THE HAMILTONIAN FORM OF FIELD DYNAMICS
P. A. M. DIRAC

1. Introduction. In classical dynamics one has usually supposed that when
one has solved the equations of motion one has done everything worth doing.
However, with the further insight into general dynamical theory which has
been provided by the discovery of quantum mechanics, one is lead to believe
that this is not the case. It seems that there is some further work to be done,
namely to group the solutions into families (each family corresponding to one
principal function satisfying the Hamilton-Jacobi equation). The family
does not have any importance from the point of view of Newtonian mechanics;
but it is a family which corresponds to one state of motion in the quantum
theory, so presumably the family has some deep significance in nature, not
yet properly understood.

The importance of the family is brought out by the Schrddinger form of
quantum mechanics and not by the Heisenberg form. The latter is in direct
analogy with the classical Hamiltonian equations of motion and does not re-
quire any grouping of the solutions. The Schrodinger form goes beyond this
in ascribing importance to the concept of a quantum state, subject to the
principle of superposition and described by a solution of Schrédinger’s wave
equation, and this concept requires the introduction of families of solutions
for its analogue in classical mechanics, the Schrédinger equation itself being
the analogue of the Hamilton-Jacobi equation.

One can build up a relativistic dynamical theory by starting with a Lorentz
invariant action function involving field quantities. The requirement that
the total action shall be stationary under arbitrary small variations of those
field variables that play the role of dynamical coordinates at all points of space-
time leads to a relativistic set of field equations as the equations of motion.
These equations may be put in the Hamiltonian form, and one can then pass
from them to Heisenberg’s form of quantum mechanics. This has already
been done by Weiss [1]. The present paper is concerned with the further
mathematical development, connected with the grouping of the solutions into
families, which is needed before one can pass to Schrédinger’s form of quantum
mechanics.

The dynamical variables of the Hamiltonian equations of motion must be a
set of variables that can serve as initial conditions—they must be independent
of one another and sufficient to fix the state of motion. In non-relativistic
theory one takes them to be physical quantities referring to an instant of time.
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The concept of an instant of time is rather artificial from the relativistic point
of view. It is to be pictured as a flat three-dimensional ‘‘surface’” in four-
dimensional space-time, with the direction of its normal lying within the light-
cone. It would be more natural in a relativistic theory to replace the flat
surface by an arbitrary curved one, subject to the restriction that it is every-
where space-like, i.e. the normal at every point of it lies within the light-cone.
One would then work with dynamical variables referring to physical conditions
on such a curved surface, as was done by Weiss.

The use of a curved surface instead of a flat one of course increases the com-
plexity of the mathematical equations. In working out practical examples
one would always revert to the flat surface to simplify the calculations as much
as possible, the flat surface being adequate for describing all experimental
results. The curved surface is desirable in a general theory because of the
flexibility and mathematical power that it gives. It shows up the transfor-
mation properties of the Hamiltonian theory applied to field dynamics. In
any problem which involves seeking for a new dynamical system, rather than
working out the properties of a given dynamical system, it would be advan-
tageous to use the curved surface, because it brings more conditions into the
mathematics and so restricts the region of search.

The curved surface will be described by certain mathematical variables,
which we shall call the surface variables. (Actually, they will consist of func-
tions, as will be discussed in the next section.) The equations of motion will
give the change in the dynamical variables when the surface is moved in space-
time. The surface can be subjected to arbitrary changes of direction and
deformations during the motion, provided it remains always space-like. Thus
the equations of motion give the change in the dynamical variables for any
change in the surface variables. One can get these equations in the Hamiltonian
form by working from the Lagrangian, as was shown by Weiss, and one then
has Poisson bracket relations between the dynamical variables.

Let us now consider what development is needed to make possible the
grouping of the solutions of the equations of motion into families. One can infer
from analogy with non-relativistic dynamics that the Hamilton-Jacobi equation,
whose solutions define the families, is a partial differential equation of the first
order in the dynamical coordinates, and also in the surface variables. It thus
involves the surface variables in the same way as the dynamical coordinates.
This provides the key to the problem. We must put the dynamical theory into
a form in which the surface variables are treated on the same footing as dynamical
coordinates. They must have conjugate momenta and there must be P. b.
relations connecting them with other dynamical variables. When we have
done this, the setting up of the Hamilton-Jacobi equation is straightforward,
and the ground is prepared for Schrédinger’s form of quantization.

The equations of motion must now be considered in the first place as making

all the dynamical variables, mcludln% the surface variables, vary together, and
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initial conditions are prescribed. Actually, the surface variables can vary
arbitrarily with 7. This is to be taken into account by supposing the general
solution of the equations of motion to involve some arbitrary functions (or func-
tionals). The arbitrariness in the motion of the surface variables is then to be
ascribed to the “accidental” appearance of these arbitrary functions in the
solution of equations which, in a general way, one would normally expect to
fix the motion completely.

The generalization of Hamiltonian dynamics which is needed in order that
arbitrary functions may appear in the solution of the equations of motion
has been given in a previous paper by the author [2]. The present paper is a
direct application of the method given there.

2. The general space-like surface. We describe space-time by the four co-
ordinates x,(p = 0, 1, 2, 3) of a rectilinear orthogonal system of coordinates.
For simplicity we shall write all vectors referred to this coordinate system in
the contravariant form, such as a, and will make the convention

dﬂb,, = aobo - (lel — azbz — agbg,

applying whenever one of these contravariant suffixes is repeated in a term.

We can describe a general three-dimensional surface in space-time by giving
the four coordinates x, of any point on it as functions of three parameters
ur = 1, 2, 3), say

(1) Xp = yu(u)-

This involves setting up a parametrization # on the surface. The parametri-
zation is not necessary physically and brings some extra complication into the
mathematics. It could be avoided by using a different method of description
of the surface, specifying x¢ as a function of x1, x2, xs. However, this would
spoil the relativistic treatment of the four x’s, For the sake of relativistic
form it seems preferable to use the method (1), the extra complication arising
from the parametrization being not very troublesome if properly handled.

The condition that the surface shall be space-like is that there shall exist at
every point on it a unit normal vector /,, satisfying

(2) lnyur =1, Zuln =1, Iy > 0,

where y,” is short for the derivative 8y,/du,. The [, are to be understood as

functions of the parameters «.
The parameters # form a system of coordinates in the three-dimensional

surface. The metric of the surface referred to these coordinates is

ds? = dydy, = y,Sduy dus = v"*du,du,
with

8 e 8r — T 8
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For a space-like surface this ds? is negative and thus the determinant of the
" is negative. Putitequal to — T2, I being positive. Then an element of
three-dimensional ‘“‘area’ of the surface is

I‘dulduzdug = I'd*u

say.
Let v, be the cofactor of ¥ in the determinant, divided by the determinant,
so that

Yrs¥®® = 85,

The 4",v,s can be used for raising and lowering the suffixes of vector and
tensor quantities in the three-dimensional space of the surface. We shall use
generally the notation of adding an upper suffix * to a quantity to denote its
derivative with respect to #, (ordinary, not covariant derivative). Thus with
¢ any function of the #'s, {* = d¢/du,, and then ¢, = v,.{°. We have 3= ¢,
but in general {,s ¥ s

We have
OT?/0u, = Typs0v"*/ U,
and hence
@) I? = 4Ty,9".
Let a, be any 4-vector located at a point on the surface. It has a normal
component

aldy = a1
say, and a contravariant component in the direction #, in the surface
ey = a”
say. The covariant components in the surface directions may be introduced
by @, = vra®. It is now easily seen that
(e —ady —awy,") L =0
(@u — oy — ay") 3°= 0,

so that the 4-vector ¢, — a;l, — a@.y,” has its normal component and its com-
ponents in the directions u. all vanishing. This means the vector itself
vanishes, i.e.

(5) e, = ald, + ay,"

This equation expresses the resolution of the vector @, into its normal and
tangential parts. It is convenient to write the tangential part a.y," as a_,
for brevity.
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https://doi.org/10.4153/CJM-1951-001-2

HAMILTONIAN FORM OF FIELD DYNAMICS 5

ady = aby + ab_y = by + @, bsy,0
= albl + 'Ymarba
(6) = aib; + a,b".

This result may be written as

8uwtuby = @ulbily + auYurbiys”.
Since this holds for arbitrary a, and b,, we can infer
) gw = Ly + yurys",

a fundamental formula which is frequently useful.

If V(u) is any function defined on the surface, we can obtain by differentia-
tion the 3-vector 8 V/du, = V. We may then form V"y,, = V_, and consider
it as a 4-vector in space-time. If Vis a field function, so that it is defined off
the surface as well as on the surface, we can form 8 V/dx, and, by changing the
sign of its spatial components, obtain the contravariant 4-vector V,. Then
the above V_, is just the tangential part of V. '

Differentiating equations (2) with respect to #., we get

(8) Ly + Ly = 0,
C)) Lbt = 0.
Equation (8) shows that
Wy = LTy’
Define
10) Qe = Q% = [Ty,

It is the curvature tensor. It may be expressed in the four dimensional form

Q——n—v = ypryvsﬂrs = yﬂryvsln'ryo-s
= yprlar (gmr - lyla)-

with the help of (7). Using (9) we now get

(11) Q—n—v = yurlvr = lv—y-
We can infer that
(12) biey = Li—p.

3. Poisson bracket relations. The ¥,(#) of (1), considered as a set of num-
bers with p and the #’s taking all permissible values, are the surface variables.
They are to be treated as dynamical coordinates. Since the #’s take on a
continuous range of values, these variables will give us a continuous range of
degrees of freedom, instead of the usual discrete set. The formalism of paper

nd2l was set.up dor a dynamicalsysteme with.a discsete.set of degrees of freedom,
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but can be made to apply to a continuous range by replacing sums by integrals
and the Kronecker 8-symbol by a §-function. The §-function we now need is
§(u# — u’), which vanishes for # # u’ and has its integral

(13) [o(u — u')d%u = 1.

Note that there is no factor T occurring with the d®, so this é-function refers
to the parametrization of the surface and not to the metric. If one did introduce
the factor I' into (13) one would get a é-function with a more directly physical
meaning, but it would not be so suitable for dynamical theory because it would
not have zero P.b. with the w variables introduced below.

The dynamical variables y,(#) have conjugate momenta, w,(%) say, satis-
fying the standard P.b. relations. If for brevity we write y,, 3/, for y.(«),
vu(#') and similarly w,, @', for w,(%), w.(«’), these relations are

(14:) [ymy,l'] = 01 [wmw’l’] = 07 [yﬂvw,l’]’ = gﬂl’a(u’ - u’,)'

The momenta may be pictured as associated with displacements and deforma-
tions of the parametrized surface, the linear combination efa,;w,,d%, where a,
is a function of # and ¢ is small, being associated with the displacement in
which y, is changed to v, + ea, for all # values. Thus the normal component
wuby = w; is associated with a motion of the surface normal to itself, and the
tangential components w,y,” = w" with merely changes in the parametriza-
tion.

From the fundamental P.b. relations (14) one can deduce a number of
useful P.b. relations connecting the w variables with functions of the surface
variables and with each other. Some of these relations have been obtained
previously by the author [3], working from the association of the w variables
with deformations, and by Chang [4], using a more direct method similar to
the one used below. Note that the II",II" of these two papers are minus the
present @', w; and the 4%, v, of {3] are minus the present v"%, v,..

In working out P.b.’s one should note in the first place that all quantities
depending only on the surface and its parametrization are functions of the
dynamical coordinates y,(#) only, and so have zero P.b.’s with one another,
Thus v, L, ».7, Q7 for all u values, and all their derivatives with respect to #'s,
have zero P.b.’s with one another.

We have from the first of equations (2)

0 = [l @] = [y @'y, + Ly, w'W].

Now [y @' = [y w7
(15) ' = g.6"(u — u').
Hence [ @ ys" = — Lo (w — u').

Again, from the second of equations (2),

— 1 'l = ’
https://doi.org/10.4153/CJM-1951-001-2 Publisth onlir2 Uy‘éém%qid!;e um\u&h}?r&lslﬂ'


https://doi.org/10.4153/CJM-1951-001-2

HAMILTONIAN FORM OF FIELD DYNAMICS 7

Thus, using (7),

[ @'l = U’ s}y + 3a"90)
1e) = — Lyo"(u — u') = — Lo_(u — u').
We have, using (15),
a7 o] =yl + vl = 9780w — w) + 308 (u—a).
Following the method by which (4) was obtained, we get
[T%,2')] = Dlyp[y™w')] = 20%,9,76°(u — o)
= 2I?%y,,0°(u — o') = 2% _(u — u'),

or
(18) [Ty = Té(u — o).
From (17) again
[yor@'sly™ = — vp v 0] = — 38°(u — u') — 3,°6,(u — '),
S0
(19) [ypr '] = — yupbe(u — ') — yrdp(u — u').

We shall use the notation of adding a dashed suffix ' or ~ u’ to any function
X of u’ with the following meanings:

(20) X" = oX/ou's, X = vrs(w) X7, X_y = y' X"
We get from (16)
'l = — o (u — u')
— Vb — W)} n + Vhrd(u — ')
— {LLélu — W)} s + Lhod(u — o)
(21) = — da(u — u').
Again, from (16)
'] = — 3" Lo A(u — u)
= — {13 — u)} at ¥ hard(u — )
= 3,7l \0(u — ')

= ¥ h—d(u — u’)
(22) = L"o(u — u').
Similarly, we get from (18)
[Taw'] = U'To_(u — u') = T{l6(u — u')}_,

@3) =Tl _,0(u — )
https://doi.org/10.4153/CJM-1951-001-2 Published ohline by Cambridge University Press
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and again from (18)
[I‘,w”] = y’ﬂwI‘5_p(u . u,) - I‘{y'v"a(u . u/)}_’

= T(»")—0(u — w') + Ty, 6,(u — o).
Now (1")=v = BV PYps = 3"V PVps

= 3(0"97) ¥ps = FY**"¥ps
(24) =TI7/T

from (4). Hence
[T =T78w— u) + Té(u — u')

(25) = {ré(u — u')}".
To get the P.b.’s of w;, w", we have
'] = [widpw'l']
Wl Ly w's] + L’ fwy,l]

wu[lm'w’l] + w'w,l').

From (21) this equals
(26) [w,w'h] = — wd_,(u — v') + wé_v(u — o).

Again [wi,w'"] = (w1

= wyll,w'"] + l,,w’,[w,.,y’f’]
Wl 8w — u') + Law,/ 5" (u — u)

with the help of (22). This gives
lw,w'"] = wl,"6(u — u') + l,,{w',,é(u - u’)}"

(27) = {wid(u — u')}".
Again [w', 0] = [way" 0’y ]
= .y’ [y '] + 9w [wy's ]
= w5 (u — w') — 'y, 8 (u — u)
= w, {9, 6(u—u') +y,6"(u—u')} —w,.’{y’,.""'6(u—u’)
+ '8 (u — ')}
(28) = wo(u —u') — e (u— ).

Further useful relations are
e @'s] = [vesyu” ']
= Yreld (4 — u') — yur{y;’ras(“ —u') + yvsar(u_u/)}
https://doi.t(%ﬂz.m53/Cﬂ\/|-1951-001-2 Publishe?oé«hé%‘@ém?rig’é;)urﬁeé’iwére&s(u —u')
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with the help of (7), and
[Yussw'] = ' {Ldods(u — 0') = 3,9000"(u — ')}

y,ﬂrrln{ Vids(u—u') —lys6(u—u') } —ynpyVS{ ¥"P3(u—u')
+ y,’&f’(u——u’)}

= —Lb"yys0(u—1") = Yup3 P Yrs( — 1) — 8" _u(u—u’)
= Lbyyys"0(s—1") F3upy P yrs (U — ') — 876y (u—u')
(30) = "0 (U—u")— 8,5 _,(u—u')
with the help of (7) again.

4. Changes of parametrization. Using the homogeneous velocity formu-
lation of the dynamical equations, we have a Hamiltonian of the general form
given by the equation (20) of paper [2]. The ¢’s here are functions of the
dynamical coordinates and momenta and the ’s involve the 7 derivatives
of quantities that can vary arbitrarily with . With our present dynamical
system we have the surface variables v,(#) that can vary arbitrarily with
and may take their 7 derivatives to be ©'s. (Alternatively, we could
take any complete set of independent functions of the §,’s to be #’s and get
an equivalent but less convenient formulation). If these are the only quan-
tities that can vary arbitrarily with 7, their = derivatives are the only v's
and the Hamiltonian is

(31) H = [3,0,(u)d%,

with ¢,(#) some function of the dynamical coordinates and momenta, weakly
equal to zero, for each value of # If there are other quantities that can vary
arbitrarily with 7, there will be further terms in H. These will be left under-
stood for the present, as they will not affect the arguments now being used.

From (6) we may write (31) alternatively in terms of the normal and tangen-
tial components of J, and ¢,,

(32) H = [3u4:d°u + [$.¢"du.

We now have ¢; and ¢" functions of the dynamical coordinates and momenta
weakly equal to zero.

According to equation (21) of paper [2], the equation of motion for a general
dynamical variable g is

(33) g = [3le.eddu,
or alternatively . ‘
(34) 2 = [ylgeldn + [3.lg,¢"1d%.

The second term here gives the change in ¢ when 4; = 0, which means that the
surface itself does not move but only its parametrization changes. Thus for
https@dsm@,uo.@m@,gﬁ @Q@aﬁam@ﬁ@%ﬂm@@ Cambridge University Press
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(35) dg = [(dy).lg,¢"1du.
A small change in the parametrization is given by
(36) U, — Uy + €dy,

meaning that the point on the surface with parameters %, becomes the point
with parameters u, + ea,, where a, is a function of the #'s and ¢ is a small
number. This makes y,(%) change by

aye = yu(u + ea) — y,(u) = eySa,

and gives (dy)r = Vurdy, = ea,.

The change in g for this change in the parametrization is thus
37) dg = efalg,¢"1d%

(37) = dg, [a.¢7d%),

since ¢"=0. The result (37) or (37) holds even if a, is a function of any of the
dynamical variables. We see now the importance of the ¢”'s as the quantities
with which one must form the P.b. of any dynamical variable to get its change
under a change in the parametrization.

If a quantity refers to a point #’ on the surface and is invariant under any
change of the parametrization that leaves the point #’ invariant, I call it a
u-scalar at the point '. A quantity that is invariant under any change of the
parametrization whatever I call a u-tnvariant. The concepts of u-scalar and
u-invariant refer only to the dependence on transformations of the #'s and
not on how the quantity behaves under a Lorentz transformation. A u-scalar
or u-invariant may very well be a component of a vector or tensor so far as
Lorentz transformations are concerned.

Now y,(#') for a particular value of u is evidently a u-scalar at #'. So is
L(u'). Any function of u-scalars at #’ is a u-scalar at #’. If S(&') is any
u-scalar at #’, then [S(u')I"d*’ is a s-invariant.

Let S(«) be a u-scalar at the point #. Under the change of parametrization
(36) it will change to the same u-scalar at # + ez, namely S(u + ea), so that

dS = S(u + ea) — S(u) = ea,S".
Thus from (37)
a,S" = [a',[S, ¢'"ld%'.
Since the functions a,(u) are arbitrary, we can infer
(38) [S, ¢ = S"6(u — u').

This is an equation expressing the condition for .S to be a #-scalar at u.
Let Q be a u-invariant. From (37) we see that we must have

https://@'\%)gﬂ 0.4153/CJM-1951-001-2 Published online by &me#c;gl Uﬁstity Press
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for all 4. Putting Q = [ ST'd®, we get
ISP 1du = — [T[S,¢'"du = — [TS"8(u — w')d*u
= [S{Té(u — u')} d?u.
Since this must hold for any u#-scalar .S, we see that
(40) 9] = {To(u — u)}".

Suppose we have a field quantity V(x) having a definite value at every point
x of space-time after the equations of motion have been integrated. The
values of V(x) on the surface will provide an =3 of numbers, which may be
labelled by the parameters # so as to give the function V(#). The quantities
V{(u) for all values of the #’s will be dynamical variables having zero P.b. with
all the ¥ and w variables, thus ‘

(41) yw V'] =0, (2., V'] = 0.

They may be dynamical coordinates, in which case they would have zero P.b.
with one another,

(42) [V, V]=0.

There will then be dynamical variables U(%) say, forming the conjugate mo-
menta to the V(u)’s, satisfying the P.b. relations

[yl-lyU’] =0 [me/] =0
[{U,U1=0 (V,U']l = 6(u — u').

From its physical meaning V(%) must be independent of changes of para-
metrization that do not change the point %, so it must be a #-scalar at . The
conjugate momentum U(#) is not also a #-scalar, on account of the dependence

of 6(u — #') in (43) on the parametrization. In order that V may satisfy the
condition (38) for a u-scalar, we must have

(44) ¢ = UV + ¢,

where ¢™ has zero P.b. with all the V’s. We may assume that ¢'* also has
zero P.b. with all the U’s, this being the simplest assumption leading to a
self-consistent scheme, and then

(U = U0V = Us(u — )
{Us(w — u')}.

(43)

(45)
From (40) we now get
[Ur,¢'"] = {Us(u — W)} T1— Ur—2{Te(u—u')}"
= {UT Y} 5(u — '),
hnwhci@h@m/mwdmgpmis@&)nnxb@fcaygﬁig‘eiﬁq&r&@sﬁ;@lar at . We may call U
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itself a #-scalar density. The result that a field quantity that is u-scalar has
for its dynamical conjugate a u-scalar density has been obtained previously
by Chang [4].

The dynamical coordinates y,(#), being #-scalars, may be treated in the
same way as the V(#) above. Corresponding to (44) we can infer that

(46) " = wy," + o™ = w + ™,

where ¢™* has zero P.b. with all the y's. We may assume ¢™ also has zero
P.b. with all the w’s. The consistency of this assumption is easily checked.
Thus with ¢" given by (46), one sees that the P.b. relation (22) leads to the
condition, equation (388) with I, for S, for / to be a u-scalar; the P.b. relation
(25) leads to (40); and

[2,,0'"] = W gub™ (0 — u') = {w,&(u - u’)}’,

which checks that w, is a #-scalar density.

For a dynamical system in which the only dynamical coordinates are the
¥'s and a number of field quantities V.(u), (@ = 1,2, ...), there will be the
momentum variables w and the conjugates U,(z) to the V,(«), and ¢ will be

47 " =w 4+ 3 UV,
neglecting an unimportant term which has zero P.b. with all the dynamical
variables.

If S(u) is a u-scalar at «, we should expect S—, = ¥,,5 to be also a #-scalar
at #, as its formation from S(u#) does not depend on the parametrization.
A formal proof of this result is as follows. We start from the condition (38)
for S(u). Differentiating both sides of this equation with respect to #;, we
get

[S2,¢'7) = STe6(u — u') + S76*(u — u').
Thus  yalS%¢"] = {(S9)" — Sy} ou — ) + Syued*(u — w)}
= {(S_)" — Sy} ol — o)) + STo_u(u — u')
= (S-)70(u — u') — S[¥us9"]
from (30). Hence
[S—ud™] = 30l S*8""] + S°[yue,d”] = (S_u)70(u — '),

which is the condition for S_, to be a u-scalar.

5. Passage from the Lagrangian to the Hamiltonian. Consider a dynamical
system for which the action density £ in space-time is a function of certain
field quantities V and their first derivatives 9V/0x* = V,,

https://doi.org/10.4153/CJM-1951-001-2 Published online by%a?n;br%g%nxé‘)s‘lty Press
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Only one V will be written in the equations of this section for brevity. The
action is then

I = [Rd%.

An element of four-dimensional “volume” of space-time d% can be expressed
as an element of three-dimensional ‘“‘area’” of the surface, I'd*, multiplied by
an element of distance normal to the surface, l,y.dr = 9:dr. Thus

I = [[y,Td*udr,
and so the Lagrangian is

(48) L = dI/dr = [¥Tdu.

This Lagrangian will now be treated according to the general method of
paper [2] and the Hamiltonian obtained from it. The equations of sections 2
and 3 can all be used as strong equations in this work.

We must first express L in terms of the dynamical coordinates and velocities,
the ¢’s and ¢'s of paper [2]. The variables y.(%), V(%) are the ¢’s. Tangential
derivatives of y, and V, such as y,", V", V_,, are functions of the ¢’s. Deriva-
tives which are not tangential, such as V), are not functions of the ¢’s only,
but can be expressed as functions of the ¢’s and ¢'s. We have

V = Vv.v = (Vllv + V—v)j’v
from (5). Thus

(49) Vi= (V= Vo) /9
so that Ve Vo, +LV:
(50) =V, + lu(V — Vi) /9.

Here we have V, expressed in terms of V and #,, which are ¢'s, and V_,1,,
which are functions of the ¢’s. L now becomes a function of the ¢’s and 4’s.
Note that V, is homogeneous of degree zero in the velocities, so that L is homo-
geneous of the first degree in the velocities, as is needed for the homogeneous
velocity formulation of the dynamical equations.

If we vary the ¢'s keeping the ¢’s constant, we get from (50)

8V = L3V — Vos9) /31 — WV — Vo) o3n/32
= L3V — V.o3.)/1
using (50) again. The variation in L given by (48) is then
oL = [{0%/0V,. 8V.31 + Rom}TdPu
1) = [{08/0V,. L8V — Vio3) + 8L35,} Tdou.

From the definition of the momenta w,(#), U(#) conjugate to y.(u), V()

respectively, equation (2) of paper [2] applied to a continuous range of degrees

https:#/doi.org410.4153/CJM-951-001-2 Published online by Cambridge University Press
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(52) 8L = [{w,3, + UsV}dou.

Comparing (51) and (52), we find

(53) U=9d/0V,.1T,

(54) w, = — 3oV, . LV, + &I = — UV, + QLI

These are the weak equations giving the momenta in terms of the ¢'s and ¢’s.

Following the method of paper [2], we eliminate the ¢’s from equations (53)
and (54) so as to get weak equations involving only the p’s (i.e. the w’s and
U’s) and the ¢’s. These are the ¢ equations. Equation (54) is best treated
by splitting it into a normal part, obtained by multiplying it by 1,

(55) wr + UVz - 81-‘ == 0,
and a tangential part, obtained by multiplying it by ¥,",
(56) w + UV = 0.

There are no ¢'s in (56), so (56) as it stands is a ¢ equation. Its left-hand side is
just the ¢" of (47) associated with changes of parametrization, the summation
sign being understood in (56).

Equations (53) and (55) involve the derivatives V, of V, which derivatives
can be expressed in terms of V_, and V;. The ¢’s then occur in (53) and (55)
only through V3, that s, from (49), only through the combination (V— V_.,3,)/4:.

For many dynamical systems (see example 1 below) one can solve equations
(53)—there is one of these equations for each field quantity V—to get all the
Vi's expressed as functions of the U’s and ¢'s. This case will be referred to as the
standard case in field dynamics; it corresponds to the case in ordinary dynamics
with homogeneous velocities when the ratios of the velocities can all be ex-
pressed as function of the ¢’s and ¢'s.

In the standard case one can get no ¢ equations from equations (53) alone,
but in other cases one can get ¢ equations from (53) alone. In the standard
case one can get a ¢ equation from (55) with the help of (53), namely the
equation

(67) w4+ =0,

where $ is the result of substituting for V;in UV; — L' its value in terms of
the U’s and ¢'s given by (53). Equations (57) and (56), taken for all #-values,
are then the only ¢ equations. In other cases one can still get a ¢ equation
like (57) from (55) with the help of (53), as will be shown later. This equation,
together with (56) and the ¢ equations which follow from (53) alone, are then
the only ¢ equations.

The field equations are obtained in the usual way from the variation of the
action integral and are

9 o ag

58) 9 o _
htt s://do(.or 10.4153/CJM-1951-001-2 Published online b mbg Univepsity Press
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These equations must be examined to see whether they lead to any equations
between p’s and ¢’s only. Such equations would be x equations. With the
help of (7) and (53), (68) may be written as

LfoU_ ot om0 B o
I Gx,‘ 6Vv axu

(59) > o, ow, oV’

and thus involves the normal derivative of U. In the standard case the U’s
are all independent functions of the velocities and one cannot eliminate their
normal derivatives from (59), so there can be no x equations. In other cases,
however, there may well be x equations (see examiples 2 and 3 below).

When we have obtained all the ¢’s and x’s we must see which of them are
first class, that is, have zero P.b. with all the ¢’s and x’s. This can always
be decided by working out the P.b’s using the results of section 3, but we can
infer that some ¢’s are first class more easily by observing that they occur in
the Hamiltonian, giving rise to arbitrary functions in the general solution of
the equations of motion.

The Hamiltonian is, from the definition (5) of paper [2],

(60) H = [, + UV — Sl)du.
It may be written
H = [{wg, + win + UV, + Vo)3 — il }dou
= [{516wr + UV, — 80) + 3. (" + UV")}du
(61) = [yi(w;, + UV, — L)% + [9,¢"d%,

with ¢” given by (47), the summation sign being now understood. According
to the general theory of paper [2], H must strongly equal a linear function of
first class ¢’s of the form (31) or (32), with extra terms if there are other
quantities besides the surface variables y,(u) that can vary arbitrarily with 7.
The ¢" of (61) is the same as the ¢" of (32), so we can infer that it must be first
class. The presence of this first class ¢ in H gives rise to arbitrary changes of
parametrization during the motion.

In the standard case the only ¢ equation, apart from the ¢" equation (56),
is equation (57). Hence (57) must be the same equation as ¢; = 0. We can
infer that the left-hand side of (57) must be first class, and also that the

equation
(62) $=UV,— T,

which is needed to make the first term of (61) go over into the first term of the
right-hand side of (32), holds strongly, and not merely weakly, as we knew
previously. Further, we can infer that in the standard case there are no extra
terms in H besides the ones appearing in (32), so there are no other quantities

npsYfReeAN VAt Arbitrar iy Rt ipepesidaddehéitiffatessvariables.
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In other cases there must still be a ¢ equation (57), deducible from (55)
with the help of (53), in order that its left-hand side may be the first class ¢;,
whose presence in H gives rise to the arbitrary motion of the surface normal to
itself. Equation (62) still holds strongly if there are no extra terms in H (see
example 2 below). However if there are extra terms in H, as is the case when
there are first class ¢ equations deducible from (53) alone, the first term of
(61) no longer strongly equals the first term of the right-hand side of (32) and
so (62) no longer holds strongly. & is then not a uniquely defined quantity,
as one can add to it any linear function of the first class ¢'s that follow from
(53) alone. (See example 3 below).

To prepare the theory for quantization we must divide all the ¢ and x equa-
tions into first and second class and then change the second class ones into
strong equations by a redefinition of P.b.’s, in the way discussed in section 8
of paper [2]. Further, we must change the first class x's into first class ¢’s,
adding them, with arbitrary coefficients, to the Hamiltonian. This change
merely involves an increase in the number of solutions of the equations of
motion and does not invalidate the existing solutions. (See example 3 below
for a discussion of the physical significance of such a change).

We are left with a set of weak first class ¢ equations, from which we can get
the Hamilton-Jacobi equations by putting each momentum variable p equal
to 45/dq, so that they become first order partial differential equations in S.
Their mutual consistency follows from the first class condition. Each of
their solutions gives a family of solutions of the equations of motion.

The passage to the quantum theory can now be made according to the rules
of section 11 of paper [2]. Each of the weak first class ¢ equations provides
one Schrodinger wave equation.

Example 1. The scalar meson field. Some simple examples will now be treated
according to the method of the present paper to illustrate various features of
the theory. Let us take first the scalar meson field. For this example there
is one field quantitiy V, a Lorentz scalar, and the action density is

(63) = 3V.Vu — 3m?V?,

m being a constant.
Equation (53) gives for the momentum U
(64) U= V.l = VI
This can be solved to give V;in terms of U and the ¢'s, so we have the standard

case. Thus there can be no x equations, and the only ¢ besides ¢" will be (57).
To get the $ here, we note that (62) and (63) give

S=UV—i(ViVi 4+ Vo, V_, — m*V3I.
From the weak equation (64) we can infer the strong equation

https:/doi.org/10.4153/CJM-1951-001-2 P@blitedlife-by ChRpBHfod Unbersity Press
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Adding this to the preceding equation, we obtain
(65) O =301 - H(V_ Vo, — m2VHT.

The normal derivative V; has disappeared from this expression for §, so this
expression is the correct one, involving only U’s and ¢’s, to occur in the ¢
equation (57).

The above derivation of $ shows that one can eliminate V; from the right-
hand side of (62) using only strong equations. This checks that the equation
(62) for O is a strong equation, as is necessary in the standard case.

Example 2. The vector meson field. Let us suppose there are four field
quantities ¥V forming a Lorentz vector 4, and let us take the action density

(66) = — 1 F,F., +im4,4,
where Fp=A4,, — A,, Ay = 04,/0x.

There are considerable differences in the treatment of this problem according
to whether the constant # is zero or not. In the present example we restrict
- it to be not zero.
Let B, be the momentum conjugate to 4,, its sign being defined so that

(67) ' [4,B"] = guwé(u — o).
Then (53) gives

(68) B, = F,T.

We can deduce

(69) By =B, =0.

This equation involves only the p’s and ¢'s, so it is a ¢ equation. It follows
that we do not have the standard case. One can easily see that there are no
other ¢ equations deducible from (68) alone, so the only other ¢ equations are
(56), which now reads

(70) ¢"=w"+ B,4," =0,

and (57), which will be discussed later.
The field equations (58) give

(71) (Fu)u = m*4,.

We can infer by differentiating with respect to x,, using the condition m # 0,
(72) 4,, = 0.

Also (Fo)—s = — Ldo(Fu)e + m*4,,

so that (WF )= = buFru + L(Fyp) ey

= m2
https://doi.org/10.4153/CJM-1951-001-2 Published online By wmé(il:ige University Press
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with the help of (12). Now from (68)

LF, = — BT = — B_, I,
so we get

(73) (B_,T™Y)_, + m?4, = 0.

This equation involves only the $’s and ¢’s, so it is a x equation.

It is easily seen that B; has zero P.b. with the first term of (73) and not
with the second, provided m = 0. Thus B; must be a second class ¢ and (73)
a second class x. There are thus no first class ¢'s besides ¢" and ¢;, so there
are no extra terms in H besides the ones appearing in (32). Hence equation
(62) holds strongly, i.e.

(74) @ B Anl + FqupvP - 2mA A T.

We can now obtain § as a function of the $’s and ¢'s by eliminating the
normal derivative of 4, from (74). We must take care to use only strong
equations in this work, otherwise we may get extra terms containing B; as a
factor in the expression for . With such extra terms in 9§, (57) would still
be a correct ¢ equation, but its left-hand side would not be first class and would
not be the ¢; occurring in H. ‘

Let F_,_, be the tangential part of F,,, given, according to a natural ex-
tension of (5), by

(75) F_”—v = va - lvFul - luFlv
where Fpl = — Fln = lo'Fp,d-
Substituting Fo=A4, ,—A,,+ L4, — LAy,

Fnl = la'Acr—u + lvlqul - A/.Ll
in (75), we get after some reduction
(76) Fopy=Aps— Ayt lo Gl ay—1Aoy).

Since the normal derivative of 4, does not occur here, F_,_, is a function of
p's and ¢’s only.

We have
(77) FoprFopy = FoF_yy = FuuFi» — 2FuFu
from (75). Thus (74) becomes
(78) $ =B Adu+ 3 Fy,F_y,T+ % FuFul' — im?4,4,T.
From (68) we get the strong equation

0=—3%(B,— FuI)(B, — F )T
Adding this to (78), we get
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Equation (72) may be written
(80) LA, + A4,., =0,
From it we can infer the strong equation
Bi(l,Au+4,.,) =0
and hence
BJ, Ay = Bl A,y + Bil, Ay
= B_L,4,—, — Bid,_,.
Thus (79) becomes
1) $=B_JA, — Bid,, — 1B,B,T + 3F_, ,F_, ,T— im?4,A4,T.

The normal derivative of 4, has now disappeared and we have the correct
expression for $ to use in (57).

To adapt the theory for quantization we must redefine P.b.’s by the method
of section 8 of paper [2] so as to make the second class ¢ and x equations (69)
and (73) hold strongly. We take as the 's of paper [2] the left-hand sides of
(69) and (73). There are thus two 6's for each value of the #'s, say

(82) 0= (B—MP_I)—ﬂ + m?4,, gt = B;.
Their P.b.’s are
[0,6'] = 0, [67,6%] = 0, [0,67] = m25(u — u’).

The coefficients ¢ must be determined from equation (35) of paper [2], with
the sum over s interpreted as a sum over ¢ and % together with an integral
over all # values. The solution is that the ¢ associated with #(zx) and 6 («’)
is m™28(u — u’) and the other ¢’s vanish. Formula (36) of paper [2] then gives,
with the sums over s and s’ interpreted as above,

(83) (&) = [g7] + m™2f[E, (BT ™) oy 4 m241] [Byynld®u
- m’zf[é,Bl] [(B_,,P‘l)_,, + mzAlr"]dsu'*

The new definition of P.b.’s makes B; and (B_,I'™")_,+m?4; have zero P.b.
with everything, so that one can put them strongly equal to zero without
inconsistency. In working out the new P.b. of two given quantities £ and 1,
it would be convenient first to make them independent of 4; and B; by substi-
tuting

(84) A= —m2(B_ I, B =0

inthem. If they are thenindependent of the w variables, we have [£,B] =[4,B]
=0, and so the new P.b. equals the old one. The formula (83) is thus needed
hionlyofon evaiuating theznewshk bils of ceruiaindd tiesitwwedving the w variables.
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When one passes to the quantum theory, the strong equations (84) become
equations between operators. The weak ¢ equations (70) and (57) with
given by (81) provide the Schrédinger wave equations, the dynamical variables
in these equations having the new P.b. relationships.

Example 3. The electromagnetic field. We get the electromagnetic field by
putting m = 0 in the vector meson field. This case has some special features
which necessitate a separate investigation.

We now have

(85) = — % Fqupw

Equations (67) ... (70) still hold and (69) is still a ¢ equation. Equation
(71) becomes

(86) (Fu)u = 0.

Equation (72) cannot now be deduced. In the usual theory of electrodynamics,
which was first given in a Hamiltonian form comparable with the present
paper by Fermi [5], equation (72) is assumed as a supplementary condition.
It will not be assumed in the present treatment.

Corresponding to (73), we now have the x equation

(87) x = (B =0.
It is easily seen that
(88) [Bl;Bll] = 01 [X,X'] = O: [Ble,] = 0.

Since B; and x have zero P.b. with the other ¢’s, namely ¢” and ¢, as can be
inferred from. ¢ and ¢; being first class, we see that B; and x must be first
class. Thus all the ¢'s and x's are now first class. This is the essential differ-
ence between the present example and the preceding one.

Let us see how to express H linearly in terms of the first class ¢’s. By
using the analysis which led to (79), we can write (61) as

H = [$(w;+1,A4,,B,~ BB, I +3F_, ,F_, ,D)d*u+ [,¢"d*u

(89) = [yipud®u+ [, AnuBiddu+[,¢"du,
with ¢; defined by
(90) ¢l = Wy + lvA v—nB—,‘ - %B"B“I‘_l + %F_“_,F_“_,I‘,

This expression for ¢; does not involve the normal derivative of 4,, so it is a
function of the p's and ¢’s only, and it vanishes weakly, as it differs from the
left-hand side of {(55) only by a multiple of Bj, so it is a ¢. It must be first
class, as all the ¢’s are now first class. Thus (89) expresses H as a linear
function of first class ¢'s.

The ¢; introduced above may be considered as the ¢ which gives rise to the

hitps://dol motiomofvthe surfaceinersaal socitselh. ulewever, we could take an alternative
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¢1, differing from (90) by any function of the p’s and ¢’s which vanishes weakly
through being a linear function of Bj, and could consider it equally well as the
¢ which gives rise to the motion of the surface normal to itself. An example
of special interest will here be given.

Putting 4; for V in (49) and writing 4, for d4:/dr to have an unambiguous
notation, we get

(91) Ar — 347 = 3idu = 51(LAa + 1ady).
Putting y,” for V in the same formula, we get
Jir =3 — Iy

Multiplying this by I,, we get

— 'l = 3L + I 3°LT = 0.
Multiplying again by 4, and subtracting (91), we get

— A7+ 547 = 904, — Sl
With the help of this result the second term of (89) becomes

I3l AnBidiu = [(Ar — 5,47 + 3"A.)Bidu
= [ArBid*u — [3,ArBid*u — [3.(4.B))"d*.

So we may write (89) as

(92) H= [y¢"d% + [ArBidu + [§.617d%,
with

(93) ot = ¢1 — (4.By)"

and

(99) ¢t =¢" — A/Bu

We now have H expressed in terms of the first class ¢’s ¢y, By, ¢77. We
may look upon ¢*; as an alternative ¢, giving rise to the motion of the surface
normal to itself and ¢*" as an alternative ¢ giving rise to a change of para-
metrization. It should be noted that ¢*; and ¢*" have zero P.b. with A4,
We have from (67)

[4,4"7B")] = A7s(u — u'),
and since 4; is a u-scalar it satisfies the condition (38), which gives
[4,¢' = A7rs(uw — '),
and hence
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Again, with the help of (21)

(96) [Anet] = A\hw'] — K4y (4'.B)"]
= — Axoa(u — o) — hW{Ahé(w — u)}” = 0.

The Hamiltonian contains an extra term besides those that give rise to
arbitrary changes in the surface and its parametrization, namely the second
term in (89) or (92). This extra term gives a further freedom in the motion.
It allows 4; to vary arbitrarily with 7, the equation 4;* = [4,,H] being iden-
tically fulfilled, as follows from the expression (92) for H, with the help of (95)
and (96).

The further freedom corresponds physically to the possibility of changes of
gauge taking place while the motion develops. The initial conditions, fixing
an initial surface and the potentials and their normal derivatives on it, do not
restrict the gauge at points in space-time away from this surface. One can
make a gauge transformation

97) A, — A, + 38/0x,

with S an arbitrary function of the four x,’s. Thus one can choose .S so that
there is no change in the conditions on the initial surface while there is an
arbitrary change of gauge in other regions of space-time. This change will
affect the dynamical variables at later 7 values and give rise to arbitrary
functions in the solution of the equations of motion, even when the motion
of the surface is prescribed.

In the usual theory of electrodynamics one has the supplementary condition
(72), which results in the S of (97) being restricted to satisfy

(98) S = 0.

One can then no longer make a change of gauge without affecting the potentials
or their normal derivatives on the initial surface, so the extra arbtrariness in
the motion no longer occurs. The present theory of electrodynamics differs
from the usual one through allowing more general gauge transformations, but
the two theories are equivalent for all gauge invariant effects, and thus for all
effects of physical importance.

The question arises with the present theory whether one can have a motion
for which the gauge changes while the surface and its parametrization do not
change. Using the form (92) for H, it is immediately evident that one can
have such a motion, since one can put #; = §, = 0 in this expression for H
and the second term survives, leaving the rate of change of 4; arbitrary. A
general change of gauge involves independent changes in the normal component
of 4,, namely 4,;, and the three-dimensional divergence of its tangential com-
ponent, namely 4_,_,, on the surface. Thus the change of gauge allowed by
our equations of motion when there is no change in the surface is not a general
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If we require the trajectories of the motion in phase space to form integrable
subspaces, in the way discussed on page 142 of paper [2], we must be able
to have a general change of gauge with no change in the surface, since such a
change could be attained by first moving the surface and making some change
in the gauge, and then moving the surface back again and making a further
change of gauge, not cancelling the previous one in any way. In order to get
equations of motion allowing general changes of gauge with no change in the
surface, we must add a further term to H, namely

(99) foxdiu

with x given by (87) and the coefficient v arbitrary. This means treating x
as a first class ¢. The Hamiltonian modified in this way is not derivable from
an action density, but is still a permissible Hamiltonian for a dynamical system,
leading to consistent equations of motion, on account of x being first class.
The modification in H merely adds to the solutions of the equations of motion
without altering the previously existing solutions, the latter being just the
special case ¥ = 0 of the new solutions. Thus one can consider the modifica-
tion as not a change to a new dynamical system, but merely an extension of
the treatment of the original dynamical system.

We can now pass to the quantum theory by making each first class ¢, in-
cluding the first class x’s that get changed into first class ¢’s to satisfy the
integrability condition, into a Schrédinger wave equation. Thus we get the
wave equations

(100) ¢t =0, ¢ty =0 By =0 (BT =0

The last two of these equations show that the wave function v, if expressed in
terms of the longitudinal and transverse components of the A’s on the surface,
is independent of the longitudinal components. It thus involves the longi-
tudinal field variables in a different way from the usual quantum electro-
dynamics.
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