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Abstract

We show that every one-codimensional closed two-sided ideal in a boundedly approximately contractible
Banach algebra has a bounded approximate identity. We use this to give a complete characterization of
bounded approximate contractibility of Beurling algebras associated to symmetric weights. We give a
slight modification of a criterion for bounded approximate contractibility. We use our criterion to show
that, for the quasi-SIN groups, in the presence of a certain growth condition on a weight, the associated
Beurling algebra is boundedly approximately amenable if and only if it is boundedly approximately
contractible. We show that approximate amenability of a Beurling algebra on an IN group necessitates the
amenability of the group. Finally, we show that, for every locally compact abelian group, in the presence
of a growth condition on the weight, 2n-weak amenability of the associated Beurling algebra is equivalent
to every point-derivation vanishing at the augmentation character.
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1. Introduction and preliminaries

Suppose that G is a locally compact group with a fixed left Haar measure λ (we
sometimes write dx or dy if there is no risk of ambiguity). A Borel measurable
function ω : G→ (0,∞) is said to be a weight if it is bounded on compact subsets
of G and ω(xy)≤ ω(x)ω(y) for all x and y in G. We recall that two weights ω1 and
ω2 defined on the group G are equivalent if there exist m > 0 and M > 0 such that
mω1(x)≤ ω2(x)≤ Mω1(x) for λ-almost all x ∈ G. According to [7, Remark 8.8], a
weight is always equivalent to a continuous weight. Let L1(G) and M(G) be the group
algebra and the measure algebra of G, respectively. The Beurling algebra L1(G, ω)
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associated with the group G and weight ω is the space of all (equivalence classes of)
functions f on G such that f ω ∈ L1(G). We define the norm ‖ · ‖ω and convolution
product ∗ by ‖ f ‖ω = ‖ f ω‖1 and

( f ∗ g)(x)=
∫

G
f (y)g(y−1x) dy ∀x ∈ G,

for all f, g ∈ L1(G, ω) (often when we write ∀ in a formula, it means ‘for almost all’,
as here). Then L1(G, ω) is a Banach algebra. Note that if the weights ω1 and ω2 are
equivalent, then L1(G, ω1) and L1(G, ω2) are isomorphic as Banach algebras.

We shall also consider the weighted measure algebra M(G, ω), which is the space
of all Borel measures µ such that ω|µ| ∈ M(G), and

‖µ‖ω =

∫
G
ω(t) d|µ|(t).

The space M(G, ω) can be identified with the dual space of C0(G, 1/ω), where f ∈
C0(G, 1/ω) if and only if f/ω ∈ C0(G), and the norm on C0(G, 1/ω) is defined by

‖ f ‖ = sup
x∈G

∣∣∣∣ f (x)

ω(x)

∣∣∣∣
for all f ∈ C0(G, 1/ω). We define similarly the Banach space L∞(G, 1/ω), so that
L∞(G, 1/ω)= L1(G, ω)∗.

We now recall some background on approximate versions of amenability for
Banach algebras. If A is a Banach algebra and X is a Banach A-bimodule, then a
derivation D :A→ X is approximately inner if, for some net (xi )⊂ X ,

D(a)= lim
i

adxi (a) ∀a ∈A.

Here, adx stands for the inner derivation implemented by x . The Banach algebra A is
approximately amenable if every continuous derivation D :A→ X∗ is approximately
inner for all dual Banach A-bimodules X∗ [6], and it is boundedly approximately
amenable if the net (x∗i ) can always be chosen in such a way that the net (adx∗i

)

is bounded in the norm of B(A, X∗). The algebra A is boundedly approximately
contractible if the above requirements are satisfied for all continuous derivations into
all Banach A-bimodules X .

In [10], Grønbæk gave a complete characterization of amenability for a Beurling
algebra L1(G, ω). In [7], a study of various approximate versions of the notions of
amenability and contractibility for Beurling algebras was initiated. As can be seen
from Grønbæk’s result for a weight ω, the weight �, given by �(x)= ω(x)ω(x−1)

for all x ∈ G, plays an important role. We call � the symmetrization of ω.
The outstanding question is whether the three notions of amenability, bounded

approximate amenability, and bounded approximate contractibility coincide for a
Beurling algebra L1(G, ω). It follows from the general results of this paper that, for
a symmetric weight ω, the Beurling algebra L1(G, ω) is boundedly approximately
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contractible if and only if it is amenable and hence, in conjunction with the result of
Grønbæk cited above, we have a complete characterization of bounded approximate
contractibility in this case.

We recall that a locally compact group G is IN (for invariant neighborhood) if
there is a compact neighborhood of the identity e in G that is invariant under all inner
automorphisms of G, and that G is SIN (for small invariant neighborhoods) if there
is a basis of neighborhoods of the identity of G, each of which is invariant under the
inner automorphisms of G (see [13, p. 529]). The group G is quasi-SIN (see [1]) if
L1(G) has a quasi-central bounded approximate identity.

We show that if G is an IN group, then approximate amenability of L1(G, ω)
necessitates amenability of G. We also show that if G is a quasi-SIN group and
ω is a weight such that limx→∞ ω(x)ω(x−1)=∞, then L1(G, ω) is boundedly
approximately amenable if and only if it is boundedly approximately contractible.

For n ∈ N, let A(n) denote the nth continuous dual of the Banach algebra A.
The space A(n) is naturally a dual Banach A-bimodule. The algebra A is n-weakly
amenable if every continuous derivation from A into A(n) is inner [3]. It was
conjectured in [4] that, if G is an abelian group, ω is a weight, and infn ω(xn)/n = 0
for all x ∈ G, then L1(G, ω) is 2-weakly amenable. In [4, 8, 14], various positive
partial results towards this conjecture were obtained. In the final section of this paper,
we extend these results.

2. Ideals of codimension one

It is known that a boundedly approximately contractible Banach algebra must have
a bounded approximate identity [2]. However, a complemented closed ideal of such an
algebra may fail to have a bounded approximate identity [7]. Whether or not a finite
codimensional closed ideal of such an algebra has a bounded approximate identity
is an open question [17]. However, if the ideal has codimension one, we have the
following result which turns out to be useful in studying approximate amenability of
Beurling algebras. Throughout this section, for a Banach algebra A, we do not insist
that the direct sum in the unitization A]

=A⊕ C is an `1-direct sum.

THEOREM 2.1. Let A be a boundedly approximately contractible Banach algebra.
If I ⊂A is a closed two-sided ideal of codimension one, then I has a bounded
approximate identity.

PROOF. By [2, Theorem 3.3], A has a bounded approximate identity, (ei ), say. Now,
since I is a closed ideal of codimension one, we have I = ker φ for some multiplicative
linear functional φ on A. Let A]

=A⊕ Ce be the unitization of A, where e denotes
the adjoined unit. We can extend φ to a multiplicative linear functional φ̃ on A] by
setting

φ̃(a + ze)= φ(a)+ z ∀a ∈A and z ∈ C.

Then J = ker φ̃ has codimension one as a subspace of A]. In fact, A]
= J ⊕ Ce ∼= J ].
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Now A] is boundedly approximately contractible, since A is so. Thus J is
boundedly approximately contractible. Hence J has a bounded approximate identity,
( jα), say, (see [2]). For each α,

jα = aα + cαe,

for some aα ∈ A and cα ∈ C such that cα =−φ(aα).
On the other hand, φ(ei )→ 1 since (ei ) is a bounded approximate identity. If we set

Ei = φ(ei )
−1ei , then (Ei ) is still a bounded approximate identity for A and φ(Ei )= 1

for all i .
Let

bα,i = aα + cαEi .

Then (bα,i )⊂ I is a bounded net. We know that jα f → f and f jα→ f for all f ∈ I .
Thus

bα,i f = jα f + (cαEi f − cα f )= jα f + cα(Ei f − f )→ f,

and similarly
f bα,i → f.

Therefore (bα,i ) is a bounded approximate identity for I . 2

COROLLARY 2.2. Suppose that ω is a weight on the locally compact group G and
define�(t)= ω(t)ω(t−1) for all t ∈ G. Then the following conditions are equivalent.

(1) The Beurling algebra L1(G, �) is boundedly approximately contractible.
(2) The Beurling algebra L1(G, ω) is amenable.
(3) The group G is amenable and � is bounded on G.

PROOF. In light of [10, Theorem 0], it suffices to show that (1) implies (2). Let us
assume that L1(G, �) is boundedly approximately contractible and suppose that I0 is
the augmentation ideal in L1(G, �), that is

I0 =

{
f ∈ L1(G, �) :

∫
G

f (x) dx = 0
}
.

Since I0 is of codimension one and L1(G, �) is boundedly approximately
contractible, Theorem 2.1 implies that I0 has a bounded approximate identity, ( fβ),
say.

Let φ ∈ L1(G, �) be such that
∫

G φ(x) dx = 1. Then δx ∗ φ − φ ∈ I0 for all x ∈ G,
whence

δx ∗ φ ∗ fβ − φ ∗ fβ − δx ∗ φ + φ→ 0. (2.1)

Equivalently,
δx ∗ (φ − φ ∗ fβ)− (φ − φ ∗ fβ)→ 0.

Since 〈φ − φ ∗ fβ , 1〉 = 1, condition (c) of [10, Theorem 0] holds and so L1(G, ω) is
amenable. 2

Recall that a weight ω on the group G is symmetric if ω(x−1)= ω(x) for all x ∈ G.
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COROLLARY 2.3. Let ω be a symmetric weight on G. Then L1(G, ω) is boundedly
approximately contractible if and only if it is amenable.

PROOF. Suppose that L1(G, ω) is boundedly approximately contractible. Consider
the weight ω′ =

√
ω on G. Then ω =�′, the symmetrization of ω′. So, by

Corollary 2.2, L1(G, ω′) is amenable. It now follows by [10, Theorem 0] that
L1(G, �

′

)= L1(G, ω) is amenable.
The converse is trivial: every amenable Banach algebra is automatically boundedly

approximately contractible (see the note following [7, Definition 5.1]). 2

We do not know whether the conclusion of Theorem 2.1 holds if we only assume
that A is boundedly approximately amenable. If this is true, then the above two
corollaries would hold with ‘boundedly approximately contractible’ replaced by
‘boundedly approximately amenable’. We can show that this is the case under some
additional conditions. First, we note that the argument of [2, Theorem 3.3] works
verbatim to prove the following lemma.

LEMMA 2.4. Suppose that A is a boundedly approximately amenable Banach
algebra. Let (aα), (bβ) be two nets of elements of A. If

lim
α

bβaα = bβ ∀β and lim
β

bβaα = aα ∀α,

and there exists K > 0 such that ‖aaα‖ ≤ K‖a‖ and ‖bβa‖ ≤ K‖a‖ for all a ∈A and
all α and β, then (aα) and (bβ) are bounded.

As in the proof of Theorem 2.1, given a one-codimensional closed ideal I of A, we
may define

J = {a + te : a ∈A, t ∈ C, φ(a)+ t = 0},

where φ is a multiplicative linear functional on A for which I = ker φ. Then J is
a subalgebra of A] and I is a closed ideal of J ; further, I =A J = J A=A J A and
J ] ∼=A]

=A⊕ Ce.

PROPOSITION 2.5. Suppose that A is a boundedly approximately amenable Banach
algebra with a bounded approximate identity, and that I is a closed codimension-one
ideal of A. Suppose that J is the closed ideal of A] associated to I as defined above.
Furthermore, suppose that the following conditions hold.

(1) There is a dual Banach left A-module Ml such that, as a left A-module, J may
be continuously embedded into Ml , and I =A Ml after this embedding.

(2) There is a dual Banach right A-module Mr such that, as a right A-module, J
may be continuously embedded into Mr , and I = Mr A after this embedding.

Then I has a bounded approximate identity.

PROOF. If A is boundedly approximately amenable, then so is J , by the argument
used in the proof of Theorem 2.1. The module Ml is naturally extended to a dual left
A]-module and, hence, may be regarded as a Banach dual left J -module. We define
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a trivial right module action on Ml so that the embedding map τ : J → Ml becomes a
continuous derivation from J into Ml .

Since J is boundedly approximately amenable and Ml is a dual Banach
J -bimodule, there exist a net (mi )⊂ Ml and a positive constant K such that ami → a
and ‖ami‖ ≤ K‖a‖ for all a ∈ J . Let (e j )⊂A be a bounded approximate identity for
A. We define a net by setting aα = e j mi , where α = (i, j) is given the product order
direction. Then (aα)⊂ I by the hypothesis.

Moreover, ‖aaα‖ ≤ cK‖a‖ for all a ∈ J and all α, where c is a bound for (e j ).
Note that lim j ae j = a and limi ami = a. Therefore

‖aaα − a‖ ≤ ‖ae j mi − ami‖ + ‖ami − a‖

≤ K‖ae j − a‖ + ‖ami − a‖→ 0,

for all a ∈ I .
Now, working with Mr similarly, we find a net (bβ)⊂ I such that ‖bβa‖ ≤ cK‖a‖

for all a ∈ J and all β, and limβ bβa = a for all a ∈ I . Applying Lemma 2.4 for J ,
we deduce that (aα) and (bβ) are bounded. So they are bounded right and bounded
left approximate identities for I , respectively. This implies that I has a bounded
approximate identity. 2

COROLLARY 2.6. Suppose that the Banach algebra A is boundedly approximately
amenable and has a bounded approximate identity. If the operators of left and right
multiplication by elements of A are weakly compact on A, then every closed two-sided
ideal of codimension one in A has a bounded approximate identity.

PROOF. Let I be a closed two-sided ideal of codimension one of A and let J be
the ideal associated to I as in the proof of Theorem 2.1. Since A has a bounded
approximate identity, the Cohen factorization theorem implies that I = I A=A I .

Now we take Ml = Mr = J ∗∗. By the hypothesis, A is a two-sided ideal in A∗∗.
Hence

A J ∗∗ ⊆AA∗∗ +A⊆A.
Now let φ be the multiplicative linear functional whose kernel is I . Then, since φ
vanishes on A J ∗∗, we have A J ∗∗ ⊆ I . We also have

A J ∗∗ ⊇A J ⊇A I = I.

Hence A J ∗∗ = I . We can similarly prove that J ∗∗A= I , and our result follows by
Proposition 2.5. 2

COROLLARY 2.7. Let ω be a weight on G such that limx→∞ ω(x)=∞. If L1(G, ω)
is boundedly approximately amenable, then the augmentation ideal

I0 =

{
f ∈ L1(G, ω) :

∫
G

f (x) dx = 0
}

has a bounded approximate identity.
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PROOF. Under the given condition, ω is bounded away from 0. Thus, I0 is a closed
ideal of L1(G, ω) with codimension one. The space M(G, ω) is a dual Banach
L1(G, ω)-module with predual module C0(G, ω−1). Since 1 ∈ C0(G, ω−1),

M0 = {m ∈ M(G, ω) : 〈1, m〉 = 0}

is a weak* closed submodule of M(G, ω).
Let Ml = Mr = M0. Then conditions (1) and (2) of Proposition 2.5 are satisfied

when

J = J0 =

{
f + tδe : f ∈ L1(G, ω), t ∈ C,

∫
G

f (x) dx + t = 0
}
.

The result now follows immediately by Proposition 2.5. 2

COROLLARY 2.8. Let ω be a symmetric weight on G. If limx→∞ ω(x)=∞, then
L1(G, ω) is not boundedly approximately amenable.

PROOF. Let ω′ =
√
ω. Then ω =�′, the symmetrization of ω′. Suppose that

limx→∞ ω(x)=∞ and L1(G, ω) is boundedly approximately amenable. Then the
augmentation ideal of L1(G, ω) has a bounded approximate identity by Corollary 2.7.
The argument of Corollary 2.2 implies that L1(G, ω′) is amenable and, hence, �′ = ω
is bounded, a contradiction. 2

EXAMPLE 2.9. If a continuous weight ω on G satisfies

lim sup
x∈G

ω(x−1)

ω(x)
≤ L ,

for some constant L > 0, and limx→∞ ω(x)=∞, then L1(G, ω) is not boundedly
approximately amenable.

PROOF. The condition implies that there are positive constants C and c such that

cω(x−1)≤ ω(x)≤ Cω(x−1) ∀x ∈ G.

So
√

cω′(x)≤ ω(x)≤
√

Cω′(x) ∀x ∈ G,

and ω′(x)=
√
�(x) is symmetric on G. By Corollary 2.8, L1(G, ω′)∼= L1(G, ω) are

not boundedly approximately amenable. 2

EXAMPLE 2.10. The preceding corollary covers a large class of weights that are
defined on compactly generated locally compact groups. More precisely, suppose that
G is noncompact and U is a compact neighborhood of the identity that generates G. By
replacing U with U ∩U−1, we may assume that U−1

=U . Now define the function
τ : G→ N by

τ(x)=min{n ∈ N : x ∈U n
} ∀x ∈ G.

It is straightforward to verify that τ is Borel measurable, symmetric and locally
bounded.

https://doi.org/10.1017/S1446788711001133 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788711001133


366 F. Ghahramani, E. Samei and Y. Zhang [8]

Moreover, τ(xy)≤ τ(x)+ τ(y) for all x, y ∈ G. Thus, when α > 0 and 0< β ≤ 1,
the maps ωα, σβ : G→ (0,∞), given by

ωα(x)= (1+ τ(x))α and σβ(x)= eτ(x)
β

,

are symmetric weights on G. In addition, since G is not compact,

lim
x→∞

ωα(x)= lim
x→∞

σβ(x)=∞.

Therefore, by Corollary 2.8, neither L1(G, ωα) nor L1(G, σβ) is boundedly
approximately amenable.

The weights ωα and σβ are called polynomial and exponential weights on G,
respectively. In the special cases where G = Z or G = R, these are just the classical
polynomial and exponential weights.

3. A characterization of bounded approximate contractibility

In [2, 7] various characterizations of bounded approximate amenability and
bounded approximate contractibility are given. Below we give a slightly different
characterization of bounded approximate contractibility that is more suited to our
purposes in this paper than those obtained previously.

In the following proposition, we call a net (ui )⊂A ⊗̂A a multiplier-bounded
approximate diagonal if there exists a constant C > 0 such that

a · ui − ui · a→ 0 ‖a · ui − ui · a‖ ≤ C‖a‖

π(ui )a→ a ‖π(ui )a‖ ≤ C‖a‖

for all a ∈A and all i .

PROPOSITION 3.1. Let A be a Banach algebra. Then the following conditions are
equivalent.

(1) The Banach algebra A is boundedly approximately contractible.
(2) The Banach algebra A has a bounded approximate identity and has a multiplier-

bounded approximate diagonal.
(3) There exists a multiplier-bounded approximate diagonal (ui )⊂A ⊗̂A such that

(π(ui )) is bounded.

PROOF. We first show that (3) implies (1). Suppose that (ui ) is a multiplier-bounded
approximate diagonal and (π(ui )) is bounded. Then we let

m(i, j) = ui + (e − π(ui ))⊗ (e − π(u j )),

where e is the identity of A]. Now m(i, j) ∈A]
⊗̂A] and there is a constant C > 0

such that ‖ f · m(i, j) − m(i, j) · f ‖ ≤ C‖ f ‖ for all f ∈A] and all i and j .
Also, π(m(i, j))= e + π(ui ) · π(u j )− π(u j ). So (π(m(i, j))) is a bounded net with

product order direction. It is easily seen that there is a subnet (mα) of (m(i, j))
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such that ‖a · mα − mα · a‖→ 0 for all a ∈A and π(mα)→ e. Thus A] has a
multiplier-bounded approximate diagonal. By [2, Proposition 2.2], A is boundedly
approximately contractible.

Now we prove that (1) implies (2). If A is boundedly approximately contractible,
then A has a bounded approximate identity, say (eα) (see [2, Corollary 3.4]). Let
(mα)⊂A]

⊗̂A] be a multiplier-bounded approximate diagonal for A]. We may
assume that π(mα)= e, and so we can write

mα = Mα − Fα ⊗ e − e ⊗ Gα + e ⊗ e,

where Mα ∈A ⊗̂A and Fα, Gα ∈A.
Now a · mα − mα · a→ 0 and there exists C > 0 such that

‖a · mα − mα · a‖ ≤ C‖a‖ ∀α

for all a ∈A. Thus

‖a · Mα − Mα · a + Fα ⊗ a − a ⊗ Gα‖→ 0

aFα→ a, Gαa→ a,

and there is a positive constant C ′ such that

‖a · Mα − Mα · a + Fα ⊗ a − a ⊗ Gα‖ ≤ C ′‖a‖

‖aFα‖ ≤ C ′‖a‖, ‖Gαa‖ ≤ C ′‖a‖,

for all α and a ∈A. Clearly, (Fα) and (Gα) are multiplier-bounded right and left
approximate identities of A, respectively. Since A has a bounded approximate identity,
they must be bounded.

Now we define a net (u(α,β))⊂A ⊗̂A by

u(α,β) = Mα − Fα ⊗ eβ − eβ ⊗ Gα + eβ ⊗ eβ .

Then it is easy to check that a subnet of (u(α,β)) gives a multiplier-bounded
approximate diagonal for A. So (1) implies (2).

Finally, if (2) holds and (uα) is a multiplier-bounded approximate diagonal for A,
then (π(uα)) is a multiplier-bounded approximate identity for A. It must be bounded
since A has a bounded approximate identity by the assumption. So (3) holds. 2

COROLLARY 3.2. Let A be boundedly approximately contractible, and let J be a left
(or right) closed ideal of A. If J is complemented in A, then J has a multiplier-
bounded right (or left) approximate identity. That is, there exist a net (pi )⊂ J and
a constant c such that r pi → r and ‖r pi‖ ≤ c‖r‖ (or pir→ r and ‖pir‖ ≤ c‖r‖,
respectively) for all r ∈ J .

PROOF. We prove the result for left ideals. The proof for right ideals is similar. Let
(ui )⊂A ⊗̂A be a multiplier-bounded approximate diagonal for A such that (π(ui ))
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is bounded. Let P :A→ J be a continuous projection. Define 9 :A ⊗̂A→ J by
9(a ⊗ b)= a P(b) for all a, b ∈A. Then

r9(ui )= π(ui )r +9(rui − uir)

for all r ∈ J . Let pi =9(ui ). The identity above implies that (pi )⊂ J is a multiplier-
bounded right approximate identity for J . 2

4. Beurling algebras on quasi-SIN groups

The natural right and left module actions of L1(G, ω) on the space

L1(G, ω) ⊗̂ L1(G, ω)= L1(G × G, ω × ω)

dualize to left and right actions of L1(G, ω) on L∞(G × G, 1/(ω × ω)), respectively.
The space C0(G × G, 1/(ω × ω)) is a submodule of L∞(G × G, 1/(ω × ω)) for the
dualized actions, which are given by the following formulas:

f ·8(x, y)=
∫

G
8(x, yξ) f (ξ) dξ, 8 · f (x, y)=

∫
G
8(ξ x, y) f (ξ) dξ,

for all f ∈ L1(G, ω), 8 ∈ C0(G × G, 1/(ω × ω)) and x, y ∈ G. We define the
Banach space automorphism T on C0(G × G, 1/(ω × ω)) by

T (8)(x, y)=8(y, x) ∀x, y ∈ G

for all 8 ∈ C0(G × G, 1/(ω × ω)). Now, for all such 8 and f ∈ L1(G, ω), define

f ◦8= T ( f · T (8)) and 8 ◦ f = T (T (8) · f ).

These formulas define Banach L1(G, ω)-bimodule actions on C0(G×G, 1/(ω×ω)).
The module actions · and ◦ satisfy the following mixed associativity and
commutativity laws for f, g ∈ L1(G, ω), and 8 ∈ C0(G × G, 1/(ω × ω)):

( f ·8) ◦ g = f · (8 ◦ g) ( f ◦8) · g = f ◦ (8 · g) f · (g ◦8)= g ◦ ( f ·8).

The dual module actions of ◦ on C0(G × G, 1/(ω × ω))∗ = M(G × G, ω × ω) are
given by

f ◦ m = T ∗( f · T ∗(m)) and m ◦ f = T ∗(T ∗(m) · f )

for all f ∈ L1(G, ω) and m ∈ M(G × G, ω × ω). Integral formulas for the two
different module actions are as follows:

〈8, f · m〉 = 〈8 · f, m〉 =
∫

G3
8(ξ x, y) f (ξ) dξ dm(x, y),

〈8, m · f 〉 = 〈 f ·8, m〉 =
∫

G3
8(x, yξ) f (ξ) dξ dm(x, y),

〈8, f ◦ m〉 = 〈8 ◦ f, m〉 =
∫

G3
8(x, ξ y) f (ξ) dξ dm(x, y),

〈8, m ◦ f 〉 = 〈 f ◦8, m〉 =
∫

G3
8(xξ, y) f (ξ) dξ dm(x, y).
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We recall that the group G is quasi-SIN if L1(G) has a quasi-central bounded
approximate identity, namely, if there is a bounded approximate identity (eα) for
L1(G) such that

‖δx · eα − eα · δx‖→ 0

for all x ∈ G. Typical examples of quasi-SIN groups are SIN groups [12] and amenable
groups [11]. Additional features of quasi-SIN groups may be seen in [15].

LEMMA 4.1. Suppose that G is a quasi-SIN locally compact group and ω is a weight
on G satisfying ω(e)= 1. Then L1(G, ω) has a quasi-central bounded approximate
identity (eα) such that

lim
α
(eα · m · eα − eα ◦ m ◦ eα)= 0 (4.1)

for all m ∈ M(G × G, ω × ω).

PROOF. If G is quasi-SIN, then by [15, Theorem 2.6], L1(G) has a quasi-central
bounded approximate identity (eα) such that

‖δx · eα − eα · δx‖1→ 0,

the limit being uniform for x in compact subsets of G, and supp(eα)
α
−→ {e}. Since

ω(e)= 1, the net (eα) is also a bounded approximate identity for L1(G, ω) and

‖δx · eα − eα · δx‖ω→ 0,

uniformly for x on compact sets of G. Let ‖eα‖ω ≤ c for all α. Since Borel measures
with compact support are dense in M(G × G, ω × ω), in order to prove our assertion
it suffices to show that (4.1) holds for each m with compact support. Let K = supp(m)
be compact. We take a compact set H ⊂ G such that K ⊂ H◦. Then there is a net (mi )

in `1(G × G, ω × ω) such that supp(mi )⊂ H , ‖mi‖ω×ω ≤ ‖m‖ω×ω and limi mi = m
in the weak* topology. Note that, for each point mass δ(x,y) ∈ `1(G × G, ω × ω),

f · δ(x,y) − δ(x,y) ◦ f = ( f · δx − δx · f )⊗ δy

and
f ◦ δ(x,y) − δ(x,y) · f = δx ⊗ ( f · δy − δy · f ),

for all f ∈ L1(G, ω). Thus, for all 8 ∈ C0(G × G, ω−1
× ω−1) such that ‖8‖ ≤ 1,

|〈8, (eα · m · eα − eα ◦ m ◦ eα)〉|

≤ |〈8, eα · (m − mi ) · eα〉| + |〈8, eα ◦ (m − mi ) ◦ eα〉|

+ ‖(eα · mi − mi ◦ eα) · eα‖ + ‖(eα ◦ mi − mi · eα) ◦ eα‖

≤ |〈eα ·8 · eα, (m − mi )〉| + |〈eα ◦8 ◦ eα, (m − mi )〉|

+ c‖m‖ sup
(x,y)∈H

(‖eα · δx − δx · eα‖ω‖δy‖ω)

+ c‖m‖ sup
(x,y)∈H

(‖δx‖ω‖eα · δy − δy · eα‖ω).
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Since limi mi = m in the weak* topology,

|〈8, eα · m · eα − eα ◦ m ◦ eα〉| ≤ c‖m‖ sup
(x,y)∈H

‖eα · δx − δx · eα‖ω‖δy‖ω

+ c‖m‖ sup
(x,y)∈H

‖δx‖ω‖eα · δy − δy · eα‖ω,

for all 8 ∈ C0(G × G, ω−1
× ω−1) satisfying ‖8‖ ≤ 1. Therefore

‖eα · m · eα − eα ◦ m ◦ eα‖ω×ω ≤ c‖m‖ sup
(x,y)∈H

‖eα · δx − δx · eα‖ω‖δy‖ω

+ c‖m‖ sup
(x,y)∈H

‖δx‖ω‖eα · δy − δy · eα‖ω.

Now (4.1) follows by compactness of H and the properties of (eα) stated earlier in the
proof. 2

PROPOSITION 4.2. Suppose that G is a quasi-SIN locally compact group and ω is a
weight on G such that ω(e)= 1 and

lim
x→∞

ω(x)ω(x−1)=∞.

If L1(G, ω) is boundedly approximately amenable, then it is boundedly approximately
contractible.

PROOF. Define the L1(G, ω)-bimodule morphism π̃ : M(G × G, ω×ω)→M(G, ω)
by

〈8, π̃(u)〉 =
∫

G2
8(xy) du(x, y)

for all 8 ∈ C0(G, 1/ω) and u ∈ M(G × G, ω × ω). Since limx→∞ ω(x)ω(x−1)=

∞, it follows from [7, Lemma 8.3] that π̃ is weak* continuous and is an extension of
the product mapping

π : L1(G × G, ω × ω)→ L1(G, ω).

So ker(π̃) is a dual Banach L1(G, ω)-bimodule.
Consider the continuous derivation D : L1(G, ω)→ ker(π̃) defined by

D( f )= f · δ(e,e) − δ(e,e) · f ∀ f ∈ L1(G, ω).

Since L1(G, ω) is boundedly approximately amenable, D is boundedly approximately
inner. This ensures that there is a net (ui ) of elements of M(G × G, ω × ω) and a
constant C > 0 such that

π̃(ui )= δe, ‖ f · ui − ui · f ‖ ≤ C‖ f ‖ and ‖ f · ui − ui · f ‖→ 0,

for all f ∈ L1(G, ω). Let (eα) be a quasi-central approximate identity for L1(G)
satisfying (4.1). Define U(i,α) = eα · ui · eα . Then U(i,α) ∈ L1(G × G, ω × ω) and
π(U(i,α))= eα ∗ eα for each i . By Lemma 4.1,

lim
α
(eα · ui · eα − eα ◦ ui ◦ eα)= 0. (4.2)
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For each i , we may choose α(i) such that

‖eα · ui · eα − eα ◦ ui ◦ eα‖ ≤ 1 ∀α ≥ α(i).

If f ∈ L1(G, ω), then

f ·U(i,α) −U(i,α) · f = f · (eα · ui · eα − eα ◦ ui ◦ eα)
− (eα · ui · eα − eα ◦ ui ◦ eα) · f
+ f · (eα ◦ ui ◦ eα)− (eα ◦ ui ◦ eα) · f.

(4.3)

Also, by the mixed commutative laws,

f · (eα ◦ ui ◦ eα)= eα ◦ ( f · ui ) ◦ eα

and
(eα ◦ ui ◦ eα) · f = eα ◦ (ui · f ) ◦ eα.

It follows that

‖ f ·U(i,α) −U(i,α) · f ‖ω×ω ≤ 2‖ f ‖ω + ‖eα ◦ ( f · ui − ui · f ) ◦ eα‖

≤ (2+ c2C)‖ f ‖,
(4.4)

for all f ∈ L1(G, ω) and α ≥ α(i), where c > 0 is a bound for ‖eα‖ω.
Finally, a standard argument together with (4.2), (4.3) and (4.4) shows that there

is a subnet (U j ) of (U(i,α))α≥α(i) such that (U j ) is a multiplier-bounded approximate
diagonal for L1(G, ω) and (π(U j )) is a bounded approximate identity for L1(G, ω).
Therefore L1(G, ω) is boundedly approximately contractible by Proposition 3.1. 2

5. Beurling algebras on IN groups

It is shown in [7] that if ω is bounded away from 0 and L1(G, ω) is approximately
amenable, then G is amenable. It has been conjectured that this result still holds even
if ω is not assumed to be bounded below away from 0. In this section we show that
the conjecture is true for a class of groups that includes the IN groups.

We recall that a locally compact group G is IN if there is a compact neighborhood of
the identity e in G that is invariant under all inner automorphisms of G. The group G
is an [IN]B group (or G ∈ [IN]B) for a given subset B of G, if there is a compact
neighborhood NB of e in G such that t NB t−1

= NB for all t ∈ B [13].

THEOREM 5.1. Suppose that G ∈ [IN]B for each finite subset B of G. Suppose
that there is a neighborhood U of e that is invariant under inner automorphisms
implemented by elements of G and K = inf{ω(s) : s ∈U }> 0. If L1(G, ω) is
approximately amenable, then G is amenable.

PROOF. We aim to prove that there is a net (νβ)⊂ L1(G × G)+ satisfying the
conditions ‖νβ‖1 = 〈νβ , 1〉 = 1 for all β, and

δt · νβ − νβ · δt
β
−→ 0 ∀t ∈ G
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in the norm topology of L1(G × G). Once this is proved, one may construct a right
invariant mean on L∞(G) in a standard way. Let uβ(x)=

∫
νβ(ξ, x) dξ for all x ∈ G;

then uβ ∈ L1(G) and a weak* cluster point of (uβ) in L∞(G)∗ is a right invariant mean
on L∞(G). Thus G is amenable.

To find the above net (νβ), it suffices to show that, for each finite set B ⊂ G and
ε > 0, there exists ν ∈ L1(G × G)+ such that ‖δt · ν − ν · δt‖1 < ε for all t ∈ B and
‖ν‖1 = 〈ν, 1〉 = 1. Let B be a finite set in G and ε > 0. By the hypothesis on G, there
is a compact neighborhood NB of e such that t NB t−1

= NB for all t ∈ B. Let h be the
characteristic function of NB . Then h ∈ L1(G) ∩ L1(G, ω) and δt ∗ h ∗ δt−1 = h for
all t ∈ B. Since L1(G, ω) has a bounded approximate identity and is approximately
amenable, it is pseudo-amenable by [9, Proposition 3.2]. So there is a net (mα)⊂

L1(G × G, ω × ω) such that

f · mα − mα · f → 0 and f ∗ π(mα)→ f,

for all f ∈ L1(G, ω), in the norm topologies of L1(G × G, ω × ω) and L1(G, ω),
respectively. If we define µα = h · mα , then µα ∈ L1(G × G, ω × ω).

We now show that ‖δt · µα − µα · δt‖ω×ω→ 0 for all t ∈ B. In fact, if t ∈ B, then

δt · µα − µα · δt = (δt ∗ h) · µα − µα · (δt ∗ h)

+ mα · (δt ∗ h ∗ δt−1 − h) · δt + (mα · h − h · mα) · δt

= ((δt ∗ h) · µα − µα · (δt ∗ h))+ (mα · h − h · mα) · δt .

Since δt ∗ h, h ∈ L1(G, ω), it follows immediately that

lim
α
‖δt · µα − µα · δt‖ω×ω = 0

for all t ∈ B. Without loss of generality, we may assume that the set U described in
the hypothesis on G is a closed subset of G. Let

V = {(x, y) ∈ G × G : yx ∈U }.

Then its characteristic function χV is measurable, and satisfies χV (x, y)= χU (yx) for
all x, y ∈ G.

For each α, define nα = χVµα to be the pointwise product of χV and µα . We show
that nα ∈ L1(G × G) and that there exists α0 such that, if α > α0, then

1
2
λ(U ∩ NB)≤ ‖nα‖1 ≤

1
K
‖µα‖ω×ω (5.1)

(recall that λ denotes the left invariant Haar measure on G). In fact,

‖nα‖1 =
∫

G×G
χU (yx)|µα(x, y)| dx dy

≤
1
K

∫
G×G

ω(yx)|µα(x, y)| dx dy ≤
1
K
‖µα‖ω×ω.
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On the other hand χU (x
−1 yx)= χU (y) for all x, y ∈ G, since U is invariant under

inner automorphisms, and χU ∈ L∞(G, ω−1) since K > 0. Thus

‖nα‖1 =
∫

G×G
χU (yx)|µα(x, y)| dx dy

=

∫
G×G

χU (x
−1 yx)|µα(x, x−1 y)| dx dy

=

∫
G×G

χU (y)|µα(x, x−1 y)| dx dy ≥ |〈π(µα), χU 〉|.

Since π(µα)= h ∗ π(mα)
α
−→ h in L1(G, ω), we deduce that

〈π(µα), χU 〉
α
−→ 〈h, χU 〉 =

∫
G
χU∩NB

(x) dx = λ(U ∩ NB) > 0.

Thus, there exists α0 such that ‖nα‖1 > 1
2λ(U ∩ NB) for all α > α0. Therefore (5.1)

holds when α > α0.
Moreover, for λ-almost every t ∈ G,

‖δt · nα − nα · δt‖1 =

∫
G×G

χU (yt−1x)|µα(t
−1x, y)− µα(x, yt−1)| dx dy

≤
ω(t−1)

K

∫
ω(x)ω(y)|µα(t

−1x, y)− µα(x, yt−1)| dx dy

=
ω(t−1)

K
‖δt · µα − µα · δt‖ω×ω.

This implies that limα‖δt · nα − nα · δt‖1 = 0 for all t ∈ B.
Now let να = |nα|/‖nα‖1 and let M = 1

2λ(U ∩ NB). Clearly, να ∈ L1(G × G)+,
‖να‖1 = 〈να, 1〉 = 1, and

‖δt · να − να · δt‖1 =
1
‖nα‖1

‖δt · |nα| − |nα| · δt‖1

≤
1
‖nα‖1

‖δt · nα − nα · δt‖1 ≤
1
M
‖δt · nα − nα · δt‖1,

for α > α0 and t ∈ B. Therefore

lim
α
‖δt · να − να · δt‖1 = 0 ∀t ∈ B.

So, given ε > 0, there exists α such that ‖δt · να − να · δt‖1 < ε for all t ∈ B; further,
να ∈ L1(G × G)+ and ‖να‖1 = 〈να, 1〉 = 1. Taking ν = να , the proof is complete. 2

REMARK 5.2. The conditions of Theorem 5.1 are automatically fulfilled if G is an IN
group. If G ∈ [IN]B for each finite subset B of G, then G must be unimodular by the
argument of [13, pp. 1273 and 1276].
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6. 2n-weak amenability of Beurling algebras

In this section we consider abelian locally compact groups G, written additively.
Let ω be a continuous weight on G, and φω be the augmentation character on
L1(G, ω), that is,

φω( f )=
∫

G
f (x) dx ∀ f ∈ L1(G, ω).

The following is an extension of [14, Theorem 6.4].

THEOREM 6.1. Let G be a locally compact abelian group, and let ω be a continuous
weight function on G such that the function y 7→ lim supx ω(y + x)/ω(x) is bounded.
Then the following conditions on L1(G, ω) are equivalent.

(1) There is no nonzero continuous point-derivation at φω.
(2) The algebra is 2n-weakly amenable for some n ∈ N.
(3) The algebra is 2n-weakly amenable for all n ∈ N.

PROOF. First, since G is abelian and hence amenable, we may assume that ω ≥ 1,
by [16].

It is obvious that (3) implies (2). We now show that (1) implies (3) by induction
on n. For the case where n = 1, this has been shown in [14]. So assume that n ≥ 1 and
that L1(G, ω) is 2n-weakly amenable. We show that it is (2n + 2)-weakly amenable.

Let (ei ) be a bounded approximate identity for L1(G, ω) and let E be a weak*
cluster point of (ei ) in L1(G, ω)∗∗. Then E is an idempotent for the first Arens product
2 on L1(G, ω)∗∗, and f E = E f = f for every f ∈ L1(G, ω). We may also write

L1(G, ω)∗∗ = E 2 L1(G, ω)∗∗ ⊕ (I − E)L1(G, ω)∗∗.

The actions of L1(G, ω) on Xω = (I − E)L1(G, ω)∗∗ are trivial.
Now, using a similar argument to [5], it can be shown that E 2 L1(G, ω)∗∗ is

isomorphic to LUC(G, 1/ω)∗ in the category of Banach algebras. Thus, if

D : L1(G, ω)→ (L1(G, ω))(2n+2)
= (E 2 L1(G, ω)∗∗)(2n)

⊕ X (2n)
ω

is a bounded derivation, then it follows that D = D1 + D2, where D1 is a derivation
into (E 2 L1(G, ω)∗∗)(2n) and D2 is a derivation into X (2n)

ω . Hence we can assume
that D maps into LUC(G, 1/ω)(2n+1).

However,
LUC(G, 1/ω)∗ = M(G, ω)⊕ C0(G, 1/ω)⊥,

where C0(G, 1/ω)⊥ denotes the space of all functionals in LUC(G, 1/ω)∗ that
annihilate C0(G, 1/ω). Thus

LUC(G, 1/ω)(2n+1)
= M(G, ω)(2n)

⊕ (C0(G, 1/ω)⊥)(2n).

It is shown in [14] that C0(G, 1/ω)⊥ is an L1(G, ω) Banach bimodule, and conse-
quently (C0(G, 1/ω)⊥)(2n) is too. Hence all continuous derivations from L1(G, 1/ω)
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into (C0(G, 1/ω)⊥)(2n) vanish, by [14, Theorem 4.5], and we may assume that D
maps into M(G, ω)(2n). However, because L1(G, ω) has a bounded approximate
identity, D maps into L1(G, ω) · M(G, ω)(2n)

= L1(G, ω)(2n), and so D = 0 by
induction.

Finally, to prove that (2) implies (1), take n ∈ N such that L1(G, ω) is 2n-weakly
amenable. Then L1(G, ω) is certainly 2-weakly amenable, and the result follows
by [14, Theorem 6.4]. 2
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