (which is attained when Q = 2). We obtain
our result by an appropriate choice of 4, since Rfy]" is an integer. Finally note that

V], € FUT. n

8 Our Algorithms

Algorithm 1 This algorithm calculates, for a given t > 0, all the families

FeF@)={F, Cy <t}.

Step 1: Finding admissible Q. We determine all the non-square values of Q # 0
(mod 4), whose prime factors are 2 or are = 1 (mod 4), which can be written as
the product of four co-prime integers all of which are < #*/16 (by Corollary 5.4).

Step 2: Finding possible families. For each Q in Step 1 we consider all the non-de-
generate 4-tuples 1] such that Q),; = Q and Rf,,] < £3p3, where p = p(Q) is
defined in Section 3. (Recall that if C4 < t, then F or F contains at least one of
such 4-tuple, by Lemma 7.4.)

Step 3: Computing the constants C5. Use (3.9) to compute the constants Cy and
Cy for the families & = F([v]) obtained in Step 2. Finally we save those with
Cy <t.

As an example we apply Algorithm 1 to calculate F(5) = {F,Cy < 5}. In Step

1 we see that 5°/16 < 8 and so the possible values of the four (pairwise co-prime)

factors of Q are 1, 2, and 5, so that Q = 2, 5, or 10.

In Step 2, noting that p(2) = 1, p(5) = 2,and p(10) = 3, we consider those [v]
for which Q) = 2,5, or 10, with R,; < (5), (10)?, or (15)?, respectively. Then in
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Step 3 we found seven families (which we describe in Table 1), with constants

Cy, :2(2(3“@))% <Cq, = (20)%(12\/5) <Cs, :4(;(5+4\/E))%

<Cg, = (?(14+5ﬁ0))% <Cg, = 3\5(;(5”\/5))%
1++/5
2

<C5rﬁ:1051( )§<Cg7:2(l+\/§)<5.
One can show that F5 := Fs = F(2 + i,—1 —2i,—2 — i, —1 + 2i) where Cy, =
5.490599585 - - - is the family J that gives the next smallest constant C.

Theorem 8.1 If Arc[v] < tRY3, where [v] is primitive and non-degenerate, then
either Arc[v] > SR withR < (2t/7)*/%, or [v] € F for some F € F(t), or [v] € F for
some F € F(1.01062t) with R < 0.084¢'%/4,

Proof If Arc[v] > ZR, then SR < tR'/? and the first option follows. If Cy < t,
then the second option follows. Finally suppose that Arc[v] < R and Cy > t.
Then tR'? > Arc[v] > 0.9895C},;R'/? by Theorem 7.3(i), so that C5 < 1.01062t,
that is, F[,; € F(1.01062t). But then R < 0.084¢'%/4, else

R > 0.084¢"%* > (0.08)(1.01062¢)"*/* > 0.08C5*

implying that Arc[v] > CgR'/> > tR'/? by Theorem 7.3(ii). [

Proof of Theorem 1.4 We have that max{2~'7'> 0.084¢'%/% (2t /7)?/?} is equal to
2717415 for ¢ > 2.2871 ..., and is less than 1.87 for smaller ¢. The result then follows
from Theorem 8.1 and Corollary 6.2.

For any given t, there are only a finite number of possible values of Q, and so only
a finite number of possible values of p, and hence by Lemma 7.4 every family in J(z)
contains a 4-tuple v such that R}, is bounded by a quantity which depends only on
t. Therefore there are only finitely many such v, and so there are only finitely many
families in F(¢). [ |

Algorithm 2 This algorithm determines, for a given t > 0, all primitive 4-tuples
1/3

[v] of lattice points for which Arc[r] < IR,

Step 1: Small 4-tuples. We examine each [v] satisfying R,; < (2t/7)%?, to test
whether Arc[v] < tR[lﬁ (as demanded by Theorem 8.1).

Step 2: Finding admissible Q. We determine all positive integers Q # 0 (mod 4),
whose prime factors are 2 or are = 1 (mod 4), which can be written as the prod-
uct of four co-prime integers, all of which are < #*/16 (by Lemma 5.3).

Step 3: Degenerate 4-tuples. By Lemma 6.1 we examine, for each such Q that is a
square, all [] with Qp,; = Qand Ry, < (£/2)°Q¥*.

Step 4: Families with t < Cy < 1.01062¢. We examine all [v] € F such that R} <
0.084115/4 to test whether Arc[v] < tR[II{]3 (by the last part of Theorem 8.1).
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Step 5: Families with C5 < t. We examine each [v] € F such that

C?T 7r3)3/2
t—Cqg 96 ’

Ry < (
to test whether Arc[v] < tRE,ff. (For, if R, > (t_Cé;T g—;) m,thenArc[u] < tR[llff,
by Theorem 7.3(iii).)

Proof of Corollary 1.7 Write t = 2(1 +4/2) = 4.8284271--- < 5. To begin with, we
determine all such [v] for which R} ; < (2t0/7)° < (10/m)> < 33; these all happen
to be degenerate examples (see the table below). In Step 2 we see that 5° /16 < 8, and
so the possible values of the four (pairwise co-prime) factors of Q are 1, 2, and 5, so
that Q = 1,2, 5, or 10. In Step 3 we look for degenerate 4-tuples on circles of radius
< (5/2)°Q%* for Q = 1,2, 5, and 10, finding the examples listed in Table 2, as well
as examples equivalent to these via multiplication by 1, —1, i, or —i, or via complex

conjugation. Thus, if [v/] is degenerate and R[,; > /325, then Arc[v] > tR;Iff.

| R? | (V] | Arc[v]R™1/3 |
5 1+2,2+4,2 0,1 2i 3.7863 - -
65 7 ¥ 4,8 41,8—1,7 —4i 4.1746 -
5 24,2 0,1-2i, 12 42716 -
25 51344144315 45930 -
13 2+31,34+2i,3—2i,2 — 31 4.6217 - - -

125 | 10+ 54,11+ 24,11 — 27,10 — 5i | 4.6364---
325 | 17+6i,18+1,18—1,17 —6i | 4.6655- -
85 2+9i,6+7i,7+61,9 + 2i 4.9836 - - -
533 | 22+7i,23+ 21,23 — 21,22 — 71 | 4.9953 -

Table 2: Degenerate 4-tuples [v] with Arc[v] < SRL{]S .

In Step 4, the family F7 is the only family satisfying t < Cy < ¢ - 1.01062, and
we check that Arc[v] > tREl{f for all [v] € F; with R(,; < 0.084t'/%, For Step 5, a
simple calculation reveals that Arc[v] < tREl{f forall [v], € F,,, 1 < m < 6, with

3 3
Rpy < (%%) 3,
except the initial 4-tuples [v]o in F1, F;, and F;. [ |

Proof of Corollary 1.6 Most of the work has been done in the proof above. Now
t = (40 + %\/ﬁ)m = 4.347370 - - -. The family J; is the only family satistying
t < Cqy < t-1.01062, and we check that Arc[v] > tR[l,{]3 for all [v] € F; with

Ry, < 0.08¢%/% = 19.7897 - - -. Step 4 is vacuous because J) is the first family. We
are therefore left only with a subset of the degenerate cases given above, namely the
top three cases, each of which have R < /65. |
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9 Asymptotic Estimates for Ni(t,x), k = 3,4
9.1 Counting 4-Tuples

The proof of Theorem 1.8 for 4-tuples Fix t. We wish to determine the number
of 4-tuples of lattice points that lie on an arc of length tR'/? of a circle of radius R
centered at the origin, where R < x. First we deal only with primitive 4-tuples. Since
there are only a bounded number of degenerate [v/] with Arc[v] < tRY/3 by Corollary
6.2, this reduces to determining the number of primitive 4-tuples in each family F
with C5 < t. For a given family F we have R, ~ o*"|Re(ow)|/4 by (3.4), so the
number with R, < x is logx/3loga + O(1). Now each such 4-tuple is one of an
equivalence class of 8 examples (as we have discussed). Therefore there are a total of
~ B log x primitive 4-tuples of lattice points which lie on an arc of length tR'/> on a
circle of radius R < x centered at the origin, where

1Fa®)
Z IOgOégr B _Z logar ’

with F,(r) = {F,a5 = «,Cs < t}. Rather like in the prime number theorem, if
we count each primitive 4-tuple [v] with weight log v = log o[}, then we have

8
Z log avpy) ~ 5#{.‘}' :Cy < t}logx.
primitive [v]

Arc[l/]<tR1/3
Ri<x

Write Ni(t,x) = #{[v] : Arc[v] < tR{/], Ry, < x} and, for g € Z[i],

Ny(t,x,8) = #{ [v] = (1, 2,3, 14) :

ged(vy, 12, 13, 1) = g, Arclv] < tRl/s, Ry < x}.

We proved above that N4(t x,1) ~ 3, logx for fixed t as x — oo. To estimate N(¢, x)
we use the formula Arc[v] = |g| Arc[r/g] to obtain

Nu(t,x) = > Nu(t,x,g)
4

= ZN4(t|g|_2/3,x|g|_l, 1) ~ Zﬁtlg\’z“ log(x|g|™") ~ B;log x,
g g

as x — 00, where

8 1
_ = g:'u t —2/3
3;1%@%3' (tlg ),

and the sums are overall g = a + bi, 0 < b < a for which |g| < (t/Cy, )%/ [
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By Theorem 1.4 and the fact that F(¢) is finite, we know that B, is a piecewise
constant function. We conjecture that B, =< > log’ t and, more generally, that

Ny(t,x) < min{x?, £*}(log(min{x?, £’}))® log x

forall t > (40 + £/10) '? One can prove the slightly stronger estimate Ny(t,x) ~
cyx? log” x for x < (t/(27))?/? for some constant ¢; > 0 by a simple counting argu-
ment (the analogous argument for N3 is given at the beginning of the next section).

9.2 Counting 3-Tuples
Writing N (¢,x) = #{3-tuples [] : || < x, and Arc[v] < t|v|'/?}, we conjecture
that
(9.1) Ni(t,x) =< 2/° min{x?, t3}2/3(10g(min{x2, *h)?

forall t > 16'/3. We can prove a slightly stronger result when x < (¢/(27))*/2, since
in this range all the 3-tuples with |v| < x are counted in N3(#, x), so that

IMEDY <r(3”)> = é 3" P ) + O (m) ~ e log’ x,
n<x?

n<x?

for some constant ¢; > 0, via the usual counting argument using contour integration.
The conjecture in (9.1) is equivalent to N (¢,x) = x*3t*log’ t for x > (t/(27))*%
we now prove a weak version of this estimate.

The proof of Theorem 1.8 for 3-tuples Defining
Ns(t,x,8) = #{[v] = (1, 12,v3) : ged(1, 2, 13) = g, [v] < x, Arc[v] < t|v|'/},
we have

Ni(t,x) = > Na(t,x,g) = > Ni(tlg| ™ x[g| ™", 1),
gl </ gl <e3/?

so to prove the theorem it suffices to obtain upper and lower bounds for primitive
3-tuples (that is, the case g = 1), which we will do in Lemmas 9.4 and 9.5 below.

First we introduce some lemmas and notation. For any I € Z[i] let ¢; be the
argument of J, and then Zy[i] = {l € Z[i] : 0 < ¢; < 7/2} with Z}[i] the set of
visible lattice points in Zg[i] (that is, the numbers a + bi € Z[i] with (a,b) = 1 and
a>b>0).

Lemma 9.1 For any 3-tuple [v] there exists a unique § € Zo[i], p1, P2, P3 € Zjlil,
(pi,pj) = L and ty,t5,t5 € {0, 1,2, 3} such that

vy =i"gpipaPs, V2 = i"gp1P,P3, Vs = i°gP,Paps.
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Proof The values g = (v1,12,13), p1 = (11/8,12/8,v3/8), P2 = (1/8,12/8,3/8),
ps = (11/g, 12/g,v3/g) are the only ones satisfying the conditions. [ |

Lemma 9.2 IfArc[v] < slu|'? andt; = t, = t3, then |pp, — @p,| < (s/2)|v| 72/
fori # j.

Proof Notice that ¢y, — ¢p, = 2(¢0,, — 1) < §|v|~?/; the same argument works
for the other differences. ]

Lemma 9.3 There are at most 4w*e + 1 visible lattice points in the angular sector
2l <w, |p. —al <e

Proof Let Py, ..., P, denote the visible lattice points in the sector ordered according
to increasing argument. Each of the triangles (O, P;, Pi+1),i = 1,...,n— 1 are inside
the angular sector, each has area > 1/2, and they are disjoint, so that

< Area of the angular sector = 2ew? |

(n—1)-

N —

Lemma 9.4 Ify > $°/%, then Ns(s, y, 1) < y*/*s*log”s.
Proof We will count 3-tuples [v] with || < y, Arc[v] < s|v|'/?, and
g = ged(vy, 1, 13) = 1,

and restrict our attention, in the notation of Lemma 9.1, to the case where t; =
f, = t3 (the other cases following by analogous arguments), and |p;| < |p2| < |ps|
(the other cases following by re-arrangement of the v;). If 2/ < |p;| < 2/*! for
i=1,2,3,then j; < j, < js, and the condition |v| < y implies that

j = j1 +j2 +j3 < 10g2}/.
Now

25 < |ps| < |2 — | < Arc[v] < s|y|'? = s|pipaps|'? < (252777,

so that j3 < log,(2s) + j/3, and, similarly, ji, j» < log,(2s) + j/3. Together these
imply that
(9.2) —2log,(2s) < ji — j/3 < log,(2s)fori =1,2,3.

The condition Arc[v] < s[v|'/? implies that |@p, — ¢p,| < 2717273 for i =
2,3 by Lemma 9.2, and therefore p; is a visible lattice point in the angular sector
2| < 25%1 |p — @py| < s27%/3. There are < 2%/ - 2721/3 such lattice points by
Lemma 9.3, since

1 < 22020700 < 2202071 (26)21/3 < (25)2222 /3 < (25)220327 213,

There are < 22! lattice points 7 with [p;| < 2/1*!, and hence the total number of
such triples py, p2, ps is < s22%/3.
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Now, for a given j, there are < (logs)? triples of integers jy, ja, j3 by (9.2), and
so our count of lattice points is

< Z 243 (logs)? < y*/s*(logs)?,
j<log, y

as required. ]

We now prove bounds in the other direction.
Lemma 9.5 We have N3 (s, y, 1) > y*/*s* for s sufficiently large.

Proof We construct examples in Lemma 9.1 with ¢ = 1 and each t; = 0, so we
want pi,ps,ps € Zyli] with each |p;| < »'3, as well as (p;,p;) = 1 and
lop, — ¢p,| < (s/2)y~2/fori # j. Consider the lattice points p = a + bi € Z}]i]
with a + b odd, |p| < y'/%, and divide the circle of radius y'/> into angular sectors
of width (s/2)y =%, which we will denote S, ..., S, with k < [47y*?/s]. Note
that (p,p) = 1, as p is visible and a + b is odd. There are ~ (1/27)y*/ such lattice
points, and so an average of ~ s/872 per sector. We can thus prove that if s > 2572,
then there are > ks* > y?/3s? triples py, ps, ps € 7;[i] with each |p;| < y'/? and
lop — p,| < (s/2)y~%3 fori # j; however we do not necessarily have (p;, p;) = 1
for each i # j. Forcing this to happen complicates our argument.

We modify the above construction by considering only those p = a + bi € Z}[i]
with a+b odd and |p| < y'/* that have no divisor g € Z[i] for which 1 < |g| < B, for
some large fixed B to be chosen later. Sieve methods yield that there are < y*//log B
such lattice points. Thus if (p;,pj) = g # 1, then |g| > B. Now this implies
that p; /g, p;/g are distinct visible lattice points lying in an angular sector of angular
width (s/2)y~%/ with |z| < y'/3/|g|. There are < 1+ 2(s/2)y~*3(y'/3/|g])* =
1 + s/|g|* such points by Lemma 9.3, and thus no such pair if |g|* > s, and at most
k(1 +s/|g|*)(s/|g]*)/2 < ks*/|g]* such pairs otherwise. Therefore the total number
of pairs of such lattice points p;, p; with |(p;, pj)| > B is at most

ks 8ks® _ 101y*3s
E T <5 < :
|g 4 B2 B2

gt B<|g|<+/Isl

To complete our proof we translate this into a graph theory problem. Let G; de-
note a graph whose vertices are the p = a + bi € 7;[i] with a+ b odd and |p| < y'/3
that have no divisor g € Z[i] for which 1 < |g| < B, and where p € S;. Two vertices
in G; have an edge between them if the corresponding p have no common factor.
Then N3(s, y, 1) is at least the total number of triangles in all of the graphs G;. Let n;
be the number of vertices in G, and let e; be the number of edges in the complement
of Gj, that is, the number of pairs of p in this sector that have a common factor. Then

ni=m 4 +m =y /logB, k= y*?/s, e=e +---+e < yHs/B

Our result follows from the next lemma by taking B and then s sufficiently large.
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Lemma 9.6 Fixe > 0. There exist constants ¢, C > 0 such that for any integers n, e, k
satisfying n > Ck and e < cn®/k, if G; is a graph created by deleting e; edges from the
complete graph on n; > 3 vertices, fori = 1,2, ...k, then there are > (1/4 — e)n® /K

triangles in the set of graphs Gy, . .., Gy, wheren :=n; +---+nrande:=e; +- - - +e;.
Proof A graph G; with n?/4 + m; edges contains >> m;n; distinct triangles. Hence
the total number of triangles in Gy, ..., Gy is
k 2
ny — 2n;
(9.3) > ZI n; max{ 0, ’Tl - e,-} .
i—

We shall suppose that for given n, e, k we have the choice of non-negative real num-
bers e; and n; > ny > --- > m; > 3 that minimizes the right side of (9.3). This
is evidently minimized by taking ¢; = ¢;¢ := W fori =1,2,...,0 — 1, with
0 < e < e ande; = 0fori > ¢. Now, for fixede — e, = ZKK@W,we
wish to maximize ), ;_, ; (so as to minimize ) ,_, #;), and thus we take them all
to be equal. If n; > m; with e, < e/, then we get a contradiction of minimality
by taking n{ = n; — 6, n; = ni + 6 for some very small 6 > 0. Thus we have
n =---=mn_; =rsay,and ny = --- = n; = s, say, with r > s > 3. Moreover we
have 0 < e— (¢ —1)22 < =D and r(¢ — 1)+ s(k — £+ 1) = n, and the right side
of (9.3) equals (k + 1 — )52 _ gy,

This is now a classical optimization problem. If we take { —1 = Ak for 0 < A <1
and r = pn/k,s = on/k, then pA+ o(1 — ) = 1,so that p > 1 > o > 0. Solving,
we find that o = (1 — pA)/(1 — A). Now

o= w(f 1 O(1)) = Ao Jak{1 + O(1/r + 1/0)},
so that A < 4¢/p*{1+ O(1/r + 1/£)}, and so ¢ > 1 — O(c). The quantity to be
minimized is

> (1—Nks’/4{1+0(1/s)} = (1 — O(c))o’n’ J4k* > (1 — O(c))n’ /4K>.
implying the desired result. ]

Remark 9.7 By slightly modifying this proof, one can show that if n > (2 + €)k
and e < (1/4 — €)n(n — 2k)/k, then there are >, n’/k? triangles. Evidently the
restrictions in the hypothesis of Lemma 9.6 cannot be much improved since n > 3k,
and since there is a triangle-free set of k graphs with e > n?/4k (by making each G; a
complete bipartite graph with about n/2k vertices in each class).

10 Close Divisors

In a forthcoming paper [5], we will deal with the analogous problem for close divisors
dy,...,dy of arational integer N. The quantity w = (d; - - - di)'/¥/N'/? shows where
the lattice points (d;, N/d;) are located on the hyperbola xy = N. Since each N/d;
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is also a divisor of N, we study only the k-tuples of large divisors, that is, those with
w > 1. We can give a lower bound for L(dy, ..., ds) = max; |d; — d;|, analogous
to Theorem 1.1.

(10.1) L(d, ... dy) > NVAZV/G=D20),

The analysis of the cases k = 2, 3 is similarly straightforward, and one can obtain the
sharp estimates:

L(d\,dy) >2,  L(di,ds,ds) > 2*PNV°,

and that {L(d,, d,, d3)N~"/°} is dense in [2%/°, 00).

The case k = 4 again requires more delicate arguments, as we found in this article
for the analogous problem for lattice points on circles. For the problem of close divi-
sors, (10.1) yields L(dy, . .. ,ds) > N6 and the exponent “1/6” cannot be increased,
as we see from the following example. The integers N, = 2P, Pnr1 Pr+2gnGn+1gn+2>
have divisors

dl,n - Zann+1Qn+2; d2,n = ZQnQn+1pn+27 dS,n = PuPn+1Pn+2, d4,n = 2pnﬂn+1qm—2;
where (p,, g,) denote the solutions of the Pell equation x> — 2y? = #1. In fact

Hm L(dy ., dyyy dsp, dy )Ny V0 =272 428312 — 36172 ..,

This is not the only family with this kind of property. As in this paper, we can classify
all the “close” 4-tuples [d] = (d1, d,, d3, ds) of divisors of integers N into families F
such that

lim L(dl,m d2,n7 dS,nu d4,n)Nn_l/6 = Cy.

One can determine a formula similar to (3.6) to describe each family. We are then
able to deduce the following theorem (analogous to Corollary 1.6 herein).

Theorem 10.1 For any large 4-tuple of divisors dy, d,, ds, ds of N we have

)

3) 1/12( 8+ 3\/5) 1/3N1/6

Ldy, da, ds, di) > 2( 5 :

whenever N > Ny. On the contrary there exist infinitely many large 4-tuples of divisors
din, Aoy A3, Ay Of N,y with

dm N6

Ll o By Ban) _ ( E) 1/12( i 3\/6) Y 3006555939 -
2 5
Although the ideas and techniques used in [5] are similar to those used in this
paper, there are sufficient differences that it seems necessary to write a different paper.
We do not know if the exponent in (10.1) is sharp for k > 5, just as we do not
know if the exponent in Theorem 1.1 is sharp for k > 5.
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11 Other Related Questions

Herein we have studied very precise questions on close lattice points on a circle, and
in [5] we develop a similar study of close lattice points on a hyperbola. Presumably it
should be possible to generalize these results to close lattice points on all other curves
of degree two in the plane, and perhaps to curves of higher degree. In this case one
knows that there are very few points, after Mumford’s theorem and Faltings’ theorem,
and those that there are should presumably be very sparse, but such questions appear,
for now, to lie deep. There is an important school of research that attempts to obtain
bounds that are within a small factor of best possible, which makes these bounds very
applicable. As in proofs of Theorem 1.1, the key articles by Bombieri and Pila [1],
Heath-Brown [9], and then Elkies [7], all use combinatorial arguments and linear al-
gebra; these have the severe limitation that they are unlikely to give bounds for typical
curves that are much better then what is obtained for the lattice-point rich, rational
curve, y = x?. Quite recently, Ellenberg and Venkatesh [8] have incorporated true
arithmetic-geometric techniques into these arguments, so as to distinguish between
rational and non-rational curves, and thus they get bounds of a strength that had
previously seemed inaccessible.

One can also ask about analogous questions in higher dimensions, for instance,
how close can one pack k lattice points on a sphere in R*? One has to be a little careful
as Heath-Brown showed us: select an integer r which has many representations as
the sum of two squares; for example, if r is the product of ¢ distinct primes that
are = 1 (mod 4), then r has 2 such representations. Now let N be an arbitrarily
large integer and consider the set of representations of n = N2 + r as the sum of three
squares. Evidently we have > 2¢ such representations in an interval whose size, which
depends only on /, is independent of n. Note though that these lattice points all lie
on the hyperplane x = N, so we can better formulate our question by asking: How
close can one pack k lattice points on a sphere in R, no four of which belong to the same
hyperplane?

12 Open Problems

We finish this article with two open problems.

Problem 1 Do there exist infinitely many circles x> + y* = R% with five lattice points
on an arc of length <« RY®?

We doubt it. From Theorem 1.1 we know that an arc of length R*/3 contains, at
most, four lattice points, and our guess is that the exponent 2/5 can be increased,
perhaps to as much as 1/2.

Problem 2 Is there a uniform bound for the number of lattice points on an arc of
length < R'/2?

Theorem 1.1 gives the upper bound < logR for the number of lattice points on
an arc of length R/2, and we would like to see this significantly improved. Indeed
this provokes the following (see also [4]).
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Conjecture 12.1 Forevery € > 0 there exists a constant B, such that there are no more
than B, lattice points on an arc of length R' ¢ of a circle of radius R that is centered at
the origin.

Fix m. Let a be a large integer. Let {0y : j = 1,2,..., (%")} be the set of functions
or: {1,...2m} — {—1,1} for which >>7" 0(j) = 0. Now define

2m

v i=[J(a+ j+iou()).

j=1

Obviously v, = H?il(a + 7)(1+ O(m?/a?)), so that |v; — vj| <, [vi|'~"/™. In other
words, we have constructed (2;1”) lattice points in an arc of length O(r'=Y/™) on a
circle of radius r. Thus, if Conjecture 12.1 is true, then B. would have to be at least
¢°/¢ for some constant C > 0.
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