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ANALOGUES OF ENTIRE FUNCTION INEQUALITIES
FOR AN ANALYTIC FUNCTION

S. K. BAJPAI AND JOSEPH TANNE

1. Let f(z) = 2 %-1 62 be an analytic function with radius of convergence
R (0 < R < ). Set

M() = M(rf) = max /@), m() = max ||},
v(r) = max {\e|m(r) = |cxl™},

and let the order p and lower order X of f(z) be defined by

(1.1) ; = lim s;‘l’f:’ [log x]* log* log™ m (),

wherex = Rr/(R — 7). If 0 < p < 00, we define the type T and lower type ¢

of f(z) by
T . SUD [ —p, +
(1.2) ;= lrmlle inf [x7* log™ m(r)].

Also, if 0 < p < 00, define the ‘‘growth numbers’ v and é by

1.3) Y = lim 5P {”fﬁ} .

8 ginf lx

The purpose of our discussion will be to obtain some inequalities involving
the growth constants defined above. Similar inequalities hold in the case
where f(z) is an entire function.

2. If f(z) is an entire function of order p (0 < p < ) and if 7T, v, & are
defined by

sup »(r)

T=limsupl£g-1:t—(r—), 7 = lim el

T30 r é T30 inf 7

we have that 6§ < pT" < v < epT and v + 6 = epI". (See Shah [3] and Singh
[4]). In our case we have the following:

THEOREM 1. Let f(2) be an analytic function with radius of convergence R
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(0 < R< ) andorder p (0 < p < 00). Then

14p —p—1
(znaR§M§pT§ngﬂ(L+ﬂ [1+%] :

where p, v, 6, t, T are as in (1.1), (1.2), and (1.3).
Proof. We have that (Sons [5])

2.2) logm(r) = 0Q1) + f V—(‘:—)ds
T0
Thus, for 2 = 1, we have

)d + ' l,—(S—)ds.

R(r/R)k S

R(r/R)"
(2.3) logm(r) = O(1) + f
Now, from (1.3), we have for » = ro(e) (ro < R),
(24) (v + e)xrtl > p(r) > (6 — e)xr*l.

Since (R/log (R/r)) ~ x, as r = R, we can obtain, for r = r,,

p+1

o1
@25) (v + ¢ (R/log§) > () > (6 — ¢ (R/xog ]—f)
Thus, from (2.3) and (2.5) we get

R(r/R)% RPHd k T d
logm(r) = O(1) + f W"‘ v Ir{) ) fR(,,R,k —s£

om S o

log (R/7)
~oa)+ 8 —’:p)Rx” 4 = DRR@/R))
P x
Thus,
»(R(r/R)*)
T = + ( — 1R llrrrlh)SRu mm .
But
. v(R(r/R)")
im SUP {[RRG/RDV/IR — RGBT
{[R(R(f/R) )I/IR — R(r/R)*1}**!
[Rr/(R — )™
k—1 _ p+1
> 7linrn_)£nf {r—u—ek(i_?%)-} = k;y+l
Hence,

R  R(k—-1
T kn+ (kp+l)7
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so that

(26) o1z KEEE= Derl

The right-hand side of (2.6) is maximized for
po ety
S+’
Substituting this value for k in (2.6) yields
14p I+p
()
el ) (e 2)
S VI o

which gives the right-most inequality of (2.1). The other inequalities in (2.1)
follow readily from (1.2), (2.2), and (2.4).

3. We now establish some inequalities involving certain mean moduli of an
analytic function and its derivative proceeding along the lines of Lakshminara-
simhan [2]. First of all, let

A*(r.f) = max [Re f@2)],

and define I;(r, f ) and J5(7, f ) for 6 > 0 by
or 1/8
L f) = (51; f lf(re“’)l‘de)

B f) = (El,r j:" [Re f(re") ,6d0) v,

Lakshminarasimhan [2] has shown that I;(r, f), Js(r, f), and A*(r, f)
are monotonic increasing functions of 7, that lims,, Isi(r, f) = M(r, f),
limso, Js(r, f) = A*(r, f ), and that

log Js(r,f) ~log Is(r,f) ~ log A*(r, f) ~log M(r,f)

provided log m (r) ~ log M(r). He also gives the following two lemmas (given
as Lemma 1 and Lemma 6 in [2]) which we shall need.

LeEMMA 1. Suppose P(z) is a polynomial of degree n having derivative P’ (z).
Then for any constant 6 such that 1 < 6 < 00 and z = re®,

1 2T 1/6 n 1 2T 1/8
(5 [ reenran) " s a2 (3 [T e ety
0

s LA +6/2)
A =V R0 1)

where

As;— lasd— 0.
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LEMMA 2. Define Is(r, f) and Jy(r, f ) for a 6 = 1. Then, for almost all r,
O L") 2 2 1o, f)
) Js(r,5f ) Z 7 22 Jo(r, )

(il) 4*(r,of ) = 7 4%(r, 1),

Lakshminarasimhan gives the preceding lemma for an entire function but the
same proofs hold in the case where f(z) is an analytic function with a finite
radius of convergence.

The next lemma is analogous to Lemma 2 of Lakshminarasimhan.

LEMMA 3. Let f(z) = D g0 ci2™ be an analytic function with radius of con-
vergence R (0 < R < 0), order p (0 < p< 0) and type T (0 = T < ).
Let B be chosen so that 0 < B < 1. Then there exists a positive integer K (B)
tending to oo as B tends to O such that

el
A
g@) = X ozt
k=K (B)+1

where
IZI = Rexp [—Age~t/0t0 (L 4 B)V1+» /(1 — B)],

L =T+ p)***(R/p)*
satisfies the inequalities

lg(z)| = B(B), [2¢'(2)] = A(8B),
BB) <AB)—>0 as K-> andp — 0.

Proof. The type T can be given by

T = fim sup 08" (e RO
= S 7.

b D (L4 0) 7 (R/p) N
Thus, for & = K(B) we have

'Ckl < R exp [(L + ﬁ))\kpjll/(p+1).

Thus,

L@l < > lal™,
®+1

where 7 = Rexp [— AV (L + g)VMP /(1 — B)],
so that

0

lg@z)] < 2 exp [=ATYPBEL 4 )M /(1 — B)] = B(B) < .
k B)+1
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Also,

=

s’ &) = D Mlalr™
k=K@ +1

o

< k=1;8)+1 A\ €Xp [—B(L + ﬂ)ll(l+p))\k1/(l+ﬁ)/(1 — )] = AB)
< 0.

We are now able to prove the following theorem, which is analogous to
Theorem 1 of Lakshminarasimhan [2].

THEOREM 2. Let f(z) = D po 2™ have radius of convergence R (0 < R < o),
order p (0 < p < 0),and type T (0 = T < ). Then, if log m(r) ~ log M(r).

1) oRT 5 limsup——rBOL) < e (141)™
' = sk Li(r,f)(og R/r)™" = ol

where As 1s as in Lemma 1.

Proof. We first prove the left-hand inequality.
In view of Lemma 2(i) it suffices to prove that

r(@/dr)Is(r,f )
Ii(r, f)(log R/r)~"""

Suppose now that inequality (3.2) does not hold. Then we must have for some
h (B > 0) that

(3.2) lim sup[ :l > pTR’.

>R

—p—1
63 L16.5) < nen (10eB) srrea - w,

for all » = r¢(h) for which the left-hand side of (3.3) exists. Thus,
"1 R\
log Is(r,f) — log Is(ro, f) < pTR°(1 — k) f ;(log—;) dr
To

_ TR (Iog %)ﬂ(l — ) + 0Q1).

Since (log R/7)=* ~ R—*(Rr/(R — r))* we obtain that 7" < (1 — k)T, a con-

tradiction for 7" 3 0. Thus, the left-hand inequality of (3.1) is established.
Now let P(re??) and g(re’) be respectively the sum of powers of re?® up to

K (B) and the sum of powers from K(8) + 1 onwards in

f@re) = 30 c(re)™,

k=0

K (B) and » being chosen with reference to an arbitrary 8 as in Lemma 3. Then,
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using Lemma 3 and Minkowski’s inequality we get
1 2r 1/6
16 = (& [T 17700 10)
27 0

< (5{; j:w ]P'(re”)l"dt‘))l/‘5 + 4(8) .

r

Applying Lemma 1 we have

A o2 1/6
Li(r, ") éAs@(ﬁfo Re {P(re“’)}l"do) +é.

Since |Re{P(re’)}| < |Re f(re")| + |Re g(re**)|, we obtain (again using
Minkowski’s inequality and Lemma 3)

(3.4) rls(r,f") = Asdg@Js(r, f ) + Ax@Brds + A.

Now J;(r, f ) is monotonic increasing and thus has a positive lower bound, so
that, since from Lemma 3

N L+8
O = = ) log RN

We obtain

: rL(r,f) (1 — B)™*
fim sup {J, DI R/r)“’“} =

Letting 8 — 0 and using the fact that J;(r, f ) < I;(r, f ), we obtain

. rI5(r, £ ") }
fim sup {w,f Y(log R/r) S = LAs

COROLLARY. For f(z) as in Theorem 2 we have

(35) PR'T S lim sup 7 ;];l[l(géj;é;r]

Proof. Letting § — o0 in (3.4), we have

1 14p
< PR'T (1 + —p) :

rM(r, f') £ MNe@wA*(r, f) + Me@wB, + 4
S MewM(r, f ) + M@ Br + 4.
Thus,

) rM(r,f') - , ( l)1+p
i P 37, )llog RyrT = PRI HS)

The left-hand inequality of (3.5) is proven in the same manner as in the
theorem.
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In a similar manner we can show that, if log m(r) ~ log M (r),

0 . Js(r, 2f ") - ( 1)“’”
< < =
oR'T = lm}_)sRup 7o f)llog R/ = ApR'T\1+ .

and

, A*(r,2f ") ( 1)1+P
T < < ° - .
pR'T < lm,l_,SRuPA*(r,f Yilog Ry S oR'T \1 + p

From inequality (3.5) we now obtain the following theorem which is anal-
ogous to a result of G. H. Fricke, S. M. Shah, and W. C. Sisarcick [1].

THEOREM 3. Let f(2) be as in Theorem 2. Then, given R, (0 < R; < R), we
have that there exists a constant K > 0 such that for r = R;,

3.6) M@, f") g&;ﬂ (log I—f)_p_ M),

Furthermore, if inequality (3.6) holds for a given Ry and K,r = R, then T < K.
Also, given € > 0, there exists Ro(e) such that forr = Ro(e) andn = 1,2,3, . ..

BT M) S M+ 1) < {ﬁ' exp [dR"(log— R )_]} M),
71 71 r + 71
where d = T'(1 + 1/p)"** 4+ ¢ M, (r) = M(r, f™), and r, is chosen so that
r < r1 < R. (Choosing 7; to satisfy
R 1+p
[n(r1 4+ 7)/r1] [log; T h] = dR’p

will minimize the bracketed expression in (3.7).)

Proof. Let R, > 0 be given. Then, given 6 > 0, we have from (3.5) that
there exists R¢(¢) < R such that for r = Ry(¢)

(38) M. = (1( 1+ ,—1)) Ty ) 25 [1og ’—f]_H M),

r

Letting

K; = max {%—2 Ri=r £ Ro(e)} and

1 14p
K = max {(T(] -I——p) +e),K1},

we have inequality (3.6).
Now suppose there exist two positive numbers K and R, such that (3.6)
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holds if » = R;. Then, letting M'(r) = (d/dr)M(r) where it exists, we have

M(r) T M) M(if )
MR~ o ) “ = )0 U0

=< KpR* fr %[log ]7{:,_ KR"[ :l + 0(1).
Ry

Since x = Rr/(R — r) ~ R/log R/r, we have that T" <
Finally, ford = T(1 + 1/p)'t* 4+ e and r = Ry(e) we have from (3.8) that

M(r,f") _ dpR’ R [
M(r) = r [IOgr:l ’

Hence, for » = Ry(e), r < 71 < R, we find that

|, R ]"
<dR[]og Tl

M(r + r1)
Using Cauchy’s integral formula we have

log 5~

log — 30)

nl nl ( _L)"’]}
M,(r) = m M@ —+rn) = { . exp I:dR log - M(r),
establishing (3.7).
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